ESSENTIAL DIMENSION OF ALGEBRAIC TORI

ALEXANDER S. MERKURJEV

1. INTRODUCTION

Let T be an algebraic torus over a field F'. We can view T as a functor from the category
of field extensions of F' to the category of groups (or sets) taking a field extension K/F' to
the group T'(K) of points of 7" over K. The group T(K) contains the subgroup RT(K) of
“rationally parameterized” points that can be connected with the identity by a rational
curve. The quotient group of R-equivalence classes T(K)/R = T(K)/RT(K) measures
complexity of the torus T'. For example, if T" is a rational variety, then the group T(K)/R
is trivial for every K.

In the present paper we study the essential dimension ed(7'/R) of the functor T'/R
taking a field K to T(K)/R. The nonnegative integer ed(7/R) provides a numerical
invariant of T that also measures complexity of 7. In particular, ed(T/R) is equal to
zero if and only if the torus T' is R-trivial, i.e., RT(K) = T(K) for all field extensions
K/F. The larger the essential dimension of 7'/ R, the more complicated the functor. For
example, T'/R cannot be parameterized by the points of a variety of dimension less than
ed(T/R).

In the second part of the paper we consider several examples of the computation of
ed(T'/R) and give their interpretations.

2. ESSENTIAL DIMENSION

Let F be a base field. Let F : Fieldsp — Sets be a functor, K/F a field extension,
r € F(K) and o : Ky — K a morphism in Fieldsp (i.e., K is a field extension of K
over F'). We say that z is defined over Ky (or Ky is a field of definition of x) if there is
an element g € F(Kjy) such that F(a)(zg) = x, i.e., = belongs to the image of the map
We define the essential dimension of x:

ed(x) := min tr. deg,(Ky),

where tr. deg is the transcendence degree over F' and the minimum is taken over all fields
of definition Ky of x and the essential dimension of the functor F:

ed(F) := maxed(x),

where the maximum runs over all field extensions K/F and all x € F(K) (see [7]).
The essential dimension of a functor F is an integer that measures the complexity of
the functor F. Informally speaking, essential dimension ed(F) is the smallest number of

algebraically independent parameters required to define the functor.
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Example 2.1. [6, Corollary 1.4] Let X be a variety (a scheme of finite type) over F. We
can view X as a functor from Fieldsp to Sets taking a field extension K/F to the set of
K-points X (K) := Morg(Spec K, X). Then ed(X) = dim(X).

If « : F — F' a morphism of functors from Fieldsg to Sets such that the map F(K) —
F'(K) is surjective for every a field extension K/F, then ed(F) > ed(F').

If F is a functor such that for every K/F' the set F(K) is parameterized by the point
X (K) for some variety X over F, i.e., there is a surjective morphism of functors X — F,
then by Example 2.1, we have an upper bound ed(F) < dim(X) for the essential dimension
of F.

Let G be an algebraic group over F'. Consider the functor

G-torsors : Fieldsp — Sets,

taking a field K/F to the set G-torsors(K') of isomorphism classes of G-torsors over
Spec(K). The essential dimension ed(G) of G is defined in [8] as the essential dimension
of the functor G-torsors:
ed(G) := ed(G-torsors).

Thus, the essential dimension of G measures the complexity of the class of GG-torsors over
field extensions of F'.

An algebraic group G over F'is called special if all G-torsors over all field extensions of
F are trivial. Clearly, if G is special, then ed(G) = 0 The converse also holds.

Proposition 2.2. [7, Proposition 3.16] An algebraic group G is special if and only if
ed(G) = 0.

3. LATTICES

Let R be a PID. A lattice over R is a free R-module of finite rank. An abelian group
Ais a lattice if A is a lattice over Z.

Let G be a finite group. A lattice A over R is called a G-lattice if there is given a
G-action on A by R-module automorphisms.

A G-lattice A is called a permutation lattice if A admits a G-invariant R-basis.

Let p be a prime integer and let G be a group of order p". Let

J = Ker(Z[G] 2 F,),

where ¢, is the mod p augmentation. The ideal J is generated by p and g—1forall g € G
and Z[|G|/J ~ F,.
Let A be a G-lattice (over Z). Define the [ ,-vector space

A = A/JA =A ®R[G} [Fp.
For a subgroup H C G, consider the composition
op A% — A A

For every k > —1, let A; denote the subspace of A spanned by the images of py taken
over all subgroups H C G with [G : H] < p*. We have a filtration of A by subspaces

OZA_1CA0C"'CATZA.
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Consider the following integer associated with the G-lattice A:
j(A) = Z dim[[rp(Ak/Ak,1> pk 2 0.
k=0

Clearly, j(A@® B) = j(A) + j(B) for every two G-lattices A and B.
Lemma 3.1. If A is a permutation G-lattice, then j(A) = rank(A).

Proof. We may assume that A = Z|G/H|, where H is a subgroup of G of index p* for
some s =0,1,...,7. We have A ~ [, and

0, ifi<s;
Ak—{ F, itk > s,

Therefore, j(A) = p® = rank(A). O
Lemma 3.2. If B is a quotient lattice of a G-lattice A, then j(A) > j(B).

Proof. Let f : A — B is a surjective homomorphism of G-lattices. Let Cj, = f (Ag), where
f A — B is the induced linear map of vector spaces over F,. Set

As Cy, C By, we have ¢, < by. Note also that C,. = B, = B, hence ¢, = b,.
Since the natural map Ay/Ag_1 — Cy/Cl_1 is surjective, we have

Qp — Ag—1 2 Ck — Cl—1.

It follows from the above inequalities that

3(A) = 3 (ar — ap—1)p"
=0
> (e — Ck—1)pk
k=0
r—1
=ap + Y al® — ")
=0

r—1
> bp" + > b(p® — p)
k=0

Z; (br — bkfl)pk

Jj(B). d

Proposition 3.3. Let G be a p-group and let A be a G-lattice. Then

1. For every surjective homomorphism of G-lattices Q — A with Q) a permutation lattice,
we have rank(Q)) = j(A).

2. There is a homomorphism of G-lattices Q — A with Q) a permutation lattice such that
the induced linear map Q — A is an isomorphism and rank(Q) = j(A).

Proof. 1. Follows from Lemmas 3.1 and 3.2.
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2. For every k > 0 choose a subset X}, of A in the pre-image of A; under the canonical
map A — A with the property that for any x € Xj there is a subgroup H, C G with
x € A= and |G : H,] = p"* such that the composition

Xk — Ak — Ak/Ak—l

yields a bijection between X}, and a basis for Ax/Ax_1. In particular, |Xy| = ar — ax_;
and the union of the images of the compositions Xj — A, — A is a basis for A. Consider
the G-homomorphism
fQ=1 1I RIG/H,] = A,
k=0x€X}

taking 1 in R[G/H,| to = in A.

By construction, the induced linear map @ — A is an isomorphism. The rank of the
permutation G-module @) is equal to

T

Sy iéorxk\ = 3 (a — axer) 1 = G(A). O

k=0 z€X}, k=0
Let Z,) be the localization of Z by the prime ideal pZ and set A,y :== A® Z,.

Corollary 3.4. Let A be a G-lattice. Then
1. j(A) > rank(A).
2. j(A) = rank(A) if and only if Ay is a permutation G-lattice over Z ).

Proof. 1. It follows from Proposition 3.3(2) that there is a homomorphism f : Q — A with
@ a permutation lattice such that Q — A is an isomorphism and rank(Q) = j(A). Note
that J generates the Jacobson radical of the local ring Z,)[G]. By the Nakayama Lemma,
the homomorphism f(,) : Q) — Ay is surjective, hence j(A) = rank(Q) > rank(A).

2. =: If j(A) = rank(A), then rank(Q) = rank(A), hence f(,) is an isomorphism.

<: If Ay is a permutation G-lattice over Z,, then there is a permutation sublattice
B C A (over Z) such that A/B is finite of order prime to p. Hence by Lemma 3.1,
j(A) = j(B) = rank(B) = rank(A). O

Remark 3.5. It follows from Corollary 3.4 that for a p-group GG a direct summand of a
permutation G-lattice over Z,) is also permutation (see [5, Theorem 5.11.2]).

4. ALGEBRAIC TORI

Let L/F be a finite Galois field extension with Galois group G. An algebraic group
T is an algebraic torus split by L if T' x g Spec L is isomorphic to the product of finitely
many copies of the multiplicative group G,, . We call G a decomposition group of T'.

The character group T* := Homp (T, G,, 1) is a G-lattice of rank dim(7"). The co-
character G-lattice T, := Homp(G,, 1, T7) is dual to T*. The torus 7 is determined by
the character lattice T via the formula

T = Spec(L[T*]%),

where L[T*| is the group algebra of T* over L. A torus T is called quasi-trivial if its
character lattice is permutation.
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Example 4.1. If X be a finite G-set, then the F-algebra C' of G-equivariant maps X — L
is étale. The Weil transfer Ry p(G,, ) (that is the group of invertible elements in C') is
a quasi-trivial torus with the permutation character G-lattice Z[X].

A torus S is called invertible if there is a torus S’ such that S x S’ is a quasi-trivial
torus.

Proposition 4.2. Let S be an algebraic torus. The following are equivalent:
(1) ed(S) =0,
(2) S is special,
(3) S is invertible.

Proof. (1) < (2) by Proposition 2.2,
(2) < (3) is proved in [2, Theorem 4.10]. O

Let T be an algebraic torus over F' and let K/F be a field extension. Write RT(K)
for the subgroup of all R-trivial elements in T'(K) (see [3, §4]). This is the subgroup
of the elements in T'(K) that can be connected by a rational curve with the identity.
Equivalently, the subgroup RT'(K) is generated by the images of the maps P(K) — T'(K)
for all group homomorphisms P — T, where P is a quasi-trivial torus (see [3, Theorem
2]). Informally speaking, RT'(K) is the subgroup of “rationally parameterized” elements
in T(K).

The assignment K — T(K)/R :=T(K)/RT(K) extends to a functor T/R : Fieldsp —
Sets.

Let

(4.3) l1-S—=P—=T—=1

be an exact sequence of tori with decomposition group G. The torus S is called flasque
if H'(H,S,) = 0 for all subgroups H C G (equivalently, the map (P,)7 — (T.)" is
surjective).

Every torus 7" over F' admits an exact sequence (4.3) such that S is a flasque torus
and P is a quasi-trivial torus. Such a sequence is called a flasque resolution of T'. The
connecting homomorphism T(K) — H'(K, S) yields an isomorphism

T(K)/R > HY(K,S).
In other words, the functors 7'/ R and S-torsors are isomorphic. In particular,
(4.4) ed(T/R) = ed(S).
We have proved the following proposition.

Proposition 4.5. The torus T is R-trivial if and only if S satisfies the equivalent condi-
tions of Proposition 4.2.

Thus, the essential dimension of S measures the deviation of T' from an R-trivial torus.
Since every stably rational torus is R-trivial, the integer ed(7'/R) = ed(S) also measures
the deviation of T' from a stably rational variety.
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Remark 4.6. The natural surjection of functors 7" — T'/R yields the obvious upper
bound ed(7T/R) < ed(T') = dim(T") for the essential dimension of 7'/R. More generally, if
X is an algebraic variety that admits a surjective morphism of functors X — T'/R, then
ed(T/R) < dim(X). Thus, the functor T'/R cannot be parameterized by the points of a
variety of dimension less than ed(7’/R).

The following statements relates the invariant j defined in Section 3 and the essential
dimension.

Theorem 4.7. Let T be a torus over a field F' and p a prime integer different from
char(F). Let (4.8) be a flasque resolution of T. If the decomposition group of T is a
p-group, then

ed(T'/R) = ed(S) = j(S*) — dim(5).

Proof. The first equality is (4.4). The second one was proved in [1, Theorem 3.1]. O

5. DECOMPOSABLE ALGEBRAS

Let r be a positive integer and p a prime integer, F' a field containing a primitive root
of unity £ of degree p. Let ay,as,...,a, € F* and let

L:F(ai/p,aé/p,...,a},/p)

be a multi-cyclic Galois field extension of F' with Galois group GG an elementary p-group
of order p". Choose the generators oy, 09,...,0, of G such that ai(a}/p) = f‘sija;/p.

For a field extension K/F, let Br(KL/K)[p] denote the subgroup of elements of expo-
nent p in the relative Brauer group Ker(Br(K) — Br(K ®p L)).

The group Br(K L/K)[p| contains the subgroup of decomposable elements of the form
i (a;,b;) for all b; € K*, where (a;,b;) is the class of cyclic algebra of degree p (see [4,
§2.5]). We write Br(K L/K)[p|ina for the quotient group of Br(K L/K)[p| by the subgroup
of decomposable elements.

Consider the functor

Br(L/F)[p|ina : Fieldsp — Sets

taking a field K to Br(KL/K)[p]ina-
Following [1, §2], we will find a torus T" such that T/R ~ Br(L/F)[p|ina and compute
ed(T/R).

Proposition 5.1. Ifr > 2,

ed(Br(L/F)[p|ina) = {E: : B;:_,_ ;rrl —r ij : Z’

Proof. Consider the G-module homomorphism h : Z[G]"*! — Z[G] taking the ith canon-
ical basis element e; to ; — 1 for 1 <7 < r and e,,; to p. The image of h coincides with
the ideal J introduced in Section 3.

Set N := Ker(h) and write w; = 1+0i+0§+-~-~|—0f_1 € Rfor1 <i<r. The
following elements in N:

e;j = (0, —1)ej — (0, — 1)e;, fi=we;, and g = —pe; + (0, — 1)e, 1
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for all 1 < 4,5 < r, generate the G-module N.
Let g; : R™™' — Z be the ith projection followed by the augmentation map e. Since
g;i(N) = pZ for every i = 1,...,r, we have a surjective G-homomorphism
qg:N—=7", x+— (gl(x)/p, . ,6T(x)/p).

Set M := Ker(q) and Q := R™"/M.
We have the following diagram of homomorphisms of G-modules with the exact columns
and rows

(5.2) M———M

-

Nﬁ- Z[G]r—H s

o
VAN Q
Lemma 5.3. The G-lattice Q) is flasque.

bH]
J

Proof. Let ' C @ be the pre-image of I := Ker(Z[G] — Z) under @ — J. Since
Q/Q ~ J/I ~ 7 is flasque, it suffices to show that @’ is flasque. Consider the dual
0 — Z|G|/ZNg — W — Z" — 0 of the exact sequence 0 — Z" — Q" — I — 0. It suffices
to show that W is coflasque. Let H C G be a subgroup. Since

HY(H,Z|G)/ZNg) ~ H*(H,Z) ~ H" := Hom(H,Q/Z),
we have an exact sequence
7" — HY — H'(H,W) — 0.
By functoriality in H of the first map, the composition is equal to 2" — GY = HV.
The first map takes the ¢th basis element to the character dual to o;, so the first map is

surjective. The restriction map is also surjective. It follows that H'(H, W) = 0, i.e., W
is coflasque. O

Let P, S, T and U be the algebraic tori with character lattices Z[G]"*!, Q, M and J
respectively. We have two exact sequences

(5.4) 1-S—-P—>T—1,

(5.5) 1-U—8— (G, —1.

By Lemma 5.3, the sequence (5.4) is a flasque resolution of the torus 7.
Since Z[G|/J = F,, we have an exact sequence

1= pp = Rpyp(Gp) = U — 1
that in its turn yields a canonical isomorphism
HY(K,U) ~Br(KL/K)[p].
The sequence (5.5) and Hilbert Theorem 90 give an exact sequence

(K% — HY(K,U) — HY(K,S) — 1,
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where the image of the first map coincides with the subgroup of decomposable classes in
HY(K,U) =Br(KL/K)[p|. It follows that

T(K)/R~ H'(K,S) ~ Br(KL/K)[pina-
Set A = S*. The following was computed in [1, §3]. If p = 2,
a0 L
It follows that j(S*) = (r +1)2"~! and by Theorem 4.7,
ed(Br(L/F)[2]ina) = j(5*) —dim(S) = (r+1)2" " = (2" —=r) = (r = 1)2" " — 1.
If p> 2,

r+1 ifk=r,
dimA, =<1 itk=r—1,
0 ifo<k<r—1.

It follows that j(S*) =rp” + p"~! and by Theorem 4.7,
d(Br(L/ F)plina) = §(57) — dimn(S) = (rg" +57) = (f —1) = (r— 1pf +57 4 —r. O

Remark 5.6. It follows from Proposition 5.1 that the essential dimension of Br[p|inqg is
zero only in the case » = p = 2. Indeed, every exponent 2 central simple algebra that is
split over a biquadratic extension is decomposable. For all other values of r and p, the
essential dimension of the functor Br(L/F)[p|ina is nonzero (and quite large). It follows
that for every field I’ there are examples of indecomposable algebras of exponent p over
an extension of F' (cf. [9]).

6. BICYCLIC EXTENSIONS

Let p be a prime integer and F' a field containing a primitive pth root of unity &.
Let a,b € F* and let L = F(a'/?,b*/?) be a bicyclic extension of F of degree p? with
Galois group G = (04, 0), where o,(a'/?) = & - a'/?, o,(b"/P) = bY/? gy(a'/?) = al/?,
op(b1/P) = € /P,

Denote by T the kernel of the homomorphism R,(G,,) X Ry(G,,) — G, taking (u,v)
to No(u) - Ny(v)~". Here Ry = Rp(u/p)/p is the Weil transfer and N, is the norm map

F(a'/?)* — F*. In other words,
(6.1) T(K) = {(u,v) € K(a'?)* x K(a'?)* | Ny(u) = Ny(v)}

for a field extension K/F. We determine the functor 7'/R and compute ed(T/R).
There is an exact sequence of tori

1 =T — R.(G) X Ry(G,) = G, = 1
and the dual sequence of character lattices
(6.2) 0—>Z—>ANBN, —>T" —0,
where A, = Z[G/{ov)], Ay = Z|G/{04)].
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Proposition 6.3. Let T be the torus defined by (6.1). The subgroup of R-trivial elements
RT(K) C T(K) consists of all pairs

(¢ (0o =Dz - Ny(2), ¢- (o = 1)y - Na(2)),
where c € K*, x € K(a'/?)*, y € K(b*/?)*, z € K(a'/?,b/P)* and
ed(T/R) = { O S
Proof. Let S be the kernel of the homomorphism P — T', where
P =G, X Ry(G,,) X Ry(Gp) X Rap(Gn),
taking (¢, z,y, z) to (¢ (0, — 1)z - Ny(2), ¢ (05 — 1)y - No(2)). Note that dim(S) = p*+ 2.
Lemma 6.4. The torus S is flasque.

Proof. We need to prove that for any subgroup H C G the co-character map P? — TH
is surjective. The G-lattice T, is the kernel of ¢, — e : A, & Ay, — Z.

Case 1: H = G. The group T is generated by (N,, N;) that is the image of 1 under
Z=7"cpP{ - TH

Case 2: H = {(0,). The group T is generated by (N,,p) and (0,0, — 1). The first
generator is the image of 37"} ¢! under A ¢ P — TH. The second generator is the
image of —1 under A = A ¢ PH — TH . The case H = (0}) is similar.

Case 3: H is generated by o,07 for some i prime to p. Then TH = T and we are
reduced to Casel. O

We return to the proof of Proposition 6.3. It follows from Lemma 6.4 that the sequence
1=+S—=P—=>T—=1

is a flasque resolution of T', hence RT(K) = Im(P(K) — T(K)). This proves the first
statement.
We have an exact sequence of character lattices:

(6.5) 0=>T">7ZBdAN, BN DA— S =0,
where A = Z|G]. The composition
AN =T 7N, BN DA
of the two homomorphisms in (6.2) and (6.5) is as follows:
(1,0) = (1,0, — 1,0, Np),
(0,1) = (1,0,05 — 1, N,).

In the notation of Section 3 we have P* = (F,)®*. The image of T* — P* is [, ® 0%3 C
(F,)®, hence for A := S* we have A = (F,)®%. Since |G| = p?, we have a filtration

0=A_ CA(] C A C A —A= ([’:p)@g
as defined in Section 3. It follows from the exact sequence (6.2) that the sequence

0— HYG,T*) = H*(G,Z) — H*((0,),7) ® H*((03),2)
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is exact. The last homomorphism in the sequence is identified with G¥ — (0,)" @ (o))"
given by the restrictions, so it is an isomorphism. Therefore, H'(G,T*) = 0.

It follows from (6.5) that the map (P*)“ — (S*)“ is surjective. As a consequence, the
space Ay is trivial since the image of (P*)¢ — P* — A is zero. By (6.5) again, the images
of (0,1,0,0) from A" and of (0,0,1,0) from A in A yield dim(A;) > 2. Thus, the
dimension of A; is either 2 or 3.

Now assume that p is odd. If dim(A;) = 3, then

§(S*) = j(A) = 3p < p* + 2 = rank(S5*).
This contradicts Proposition 3.3. Thus, dim(A;) = 2, therefore, j(S*) = p? + 2p. By
Theorem 4.7,
ed(T/R) = ed(S) = j(S*) — dim(S) = (p* + 2p) — (p* +2) = 2p — 2.
In the case p = 2, consider x = (0,1, —1,0,) € P*. The element

(0q0p — D)x = (0,0, — 1,1 — 0y, 0 — 04)

is the image of (1, —1) from T* since o, — 0, = N, — N,. Hence the image of = in S* is
oq0p-invariant and we have dim(A;) = 3. Thus, in this case j(S*) = 6 = rank(S*) and
hence ed(T/R) = ed(S) = 0. O

Remark 6.6. The value ed(T'/R) = 2p — 2 is smaller than the upper bound given by
dim(7) = 2p — 1. Let G,, — T be the homomorphism taking a to the pair (a,a). There
is an exact sequence

1-6,—-T—->T —>1
for a torus 7" of dimension 2p — 2. We have T/R =T'/R and
ed(T/R) = ed(T'/R) < ed,(T") < dim(T") = 2p — 2.
We have shown that the obvious upper bound ed(7"/R) < dim(7") is an equality.

Remark 6.7. If p = 2 the torus T is a rational variety. In fact, we have an exact sequence
of tori:

1 = Rup(Gr) = Gy X Rop(Gr) = T — 1,

where Rop(Gm) = Rpgi/o, pi/w)r(Gm), the first map takes z to (N(x),z) and the second
map takes (y,2) to (y~' Ny(2),y~ 1 No(2)). Tt follows that T' =~ (G,, X Rap(G,n))/Rap(Gin)
is a rational (and hence R-trivial) torus.

7. NORM ONE TORI

Let p a prime integer and let L/F be a finite Galois field extension of degree p” with
Galois group G. Let T be the norm 1 torus for the extension L/F,

T(K)={x € (KL)* | Nxr/k(z) =1},
so that T = Z[G]/ZNg, where Ng =} . g € Z|G]. We compute ed(T/R).
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Proposition 7.1. Let p be a prime and let T be the norm one torus for a Galois field
extension L/F with Galois group G of order p". Then for any field extension K/F, the
subgroup of R-trivial elements RT(K) C T(K) is generated by (g — 1)y for all g € G,
y € (KL)* and
| pr =1, if G is not cyclic;
ed(T/R) = { 0, if G is cyclic.

Proof. Let P be a permutation torus with P* a free G-module with basis ¢4, g € G.
Consider the G-equivariant injective homomorphism « : 7% — P* defined by

a(u) = > ulg — e,

ged
and let S be a torus with S* = Coker(a). By [10, §17.2, Theorem 1], S* is a flasque
G-module, hence the exact sequence
(7.2) 0=-S—-P—-T—1
is a flasque resolution of 7" and
RT(K) = Im(P(K) = T(K)) = (g =)y, g€ Gye(KL))

for all field extensions K/F. If G is cyclic, H'(K,S) = 0 by Hilbert Theorem 90, so
ed(S) =ed(T/R) = 0. In what follows we assume that G is not cyclic.
The first homomorphism in the exact sequence

T = P* =5 =0
is trivial since g — 1 € J for all ¢ € G. It follows that S* = P* is a vector space of

dimension p” over [, with basis e,, g € G.
Set A := 5™ and compute the sequence

0:A71CA0C"'CATZZ

defined in Section 3. We have dim(A) = p" and claim that Ag=A; =... = A4, =0. It
suffices to show that A,_; = 0.
Let H C G be a subgroup of index p"~!, i.e., H is a cyclic group of order p. The exact
sequence
O—>Z£G—>Z[G]—>T*—>0
allows us to identify H'(H,T*) with H*(H,Z) = H".
The sequence (7.2) yields an exact sequence

(P)" 5 A" — HY(H,T*) — H'(H,P*) = 0.
Note that Ny € J, hence the composition (P*)¥ <+ P* — P* is trivial. It follows that

the composition A? < A — A factors through a map Cokery — A. Then the image of
the composition coincides with the image of

(7.3) H*(H,Z) ~ H'(H,T*) ~ Cokery — A.
We shall prove that this composition is trivial.

Choose a generator hy of H. For every H-module B we can then identify H*(H, B)
with B¢ /Ng(B) and H'(H, B) with Ker(Ng)/(ho — 1)B. The image in H'(H,T*) of the
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generator 1+ pZ of the cyclic group H?*(H, Z) is the coset of Ng i := Y g;, where {g;} is
a set of representatives of the right cosets of H in G.

Fix an element g € G. The eg-coefficient of the image of Ng,y under the map 7™ — P*
is equal to Ng/u - (9 — 1). For every i write g;g = (ho)" o) for some integers a; =
0,1,...,p—1 and a permutation ¢. We have

Ngjm - (9 —1) :;gi'g_;gz‘
= ;(ho)ai "Yo(i) — ;gi
= ;((ho)‘“ = 1) g0
= (ho —1)- ;Mai * Goli)

where M, = 1+ hg + --- + h3~'. Tt follows that the image of Ne/u in Cokery in the
composition (7.3) is represented by an element with the e -coefficient

Z Mai “Go(i)-

The e,-coefficient of the image of this element in A = |
p. We need to show that the sum is divisible by p.

Let p™ be the order of the fixed element g € GG. Consider the right multiplication action
of the subgroup D generated by g on the set H\G of right coset of H in G. For every
orbit X C H\G let ax be the sum of the a;’s such that Hg; € X. We shall prove that
the sum of ax over all orbits X is divisible by p.

Choose a D-orbit X C H\G. We first determine the size of X. Let d in D stabilize
a coset Hr € X, ie., Hrd = Hx, hence zdx~! € H. It follows that d? = 1, therefore,
d € (g"""). We proved that the orbit X has either p™ elements (when the stabilizer is
trivial), or p™~! elements (when the stabilizer is order p).

In the first case choose representatives g1, ¢gs,..., g, of the cosets in X such that
9ig = g1 foralle =1,2,...,p™ —1. Since g,mg = g1, all the integers a, for this orbit are
zero, hence ax = 0.

In the second case, Hxg?"~ = Hx, hence h := :Bgf”m_lx_l € H. Choose representatives
g1 =1,a,. .., gy of the cosets in X such that g;g = ¢g;1 forall i =1,2,... . p" 1 — 1.
Since

gec Fpeq is equal to Y, a; modulo

1

gomrg =xg"" = hx =hg = (ho)’s1
for some integer b, we have ax = b.

We claim that for every other orbit X’ C H\G of size p™~! we have axs = b. Indeed,
let Ho' € X' and set b/ := 2/g?" ' (2/)~! € H. The element ="'z’ normalizes the cyclic
subgroup <gpm71> of order p, hence it centralizes every element of this subgroup. It follows
that A’ = h and hence ay' = ax = b.

Finally, it remains to show that the number v of the orbits of size p™~! is divisible by
p. Let u be the number of orbits of size p™. We have p™u + p™ v = [G : H| = p* L.
Since G is not cyclic, we have s > m, therefore, v is divisible by p.
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We have proved that in the case when the group G is not cyclic,
ed(T/R) = j(S*) — dim(S) = (p - p") = (" —p"+ 1) =p" — L. O

Remark 7.4. If G is not cyclic, the upper bound ed(7") < dim(7) is an equality, that is
the essential dimension ed(T") = dim(7") = p” — 1 of T does not change when the functor
K — T(K) is replaced by the quotient functor K — T'(K)/R.
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