RATIONALITY PROBLEM FOR CLASSIFYING SPACES OF SPINOR
GROUPS

ALEXANDER S. MERKURJEV

ABSTRACT. We study stably rationality and retract rationality properties of the classi-
fying spaces of split spinor groups Spin,, over a field F' of characteristic not 2.

1. INTRODUCTION

Let G be an algebraic group over a field F', V' a generically free representation of G
(i.e., the stabilizer of the generic point in V' is trivial) and U C V' a G-invariant open
subset such that there is a G-torsor f: U — U/G. This is a versal G-torsor, i.e., every
G-torsor over a field extension K/F with K infinite is isomorphic to the fiber of f over a
K-point of U/G. Thus, the K-points of U/G parameterize all G-torsors over Spec(K).

We think of U/G as an approximation of the classifying space (stack) BG of all G-
torsors. The stable birational and retract rational equivalence classes of U/G are inde-
pendent of the choice of V' and U. We simply say that BG is stably rational (respectively,
retract rational) if so is U/G. In fact, BG is retract rational if and only if all the G-torsors
over field extensions of F' can be parameterized by algebraically independent variables.

We study the classifying spaces of split spinor groups Spin,, over a field F' of charac-
teristic not 2. The Spin, -torsors over a field extension K /F' parameterize nondegenerate
quadratic forms of dimension n over K of trivial discriminant and Clifford invariant. If
n < 6, all such forms are isomorphic, hence B Spin,, is stably rational. We also show that
B Spin,, is stably rational if n < 10 (at least over F' = C) and retract rational if n < 16.

We prove several reincarnations of the space B Spin,,. We show that B Spin,, is stably
birational to the Severi-Brauer variety over the classifying space BO;" of the special or-
thogonal group corresponding to the Azumaya algebra whose class in the Brauer group
if the Clifford invariant. As a consequence we show that B Spin,, is stably birational to
BSpin,,_, if n is even. We also prove that B Spin,, is stably birational to the classifying
space of an extraspecial finite group of order 2" if n is odd and 2" ! if n is even.

We use the following notation.

A wariety over a field F' is an integral separated scheme of finite type over F.

An algebraic group over F' is an affine group scheme of finite type over F.

AL the affine space over F.

G = AL\ {0} the multiplicative group (torus).
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2. RATIONAL AND RETRACT RATIONAL VARIETIES

If X and Y are varieties over F', we write X ~ Y if X and Y are birationally isomorphic,

i.e., the rational function fields F'(X) and F(Y) are isomorphic over F' and X T Yif X
and Y are stably birational, i.e., X x AR =Y x A}, for some m and n.
We say that X is a rational variety if X ~ A% for some n and stably rational if

X % A% = SpecF.
We will use the following elementary lemma.

Lemma 2.1. Let f :Y — X be a morphism of varieties over F'. Suppose that for every
field extension K/F and every point x € X(K), the fiber of f over x is a rational variety

over K. ThenY Sg‘ X.

Proof. By assumption, the generic fiber Z of the morphism f is a rational variety over
the function field F'(X). The result follows since F'(Y) ~ F(X)(Z). O

A morphism of varieties f : Y — X over a field F' is called weakly split if there is a
rational morphism ¢ : X --+ Y such that f o g is the identity of X. We say that f is split
if for every nonempty open subset U C Y there is a rational morphism g : X --+ Y such
that Im(g) NU # 0 and f o g = idy.

A variety X over F' is weakly retract rational (respectively, retract rational) if there is
a nonempty open subvariety Y C A’ for some n and a weakly split (respectively, split)
morphism f:Y — X over F.

Every stably rational variety is retract rational and hence weakly retract rational (see

[11, §2]).

3. VERSAL TORSORS AND CLASSIFYING SPACES

Let G be an algebraic group over F. A G-torsor Y — X over a variety X is called
versal if for every G-torsor E — Spec(K) for a field extension K/F with K an infinite
field and every nonempty open subset U C X, there is a point € U(K) such that the
G-torsor E — Spec(K) is isomorphic to the pull-back of Y — X with respect to z (see
[6]). Thus a versal G-torsor Y — X parameterizes all G-torsors over field extensions K /F
by the points of X over K.

Let G be an algebraic group over F, V' a generically free representation of GG over F. A
nonempty G-invariant open subset U of the affine space A(V') of V' such that there exists
a G-torsor U — U/G for a variety U/G over F is called a friendly open subset of V or a
friendly G-variety. Friendly open subset always exist (see [14, Proposition 4.7]) and the
torsor U — U/G is versal (see [6]). It is called a standard versal G-torsor.

Example 3.1. Let G = (w,,)" for some n and r, where p,, is the group of roots of unity
of degree n. Then the natural representation F" of G is generically free and (G,)" is a
friendly open subset of A} = A(F") with the G-torsor (Gm)” — (Gm)"/G = (Gm)", so
(Gm)" is an approximation of BG. Note that a G-torsor over a field extension K/F is iso-
morphic to Spec K (a1", a3/", ..., ax'™) — Spec K for a point (a1, s, .. ., a,) € (Gm)"(K)
with a; € K*.
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We think of U/G as an “approximation” of the stack BG of all G-torsors, which we
call the classifying space of G. The stable birational type of U/G does not depend on the
choice of V' and U. The space BG is retract rational or stably rational if so is U/G.

We say that the G-torsors over field extensions of F' are rationally parameterized if
there is a versal G-torsor Y — X with X a rational variety. The following statement was
proved in [11, Corollary 5.9].

Proposition 3.2. The G-torsors over field extensions of F are rationally parameterized
if and only if the classifying space BG is retract rational over F.

Let U be a friendly G-variety and let H C G be a subgroup. Then U is a friendly
H-variety. We think of the natural morphism U/H — U/G as an approximation of the
morphism BH — BG.

Let x be a K-point of U/G for a field extension K/F and J the corresponding G-torsor
over K, i.e., J is the inverse image of x under U — U/G. It follows that the fiber of the
morphism U/H — U/G over z is equal to J/H. Lemma 2.1 then yields the following
proposition.

Proposition 3.3. Let G be an algebraic group over F' and H C G a subgroup. Suppose
that for every field extension K/F, and every G-torsor J over K, the variety J/H is

rational over K. Then BH Sg B@G.

Example 3.4. Let G be a reductive algebraic group over F' and T' C GG a maximal torus
over F. Let N be the normalizer of T' in G. For a G-torsor J the group G’ := Autg(J)
is the twist of G by J. The morphism from J to the variety MaxTori(G”7) of maximal
tori in G taking j in J to the maximal torus of all ¢ in G’ such that ¢(j) € 5T yields
an isomorphism J/N = MaxTori(G”) (This is the twist of the isomorphism G/N =
MaxTori(G) taking gN to gT'g~1.) The variety MaxTori(G”) is known to be rational

[3, Theorem 7.9]. Hence BN % BG. This was proved in [1, Lemma 2.4] when F is
algebraically closed.

4. QUADRATIC FORMS

The references for the algebraic theory of quadratic forms are [10], [8] and [5].

Let I be a field of characteristic different from 2 and let ¢ : V' — F' be a nondegenerate
quadratic form of dimension n over F. In an orthogonal basis of V' the form ¢ is diagonal:
q(r) = a12? + axx3 + - - + apa? for ai, as, ..., a, € F*. We write

(4.1) q={a1,ag,...,a,).

The discriminant of q is disc(q) = (—=1)"""V2qyay - - - a, € F*/F*2.

Write C(q) for the Clifford algebra of ¢ (of dimension 2") and Cy(q) for the even
Clifford algebra. If n is even (respectively, odd), C(q) (respectively, Cy(q)) is a central
simple algebra over F'.

If n is even and disc(q) is trivial, Cy(q) is the product of two copies of a central simple
algebra C(q). If nis odd, we set C*(q) := Cy(g). Thus, C*(q) is a central simple algebra
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over F' of degree 2™, where m is so that

] 2m 41, ifnis odd;
| 2m+2, if nis even.

The class of C*(q) in the Brauer group Br(F) is the Clifford invariant of q.

If R is a commutative ring with 2 € R* and a,b € R*, we write (a,b) for the (gener-
alized) quaternion R-algebra generated by two elements x and y that are subject to the
relations 22 = a, y?> = b and yxr = —xy. It is an Azumaya algebra of rank 4 over R.

If ¢ is a form as in (4.1), the algebra C*(q) is the tensor product of m quaternion
F-algebras:

(4.2) C*(q) = (a1,a9) ® (—ajagas, —ajasay) @ - -, if n is odd;
’ 1= (—ajas, —aja3) ® (ayasazaq, ajazazas) @ - -+, if n is even.

We write O(q) and O (q) for the orthogonal and special orthogonal groups, respectively.
The even Clifford group T'"(gq) is a subgroup of the multiplicative group of the even Clifford
algebra Cy(q). For a field extension K/F the group I'"(¢)(K) of K-points consists of all
products of even number of anisotropic vectors in the space Vx = V ®pr K. The spinor
group Spin(q) is the kernel of the spinor norm homomorphism Sn : I'"(¢) — Gy, taking
V1Vg - + - Ugg to the product q(vy)g(ve) - - q(vas).

Let ¢, = (1,—1,1,...,(=1)""1). This is a split form, i.e., a quadratic form of dimension
n over F', trivial discriminant and maximal Witt index. The form ¢, is hyperbolic if n is
even.

We write O,,, O, 't and Spin,, for O(g,), O (q1), T'" (g) and Spin(qy,), respectively.
The groups O;' and Spin,, are split semisimple groups.

By [8, Chaper VII], there are the following bijections:

Quadratic forms

O,, -torsors over K <+— ; .
of dimension n over K

Quadratic forms of dimension n

O -torsors over K <+ T
n over K of trivial discriminant

The connecting map H*(K,O)) — H*(K,G,,) = Br(K) for the exact sequence
15 Gn—TH5 0 51,

where 6 sends the product v,vs - - - v to the product of reflections with respect to the v;’s,
takes a quadratic form ¢ to the Clifford invariant of ¢. It follows that there is a bijection

Quadratic forms of dimension n over K

' -torsors over K +—» .. .. ) 5 )
n of trivial discriminant and Clifford invariant

Quadratic forms of dimension n of trivial discriminant and Clifford invariant are pa-
rameterized by independent parameters if n < 14 (see [12, Theorem 4.4]). In other words,
by Proposition 3.2, the space BT is retract rational if n < 14.

Lemma 4.3. Let 1 - H - G — Gy, — 1 be an ezact sequence. Then BH ~ BG.
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Proof. The morphism BH — BG is approximated by f : U/H — U/G for a friendly
G-variety U. The morphism f is a Gy,-torsor, hence it is generically split. Thus BH ~

BG x G, = BG. 0

Corollary 4.4. The spaces BSpin,, and BT} are stably birational. In particular, B Spin,,
is retract rational if n < 14.

Proof. Apply the Lemma 4.3 to the exact sequence
1—>Spinn—>I‘:i>Gm—>1. O

Remark 4.5. It is proved in [12, Theorem 4.4] (see also [4, Theorem 4.15]) that B Spin,,
is weakly retract rational if n < 14.

Every quadratic form of trivial discriminant and Clifford invariant of dimension at most
6 is split, i.e., the group BT is special. This implies that the spaces BT and B Spin,,
are stably rational if n < 6. We will see (Remark 5.8) that this is actually true for n < 10
if F=C.

Let ¢ : V — F be a nondegenerate quadratic form of dimension n over F' of char-
acteristic not 2. An orthogonal decomposition of V is a tuple L = (Ly, Lo, ..., L,) of
1-dimensional subspaces of V such that V. = L; L Ly, L --- L L,. Orthogonal de-
compositions of V' form a variety Orth(q) over F. Every orthogonal decomposition L
yields a full flag of subspaces V; = Ly L --- L L; of V. Conversely, every full flag (V;)
of subspaces of V' such that the restriction of ¢ to every V; is nondegenerate, yields an
orthogonal decomposition L with L; the orthogonal complement of V;_; in V;. It follows
that the variety Orth(q) is birational to the full flag variety of V' and therefore, Orth(q)
is a rational variety.

Choose an orthogonal decomposition L and consider the subgroup H(q) of all elements
in O"(q) fixing L. Thus, H(q) is a finite subgroup of O"(q) of order 2"~! acting by =1
on each L;. As O"(q) act transitively on Orth(q), we have Orth(q) ~ O"(q)/H(q).

The group H(q) is canonically isomorphic to the kernel of the product homomorphism
(py)™ — py. An H(g)-torsor over F' is given by a tuple a = (aq,as,...,a,) of elements
in F* with trivial product. The embedding of H(q) into O™ (¢) induces a map taking an
n-tuple a to the quadratic form 17, a;(q|z,).

An O™ (g)-torsor J over a field extension K/ F is the variety of isomorphisms between g
and a quadratic form ¢’ over K of the same dimension and discriminant as ¢x. Moreover,
the variety J/H/(q) is isomorphic to O"(¢')/H(q') = Orth(q’). Hence the fiber of the
natural morphism

BH(q) — BO™(q)

over ¢ is isomorphic to Orth(q¢’), and therefore, is a rational variety. We have proved the
following lemma.

Lemma 4.6. For every O" (q)-torsor J over a field extension K/F, the variety J/H(q)
is rational over K. Each fiber of the natural morphism BH(q) — BO™(q) is a rational
variety.
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5. SEVERI-BRAUER VARIETIES

Let A be an Azumaya algebra of degree n over a variety X over F' and let SB(X, A)
be the Severi-Brauer variety over X (see [7]). By definition SB(X,.A) is an X-scheme
locally isomorphic to the projective space P"~! for the étale topology on X. The fiber
over a point z € X (K) is the variety of right ideals of dimension n in the central simple
K-algebra A(x).

Suppose we have an exact sequence

l—sp>G— N1,

where p is subgroup of Gy, (thus, p = Gy, or p, for some n) and a representation
p: G — GL(V) such that the composition p o i coincides with the natural embedding
p— G — GL(V). We then have an induced homomorphism N — PGL(V).

An N-torsor J over a variety X yields then an Azumaya algebra

A= (End(V) x J)/N
over X that is the twist of A by J. The twist
P(V)’ .= (P(V) x J)/N

of the projective space P(V') is the Severi-Brauer variety SB(X,.A) over X.

Let W be a generically free representation of N and U C W a friendly open subset.
Then the twist by the standard versal N-torsor U — U/N yields an Azumaya algebra A
over the approximation U/N of BN and a Severi-Brauer variety

(P(V) x U)/N

over U/N which we denote by SB(BN,.A4). The stable birational type of SB(BN,.A) does
not depend on the choice of W and U.

Proposition 5.1. The classifying space BG is stably birational to SB(BN, A).

Proof. Let G := (Gm xG)/p, where p is embedded into Gy XG via s — (s, p(s71)).
The representation p extends to a homomorphism p : G — GL(V). Moreover, Gy, is a
subgroup of G and G/ Gy, ~ N. Then

SB(BN, A) = (P(V) x U)/N = ((V\ 0) x U)/G
and (V' \ 0) x U is a friendly open subset in V & W for the group G, i.c., (V \0) x U)/G

is an approximation of Bé, hence SB(BN,N.A) = BG. N
On the other hand, G is a subgroup of G and the group G/G ~ Gy, /p is either trivial

or isomorphic to Gy,. Therefore, BG Sg' BG by Lemma 4.3. O
Consider the exact sequence
1 — py — Spin, — O — 1

and a (half-)spin representation Spin,, - GL;(C;") = GLg». We have then a projective
representation O — PGLyn and the associated Azumaya algebra C over BO;. The

fiber of C;" over a quadratic form ¢ of trivial discriminant (that is an O} -torsor) is the
algebra C*(q).
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By Proposition 5.1,

(5.2) BSpin, % SB(BO;,C;).

Let o = (1,—1,1,...,(=1)""!) be a split quadratic form of dimension n and H, :=
H(qy) the finite subgroup of O defined in Section 4 for the standard orthogonal basis.
Write B,, for the pull-back of C;" under the morphism BH,, — BO,. If b = (by, bs, ..., b,)
is a tuple representing an H,-torsor, then the fiber of B,, over b is the algebra C;I(¢q(b)),

where

(53) q(b) = <b1, —bQ, bg, ceey (—1)nilbn>
We have a pull-back diagram

SB(BH,,, B,) — SB(BO;,C)

ni»n

| |

BH, BO; .

The fiber of the top morphism over a K-point z of SB(BO,, C;F) is naturally isomorphic
to the fiber of the bottom map over the image of z in BO; (K). By Lemma 4.6, all such
fibers are rational varieties. In view of Lemma 2.1 and equation (5.2),

(5.4) BSpin, & SB(BO;,C/) = SB(BH,,B,).

ni»n

Write as above, n = 2m + 1 if n is odd and n = 2m + 2 if n is even. Consider the
torus (G )™ with coordinates 1, ..., Tm, Y1, - - - , Ym as an approximation of B(pu,)*™ (see
Example 3.1). Write A,, for the tensor product

(z1,91) @ (22, 92) -+ - @ (T, Ym)
of m quaternion algebras over the Laurent polynomial algebra

Fl(Gm)*™] = Flat, . an yi oy |

m

2m

Thus A, is an Azumaya algebra over B (u,)

The kernel T' of the product homomorphism (Gy,)" — Gy, is an approximation of the
classifying space BH,,. If b = (b1, bs,...,b,) is a point of T, it follows from (4.2) and (5.3)
that in the case n is odd, we have

B(b) = C+(C]b) = (b1, —b2) ® (bybabs, —b1baby) @ - - -

is a tensor product of m quaternion algebras. The isomorphism between T' and (G, )*™
defined by x1 = by, y1 = —bg, o = bibobs, yo = —b1boby, ... takes the algebra B, to A,,.
If n is even, we have

C™(q) = (biby, —b1b3) ® (b1babsbs, —b1babsbs) @ - --
is a tensor product of m quaternion algebras. The isomorphism between 7" and G, X (G,)
(Wlth coordinates t, ZT; and yz) defined by t= bl, T = blbg, Yy = —blbg, To =— b1b2b3b47 Yo =

—b1babsbs, . . . takes the algebra B, to the pull-back of A,, with respect to the projection
Gm X(Gm)Qm N (Gm)Zm‘

2m
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We have shown that in eather case,

SB(BH,,B,) % SB(B(p,)?", Ay).
It follows from (5.4) that

(5.5) BSpin, = SB(B(1ts)?", Ap) X SB((Gum)™™, Ap).
We have proved the following theorem.

Theorem 5.6. Let n = 2m + 1 orn = 2m + 2 for some m. Let A, be the tensor
product (x1,91) @ (22, Y2) - . . @ (T, Ym) of m quaternion Azumaya algebras over (G )*™ =

Spec Flzifh, ... ot oFft . yE. Then

BSpin, % SB((Gm)?", Ay).
Corollary 5.7. The classifying spaces B Spin,,, ., and BSpin,,, ., are stably birational.
Corollary 5.8. If F' = C, the classifying space BSpin,, is stably rational for n < 10.

Proof. We have noticed that B Spin,, is stably rational for n < 6 (over any field). It is
proved in [9] that B Spin,, is stably rational for n = 7 and n = 10 if F = C. O

Let A,, be the pull-back of A,, to the generic point of (Gn)*™, i.e, 4, is the tensor
product of quaternion algebras (z;,y;) over the field of rational functions K = F(z,y).
The reduced norm map Nrd,, : A,, — K for the algebra A,, is given by a polynomial
in 2™ + 2m variables: 22" coordinate functions on A,, (in some basis for A,,) and
L1y oy Ty Y1, - - - Ym. This polynomial is homogeneous of degree 2™ in the first set of
22 variables. By [13, Theorem 4.2], the Severi-Brauer variety is stably birational to the
hypersurface given by the reduced norm polynomial.

Corollary 5.9. The classifying space B Spin,, is stably birational to the hypersurface in
the affine space A¥" 2™ given by the equation Nrd,, = 0.

6. COMPARISON WITH THE CLASSIFYING SPACE OF FINITE GROUPS

Suppose a quadratic form ¢ : V. — F over a field F' with char(F) # 2 admits an
orthogonal basis vy, v, ..., v, such that ¢(v;) = 1 for all 4, i.e., ¢ is the sum of squares in
that basis. Consider the subgroup H(q) corresponding to the orthogonal decomposition
of V' into orthogonal sum of the subspaces Fv; (see Section 4). Write D,, for the pre-image
of H(q) under the natural homomorphism Spin(q) — O, with kernel p,.

Since the group H(q) consists of all products of even number of reflections with respect
to the vectors v;, the group D,, consists of all products +v;,v;, - - - v;, in the Clifford algebra
of ¢ with 41 < iy < --- <4 < n and k even. In particular, D, is a finite constant group
of order 2".

The group D, is generated by the following elements:

c:=—1, z;:==vv; €D, for 1=1,2,....n—1.

We have the following relations:

F=lc,zi]=1 and 1z} =[r;,2;]=c forall i#j.
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Thus, D, is a central extension of an elementary abelian 2-group of order 2"~ ! generated
by the cosets of the x;’s by the cyclic subgroup of order 2 generated by c.

Theorem 6.1. Let q be the sum of n squares over a field F' of characteristic different
from 2. Then Spin(q ) - BD,,. If —1 is a square in F, then Spin,, W BD,,.

Proof. Let I be a Spin(q)-torsor over a field extension K /F. Write J for the push-forward
of I with respect to the natural homomorphism Spin(q) — O*(q), i.e., J = I/p,. Thus,
J is an O"(g)-torsor over K. By Lemma 4.6, the variety

I/D, ~ J/H,
is rational. It follows from Proposition 3.3 applied to the subgroup D,, of Spin(q) that
Spin(q) o BD,,. If —1 is a square in F', the form ¢ is split and Spin(¢) = Spin,,. O

If n = 2m + 1, the center C' = {1,¢} of D, is cyclic of order 2 and the factor group
G/C is elementary abelian of order 2*™ hence D, is an extraspecial 2-group. Corollary
5.7 yields the following statement.

Corollary 6.2. Let —1 be a square in F and let n = 2m + 1 or n = 2m + 2 for some
m. Then BSpin,, is stably birational to the classifying space BDs,, 11 of the extraspecial
2-group Doy, i1. In particular, BDay, .1 is retract rational for m < 6.

Remark 6.3. There are exactly two extraspecial 2-groups of order 2*"*! up to iso-

morphism. It is proved in [2] that their classifying spaces are stably birational if F' is
algebraically closed field of characteristic zero. In fact, it is sufficient to assume that —1
is a square in F'.

7. MORE ON QUATERNION ALGEBRAS

In this section we prove that the classifying space of Spin,, is stably birational to that
of a certain semisimple group of type A.

The center of (SLy)™ is the group (p,)™. Let C,, be the kernel of the product ho-
momorphism (f,)™ — po. Write S, for the factor group (SL2)™/C,,, thus, we have an
exact sequence

1= py— S, = (PGLy)™ — 1.
The mth tensor power (SLy)™ — GLgm of the tautological representation of SLy yields a
representation S, = GLgm and a homomorphism (PGLy)™ — PGLan. The associated
Azumaya algebra D,, on B(PGLy)™ is the tensor product Q1 ® - - - ® Q,,, where Q; is the
tautological quaternion Azumaya algebra over the ith factor BPGLy of B(PGL3)™

By Proposition 5.1,

(7.1) BS,, = SB(B(PGLy)™,D,,)

Consider the composition

(/,l,2>2 ~ Hy — O; ~ PGLQ,

where the first isomorphism takes (x,y) to (x, zy,y).
By Lemma 4.6, every fiber of B(u,)? — BPGL; is a rational variety. In fact, this
map takes a pair {a, b} of elements in K* to the quaternion algebra (a,b) over K. The
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restriction of the algebra D,, under the map B(uy)*" — B(PGLy)™ is the algebra A,
defined in the previous section. Therefore, the fiber of the natural morphism

SB(B(p5)*", An) — SB(B(PGL»)™, D;y,)

is a rational variety. By Lemma 2.1,

SB(B(pt2)?", An) = SB(B(PGLy)™, D,,).

It follows from (7.1) that

(7.2) BS, = SB(B(1)™™, Ay).
Then (5.5) and (7.2) yield the following:

Theorem 7.3. Letn =2m + 1 orn = 2m + 2 for some m. Let S, be the factor group
(SLy)™/C,y, where Cy, is the kernel of the product homomorphism (py)™ — po. Then

BSpin, & BS,,.

Note that the group S,, is a semisimple group of type A; + --- + A; (m times) and
Spin,, is a simply connected semisimple group of type B, if n is odd and of type Dy, if
n is even.

1]

[13]

REFERENCES

F. A. Bogomolov, Stable rationality of quotient spaces for simply connected groups, Mat. Sb. (N.S.)
130(172) (1986), no. 1, 3-17, 128.

F. A. Bogomolov and C. Béhning, Isoclinism and stable cohomology of wreath products, Birational
geometry, rational curves, and arithmetic, Simons Symp., Springer, Cham, 2013, pp. 57-76.

A. Borel and T. A. Springer, Rationality properties of linear algebraic groups. II, Tohoku Math. J.
(2) 20 (1968), 443-497.

J.-L. Colliot-Thélene and J.-J. Sansuc, The rationality problem for fields of invariants under lin-
ear algebraic groups (with special regards to the Brauer group), Algebraic groups and homogeneous
spaces, Tata Inst. Fund. Res. Stud. Math., Tata Inst. Fund. Res., Mumbai, 2007, pp. 113-186.

R. Elman, N. Karpenko, and A. Merkurjev, The algebraic and geometric theory of quadratic forms,
American Mathematical Society, Providence, RI, 2008.

R. Garibaldi, A. Merkurjev, and J.-P. Serre, Cohomological invariants in galois cohomology, Ameri-
can Mathematical Society, Providence, RI, 2003.

A. Grothendieck, Le groupe de Brauer. I. Algébres d’Azumaya et interprétations diverses, Dix Ex-
posés sur la Cohomologie des Schémas, North-Holland, Amsterdam, 1968, pp. 46—66.

M.-A. Knus, A. Merkurjev, M. Rost, and J.-P. Tignol, The book of involutions, American Mathe-
matical Society, Providence, RI, 1998, With a preface in French by J. Tits.

V. E. Kordonskil, Stable rationality of the group Spin, g, Uspekhi Mat. Nauk 55 (2000), no. 1(331),
171-172.

T. Y. Lam, Introduction to quadratic forms over fields, Graduate Studies in Mathematics, vol. 67,
American Mathematical Society, Providence, RI, 2005.

A. Merkurjev, Versal torsors and retracts, Preprint, (2018)

http://www.math.ucla.edu/ merkurev/papers/new-retract3.pdf, to appear in Transformation
groups.

A. Merkurjev, Invariants of algebraic groups and retract rationality of classifying spaces, Algebraic
groups: structure and actions, Proc. Sympos. Pure Math., vol. 94, Amer. Math. Soc., Providence,
RI, 2017, pp. 277-294.

D. Saltman, Norm polynomials and algebras, J. Algebra 62 (1980), no. 2, 333-345.



RATIONALITY PROBLEM FOR CLASSIFYING SPACES OF SPINOR GROUPS 11

[14] R. W. Thomason, Comparison of equivariant algebraic and topological K -theory, Duke Math. J. 53
(1986), no. 3, 795-825.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA, LOS ANGELES, CA, 90095-1555,
USA
E-mail address: merkurev at math.ucla.edu



