CLASSIFICATION OF SPECIAL REDUCTIVE GROUPS
ALEXANDER MERKURJEV

ABSTRACT. We give a classification of special reductive groups over arbitrary fields that
improves a theorem of M. Huruguen.

1. INTRODUCTION

An algebraic group G over a field F' is called special if for every field extension K/F
all G-torsors over K are trivial. Examples of special linear groups include:
1. The general linear group GL,, and more generally the group GL;(A) of invertible
elements in a central simple F-algebra A;

2. The special linear group SL,, and the symplectic group Sp,,,;
3. Quasi-trivial tori, and more generally invertible tori (direct factors of quasi-trivial tori).

4. If L/F is a finite separable field extension and G is a special group over L, then the
Weil restriction Ry,r(G) is a special group over F.

A. Grothendieck proved in [3] that a reductive group G over an algebraically closed
field is special if and only if the derived subgroup of G is isomorphic to the product of
special linear groups and symplectic groups.

In [4] M. Huruguen proved the following theorem.

Theorem. Let G be a reductive group over a field F'. Then G is special if and only if the
following three condition hold:

(1) The derived subgroup G’ of G is isomorphic to
Rp/p(SLi(A)) X Ri/r(Sp(h))

where L and K are étale F-algebras, A an Azumaya algebra over L and h an
alternating non-degenerate form over K.

(2) The coradical G/G" of G is an invertible torus.

(3) For every field extension K of F, the abelian group &(K;G) is trivial.

The group &(K; () is a certain factor group of the group of isomorphism classes of
Z'-torsors over Spec K, where Z’ is the center of G'. Unfortunately, as noticed in [4],
condition (3) (which is in fact infinitely many conditions for all field extension K/F) is
not easy to check in general.

In the present paper we replace condition (3) by solvability of a system of congruences
over Z involving numerical (discrete) invariants of the reductive group G (Theorem 4.1),
a condition that is relatively easy to check.

We use the following notation.
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F' is the base field, Fiep a separable closure of F', I' = I'p := Gal(Fip/F') the absolute
Galois group of F,

G,, = Spec F[t, t~!] multiplicative group.

If G is an algebraic group (a group scheme of finite type) over F'; and K/F is a field
extension, we write Torsg(K) for the pointed set of isomorphism classes of G-torsors over
Spec K. If G is commutative, Torsg(K) is an abelian group.

If G is a reductive group over F, we let G' denote the derived group of G that is a
semisimple group over F. The factor group G /G’ is a torus that is called the coradical of
G.

If X is a scheme over F' and K/F is a field extension, we set Xy := X X Spec K. We
also write X, for X, .

2. PRELIMINARY RESULTS

2.1. I'-lattices. In this section, I' is an arbitrary profinite group. A I'-lattice is a free
abelian group NNV of finite rank with a continuous I'-action by group automorphisms. We
write N' for the subgroup of I'-invariant elements in V.

The dual lattice NV is defined as Hom(N,Z) with the I'-action given by (vf)(n) =
f(y'n) for f € NV. The pairing

NY@N —=Z, f@nw{fn):=f(n)

is [-equivariant: (yf,yn) = (f,n).

Let X be a finite I'-set (with a continuous I'-action). The free abelian group Z[X| with
basis X is a I'-lattice. A I'-lattice N is permutation if N admits a [-invariant Z-basis X,
ie, N ~ Z[X].

The I'-invariant bilinear form B on Z[X] defined by B(z, ') = 0,4 for x,2’ € X yields
a canonical isomorphism between the I'-lattice Z[X] and its dual.

If N is a I-lattice and X a finite I-set, write N[X] for the I'-lattice N ®z Z[X]. An
element n = Y _ n, ® x in N[X] is I-invariant if and only if yn, = n,, for all y € T’
and x € X. In particular, n, € N'* where I', C I is the stabilizer of z.

Let X be the disjoint union of the I'-orbits Xi, Xs,..., Xs. Choose representatives
z; € X; and let T'; C I be the stabilizer of x;. Then the collection (n,).cx such that
n € N[X]' is uniquely determined by n,, for i = 1,2,...,s which can be arbitrary
elements in N'¢ respectively. This establishes a group isomorphism

NX]"~N'@N2g...¢ N

2.2. Etale algebras. Let L be an étale algebra over a field F. Write X for the finite
I-set of all F-algebra homomorphisms L — Fy,. Note that L can be reconstructed from
X as the F-algebra of all I-equivariant maps X — Fi,. The correspondence L «+ X
extends to an anti-equivalence between the category of étale F-algebras and the category
of finite I'-sets.

Write a finite I'-set X as the disjoint union of I'-orbits X7, X, ..., X,. The correspond-
ing étale F-algebra L is the product L x Ly X --- X L, of finite separable field extensions
L;/F such that L; <> X;.
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If L +» X, then the Fi,-algebra L ®@p Fip, is isomorphic to the Fip-algebra (Fiep)®
of all maps X — Fip. It follows that the [-modules Ko(L ®p Fyp) and the permu-
tation I-module Z[X] are naturally isomorphic. Taking I-invariant elements we get an
isomorphism Ky(L) ~ Z[X]".

We write Ay € Ko(L ®p L) for the class of L viewed as an L ®p L-module via the
product homomorphism L @ L — L. Under the isomorphism Ko(L ®p L) ~ Z[X x X|*
the element Ay, corresponds to the diagonal element Ax =" _\(x,x).

2.3. Algebraic tori. Let T' be an algebraic torus over F'. The character group
T := Hompg,, (Tseps (Gim)sep)

is a [-lattice of rank dim(7"). The dual group T, := (T*)Y is the co-character T-lattice of
all homomorphisms (G, )sep — Tsep OVEr Fyep.
The torus T" can be reconstructed from the character I'-lattice T™ as follows:

T = Spec(Fyep[T*]").

The correspondence T <+ T™* extends to an anti-equivalence between the category of
algebraic tori over F' and the category of ['-lattices.
If R is a commutative F-algebra, then the group of R-points of a torus T is equal to

T(R) = HOI’HF(T*, (R QF Fsep)x) = (T* Kz (R R Fsep)X>F-

Viewing every character in 7™ as an invertible function on T, yields a I'-equivariant
embedding of T into Fiep[T']* C Fiep(T)* = (F(T') ®F Fyep)™ that represents the generic
point of T in T'(F(T')) over the function field F(T).

A torus P is called quasi-trivial if P* is a permutation I-lattice. A quasi-trivial torus
is isomorphic to the Weil restriction Ry, 7(Gm.1), where L is the étale F-algebra corre-
sponding to a I'-invariant basis X of P*. According to Section (2.1), the co-character
[-lattice P, = (P*)Y is also isomorphic to Z[X].

Let P be a quasi-trivial torus with P* = Z[X] for a I'-set X. The function field Fy.,(P)
is the purely transcendental extension Fye,(X) of Fiep in the independent variables from X.
For every variable z € X, the discrete z-adic valuation v, on the field Fy,(P) = Fyep(X)
gives a group homomorphism Fi,(P)* — Z. All the valuations v, for x € X yield a
I-equivariant homomorphism Fi.,(P)* — Z[X] = P* that splits the embedding of P*
into Fiep(P)*. Taking I'-invariant elements, we get a factorization

Ko(L) = (P*)' — F(P)* — (P")' = Ko(L)
of the identity of Ky(L).
2.4. Reduced norm. Let A be a central simple algebra over F'. The degree deg(A) of A is
the square root of dimp(A). By Wedderburn’s theorem, A ~ M (D) for a central division

algebra D over F. The index ind(A) of A is the degree of D. Thus, deg(A) = k - ind(A).
The exact forgetful functor A-mod — F-mod yields the norm homomorphism

N K(A) = K;(F)

(2
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on K-groups. The group Ky(A) is infinite cyclic generated by the class of the irreducible
left A-module D¥ := D @ --- ® D (k times). Moreover,

NMF(IDM) = dimp(D*) = deg(A) - ind(A) € Z = Ko(F).

Let Nrdi' : Ko(A) — Ko(F) = Z be the homomorphism taking [D*] to ind(A). Thus,
NMF = deg(A) - Nrdy' and Im(Nrdy') = ind(A) - Ko(F).

More generally, let L be an étale F-algebra and A an Azumaya algebra over L. Write
L=1LixLyx---x L,, where L; are fields and A = A; x Ay x --- X A, where each A; is
a central simple algebra over L;. The component-wise maps Nrdy yield a homomorphism
Nrdy : Ko(A) — Ko(L).

If A is a central simple algebra over F, denote by Nrd* : K;(A) — K(F) = F* the

reduced norm homomorphism satistying Ni/" = (Nrd®)" (see [2]). More generally, if A
is an Azumaya algebra over étale F-algebra L, we have a well defined homomorphism

Nrd® : K;(A) — K,(L) = L*.

2.5. Huruguen groups. Let L be an étale F-algebra and A an Azumaya algebra over
L. If L =11 X Ly x---x Lg is a product of fields, then A = A; x Ay x --- X A, where
each A; is a central simple algebra of some degree n; over L; and

Ri/p(SLi(A)) = Riy/e(SLi(A1)) X Ri,yp(SLa(Ag)) X -+ X Riye(SLa (4y)).

Let K be an étale F-algebra and h an alternating non-degenerate form over K. If
K = K| x Ky x --- x K; is a product of fields, then h is a product of alternating forms
of some dimensions 2my,2ms, ..., 2m; respectively, and

Ri/r(Sp(h)) = R, /r(SPam, ) X Bic,/r(SPamy,) X -+ X Ric,yr(SPom, )-

Let G be a reductive algebraic group over F'. M. Huruguen proved in [4] that if G is

special then

(1) The derived subgroup G’ of G is isomorphic to
Rpr(SLi(A)) X Riyr(Sp(h)),

where L and K are étale F-algebras, A an Azumaya algebra over L and h an alternating
non-degenerate form over K.

(2) The coradical G/G’ of G is an invertible torus.
We call a reductive group G satisfying (1) and (2) a Huruguen group. Write G' =
G’ x GYy, where G = Ry /p(SL1(A)) and G4 = Rk/r(Sp(h)).

Example 2.1. (Standard Huruguen groups) Following the notation as above set G :=
R p(GL1(A)) and G := Rk;p(GSp(h)), where GSp(h) is the group of symplectic simil-
itudes (see [5, §23]). Then G' = G; X G9 is a Huruguen group. Indeed,

G/ = RL/F(SLl(A)) X RK/F(SP(]'L))

and G/G’ = Py x Py, where P, = Ry )r(G,, 1) and P» = Ri/p (G k). The homomorphism
G1 — P, is given by the reduced norm homomorphism Nrd*.
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The center Z of G is isomorphic to P; X Ps, so the exact sequence 1 -+ 2" — Z — S — 1,
where Z' is the center of G', is isomorphic to

V1 XV

(22) 1—>Z/—>P1XP2%P1XP2%1.

The homomorphism v, : P, — P; is the n;-power map on the i-th component Ry, r(G,,)

of P and vy : P, — P, is the square map. Note that the groups G, Gy and G are special.
We show that every Huruguen group is the pull-back of the standard Huruguen group.

Proposition 2.3. Let G be a Huruguen group and G the standard Huruguen group with
(G) = G as in Example 2.1. Then there is a homomorphism

A=) S=G/G = G/G' =P, x Py

of the coradical tori such that G ~ G X& e S. The homomorphism X\ is uniquely deter-
mined modulo the image of (vi,v3) : Hom(S, P, X P») — Hom(S, P; X P,).

Proof. The exact sequence (2.2) of groups of multiplicative type in Example 2.1 yields an
exact sequence

Hom(S, Py x Po) ) Hom(S, P, x Py) — Ext(S, Z') — Ext(S, P, x Py).

As S is invertible and P; x P, is a quasi-trivial torus, the group Ext(S, P, x P) is trivial
(see [1, Lemme 1]). It follows that the exact sequence 1 — 7" — Z — S — 1 is the
pull-back of (2.2) with respect to a group homomorphism A : S — P; x P,. Therefore, the
exact sequence 1 - G — G — S — 1 is the pull-back of 1 - G’ — G P xP—1
with respect to . Il

Let G be a Huruguen group with coradical S. Let Cz be the standard Huruguen group
with (G)" = G’ as in Example 2.1. The coradical of G is P; x P, where P, and P, are
quasi-trivial tori. Write

ﬁ:(pl,p2)1é261XéQ—>P1 XPQ

for the canonical homomorphism. By Proposition 2.3, there is a group homomorphism

>\:(>\17)\2)IS—>P1XP2

such that G is the pull-back of G with respect to .
Write for simplicity P for P, and X : S — P for \;.
Lemma 2.4. The following conditions are equivalent
(1) The group G is special.
(2) The homomorphism
G(K) x S(K) 2% P(K) x Py(K)

is surjective for all field extensions K/F.
(3) The homomorphism

G1(K) x S(K) 22 p(K)

is surjective for all field extensions K/F.
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Proof. In the diagram

S(K) Torsg: (K) — Torsg(K) — Torsg(K)
|

o |

G(K) — P(K) x Po(K) — Torsg (K ) — Torsz(K)

with exact rows the sets Torsz(K) and Torsg(/K) are singletons as G and S are special
groups. The equivalence (1) < (2) follows by the diagram chase. The equivalence (2) <
(3) follows from the fact that the map ps : Go(K) — Py(K) is surjective as the group G}
is special. O

Proposition 2.5. The Huruguen group G is special if and only if the generic point of P
is in the image of the homomorphism

(Nrd, \) : K1 (A®p F(P)) x S(F(P)) — (L®p F(P))* = P(F(P)).

Proof. Recall that G1 = GLy(A) and for every field extension K/F the image of the map
p1: G1(K) — P(K) coincides with the image of the reduced norm homomorphism

Nrd : Ky (A®p K) — (L ®p K)* = P(K).

If F is a finite field, the algebra A is split and Nrd is surjective for every K and G is
special by Lemma 2.4. Therefore, we may assume that F' is infinite. The statement of
the proposition is a consequence of Lemma 2.4 and the following lemma applied to the
homomorphism (p,\) : G; x S — P.

Lemma 2.6. Let H — T be a homomorphism of algebraic groups with T a rational,
smooth and connected group over an infinite field F. If the generic point of T in T(F(T))
is in the image of H(F(T)) — T(F(T)), then the map H(K) — T(K) is surjective for
every field extension K/F.

Proof. As T is smooth and connected, T is geometrically integral. In particular, the
function field F(T') is defined. By assumption, the morphism H — T is split at the
generic point of 7', i.e., there is a nonempty open subset U C T and a morphism U — H
such that the composition U — H — T is the inclusion. It follows that the subset
U(K) C T(K) is contained in the image of H(K) — T(K). Let t € T(K). Consider the
nonempty open subset W = t-U'NUk in Tk. As T is a rational variety and the field F is
infinite, we have W (K) # (. Thent € U(K)-U(K) is in the image of H(K) — T(K). O

2.6. Associated character. We keep the notation of the previous section. Let X be the
I-set corresponding to the F-algebra L, thus P* ~ Z[X]. For every x € X write n, for
the degree of the central simple A ®y, Fiep, where the tensor product is taken with respect
to the homomorphism z : L — Fy,. Clearly, n, =n; if z € X;.
The homomorphism A : S — P determines an element a € S*[X]

Homp (S, P) = Homp(S,, Z[X]) = (S* @ Z[X])" = S*[X]".

We call a the character associated with G.

I via the isomorphisms
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We write a = Yy a,®x € S*[X]" with a, € (5*)" (see Section 2.1). By Proposition

2.3, a, is uniquely determined modulo n, - (5*)'.

3. TWO KEY PROPOSITIONS

Let L be an étale F-algebra and let X be the corresponding I'-set. The Weil restriction
A := Ry r(A}) = Spec(Fuep[X])",

where Fip[X] is a polynomial ring on the variables in X, is the affine space A(L) of the
vector space L over F. The quasi-trivial torus P = Ry r(Gy, 1) is the principal open
subset of A* given by the function h =[] .z € F[AY], ie.,

F[P] = FIAY][h7Y.

Note that h is the norm Npax)/p@ax)(z) for every x € X.

For every variable z € X write v, for the x-adic valuation on the rational function field
Fiep(X) and also of its restriction to the subfield F'(A¥) = F(P). Let X1, Xo,..., X, be
all I-orbits in X . For every i write h; for the product of all x € X;. Then h is the product
of all h; and each h; is an irreducible (prime) element of the polynomial ring F[AX]. Note
that v, is the discrete valuation on F(AX) associated with h;, where i is so that z € X.
In particular, v, = v, on F(P) if z and 2’ lie in the same I'-orbit. We will write v; for v,

For every i, let Z; C AX be the irreducible hypersurface given by the equation f; = 0.
The function field F(Z;) is the residue field of the valuation v;. The scheme (Z;)sp is the
union of |X;| irreducible hypersurfaces given by the equations z = 0 for z € X;. Fix a
point z € X; and identify L; with the subfield (Fi,) =, where T, is the stabilizer of x in
['. Let L} be the étale L;-algebra corresponding to the I'y-set X; \ {z} and let P/ be the
quasi-trivial torus Ry, /1. (G, r;) over L;. Viewing P/ as a scheme over F', we see that P/
is an open subscheme of Z; (see [6, §2]). Therefore, F'(Z;) = L;(P!). In particular, the
residue field F'(Z;) of v; is a purely transcendental field extension of L;.

Proposition 3.1. Let L and M be two étale F-algebras and A an Azumaya M -algebra.
Then there is a commutative diagram

Ko(A®p L) 2 K\(A®r F(P)) —%~ Ky(A®F L)

Nrdg l Nrdl Nrdg L

9gMm

Ko(M @5 L) 22 Ky (M @ F(P)) 2 Ko(M @5 L)

such that

(1) The compositions ga o fa and gy o far are the identity maps.
(2) If M = L, then fr(Ap) is the generic point of P in K1(L®p F(P)) = P(F(P))*.

Proof. We may clearly assume that M is a field. Assume first that M = F. The homo-
morphisms fr and gp were defined in Section 2.3.

We define the map f4 as follows. Write L = L1 x Ly X -+ X L, as above. The group
Ko(A ®p L) is the direct sum of Ko(A ®p L;) over all i. Choose any = € X;, where
X; +» L;. We can identify L; with the field (Fi,)"®, where ', is the stabilizer of z in
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I'. Thus, we can view z is a function in L;(P)* = K;(L;(P)). Define the map f4 on
Ko(A ®F L;) as the composition

where the first map is multiplication by = € K;(L;(P)), i.e., it takes the class of a left
projective A @ L;-module ) to the class of the automorphism of multiplication by x in
(), and the last homomorphism in the norm map for the field extension L;(P)/F(P).

To prove commutativity of the left square of the diagram consider the following diagram

Nrdg L Nrd l Nrd l

Ko(L;) K\(Li(P)) K\(F(P)),

where the first map in each row is multiplication by = and the second map is the norm
map for the field extension L;(P)/F(P). The right square is commutative as the reduced
norm commutes with the usual norm. The composition in the top row is f4 and in the
bottom row takes 1 to the product in F/(P)* = K;(F(P)) of all elements from the orbit
X;. Therefore, the composition in the bottom row coincides with fr restricted to Ko(L;).
It suffices to prove that the left square in this diagram is commutative. Write AQp L; ~
My (D), where D is a division algebra of degree d = ind(A ®p L;) over L;. The group
Ko(A ®Fp L;) = Ko(Mg(D)) is generated by the class [@] of the standard free left D-
module @ = DF. Identifying @ with the left ideal of My(D) of all matrices with all
terms but the first column zero, we see that the group D* = Auty, (p)(Q) embeds into
Aut g, (p)(Mi(D)) = GLi(D) via d + diag(d, 1,...,1). It follows that the image of [()] in
K1 (A®pL;(P)) = K1 (My(D)®r,L;(P)) is given by the diagonal matrix diag(z, 1,...,1) €
M,(D ®rp, L;(P)) whose reduced norm in L;(P)* = K;(L;(P)) is equal to . Finally, the
image of [@] under Nrd, is equal to d -1 € Ky(L;) and the bottom map in the left square
of the diagram takes 1 to x. This proves commutativity of the left square of the above
diagram and hence of the left square of the diagram in the statement of the proposition.
In order to define the map g4 we need the following statement.

Lemma 3.2. Let A be a central simple F-algebra, K/F a field extension and v a discrete
valuation on K over F with residue field K. Then

Im [Ky(A®p K) 2% K* % 7] Cind(A®r K) - Z.

Proof. Let R C K be the valuation ring of v and let C4 be the Serre subcategory of
R-torsion modules in the abelian category M(A ®r R) of finitely generated left Ap ® R-
modules. By dévissage (see [7, §5]), we have K;(C4) = K;(A®rK) and the factor category
M(A®Fp R)/C4 is equivalent to M(A @p K).

Similarly, in the case A = F we have the subcategory Cr C M(R) such that K;(Cr) =
K;(K) and M(R)/Cr ~ M(K).

The exact functor i : M(A ®p R) — M(R) induced by the natural homomorphism
R — A ®r R takes the subcategory C4 into Cp. Therefore, we have a commutative
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diagram

Ki(A®p K) -2~ Ky(A®r K)

(h)*l l(io)*
or

Ki(K) Ky(K),

where the horizontal maps are the connecting homomorphisms in localization sequences
and the vertical maps are induced by the functor i. By [7, Lemma 5.16], Or coincides
with v : K* — Z. We also have (1), = Na/r = Nrd" and the image of (i), coincides
with n - ind(A ®r K)Z, where n = deg(A) (see Section 2.4). The result follows. O

We apply this lemma to the field K = F'(P) and the discrete valuation v; on K for some
i. Recall that the residue field K; of v; is purely transcendental over L;, hence Ky(A ®p
K;) = Ko(A®p L;). The image of Nrdy in Z* = Ko(L) is equal to [[;_, ind(A ®F L;) - Z.
It follows from Lemma 3.2 that the map g4 exists and unique.

The commutative diagram in the statement of the proposition is constructed in the case
M = F. The case of a general M reduces to the one when W is a field. Finally, we apply
the above case (when A is central over the base field) to the algebra A over M and the
étale M-algebra M ®p L in place of L. Thus, the commutative diagram is constructed in
the general case.

We know that gps o fas is the identity. This implies that the composition g4 o f4 is also
the identity since the map Nrdg is injective.

Finally, to prove (2) we may assume that L is split, so Ko(L ®r L) = Z[X X X]
and Ap = Ax = > .x(x,z). Then fr(Ar) in P(F(P)) = Hom(P*, F(P)*) is the
homomorphism taking every z € X to x € F(P)*, i.e., it is the canonical embedding of
P* into F'(P)* representing the generic point of P. O

Let L and M be étale F-algebras, and set P = Ry /p(Gy 1), @ = Ra/r(Grnr).

Proposition 3.3. Let S be an algebraic torus over F and pu: S — @ a group homomor-
phism. Then there is a commutative diagram

(S.® P*)" S(F(P)) (S. @ P*)"
m@idl Ml M@idt
(Q.® P*)" (Q.® P*)"

Ko(M ®p L) 2 k(M ®@p F(P)) -2 Ko(M ®F L).

Proof. Tt suffices to consider the case when F' is separably closed, so both L and M are
split. Recall that P* is the canonical direct summand of F(P)*. Since S(F(P)) = S, ®
F(P)*, we get the first row of the diagram. The second row is similar. The commutativity
readily follows from the definitions. O
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4. CLASSIFICATION THEOREM

Theorem 4.1. Let G be a reductive group over a field F'. Then G is special if and only
if the following three conditions hold:

(1) The derived subgroup G' of G is isomorphic to
Rpyp(SLi(A)) X Rir(Sp(h))

where L and K are étale F-algebras, A an Azumaya algebra over L and h an
alternating non-degenerate form over K ;

(2) The coradical S = G/G" of G is an invertible torus;
(3) There exists b=, b, ® v € S,[X]" such that

(a0, b)) = 1 mod dy,y, if x=1y;
% =3 0 mod dyy, otherwise,

where X = Homp qy(L, Fyep), @ = Y ,cxte @ @ € S*[X|" is the character
associated with G (see Section 2.6) and d,, = ind(A ®, M,,) with M,, =

Im(L ®p L % Fyop) viewed as an L-algebra via x : L — M, ,,.

Proof. By Propositions 2.5, 3.1 and 3.3, the group G is special if and only if Ay is
contained in the image of the homomorphism

0 = (Nrdy,a ®idzpx)) : Ko(A®r L) & (S, @ Z[X))' = Ko(L®p L) = Z[X x X"

If (z,y) € X x X write M, , for the image of L ®p L — F, taking u®v to z(u) - y(v).
Note that L ®p L is isomorphic to the product of fields M, , over a set of representatives
(x,y) of all I-orbits in X x X. We view M,, as an L-algebra with respect to the
homomorphism L — L ®r L — M, ,, where the first map takes [ to | ® 1.

Since M, , and M, are isomorphic as L-algebras when (z,y) and (2/,y’) belong to
the same I'-orbit in X x X, we have d,, = dy .

Denote by C' the subgroup of Z[X x X| generated by d,, - (z,y) over all x,y € X. The
image in Z[X x X|'' of Ky(A ®p L) under 0 coincides with CT.

The map 0 restricted to (S, ® Z[X])" takes an element b= > b, ® z € S,[X]" to

z <al"7by>('x7y) S Z[X X X]F

(z,y)
Therefore, the diagonal Ax = > _\(x,z) is contained in the image of # if and only if
there is b € S,[X]" such that (a,, b,) is congruent to 1 modulo d, , if x = y and is divisible
by d, otherwise. O

Remark 4.2. According to Section 2.1 to give b € S,[X]! is the same as to give elements
b; € (S,)F, where T'; C T are the stabilizers of representatives of ['-orbits in X. Also, the
numbers d,, and (a,,b,) stay the same if the pair (z,y) is replaced by a pair (z/,3') in
the same ['-orbits in X x X. Therefore, the conditions (3) in Theorem 4.1 for the pairs
(z,y) and (2/,y’) are equivalent.

Example 4.3. Assume that G is a Huruguen group such that the algebra L is split, i.e.,
L = F* for some integer s. Then X = {1,2,...,s} and Z[X| = Z* with trivial T-action.
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Write A = Ay X Ay X -+ x A, where A; is a c.s.a. over F and let d; := ind(A;). We have
d@j — d,

The character associated with G is a homomorphism a : S — (G,,)* given by a tuple
(a1, as, ..., as) of characters in (S*)I'. We write a, for the associated map S, — Z°. We
claim that G is special if and only if the composition

(ST Lz B 1] z/d:Z,
=1

where ¢ is the restriction of a, on (S,)!, is surjective. Indeed, by Theorem 4.1, G is special
if and only if there is b € Homp(Z%, S,) = Hom(Z*, (S,)") such that pogob = p. The
latter condition implies that p o ¢ is surjective. Conversely, if p o ¢ is surjective, then b
exists as Z° is a free abelian group.
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