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SANGHOON BAEK AND ALEXANDER S. MERKURJEV

ABSTRACT. Let G be a finite group and F' a field of characteristic not equal to two.
We study the ideal of negligible cohomology classes in the mod two cohomology
ring of G, consisting of elements whose associated cohomological invariants vanish
on all G-extensions over field extensions of F'. We give a complete description of the
negligible ideal for all finite groups of order at most eight that depends explicitly on
the arithmetic properties of the field F, precisely the presence of certain 2-primary
roots of unity and the level of F'.
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1. INTRODUCTION

One of the central problems in Galois theory is to characterize absolute Galois
groups of fields among profinite groups. In this article, we investigate restrictions to
the profinite groups given by negligible cohomology.

Let F' be a field and let I'p = Gal(Fy,/F) be the absolute Galois group of F. Let G
be a finite group and let E/F be a G-extension that is a Galois extension of rings with
G = Gal(E/F) in the sense of Galois theory of commutative rings (or equivalently,

a Galois G-algebra). There is the associated continuous group homomorphism j :
1
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['r — G that is uniquely determined up to conjugation by an element in G (see [8,
Section 18.B]). The map j is surjective if and only if E is a field.

For every (discrete) I'p-module M we write H™(F, M) for the nth cohomology
group H"(I'p, M).

Let M be a G-module and let I" be a profinite group. A continuous group homo-
morphism j : I' = G yields the pullback homomorphism

§* HY(G, M) — HYT, M),

where we view M as a ['-module via j.
Let C be a class of profinite groups. We define the subgroup of negligible elements
relative to C

HY(G, M)yeg,c = |Ker(j*) € HYG, M),

where the intersection is taken over all continuous group continuous homomorphisms
I' - G for I in C. The larger the class C, the smaller the subgroup of negligible
elements relative to C. For example, if C is the class of all profinite groups, then the
group HY(G, M )yeg,c is trivial. Thus, the subgroup of negligible elements relative to
C provides some information about the “size” of C.

Let F' be a field and let C be the class of the absolute Galois groups ', for all
field extensions K/F. We write HY(G, M)peq r for HY(G, M )yeq.c. This group con-
sists of all elements u € H4(G, M) such that j*(u) = 0 for all continuous group
homomorphisms j : I'x — G for all field extensions K/F. Such elements are called
negligible over F. The group H%(G, M )nes, r Was introduced by Serre in [12]. When
M = TF, := Z/pZ, the negligible over F' elements in the cohomology ring H*(G,F),)
form an ideal, called the negligible ideal.

The degree 2 negligible cohomology over F' admits an interpretation via the classical
Galois embedding problem. Let

(1) 1M HSG—1

be an exact sequence of groups with M an abelian group, so M is a G-module via
the conjugation. Let E/K be a G-extension. A solution to the embedding problem
associated with the sequence (|1)) and the extension E/K is an H-extension L/E such
that LM = E. Equivalently, if j : 'y — G is a group homomorphism corresponding
to the G-extension F/K, then the embedding problem is solvable if j extends to a
homomorphism & : 'y — H, that is i o k = j. The latter condition is equivalent to
the triviality in H?(K, M) of the pullback of the class v € H?(G, M) of the exact
sequence with respect to j. Thus the class u is negligible over F' if and only if
the embedding problem associated with is universally solvable over F', i.e., it is
solvable for every G-extension E/K for all field extensions K/F.

There is a relation of negligible cohomology with the cohomological invariants over
F as follows. Let M be a I'p-module. A degree d cohomological invariant of G over
F with values in M is a collection of natural in K assignments for every G-extension
E/K with K/F a field extension of an element in HY(K, M). All such invariants
form a group Inv?(G, M) (see [H]).



THE MOD 2 NEGLIGIBLE COHOMOLOGY OF GROUPS OF ORDER AT MOST 8 3

Suppose that M is a trivial I'm-module. We also view M as a G-module with trivial
action. There is a homomorphism

inv : HY(G, M) — Inv'(G, M),

taking an element u € HY(G, M) to the invariant of G that assigns to a G-extension
E/K the element j*(u) in HY(K, M), where j : Ty — G is a homomorphism corre-
sponding to F/K. In this notation, the group of negligible over F' elements coincides
with the kernel of inv:

HY(G, M )peg, p = Ker(inv).

Let M be an arbitrary G-module. The group H%(G, M)peq r is trivial if d = 0 or
1 (see [5, Corollary 2.2]). The degree 2 negligible over F' cohomology (under a mild
hypothesis on F') was determined in [11]. If M is a trivial G-module, the degree 2
negligible cohomology was determined in [5]. Serre provided explicit descriptions of
negligible classes over Q mod 2 negligible elements of elementary abelian 2-groups in
[4, Part I, Lemma 26.4]. These results were later extended in [0, Theorems 2.1 and
2.3], where the mod p negligible over F' cohomology of elementary abelian p-groups
was computed over an arbitrary field F. In fact, the negligible ideal in H*(G,F,)
is quite large (see [6]): the quotient ring by the ideal is finite if F' is not formally
real or G has odd order and otherwise it has Krull dimension 1. Recall that the
Krull dimension of the ring H*(G,F,) is equal to the p-rank of G (see [2, Chapter IV,
Section 5]).

In the present paper, we work with coefficients M = 5 over a field F' of char-
acteristic different from 2. We determine the negligible ideal for all finite groups of
order at most 8. For any group G of odd order, one has H*(G,Fy) = F,, and hence
H*(G,F3)neq, r = 0. Specifically, the negligible ideals are computed in Theorems ,
b.1] and for cyclic groups C4 and Cy, and for the direct product Cy x Cy. For
nonabelian groups, the negligible ideals of the symmetric group S5, the dihedral group
Dg, and the quaternion group Qg are determined in Lemma [2.5 Theorem [6.1] and
Theorem [7.1], respectively.

Our descriptions of the negligible ideals depend on the presence of certain roots of
unity in the base field, as well as on the level of the field. The proofs are based on
the analysis of the cohomological invariants of the form inv(y) for certain degree 2
elements y. We use different techniques depending on the group. If G = Cy, the G-
extensions cannot be rationally parameterized over an arbitrary field, so a reasonable
formula would not be expected for inv(y), where y is a generator of H?(Cy,TFs).
Instead, we employ a reduction argument to the C4-case. In the case G = Q)g there
is a generator z in H*(Qg,Fs). In order to compute inv(z), we embed Qg into the
symmetric group Sg and prove that inv(z) extends to an invariant of Sy given by the
4th Stiefel-Whitney class of the trace form of the Q)g-extension.
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2. PRELIMINARIES

In this section, we introduce the notation and recall basic notions that will be used
throughout the paper. The base field F' is assumed to be of characteristic different
from 2.

2.1. Iterated quadratic étale algebras. Let R be a commutative ring with 2 € R*
and a € R*. We write R, for the quadratic étale R-algebra R[t]/(t* — a). We can
iterate this construction: given A € (R,)*, consider (R,)4 = R,[s]/(s* — A), which
is an étale R-algebra of degree 4, and so on. For a,b € R*, we write R, for the
biquadratic étale R-algebra (R,), = Rl[t, s]/(t* — a,s* —b) and N, : (R,)* — R* for
the norm map.

2.2. Mod 2 cohomology ring of a field. For a field F', we have commutative
graded cohomology ring of F
H*(F,F,).

The product - in this ring is the cup-product. The degree 1 component H'(F,F5)
is canonically isomorphic to F*/(F*)2. For every a € F* we write (a) for the
corresponding class in H'(F,Fy). By Voevodsky’s theorem, the ring H*(F,F,) is
generated by the classes (a) for all a € F*.

The product (ay) - (az) - ... (a,) in H"(F,Fy) is denoted by (a1, aq,...,a,). We
frequently use the following relations:

(a,a) = (a,—1), (a,b) = (b,a)
for a,b € F*. Note that (a,b) = 0 if and only if b = 22 — ay? for some z,y € F. For
u € HYF,Fy) and any i > 1, we have
u' = - (—1)40,

A field extension K/F' gives rise to the restriction and (in the case K/F is finite)

to the corestriction maps
res : HY(F,Fy) — HYK,Fy), cor: HY(K,Fy) — HYF,Fy)

such that the composition cor ores is the multiplication by [K : F].

2.3. Quadratic forms and Stiefel-Whitney classes. We write ¢ = (ay,...,a,)
for the diagonal quadratic form a;z% + - - - + a,z? of rank n over F', where a; € F*.
A quadratic form

Ua, .. an)) = (1, —a)) ® - ® (1, —ay)

is an n-fold Pfister form of dimension 2".
For each 0 < d < n, the d-th Stiefel-Whitney class of ¢ is given by

wa(g) =Y (ajy,...,a5,) € HY(F,Fy), where1 <ji < <js<n.

For an étale F-algebra E of dimension n and a quadratic form p: V — E over F,
we write Trg/p(p) for the quadratic form ¢ on V' over F' defined by

q(v) :==Trg/p(pv)) € F.
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The trace form of E/F is the quadratic form

qg = Trg/r(1)
over F'.
Define the Galois Stiefel- Whitney class of E with values in HY(F,F,) by the equal-
ity
gal o wd(QE), if d is Odd;
2) war (B) = { ap) + (2) - wa 1 (g), if d is even.

The total Galois Stiefel-Whitney class is defined as w& = 1 + w®! 4+ w8 + ...
Since there is a canonical bijection between isomorphism classes of étale F-algebras
of dimension n and S,-extensions, we can view wial as the degree d invariant of .S,,.

Proposition 2.1. [4 Part I, §25.2] Let E = F,, X F,,x---xF, for someay,as,...a, €
F>*. Then
W (E) = (14 (a1)) - (14 (ag)) - ... - (14 (am)).

2.4. Level of a field. The level of a field F' is defined as
min{n | —1 is a sum of n squares in F'}.

The level is equal to oo if and only if —1 is not a sum of squares in F, that is, I is a
formally real field. The level is equal to 1 if and only if py C F*. If the level is finite,
it is always a power of two.

The following result is a consequence of the standard properties of Pfister forms
(see [9, Chapter X]) and the Milnor Conjecture (now Voevodsky’s theorem).

Lemma 2.2. The following statements for a field F are equivalent:
(1) The level of F is at most 2.
(2) —1 is a sum of 2" squares in F.
(3) The (n+ 1)-fold Pfister form ((—1,...,—1)) is hyperbolic over F.
(4) (=)™t =0 in H""(F,Fy).
2.5. Negligible ideal of elementary abelian 2-groups. Let G be an elementary

abelian 2-group of order 2". Choose a basis {x1,z,...,x,} for the character group
Hom(G,Fy) = H'(G,Fy). Then

H*(G,Fg) = ]FQ[ZL‘hl’Q, ce ,ZL‘n].

Theorem 2.3. [0, Theorem 4.1] Let G be an elementary abelian 2-group of order 2"
and let F be a field of level 2'. Then

(z2:1 <1< n) ifl=0,
H*(G,Fo)peg, r = (acix?—i—xj 22:1<i<j<n, x 2:1<i<n) if1<Il<oo,
(zxs + xj27 0 1 <i < j<n) if | = o0

In particular, H*(Cy, Fy) = Fa[z].
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Corollary 2.4. Let F be a field of level 2'. Then

(22)  ifl < oo,

H*(C5,F3)pee. F =

The negligible ideal in H(S3,Fy) coincides with the negligible ideal in H(Cy, Fs) as
follows:

Lemma 2.5. The restriction map res : H*(S3,Fy) — H*(Cy,Fy) = Folz] is an
isomorphism. It induces an isomorphism of negligible ideals

H*(S37F2)neg,F = H*(CZaFQ)negF-
Proof. Consider the projection p : S3 — C5 with a section ¢ : Cy — S3. Since

corores = 1 and i* op* = 1, the map res = ¢* is an isomorphism. By [3, Prop. 2.3(1)],
both ¢* and p* preserve negligible ideals, thus ¢* induces the desired isomorphism. [J

By [3, §3.2], the mod 2 cohomology ring of the cyclic group Csn of order 2" (for
n > 2) is given by

(3) H*(Cyn, F2) = Falz, ]/ (7)
with deg(x) = 1 and deg(y) = 2.

Lemma 2.6. Let F be a field of level 2. Assume that the class y* € H?Y(Con,Fy) is
negligible over F for some d > 2. Then | < 2d — 2, or equivalently, (—1)*~1 =0 in
H?Y(F Ty).

Proof. The restriction map res : H?4(Cyn,Fy) — H?4(Cy, Fy) is an isomorphism of
cyclic groups of order 2. The claim then follows from the fact that the restriction
preserves negligible over F' elements by [0, Proposition 2.3] together with Corol-

lary [2.4] O

2.6. Degree 2 negligible cohomology. Let G be a finite group. Following [5], the
natural identification G* = Hom(G, Q/Z) ~ H?*(G,Z) induces an inclusion

G*/2G* — H*(G,F,).

Proposition 2.7. [5, Theorem 4.2] Let t > 1 be the mazximal integer (or oo) such
that por C F. Then

H?*(G,Fo)neg, r = (G*[271] + 2G*) /2G*.

Corollary 2.8. For any n > 2, the group H?*(Con,Fo)neq, r s trivial if and only if
M2n+1 ¢ F

3. CycLIC GROUP (C4

Recall from that the mod 2 cohomology ring of C} is given by
H*<C47 F2) = FQ[Iu y]/<x2)>
where deg(z) = 1 and deg(y) = 2.
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Theorem 3.1. Let F be a field of level 2. Then,

xy, y? i F andl =0,
H*<C47]F2>neg,F = ( Y y[l)-i—S} f s ¢

(zy, y'2') if 1<1<oo,

(zy) if 1= o0.

Lemma 3.2. [7, Theorem 3], [10, Example 3.1] A quadratic field extension K,/ K
can be embedded in a Cy-extension E/K if and only if (—1,a) = 0 in H*(K,Fy), i.e.,
a 1s the sum of two squares in K. Fvery Cy-extension is of the form

E= (Ka)rA

for some r € K* and A € K with N,(A) = a. Conversely, for every a € K and
A€ K, as above, (K,)ra/K is a Cy-extension for every r € K*. Moreover, we have

inv(z)(E) =(a) and inv(y)(E)=(2,a)+ (—-1,r). O

Proof of Theorem[3.1. By Corollary the class y is negligible over F' if and only if
s C F. We have

inv(zy)(E) = (a) - [(2,a) + (=1,r)] = (2,a,a) + (a,—1,r) = 0,
so xy is always negligible over F. Since (—1,2) = 0, Lemma gives
inv(y?)(E) = inv(y)(E) - (=1)*"* = [(2,a) + (=1,7)] - (=1)*7% = (=1)*"" - (r)
for any d > 2. Therefore, by Lemma , we conclude that y¢ is negligible over F' if
and only if [ < 2d — 2. The result follows. U
4. DIRECT PRODUCT Cy x Cy

Recall from (3) that H*(Cy,Fy) = Fo[z,y]/(2?) and H*(Cy,Fy) = Fa[z]. Then, by
the Kiinneth formula [3 §2.5], the cohomology ring of Cy x Cy is

(4) H*(Cy x Cy,Fy) = Fylz,y, 2]/ (27),
where deg(z) = deg(z) = 1 and deg(y) = 2.
Theorem 4.1. Let F be a field of level 2. Then,

((Z% %) if us C F,
(zy, v°, 2%) ifus ¢ F, 1 =0,
H*(Cy x Co,Fo)neg p =1 (zy, 2%, y*, 272, y2!11) ifl=1,2,
(zy, 222, y?2 + y2?, 22, gt y[%}) if 3 <1< oo,
| (zy, 22 yiz +y2?) if | = oo.

Lemma [3.2] yields the following statement.
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Lemma 4.2. Every Cy x Cy-extension E/K is of the form
E= (Ka,b)m‘h

for some r,a,b € K* and A € K with N,(A) = a. Conversely, for every a,b, € K
and A € K, as above, (K,p)ra/K is a Cyx Cy-extension for everyr € K*. Moreover,
we have

(5)  inv(z)(E) =(a), inv(y)(E)=(2,a)+ (=1,r), and inv(z)(E)=(b).

Lemma 4.3. The class yz is negligible over F if and only if ug C F.

Proof. If ug C F, then by Corollary 2.8 the class y is negligible over F', and hence
so is xy. Conversely, suppose us ¢ F. Then again by Corollary there exists
a Cy-extension L/K such that inv(y)(L) # 0. Let b be a variable over K, and set
K' = K(b), L' = L(b). Then, (L'),/K" is a Cy x Cy-extension. Consider the b-adic
residue map
Op: H*(K' Fy) — H*(K,TFy).

Since inv(yz)((L')y) has residue inv(y)(L) # 0 under 0, it follows that yz is not
negligible over F'. 0

Proof of Theorem[4.1]. Since (a,a) = (a,—1) = 0, it follows from Lemma [4.2] that
inv(zy)(F) = 0 and inv(z2*)(E) = (a,b,b) = (a,b,—1) =0,

thus zy and zz? are always negligible over . Assume that a and b are independent
variables over F'. Then, (a,b) # 0, thus xz is not negligible over F'. Hence, it suffices
to consider sums of terms of the form y/z¢ with f,e > 0

Assume that f,e < 1. By Corollary [2.8] the class y is negligible over F' if and only
if ug C F. Hence, by Lemma [{.3] the class yz° is negligible over F if and only if
psg C F for e = 0,1. On the other hand, since deg(z) = 1, the class z is not negligible
over F'.

Now assume that f > 2 or e > 2. Then, by Lemma we obtain

(0) - (=1)°~ if f=0,e>2,
(r,b) - (—=1)° if f=1,e>2,
(r) - (—=1)%/-1 if f>2 e=0,
(r,b) - (=1)2/+=2 if f>2 e>1.

(6) inv(y/2)(E) =

In particular, we have inv(yz*)(E) = inv(y?*2)(E) = (r,b) - (—1)3, thus the class
yz3 + y?z is always negligible over F.
We obtain the following equivalences:

2¢€ H(Cy x C2,F3)peq  if and only if [(F
yz® € H(Cy X C9,F3) e, p if and only if [(F
y! € H*(Cy x Cy,Fy)peg.  if and only if I(F
T2¢ € H*(Cy x Cy,Fo)neg, p if and only if [(F

<e
§e—1ande>2
<2f—2and f > 2,
<2f+e—-3, f>2, e>1.
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The backward implications follow directly from equation @ and Lemma . The
forward implications follow by assuming that r and b are algebraically independent
variables and applying the residue map at the r-adic and b-adic valuations.

Note that for any d > 3, the ideal (yz4+!, yl2"], y22+y2®) contains every class y/ 2¢
with f > 2, e> 1, and 2f + e > d + 3. The claim now follows by a straightforward
calculation. 0

5. CycLIC GROUP Cy

Recall from that the mod 2 cohomology ring of Cy is given by
H*(Cy,Fy) = Fyfz,y]/(2?),
where deg(x) = 1 and deg(y) = 2.

Theorem 5.1. Let F be a field of level 2. Then,

() if pe C F,

(xy, y?) if e ¢ F andl =0,
(xy,yi) if 1<1<o00,

(zy) if =00

H*(C& IFQ)neg,F -

Proposition 5.2. Let E/K be a Cg-extension. Then inv(y?)(E) is divisible by
(=12 =(-1,-1,-1).

Proof. Let K,/K be a quadratic subextension of F/K and let j: I'r — Gal(E/K)
be the corresponding homomorphism. Then, the extension E/K is of the form E =
((Kg)a)p for some A € (K,)* and B € ((K,)a)*.

Let i : Gal(E/K,) — Gal(FE/K) be the embedding of Cy into Cg and let k : ', —
Gal(E/K,) be the restriction of j. Then, we have a commutative diagram

H2(Cs,Fy) — L H*(K,TF,)

J/i* =res J/res

H2(Cy,Fy) —— H2(K,,TF,).

Since the restriction map i* : H*(Cg,Fy) — H?*(Cy,Fy) is an isomorphism, it follows
from Lemma aplied to the Cy-extension F/K, that

(7) Yo 1=1es (j7(y)) = k" (i"(y)) = (4,2) + (R, —1) € H*(K,, Fa)
for some R € (K,)*. Then, we have
(8) 0=2j"(y) = cor(ya) = (Na(A),2) + (Na(R), —1).

Choose z € K, such that N,(z) = —1. Then, by the projection formula and (7)),
we have

7*(y?) = 7*(y) - (=1, 1) = cor (ya (2, —1)) =cor(A4,2,z,—1) 4+ cor(R,—1,z,—1).
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Since (A, —1) = 0in H*(K,,Fy), we get j*(y*) = cor(R, z, —1,—1). Since (2,—1) = 0,
it follows from Lemma below and that

inv(y*)(E) = 5" (y*)

=cor(R,z,—1,—-1)

= (b, Ny(R), —1,—1) + (¢, No(2), —1,—1)

= (b, N,(A),2,—-1) + (¢,—1,-1,-1)

=(c,—1,—-1,-1)
for some b,c € K*. O
Lemma 5.3. For every X, Y € (K,)*, there exist b,c € K* such that in H*(K,TFs)

cor(X,Y) = (b, Na(X)) + (¢, Na(Y'))

for some b,c € F*.

Proof. Since dimg K, = 2, the elements 1, X, Y are K-linearly dependent. Hence,
there exist b, ¢ € K, not both zero, such that cX +bY = 1. Assume that both b, ¢ are
nonzero. Then, (¢X,bY) =0 € H*(K,,Fy). Applying cor : H*(K,,Fy) — H*(K,Fs)
to this relation yields the result. If b = 0, then X = ¢! and cor(X,Y) = (1, N,(X))+
(e, Na(Y)). O

Corollary 5.4. For any d > 2, inv(y?)(E) is divisible by (—1)2¢1.
Proof. By Proposition [5.2] the element
inv(y")(E) = inv(y)(E) - (=1)*"* = inv(y)(E) - (-1, =1) - (=1)*"*
is divisible by (=1, =1, —1) - (=1)%3% = (—1)2¢-1L, O

Corollary 5.5. For any d > 2, the class y® is negligible over F if and only if
(—1)%2-1 = 0.

Proof. If (—1)%~1 = 0, then it follows from Corollary |5.4] that 3¢ is negligible over F.
Conversely, if y¢ is negligible over F', then Lemma [2.6|implies (—1)%?~! = 0. O

Proposition 5.6. The class zy is negligible over F.
Proof. Since inv(z)(E) = (a) and (A4, A) = (4, —1) =0, by (7)) we have
inv(zy)(E) = (a) - inv(y)(E) = No((A) - ya) = No(A, A, 2) + N (AR, —1) =0. O

Proof of Theorem . It follows from Corollary that y € H?(Cs, Fa)peg,  if and
only if p6 C F. By Corollary 5.5 and Lemma [2.2] we have

yt € H*(Cg,Fy)peg. » if and only if 1 < 2d — 2

for any d > 2. Hence, the statement follows from Proposition [5.6 OJ
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6. DIHEDRAL GROUP Dxg

Write Dg = (0,7 | 0> = 72 = (07)* = 1) for the dihedral group of order 8. By [2,
Theorem 2.7] the cohomology ring is
H*(D& F?) - I[?2[:1"7 Y, Z]/(l’y),

where deg(z) = deg(y) = 1 and deg(z) = 2. The degree 1 generators are the charac-
ters
z(o) =1, z(1) =0, y(o) =0, y(r) = 1.
In the cohomology group H?(Dg,F,) there is a unique nonzero class z whose re-
strictions to the cyclic subgroups (o) and (7) both vanish. This class represents the

central extension
O—>Z/2Z—>D16—>Dg—>1,

where Dy is the dihedral group of order 16 (see [2, Chapter IV, Theorem 2.7]).
Theorem 6.1. Let F be a field of level 2. Then,

H(Ds Fa)o o — 4 5 U7 242 g2 S 0<l <o,
) neg, I’ — .
572 ne (xz, yz) if =00

Lemma 6.2. [10, Example 4.3| Let F,; be a biquadratic field extension such that

o(Va)=—va, o(Vb)=vb, r(Va)=+a, 7(Vb)=-Vb
The field K,p can be embedded in a Dg-extension E/K if and only if (a,b) = 0 in
H?(K,Fy), i.e., u> — av? = b for some u,v € K. Every Dg-extension E over K is of
the form
= (Kap)a
(F*)? and Tr,(A) # 0. Conversely, for

b-
every a,b,€ K and A € K, as above, (K,p)a/K is a Ds-extension. Moreover, we

have
inv(z)(E) = (a), inv(y)(E)=(b), and inv(z)(E)=(b,2)+(—ab,2Tr,(A)). O

Proof of Theorem . Since (a,b) = 0 and (a, —a) = 0, it follows from Lemma
below that
inv(zz)(E) = (a)- [(b, 2) + (—ab,QTra(A))} = (a,b,2) + (a,—ab,2Tr,(A)) =0,

thus zz is negligible over F. Symmetrically yz is negligible over F'. Let a,r, u,v be
algebraically independent variables over F' and let K = F'(a,r,u,v). Set

2 _a? e K*, A:r(u—i—v\/E)EKaX

and consider the Dg-extension

for some A € (K,)* such that N,(A ) €
e (

b = u

E = (Ka,b)A/K.
For every integer d > 1,
inv(z?)(E) = (a)* = (a) - (-1)"" € H'(K,Fy).
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Let v, be the a-adic valuation on K with residue field F'(r,u,v). Applying the residue
map
0o HY(K,Fy) — H* Y (F(r,u,v),F>)

to inv(z?)(E) shows that, if 2 is negligible over F, then (—1)*~* = 0in H*Y(F(r,u,v), Fs)
and hence in H*1(F,Fy). Thus,

2% is negligible over ' <= (—=1)*!' =0in H* ' (F,Fy) <= 1 <d—2.
By a similar argument (interchanging a and b, x and y) we obtain
y® is negligible over ' <= (—1)*'=01in H" ' (F,F,) <= [ <d—2.
For every d > 1,
inv(z)(E) = j(z)- (=1)**% = [(b,2) + (—ab,ru)] - (—1)*"? € H*(K,F,).

Assume 2¢

is negligible over F'. Then,
da(inv(z)(E)) = (ru)- (-1)*? =0 in H*"Y(F(r,u,v),F),

and
O, (inv(z")(E)) = (-1)*2 =0 in H**(F(u,v),Fs),
hence (—1)?72 = 0 in H?**"%(F,F,). Therefore,
2% is negligible over F <= (=1)*"2=01in H***(F,F,). O

7. QUATERNION GROUP (Jg

By [2, Lemma 2.10], the mod 2 cohomology ring of the quaternion group (g of
order 8 is given by

(9) H*(Qs,F2) = Falz,y, 2]/ (2 +y* + 2y, 2%y + xy?),
where deg(x) = deg(y) = 1 and deg(z) = 4.
Theorem 7.1. Let F be a field of level 2. Then,

($27 y27 332:9, Z) Zf = 0’
(z%y, 2) if 1=1,2,
H*(Q8,F9)peg. 7 =
(Qs,F2)neg, (22y, z2, yz, A5 if 3<1 < o0,
(2%y, xz, y2) if 1= oo

Lemma 7.2. [7, Theorem 4] Let L/ K be a Cy x Cy-extension, i.e. L = K, for some
a,b € K*. Then, the following statements are equivalent :

(1) The extension L/F can be embedded in a Qgs-extension E/K.
2) (a,b,ab) ~ (1,1,1) over K.
3) (—a,—b) = (=1,—1) in H2(K,F).

)

4)a =u+v>+w b=p+¢+s% and up +vg+ ws = 0 for some
u, v, W, p,q,s € K.

(
(
(
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In this case, every Qs-extension E/F is of the form

U S us — wp
10 FE = (Kup)rs, B=1+—4+—4%+—=—
o) Heil-2 Va b ab

for some r € K*. Conversely, for every a,b,u,v,w,p,q,s € K as above, (K.p),5/K
s a Qg-extension for every r € K*. O

Lemma 7.3. Consider the hypersurface
X = {(u,v,w,p,q,5) € A} | up +vg +ws =0} C Aj.
Let A= (u? +v* +w? —1) € H*(F(X),Fy). Then,
A=0 = —1€e(F)~
Proof. Let m : X — A3 be the projection (u,v,w,p,q,s) — (p,q,s) and set L =
F(p,q,s). Let Y C X be the hypersurface defined by u? + v? + w? = 0. The
generic fiber of 7|y over Spec L is a smooth, geometrically integral conic curve, so L

is algebraically closed in the function field F/(Y'). Since L/F is purely transcendental,
F is also algebraically closed in F'(Y); hence

(11) —1€(F(Y))? &= —1¢c (F*)~
The residue map
Oy « H*(F(X),Fo) — H'(F(Y),Fo) = F(Y)*/(F(Y)*)?

gives dy (A) = (—1). By this residue vanishes exactly when —1 is a square in F,
proving the equivalence. 0

Lemma 7.4. Let z be the generator of H*(Qg,Fy). Then for every Qg-extension
E/K we have

inv(z)(F) = wa(qe) + (2) - w3(qe),
where qp 1is the trace form of E/K.

Proof. Consider the embedding n : Qg < Sg such that the generator of the center of
Qs maps to £ := (12)(34)(56)(78). We have the following commutative diagram:

Qg(TSQZ<E>L>SQXSQ

e

SS(TS4XS4<TS47

where ¢ : Sy — Sy satisfies ¢(e) = (12)(34), Ao, A4 denote the diagonal maps and x,
1, 6 are the natural embeddings.
By [1I, p.402], there are elements o, € H*(Ss,Fy) and o9 € H?(S4,Fy) such that

L/J*(O'4) = 09 & 09.
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Clearly, Aj}(02 ® 02) = 03. By [2, Example 1.13, p. 185], we have 6*(03) = z ® x for
x e H1(527F2) = ]FQ - I, thus
(9 e} Ag)*(gg) = A;(l' X l’) = 332 < H2<SQ,]F2> = FQ : .I'Z.
Hence, (o k)*(04) = z*.
Recall that H*(Qg) = Fy - z and z is not nilpotent. Since (¢) ~ Sy is the onl

elementary abelian 2-subgroup of Qg, it follows from [13] that x*(z) # 0, hence
k*(2) = 2. Tt follows that

(12) n' (o) = 2,
i.e., the invariant inv(z) of Qg extends to the invariant inv(oy) of Ss.
The pullback map for the composition

SQXSQXSQXSQMSZJLXAS!&SS,

takes 04 to x ® r ® z ® x. It follows that for every field extension K/F and any
elements a,b,c,d € K*,

inv(o4)(E) = (a,b,c,d) € H*(K,F,),

where £ = K, x K, x K. X K4. By Proposition , w¥(E) is also equal to (a, b, ¢, d).

Hence, the two invariants inv(oy) and wg of Sg coincide on multi-quadratic étale

algebras of degree 8, thus by [4, Part I, Theorem 24.9], they are equal: inv(oy) = wffal.

Restricting to Qg with respect to n and taking into account and we get

inv(2)(E) = inv(04) (E) = i (E) = wa(qz) + (2) - ws(ap)
for all Qg-extensions E /K. O

Lemma 7.5. Let L = K, be a quadratic extension over K. If L is a cyclic quartic
extension over K with A € L™ such that Trp x(A) # 0, then

Trr, k(1) ~ (1, a, 2Try/k(A), 2Tryk(A)).

Proof. Let o be a generator of Gal(L,/K) and let 2 = /A - 6(v/A). Since z is fixed
by o2, we have x € L. Since

—VA=0*VA) =o(x)/c(VA) = o(x)VA/x
we get o(x) = —x, thus x = by/a for some b € K*. Hence,
(13) Npx(A) = A-o(A) = 2% = ba.
By [9, Theorem 6.18] and (13), we get
Trp, k(1) ~ (1, a, 2Trk(A), Npjk(A)-a-2Trp k(A))
~ (1, a, 2Trp/k(A), 2Trr/k(A)). O
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Proposition 7.6. Let E/K be a Qg-extension as in ((10). Then,
inv(2)(E) = (r, =1, =1, —1) € H*(K,F,).

Proof. Let L = K,. Then, E = (L;),p/L is a cyclic quartic extension. Since
Trp )k (rB) = 2r(1 + \/ia), it follows from Lemma ﬁ that

Trgu(l) = (1, b 11+ —=), r(1+ =)

Va Va
Since Ny k(1 + \/La) = % _ v2-|a-w2’ by [9, Lemma 6.17] we get
Trp s (1,b) = (2, 2a,2b, 2ab) and Try e (r(1 + %)> = (27, 2r (u® + w?)).
a

Therefore, by Lemma [7.2] (2), we have
qe = Tre k(1) = (2,2a,2b,2ab) L 2r(1,v* + w? 1,v* + w?)
= 2{(—a, —b)) L 2r{(—1, —v* — w?))
=2((—1,—-1)) L 2r((—1,—1))
=2((=r, =L, —1)) = ((=r, =1, 1))
as 2((—1,—-1)) = ((—1, —1)).

Since wy(E) = wy(qe) = (ry,r,r,r) = (r,—1,—1,—1) and ws(F) = 0, it follows
from Lemma [T.4] that

inv(z)(E) = wy(E) + (2) - w3(E) = (r,—1,—1,—1). O

Proof of Theorem|[7.1. Let E/K be a Qs-extension as in (10)). By Proposition we
have

inv(z)(E) = (a), inv(y)(E)=(b), and inv(z)(E)=(r,—1,—1,-1).
Since
inv(z?)(E) = (a,a) = (a,—1) and inv(y?)(E) = (b,b) = (b, —1)
in H?(F,TFy), it follows from Lemmas [7.2| and [7.3| that
2? € H*(Qs,Fo)neg, r < 4> € H (Qs,Fo)neg, r < 1(F) = 0.

Since a and b are the sums of three squares by Lemma [7.2| (4), we have
(14) (a,—1,-1) = (b,—1,—-1) =0,
thus it follows from Lemma [7.2] (2) that

inv(zy?)(E) = (a,b,b) = (a,b, —1) = (ab, —1,—-1) = (a, =1, —1) + (b, —1,—1) = 0,
ie., 2y* € H*(Qs,F2)neg, r. By (14)), we have

inv(zz)(E) = (r,a,—1,—1,—1) = 0 and inv(yz)(F) = (r,b,—1,—1,—-1) =0,

ie., vz, yz € H*(Qs,F2)neg, r- Therefore, the elements

22t yat g2 2
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are always negligible over I for any d > 1.
For any d > 1, we have inv(z¢)(E) = (r) - (—1)*~1, thus

2% € H*(Qg, Fo)peg, # if and only if [(F) < 4d — 2.

Hence, the statement follows. [l

[1]

[7]
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