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1. INTRODUCTION

It was proven in [5] that for every field F' of characteristic not 2, the norm
residue homomorphism

hF : KQF/ZKQF — QBI'F,

taking the class of a symbol {a, b} to the class of the quaternion algebra (a, b)r
in the Brauer group is an isomorphism. The proof used a specialization argu-
ment reducing the problem to the study of the function field of a conic curve
and a comparison theorem of A. Suslin on the Ks-group of the function field of
a conic curve [10] that in its turn, was based on Quillen’s computation of the
higher K-theory of a conic curve. Other “elementary” proofs of the bijectivity
of hr, avoiding higher K-theory, but still using the specialization argument
were given in [1] and [12].

In the present paper we give another self-contained proof of the bijectivity of
hr avoiding the specialization argument. The proof is based on the exactness
of the sequence (cf., [10])

KoF — Ko F(C) % [ Fla)* & F,
zeC
where C' is a projective conic curve over a field F. The “elementary” proof
of exactness of the sequence, we give here, uses a careful treatment of the
geometry of a conic curve. We explore a bijective correspondence between
closed points of degree 2 on C' and quadratic subfields of the corresponding
quaternion algebra.

2. MILNOR K-THEORY OF FIELDS

Let F be a field. The graded Milnor ring K.(F) of F' is the factor ring of
the tensor ring over Z of the multiplicative group F'* by the ideal generated
by the tensors of the form a ® b with a +b =1 (see [7]). The class of a tensor
a1 Ras®...Qa, in K,(F) is denoted by {ay, as, ..., a,} and is called a symbol.
We have Ko(F) = Z, K1(F) = F* and K,(F') is generated by the symbols
{a,b} with a,b € F* that are subject to the following relations:

(M1) {ad,b} = {a, b} + {a',B}, {a, 0¥} = {a,b} + {a, '}
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(M2) {a,b} =0ifa+b=1.

A field homomorphism F' — FE induces a ring homomorphism K,(F) —
K.(E), u — ug, making K, a functor from the category of fields to the category
of graded abelian groups.

Let L be a field with a discrete valuation v and residue field F'. There is the
residue homomorphism

0: K.L - K, F
uniquely determined by the following condition. If ag,ay,...,a, € L* such
that v(a;) =0 for all i = 1,2,...n then

0({ag,ay,...,a,}) =v(aog){as,...,an},
where a € F' denotes the residue of a.
If p € L™ is a prime element, i.e., v(p) = 1, we define the specialization
homomorphism
spt KWL — K, F
by the formula s,(u) = d({—p} - v). We have

sp({ar,az, ..., a,}) = {b1,ba,...,b,},
where b; = a; /p¥(%).

Example 2.1. Consider the discrete valuation v of the field of rational func-
tions F(t) given by the irreducible polynomial t. For every u € K, F, we have
s¢(up@)) = u. In particular, the homomorphism K,F' — K,F(t) is injective.

If E/F is a finite field extension, there is the K, (F')-linear norm homomor-
phism
that coincides with the usual norm map on K;(E) = E* [3, Ch.IX, §3].

Let F be a field of characteristic different from 2. For every a,b € F* the
class of the quaternion algebra (a,b)r (see Example 3.3) in the Brauer group
Br(F') has exponent 2. Moreover, the algebra (a,b)r is split if a +b = 1
(Example 3.1). The class of (a,b)r in Br(F') is bilinear with respect to a and
b. Hence there is a well defined norm residue homomorphism

hF : KQF/ZKQF — QBI'F,

taking {a,b} + 2K, F to the class of the quaternion algebra (a,b)p.
The rest of the paper is devoted to the proof of the following theorem.

Theorem 2.2. For every field F of characteristic not 2, the norm residue
homomorphism

hF : KQF/ZKQF — QBI'F,

s an isomorphism.

3. GEOMETRY OF CONIC CURVES

In this section we establish interrelations between projective conic curves
and corresponding quaternion algebras. The basic reference is the book [4].
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3.1. Quaternion algebras and conic curves. Let F' be a field (of arbitrary
characteristic). A quaternion F-algebra is a dimension 4 central simple F-
algebra. A quaternion algebra is either a division algebra or it is split, i.e.,
isomorphic to the matrix algebra My (F).

Example 3.1. Let L/F be a Galois quadratic field extension and let b € F'*.
We define the quaternion algebra (L/F,b) as the vector space L @ Lv, where v
is a symbol, with the multiplication rules v* = b and vax = o(x)v, where x € L
and o is the generator of the Galois group of L/F. The algebra (L/F,b) is
split if and only if b is a norm in the quadratic extension L/F. In fact any
quaternion F-algebra is isomorphic to (L/F,b) for some L/F and b.

If char(F) # 2, we have L = F(y/a) for some a € F*. We write (a,b)r for
(L/F,b).

Every quaternion algebra () carries a canonical involution a — a. If ) =
(L/F,b) and a = x+yv for x,y € L, then a = o(x) —yv. There are the reduced
trace linear map

Trd:Q —F, a—a+a

and the reduced norm quadratic map
Nrd: Q — F, a+ aa.
Every element a € () satisfies the equation
a® — Trd(a)a + Nrd(a) = 0.

Set
V=Ker(Trd) ={a € @: a=—a},
so that V' is a 3-dimensional subspace of ). Note that z? = — Nrd(z) € F for
any x € V, and the map ¢ : V — F given by ¢(z) = 2? is a quadratic form on
V. The space V is the orthogonal complement to 1 in ) with respect to the
non-degenerate bilinear form on @):

(a,b) — Trd(ab).

The equation g(z) = 0 defines a smooth projective conic curve C in the
projective plane P(V).
The following proposition is well known.

Proposition 3.2. The following conditions are equivalent:
(1) Q is split;
(2) C has a rational point;
(3) C is isomorphic to the projective line P'.

If @ is a division algebra, the degree of any finite splitting field extension is
even. Therefore, the degree of every closed point of C' is even. Moreover, since
@ is split over a quadratic subfield of (), the conic C has a point of degree 2.
Thus, the image of the degree homomorphism deg : Pic(C) — Z is equal to
27.. Note also that the degree homomorphism is injective since it is so over a
splitting field. In other words, any divisor on C' of degree zero is principal.
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Example 3.3. If char I # 2, there is a basis 1,4, j, k of ) such that a = i* €
FX b=j2€ FX, k=1ij = —ji. Then V = Fi ® Fj ® Fk and C is given by
the equation aX? + bY? — abZ? = 0.

Example 3.4. If char F = 2, there is a basis 1, 7, j, k of Q such that a = i € F,
b=j2cF k=ij=ji+1 ThenV = F1® Fi® Fj and C is given by the
equation X? +aY?+b2%2 +YZ = 0.

For every a € () define the linear form [, on V' by the formula
lo(x) = Trd(ax).

Since Trd is a non-degenerate bilinear form on @), every linear form on V is
equal to [, for some a € Q.

The proof of the following statement is straightforward.

Lemma 3.5. Leta,be Q and o, € F. Then
(1) Iy =1y if and only if a — b € F;
(2) laatrps = aly + Bly;
(3) ld = _la;
(4) l,-1 = —(Nrda)™' - 1, if a is invertible.

Every element a € @ \ F generates a quadratic subalgebra Fla] = F @ Fa
of Q. Conversely, every quadratic subalgebra K of @ is of the form Fa] for
any a € K \ F. By Lemma 3.5, the linear form [, on V' does not depend, up
to a multiple, on the choice of a € K\ F. Hence the line in P(V') given by the
equation l,(z) = 0 is determined by K. The intersection of this line with the
conic C' is a degree two effective divisor on C'. Thus, we have got the maps

Quadratic Rational points Lines Degree 2 effective
subalgebras of @) of P(V*) in P(V) divisors on C

Proposition 3.6. These two maps are bijections.

Proof. The first map is a bijection since every line in P(V') is given by the
equation [, = 0 for some a € @ \ F and a generates a quadratic subalgebra
of @). The second map is a bijection since the embedding of C' as a closed
subscheme of P(V) is given by a complete linear system. O

Remark 3.7. Degree 2 effective divisors on C' are rational points of the sym-
metric square S2C. Proposition 3.6 essentially asserts that S2C' is isomorphic
to the projective plane P(V*).

Suppose @ is a division algebra. The conic curve C' has no rational points.
Quadratic subalgebras of @) are quadratic (maximal) subfields of Q). A degree
2 effective cycle on C'is a closed point of degree 2. Thus, by Proposition 3.6,
we have bijections



Quadratic ~ | Rational points Lines ~ Points of

subfields of @ - of P(V*) | inP(V) - degree 2 in C

In what follows we will be frequently using the constructed bijection between
the set of quadratic subfields of ) and the set of degree 2 closed points of C.

3.2. Key identity. In the following proposition we write a multiple of the
quadratic form ¢ on V as a degree two polynomial of linear forms.

Proposition 3.8. For any a,b,c € Q,
L letloe - lo+ 1l ly= (Trd(cba) — Trd(abc)) -q
Proof. We write T' for Trd in the proof. For every z € V we have:
lg(x) - lo(z) = T(al_)x)T(cx)

=T (a(T(b) — b)x)T(cx

=T(ax)T ( )T (cx) — T(abx) (cz)

= T(azx)T(b)T (cx) — T (abT (cx)z)

= T(ax)T(b)T(czx) — T(abc)x® + T(abxex),

)T (cx) — T (bexT (ax))
)T (cx) — T(bexax) + T(bca)z?
)T (cz) — T(axbex) + T(cba)z?

(5)()
~T(aT (br)ex)
—1(

abzex) + T(axbex).

It remains to add all three equalities. l

3.3. Residue fields of points of (' and quadratic subfields of (). Sup-
pose @ is a division algebra. Recall that quadratic subfields of () correspond
bijectively to degree 2 points of C. We would like to identify a quadratic sub-

field of @ with the residue field of the corresponding point in C' of degree
2.
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Choose a quadratic subfield K C Q). For every a € @ \ K one has Q) =
K @ aK. We define the map

YoV = K
by the rule: if ¢ = u + av for u,v € K, then ¢,(l.) = v. Clearly,
wo(le) =0<=ce K.

By Lemma 3.5, ¢, is a well defined F-linear map. For another element b €
Q \ K we have

(1) (Pb(lc> = @b(la>¢a(lc)a
hence the maps ¢, and ¢, differ by the multiple p,(l,) € K*. The map ¢,

extends in a usual way to an F-algebra homomorphism
0o : S (V') = K

(here S® denotes the symmetric algebra).

Let x € C C P(V) be the point of degree 2 corresponding to the quadratic
subfield K. The local ring Opyy, is the subring of the quotient field of the
symmetric algebra S*(V*) generated by the fractions f—d for all ¢ € @ and

deQ\ K.
Fix an element a € @ \ F. We define the F-algebra homomorphism

(ol OIP(V),x — K
by the formula

<l_c> _ Palle)
ld Qpa(ld)
Note that ¢,(lg) # 0 since d ¢ K and the map ¢ does not depend on the
choice of a € @\ K in view of (1).

We claim that the map ¢ vanishes on the quadratic form ¢ defining C' in

P(V'). Proposition 3.8 gives a formula for a multiple of the quadratic form ¢
with the coefficient a = Trd(cba) — Trd(abc).

Lemma 3.9. There exista € Q\ K, b€ K and ¢ € Q such that a # 0.

Proof. Pick any b € K\ F and any a € ) such that ab # ba. Clearly, a € Q\ K.
Then a = Trd((ba — ab)c) is nonzero for some ¢ € () since the bilinear form
Trd is non-degenerate on Q). U

Choose a,b and ¢ as in Lemma 3.9. We have ¢,(l,) = 0 since b € K,
©a(la) = 1 and p,(l,;) = b. Write ¢ = u + av for u,v € K, then p4(l.) = v.
Since b = bu + bva = bu + Trd(bva) — avb, we have ¢,(l:) = —vb and by
Proposition 3.8,

ap(q) = pa(lap)pa(le) + allie)palla) + Pallea)pa(ls) = bv —vb = 0.
Since a # 0, we have ¢(q) = 0.
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The local ring O¢,, coincides with the factor ring Op(v)./qOpv). There-
fore, ¢ factors through an F-algebra homomorphism

v:0c, — K.
Let e € K\ F. The function f—a is a local parameter of the local ring O¢,, i.e.,
it generates the maximal ideal of O¢,. Since @(f—z) = 0, the map ¢ induces a
field isomorphism
(2) Flz) 5 K
of degree 2 field extensions of F'. We have proved

Proposition 3.10. Let Q be a division quaternion algebra, let K C @ be a
quadratic subfield and let x € C' be the corresponding point of degree 2. Then
the residue field F(z) is canonically isomorphic to K over F. Let a € Q and
be Q\K. Writea = u+bv for unique u,v € K. Then the value (é—z)(a:) € F(x)
of the function é—z at the point x corresponds to the element v € K under the
isomorphism (2).

4. KEY EXACT SEQUENCE
Let C' be a smooth curve over a field F'. For every (closed) point z € C
there is the residue homomorphism
Oy : KoF(C) — K F(z) = F(x)~

induced by the discrete valuation of the local ring O¢ .
In this section we prove the following

Theorem 4.1. Let C' be a conic curve over a field F'. The sequence
KoF — Ko F(C) 5 [ Fa)* 5 FX,
zeC
where 0 = [[ 0, and N is given by the norm maps Np(z)/F, 18 exact.
Remark 4.2. Theorem 4.1 was originally proven in [10] as a consequence
of Quillen’s computation of the higher K-theory of a conic curve [8, §8, Th.

4.1] and a theorem of Rehmann and Stuhler on the group K, of a quaternion
algebra [9].

4.1. Filtration on K,F(C'). For a divisor a on C' set
L(a) = {f € F(C)* such that div(f) +a >0} U{0}.

The set L(a) is a linear F-subspace of F/(C'). The following lemma is a simple
case of the Riemann-Roch theorem.

Lemma 4.3.
dega+1, if dega>0;
0, otherwise.

dim L(a) = {

Proof. Extending the base field we can assume that C splits, i.e., C' ~ P! by
Proposition 3.2. The result follows by a direct computation. O
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If C splits, the statement of Theorem 4.1 is Milnor’s computation of Ky F(t)
given in [7, Th. 2.3]. So we may (and will) assume that C' is not split. We
know that the degree of every closed point of C' is even.

Fix a closed point xy € C of degree 2. For every n € Z, set L, = L(nx).
Clearly,

Ln ' Lm C Lner-
By Lemma 4.3, dimL, =2n+1ifn >0, L, =0if n < 0 and Ly = F. We
also write LY for L, \ {0}. Note that the value g(x) in F(z) is defined for
every g € L and a point x # x.

Since any divisor on C' of degree zero is principal, for every point x € C
of degree 2n we can choose a function p, € L) such that div(p,) = x — ny.
In particular, p,, € F*. Note that p, is uniquely determined up to a scalar
multiple. Clearly, p,(z) = 0 if x # . Every function in L can be written as
the product of a nonzero constant and finitely many p, for some points = of
degree at most 2n.

Lemma 4.4. Let x € C be a point of degree 2n different from xy, and let
g € Ly, be such that g(x) = 0. Then g = pyq for some ¢ € Ly . In
particular, g = 0 if m < n.

Proof. Consider the F-linear map

er: Ly — F(x), ei(g9)=g(z).
If m < n, the map e, is injective since x does not belong to the support of
the divisor of a function in L) . Suppose that m = n and g € Kere,. Then
div(g) = = — nxy and hence g is a multiple of p,. Thus, the kernel of e, is
1-dimensional. By dimension count (Lemma 4.3), e, is surjective.
Therefore, for arbitrary m > n, the map e, is surjective and

dim Kere, = dim L,, — deg(x) = 2m + 1 — 2n.

The image of the injective linear map L,,,_, — L,, of the multiplication by p,
is contained in Ker e, and has dimension dim L,,,_,, = 2m + 1 — 2n. Therefore,
Kere, = p.Lyn- U

For every n € Z, let M, be the subgroup of KyF(C) generated by the
symbols {f,g} with f,g € LY, ie., M,, = {L},L}}. We have the following
filtration:

(3) OZM_1CM0CM1C"'CK2F<C).

Note that M, coincides with the image of the homomorphism Ky F' — Ky F(C)
and Ky F(C) is the union of all M,,. Indeed, the group F'(C)* is the union of
the subsets L, .

If f € LY, the degree of every point of the support of div(f) is at most
2n. In particular, 9,(M,,_1) = 0 for every point z of degree 2n. Therefore, for
every n > 0 we have a well defined homomorphism

On: My/Myy — ] Fla)*

deg x=2n



induced by 0, over all points z € C' of degree 2n.

We refine the filtration (3) by adding an extra term M’ between My and M.
Set M' = {Ly,L;} = {Ly, F*}. In other words, the group M’ is generated
by My and the symbols of the form {p,,a} for all points = € C of degree 2
and all o € F'*.

Denote by A’ the subgroup of [ ], ,—, F'(2)* consisting of all families (a)
such that o, € F* for all  and [[, o, = 1. Clearly, 0;(M'/M,) C A’.

Theorem 4.1 is a consequence of the following three propositions.
Proposition 4.5. If n > 2, the map

On: My/Myy — ] Fla)*
deg x=2n

1S an isomorphism.
Proposition 4.6. The restriction 0" : M'/My — A" of 0y is an isomorphism.

Proposition 4.7. The sequence

0— M, /M 2 ( I1 F@;)X) RNy o
deg x=2

15 exact.

Proof of Theorem 4.1. Since K>F(C) is the union of M,, it is sufficient to

prove that the sequence

0= M,/My % ] Fla)< S F>

deg x<2n

is exact for every n > 1. We proceed by induction on n. The case n = 1
follows from Propositions 4.6 and 4.7. The induction step is guaranteed by
Proposition 4.5. 0

4.2. Proof of Proposition 4.5. We will construct the inverse map of 9,.

Lemma 4.8. Let x € C be a point of degree 2n > 2. Then for everyu € F(x)*
there exist f € L), and h € L] such that (%)(x) = u.

Proof. The F-linear map
ey Lp_y — F(x), fw— f(z)
is injective by Lemma 4.4. Hence,
dim Cokere, = deg(z) —dim L, 1 =2n— (2n—1) = 1.
Consider the F-linear map
g: Ly — Cokere,, g(h)=u-h(z)+Ime,.

Since dim L; = 3, the kernel of g contains a nonzero function h € Ly*. We have
u-h(x) = f(x) for some f € L ;. Since degx > 2 the value h(zx) is nonzero.

Hence u = (£)(x). O
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Let z € C' be a point of degree 2n > 2. We define a map
Vy : F(x)* — M, /M, 4

as follows. By Lemma 4.8, for an element v € F(x)* choose f € L) ; and
h € LY such that (£)(z) = u. We set
f

Lemma 4.9. The map 1, is a well defined homomorphism.
Proof. Let f' € L;_, and ' € L{ be two functions with (ﬁ—i)(:ﬁ) = u. Then
f'h— fh € L, and (f'h — fh')(x) = 0. By Lemma 4.4, f'"h — fh' = Ap, for
some A\ € F. If)\:O,gzi—:.

Suppose A # 0. Since 222 + I — 1 we have

} + Mn—l-

7h T R
= (e Y= ) ot

Hence, {p., }il} + M1 = {p., {T:} + M,,_1, so that the map 1) is well defined.

Let uz = uyug € F(x)*. Choose f; € L, and h; € L{ such that (}{—)(LE) =
w; (i = 1,2,3). The function fifohs — fshihs belongs to Lo, ;1 and has zero
value at . By Lemma 4.4, f; fohs — f3hihy = p.q for some ¢ € L, 1. Since

Dazq fahiha
Tifahs T il — 1 We have

LR i A Gt o B T AL

Thu87 1%(“3) = %(Ul) + %(W) O

By Lemma 4.9, we have the homomorphism

bn=> to: [ Fla)* = M./M,_,.

deg x=2n

We claim that 0, and 1, are isomorphisms inverse to each other. If z is a
point of degree 2n > 2 and u € F(x)*, choose f € L} | and h € Ly such that

(L)(z) = u. We have
o.({p T = (L)) =

h
and the symbol {p,, %} has no nontrivial residues at other points of degree 2n.
Therefore, 0, o, is the identity.

To finish the proof of Proposition 4.5 it is sufficient to show that 1, is
surjective. The group M,, /M, _; is generated by classes of the form {p,,g} +
M,y and {p,,p,} + M,_1, where g € L, and x,y are distinct points of
degree 2n. Clearly

{pxag} + M, = ¢x(9($)),
hence {p., g9} + M,,—1 € Im ¥,,.
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By Lemma 4.8, there are f € L ; and h € L{* such that p,(y) = (%)(y)

The function p,h — f belongs to L, , and has zero value at y. By Lemma 4.4,
peh — f = py,q for some ¢ € L{. Since ﬁ—g + ]ﬁ = 1 we have

O:{pyq f

o h} = {ps,py} mod Im(yp,). O

4.3. Proof of Proposition 4.6. We define a homomorphism
p: A — M /M,
by the rule
p(ITex) = 3 {peaad + My,
deg z=2

Since 9,{ps,a} = a, Opy{ps,a} = a~! for every x # xy and the product
of all a, is equal to 1, the composition 0 o p is the identity. Clearly, p is
surjective. U

4.4. Generators and relations of A(Q))/A’. It remains to prove Proposition
4.7. Now the quaternion division algebra () defining the conic curve C' comes
into play. By Proposition 3.10, the norm homomorphism

[T Fl)—F~

deg x=2

is canonically isomorphic to the norm homomorphism
(4) [[x*— F~,

where the coproduct is taken over all quadratic subfields K C (). Note that
the norm map Nk, p : K* — F* is the restriction of the reduced norm Nrd
on K. Let A(Q) be the kernel of the norm homomorphism (4). Under the
identification the subgroup A’ of [ F'(x)* corresponds to the subgroup of
A(Q) (we still denote it by A’) consisting of all families (ax) with ax € F*
and [[ax = 1. In other words, A’ is the intersection of A(Q) and [] F'*. Now
Proposition 4.7 asserts that the canonical homomorphism

(5) O : My/M' — A(Q) /A

is an isomorphism. In the proof of Proposition 4.7 we will construct the inverse
isomorphism. In order to do that it is convenient to have a presentation of the
group A(Q)/A’ by generators and relations.

We define a map (not a homomorphism!)

Q= ([[x*)/A, a—a

as follows. If a € Q™ is not a scalar, it is contained in a unique quadratic
subfield K of (). Therefore, a defines an element of the coproduct [[ K*. We
denote by a the corresponding class in (]_[ K X) JA'. If a € F*, of course, a
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belongs to all quadratic subfields. Nevertheless a defines a unique element a
of the factor group (][ K*)/A’ (we place a in any quadratic subfield). Clearly

(6) (ab)=a-b if a and b commute.

(Note that we use the multiplicative notation for the operation in the factor
group.) Obviously, the group (J[[ K X) /A’ is an abelian group generated by a
for all a € Q™ with the set of defining relations given by (6).

The group A(Q)/A’ is generated (as an abelian group) by the products
aias . ..an, where a; € Q* with Nrd(ajas . ..a,) = 1, with the following set of
defining relations:

(1) (&;1;63/ . Zin) : (En+15n+2 e 5n+m) = (6152 e Zin+m);

—~—

(2) ab(a=")(b~") = 1;
(3) If a;—; and a; commute, then @ ...a;_1a;...a, =a; ... Qi1 . . . dy.

The set of generators is too large for our purposes. In the following sub-
section we will find another presentation of A(Q)/A’ (Corollary 4.22). More
precisely, we will define an abstract group G by generators and relations (with
the “better” set of generators) and prove that G is isomorphic to A(Q)/A’.

4.5. The group G. Let () be a division quaternion algebra over a field F'.
Consider the abelian group G defined by generators and relations as follows.
The sign * will be used to denote the operation in G (and 1 for the identity
element).

Generators: the symbols (a, b, ¢) for all ordered triples a, b, ¢ of elements
of @* such that abc = 1. Note that if (a,b,c) is a generator of G then so are
the cyclic permutations (b, ¢,a) and (c, a,b).

Relations:
(R1) :  (a,b,cd) x (ab,c,d) = (b,c,da) * (bc, d,a) for all a,b,c,d € Q* such
that abed = 1;
(R2): (a,b,c) =1if a and b commute.

For an (ordered) sequence ay, as, ..., a, (n > 1) of elements of @ such that
aias . ..a, = 1 we define a symbol

(a,a9,...,a,) € G
by induction on n. The symbol is trivial if n =1 or 2. If n > 3 we set
(a1,a9,...,a,) = (a1,02, ... ,0n_o, @y 10y) * (A102 . .. Qp_2, Ay_1,ap).
Note that if ajas...a, = 1 then as...a,a1 = 1.

Lemma 4.10. The symbols do not change under cyclic permutations, i.e.,
(a1, a9,...,a,) = (ag,...,an,a1) if a1as...a, = 1.
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Proof. Induction on n. The statement is clear if n =1 or 2. If n = 3,
(a1,a9,a3) = (a1, az,asz) * (aras, as, 1) (relation R2)
= (ag, as,ay) * (agas, 1,a1) (relation R1)

= (a9, az,ay) (relation R2).

Suppose that n > 4. We have

(a1, a9, ... a,) =(a1,...,an_2,0n_10y) * (@102 . .. Gp_2,0n_1,ay) (definition)
=(ag, ..., 2,0, 10n,a1) * (103 . .. Ay 2, a,_1,a,) (induction)
=(ag,...,An—2,0,_10,01) * (A203 . .. Qp_o, Qp_10y, a1)

x (a1as ... ap_9,Gy_1,a,) (definition)
=(ag,...,An_2,0,_10,01) * (a1,0203 . . . Ap_o, Ap_10y)

* (ar1ag . .. p—9,an-1,a,) (case n = 3)
=(ag,...,an_2, 0, 10,01) * (A2a3 . .. Qp_o,Gn_1,pa1)

% (agas ... ap_1,an,a1) (relation R1)
=(ag,...,an_2,0,_1,a,01) % (a2a3...0a,_1,ay,aq) (definition)
=(ag,...ay,ay) (definition).

O

Lemma 4.11. If a1as...a, = 1 and a;_1 commutes with a; for some @, then
(@1, ey Qi1 iy ey @) = (A1, ey Qi1 ey Q).
Proof. We may assume that n > 3 and ¢« = n by Lemma 4.10. We have
(@1, .. Gp_g,Gpn_1,0n) = (a1, ..., Qn_2,an_10y) * (@102 .. .Gp_9,an_1,ay) (definition)
= (ay,...,an_9,a,-1a,) (relation R2).
[

Lemma 4.12. (a1,...,a,) * (by,...,by) = (a1,...,an,b1,...,bp).
Proof. Induction on m. By Lemma 4.11, we may assume that m > 3. We have
L.H.S. = (a1,...,ay) % (b1,...,bp_1by) * (b1ba ... by_2,bm_1,by) (definition)

= (a1, any b1, by_1by) * (D1bo .. b2, b1, b)) (induction)

= (ay,...,ap,b1,...,by) (definition).

As usual, we write [a, b] for the commutator aba=1b7!.

Lemma 4.13. Let a,b € Q*.

1. For every nonzero V' € Fb+ Fba one has [a,b] = [a,V]. Similarly,
[a,b] = [d,b] for every nonzero o' € Fa + Fab.

2. For every nonzero b/ € Fb+ Fba + Fbab there exists a' € Q* such that
[a,b] = [d/,b] = [d,V].
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Proof. 1. We have O/ = bz, where x € F'+ Fa. Hence x commutes with a and
therefore [a,b] = [a,’]. The proof of the second statement is similar.

2. There is nonzero a’ € Fa + Fab such that ¥’ € Fb+ Fba'. By the first
part, [a,b] = [d/,b] = [a,V]. O

Corollary 4.14. 1. Let [a,b] = [¢,d]. Then there are a',b' € Q* such that
[a,b] = [, b] = [d, V] = [¢, ] = [e,d].

2. Bvery two commutators in Q* can be written in the form [a,b] and [c,d]
with b = c.

Proof. 1. 1If [a,b] = 1 = [c,d], we can take ¢’ = 0 = 1. Otherwise, the sets
{b,ba,bab} and {d,dc} are linearly independent. Let b’ be a nonzero element
in the intersection of the subspaces Fb + Fba + Fbab and F'd + Fdc. The
statement follows from Lemma 4.13.

2. Let [a,b] and [c,d] be two commutators. We may clearly assume that
[a,b] # 1 # [e,d], so that the sets {b, ba,bab} and {c, cd} are linearly indepen-
dent. Choose a nonzero element b’ in the intersection of Fb + Fba + Fbab
and Fc + Fed. By Lemma 4.13, [a,b] = [d/,V] for some o' € Q* and
[e,d] = [V, d]. O

Lemma 4.15. Let h € Q*. The following conditions are equivalent:

h = [a,b] for some a,b € Q*;
( ) helQ, Q ]'
3) Nrd(h) =

Proof. The implications (1) = (2) = (3) are obvious.

(3) = (1); Let K be a separable quadratic subfield containing h. (If h is purely
inseparable, then h? € F and therefore h = 1.) Since Ng,p(h) = Nrd(h) = 1
by the classical Hilbert theorem 90, h = bb~! for some b € K*. By the
Noether-Skolem theorem, b = aba~" for some a € Q*. O

Let h € @* be such that Nrd(h) = 1. Then by Lemma 4.15, h = [a,b] =

aba=b~! for some a,b € Q*. Consider the following element

h=(bab",a",h)€q.
Lemma 4.16. The element h does not depend on the choice of a and b.

Proof. Let h = [a,b] = [¢,d]. By Corollary 4.14(1) we may assume that either
a = c or b = d. Consider the first case (the latter case is similar). We write
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d = bx, where x commutes with a. We have

d,a,dt.at h
(

br,a,x b7t a"t, h)

br, v b7 ) % (b,z,a, 570" a” ! h) (Lemmas 4.11,4.12)

a -1

=
=
= (b
= (a7,
= (
= (b,

v, b % (a7 by bz, a, 2707 (Lemma 4.10)

h,b,x,a,x b br, 7", b)) (Lemma 4.12)
,h,b,a,b!) (Lemma 4.11)

bya, b=t a7 h) (Lemma 4.10).

Lemma 4.17. For every hy, hs € [Q™, Q] we have

@2 = fy * Iy * (hiha, byt i),

Proof. By Corollary 4.14(2), hy = [a1, c] and hy = [c, by] for some ay, by, ¢ € Q*.
Then hlhg = [albgl, bQCbz_l] and

hy % hy % (hiha, byt i) =

(c,a1,c a1 ,hl,hg,bg,c byt e % (hihg, hot Ry

= (by,c,by ¢t e, al,c Yart by, he) * (hyt, Ry thihs)

= (by,c,by ar, ¢t art, hihs)

= (by, c, by, byc by ) * (bochy b ay, ¢t art, hihy)

= (byt, byc byt by, ) * (7t art, hihao, bachy t, ay)

= (b5 ', boc by bay e, ¢ ar ! Byha, backy t ay)

= (by"

= (by,ay"’, hihg, bachy t arbyt, boc 05 1) * (boai ™, ar, by t)
= (byayt, a1, byt bo,alt, hihy, bachy b, arby !, boc by t)
= (byay ', hihg, bychy b arby b, boc 10y t)
= (byeby b, aybyt, b byt boart, hiho)

= hihy.

,bac™ bg ,b2>a1 7h1h2>b2052 ,Glbz ,b2a1 ,Ch)

O

Let a1, as,...,a, € Q* such that Nrd(h) = 1 where h = ajas...a,. We set

((al,ag, Ce

Lemma 4.18. ((ay,as, ...

7an)) = (a17a27--'aanah_1) */}; € G.

Lan)) * (01, Day - b)) = (@1, - @y b1y - b))
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Proof. Set h=ay...a,, " =b;...b,,. We have

L.H.S. = (a1,as, ... a5, h™") % (by, b, ... by, (W)Y 5 hox W
= (a1, ag, ..., Qn, b1, by .. by, (B) 7 R % hox B
= (ay,ag, ..., a0, 01,00, ... by, (RR)) 1) % (BK, (R)™ l,h)*ﬁ*ﬁ’
= (a1, a9, ...,0n,b1,b2, ... by, (RA)™ 1)*hh (Lemma 4.17)

O

The following Lemma is a consequence of the definition and Lemma 4.11.

Lemma 4.19. If a;_1 commutes with a; for some i, then
((al, ey Qi1, gy . ,an)) = (((Il, ey Qi1 Qy .y an)).

Lemma 4.20. ((a,b,a™',071)) = 1.

Proof. Set h = [a,b]. We have

L.HS. = (a,b,a b i)« h=(a,b,a,b" b~ (b,a, b, a” ", h) = 1.
0

We would like to establish an isomorphism between G' and A(Q)/A’. We
define a homomorphism 7 : G — A(Q)/A’ by the formula

m(a,b,c) = abé € A(Q)/A’,

where a, b, c € Q™ such that abc = 1. Clearly, 7 is well defined.
Let aq,as,...,a, € Q* such that aias...a, = 1. By induction on n we get

w(ay,ag,...,a,) = a1az...a, € A(Q)/A".
Let h € [@Q*,Q*]. Write h = [a, b] for a,b € Q*. We have
W(E) =m(b,a, b, a"",h) = h.
If a1, as,...,a, € Q" such that Nrd(h) = 1 where h = ayas . .. a,, then
(1) w((ay,as,...,an)) = wlas, as, ..., an, h ") x7w(h) = G1as . . . ap.

Define a homomorphism 0 : A(Q)/A’ — G as follows. Let ai,as,...,a, €
Q* be such that Nrd(ajas...a,) = 1. We set

(8) O(aras...a,) = ((ar,a9,...,a,)).

The relation at the end of subsection 4.4 and Lemmas 4.18, 4.19 and 4.20 show
that 6 is a well defined homomorphism. Formulas (7) and (8) give

Proposition 4.21. The maps m and 0 are isomorphisms inverse to each other.
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Corollary 4.22. The group A(Q)/A’ is generated by the products abé for all
ordered triples a, b, c of elements of Q* such that abc = 1 satisfying the follow-
ing set of defining relations: s s

(R1) (dl;(cd)) . ((ab)éci) = (Bé(da)) : ((da)gé) for all a,b,c,d € Q* such
that abed = 1;

(R2") abc =1 if a and b commute.

4.6. Proof of Proposition 4.7. We need to prove that the homomorphism
Oy in (5) is an isomorphism.

The fraction é—‘; for a,b € Q \ F' can be considered as a nonzero rational
function on C, L € F(C)*.

b

Lemma 4.23. Let Kq be the quadratic subfield of () corresponding to the fized
point o and let b € Ko\ F. Then the space Ly consists of fractions ll—‘; for all

a€ Q.

Proof. Obviously é—: € L;. It follows from Lemma 3.5, that the space of all

fractions é—‘; is 3-dimensional and by Lemma 4.3, dim L,; = 3. U

By Lemma 4.23, the group M’ is generated by symbols of the form {ll—z, a}
for all a,b € @\ F and o € F* and the group M; is generated by symbols
ll—:,f—;} for all a,b,c,d € Q\ F.

Let a,b,c € @ be such that abc = 1. We define an element

[(l, ba C] € MI/M,
as follows. If at least one of a,b and ¢ belongs to F'* we set [a,b,c] = 0.
Otherwise the linear forms [,, [, and [. are nonzero and we set
la lb

767 = {_7 _} M/'
la, b, ] L +
Lemma 3.5 and the equality {u, —u} = 0 in KyF(C) yield:

Lemma 4.24. Let a,b,c € Q* be such that abc =1 and let « € F*. Then

(1) [a,b,c] = [b,c,al;

(2) [aa, a7, c] = [a,b,];

(3) [a,b,c] + [c ', 07 a™t] = 0;
(4)

If a and b commute, then [a,b,c] = 0.
Lemma 4.25. 0,[a, b, c] = abc.

Proof. We may assume that none of a, b and c is a constant. Let x,y and z
be the points of C' of degree 2 corresponding to quadratic subfields Fa|, F'[b]
and F[c| that we identify with F'(x), F'(y) and F(z) respectively.

Consider the following element in the class [a, b, c|:

w = {i— g—b} + {%,Nrd(a)} + {f—b — Nrd()}.

a
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By Proposition 3.10 (we identify residue fields with the corresponding qua-
dratic extensions) and Lemma 3.5,

0u(w) = 1 (a) (- Nrd() ™ = = Ned(d)
ley (— Nrd(ab)) = — Nrd(a)llbll—al(x) (— Nrd(ab))

la a1

= —Nrd(a)~'6~" (— Nrd(ab)) = b,

Iyt

; () (= Nrd(b)) "' =a,
bflafl

S
g
[

0.(w) = —i—:(z) Nrd(a)™! = Nrd(a)%(m) Nrd(a)™! =c.

O

Lemma 4.26. Let a,b,c,d € Q \ F be such that cd,da ¢ F and abed = 1.
Then

o ew

Proof. Plugging in Proposition 3.8 the elements ¢!, ab and b for a,b and c
respectively and using Lemma 3.5 we get elements «, 3,y € F* such that on
the conic C,

alalc + Blbld + ’7lcdlda = 0.
Then

alalc Blbld
- =1
’ylcdlda /chdlda

and

alalc Blbld lalc lbld
0:{— - }z{ —} mod M.
’Vlcdlda ’ylcdlda lcdlda lcdlda

Proposition 4.27. Let a,b,c,d € Q* be such that abcd = 1. Then
la, b, cd] + [ab, ¢, d] = [b, ¢, da] + [be, d, a].

Proof. We first notice that if one of the elements a,b,ab, c,d, cd belongs to
F* | the equality holds. Indeed, if a € F'*, then the equality reads [ab, c,d]| =
[b, ¢, da] and follows from Lemma 4.24. If & = ab € F*, then again by Lemma
4.24,

L.HS.=0=[bc,da]+[(da) ", a et ab™!] = R.H.S.

Now assume that none of the elements belong to F'*. By Lemma 4.26, we
have in My /M’:
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0= {lcdlda7 lcdlda
lo 1 I 1 la 1 L

(e e

:[a,b,cd]—[b,cada]"‘({lld_aa’[ld_da} {Z(Z lda}

= la,b, ed] — [b, ¢, da] — [be,d, a] + ({lda : }

cd lcd

= [a,b,cd] — [b, ¢, da] — [be,d, a] + [ab, ¢, d].

)+ {f— R
i)+

O

We are going to use the presentation of the group A(Q)/A’ by generators
and relations given in Corollary 4.22. We define a homomorphism

i AQ)/A = My /M

by the formula

u(@be) = fa, b,

for all a,b,c € @ such that abc = 1. It follows from Lemma 4.24(4) and
Proposition 4.27 that p is well defined. Lemma 4.25 implies that 0y o i is the

identity.
To show that p is the inverse of 0; it is sufficient to prove that p is surjective.
The group M, /M’ is generated by elements of the form w = i a ;b' -+ M’ for

a b, € @\ F. We may assume that 1,a’,b' and ¢ are linearly mdependent
(otherwise, w = 0). In particular, 1,a’,b" and o't/ form a basis of @), hence

d=a+ Bd +~b +da’t’
for some «, 8,7v,6 € F with § # 0. We have
(W0 +d) B+ )=+
for e = By0~! — . Set
a=v5"t+d b=+, c=(c+)?

We have abc = 1. It follows from Lemma 3.5 that

B R (X v

By definition of u, we have u(&%c’) = [a,b,c] = w, hence pu is surjective. The
proof of Proposition 4.7 is complete. U
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5. HILBERT THEOREM 90 FOR K>

Let L/F be a Galois quadratic field extension with the Galois group G =
{1,0}. For every field extension E/F linearly disjoint with L/F, the field
LE = L ®p FE is a quadratic Galois extension of E with the Galois group
isomorphic to G. The group G acts naturally on Ky(LE). We write (1 — o)u
for o(u) —u, u € Ko(LE). Set

V(E) = K»(LE)/(1 — 0)Ko(LE).

If B — E’ is a homomorphism of field extensions of F' linearly disjoint with
L/F, there is a natural homomorphism

V(E) — V(E".

Proposition 5.1. [11, 11.1.2] Let C be a conic curve over F and let L/F be a
Galois quadratic field extension such that C' is split over L. Then the natural
homomorphism V(F) — V (F(C)) is injective.

Proof. Let v € KL be such that urc) = (1 — o)v for some v € K,L(C). For
a closed point z € C the L-algebra L(z) = L ®p F(x) is isomorphic to the
product of residue fields L(y) for all closed points y € Cp over z € C. By
0;(v) € L(z)* we denote the product of 9,(v) € L(y)* for all y over .

Set a, = 0,(v) € L(x)*. We have

(
az/o(a;) = 0,(v)/0(0:(v)) = 31«((1 - U)U) =0, (uL(C)) =1,
i.e., a, € F(x)*. By Theorem 4.1, applied to Cf,

1 Newyrlas) = Noye ([T Newyelay) = Noge (] Newye(@y(0) = 1.

zeC yeCy, yeCy,
It follows from Theorem 4.1, applied to C, that there is w € KyF(C') such
that 0,(w) = a, for all x € C. Set v/ = v —wyx)y € K (C). Since

0,(t") = 0u(0)0(w) ™ = apal = 1,
again, by Theorem 4.1, applied to Cf, there exists s € KoL with sy = v'.
We have
(1—0)spey=(1—0)' =(1—0)v=murc,

ie., (1 —o)s —u splits over L(C). Since L(C)/L is a purely transcendental

extension, we have (1—o)s—u = 0 (see Example 2.1) and hence u = (1—0)s €
Im(1 — o). O

Corollary 5.2. For any finitely generated subgroup H C F* there is a field
extension F' | F linearly disjoint with L/ F such that the natural homomorphism
V(F) — V(F') is injective and H C Ny jp/ (L") where L' = LF".

Proof. By induction it is sufficient to assume that H is generated by one ele-
ment b. Set [’ = F(C), where C is the conic curve associated with the quater-
nion algebra @ = (L/F,b). Since Q is split over F' we have b € Ny /p (L")
by Example 3.1. The conic C' is split over L, therefore, the homomorphism
V(F) — V(F") is injective by Proposition 5.1. O
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For any two elements z,y € L* we write (z,y) for the class of the symbol
{z,y} in V(F). Consider the group homomorphism

f=fr:Nyp(L*)@ F* = V(F); f(Npr(z)®a) = (z,a).

The map f if well defined. Indeed, if Np/p(x) = Np/p(y) for z,y € L*, we
have y = xzo(z)™" for some z € L* by the classical Hilbert theorem 90. Then
{y,a} = {z,a} + (1 — 0){z,a} and hence (y,a) = (z,a).

Lemma 5.3. Let b € Ny p(L*). Then f(b® (1 —b)) =0.
Proof. If b = ¢ for some ¢ € F* then
fb®(1=b)=(1-)=(c,1-c)+ (¢, 14+¢)=(-1,14¢) =0

since —1 = zo(2)~! for some z € L*.
Now assume that b is not a square in F. Set

F' = F[t]/(t* = b), L' = L[t]/(t* D).

Note that L’ is either a field or product of two copies of the field F’. Let u € F’
be the class of ¢, so that u*> = b. Choose x € L* with Ny r(x) = b. Note that
NL’/F’(%) = u—b2 =1 and NL//L(I —u) =1-0.

The automorphism o extends to an automorphism of L’ over F’. By the
classical Hilbert theorem 90 applied to the extension L'/F’, there is v € L'*
such that vo(v)~' = £. We have

f(b, 1—b) = <£B,1—b> = <$,NLI/L(1—U)> = NL//L<.’L‘,1—U> = NL’/L<§a 1—U,> =
NL//L<UO'(U)_1, 1-— u> = (1 — O')NL//L<?}, 1-— u) =0.
U

Theorem 5.4. (Hilbert theorem 90 for Ko, [6, Th. 14.1]) Let L/F be a Galois
quadratic extension and let o be the generator of Gal(L/F'). Then the sequence

o N
K,L =% K,L =5 K, F

18 exact.

Proof. Let u € KyL be an element such that Ny p(u) = 0. Since the group
K, L is generated by symbols of the form {z,a} with x € L* and a € F* [3,

Ch.IX, 2.5] we can write
U= Z{$j> a;}
j=1

for some z; € L* and a; € F™*, and

Np/p(u) = Z{NL/F(%), aj} = 0.
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Hence by definition of KyF', we have in F'* ® F'*:

(9) ZNL/F 7)) ® a; = Zi (bi® (1 - b))

7=1

for some b; € F*. Clearly, the equality (9) holds in H ® F* for some finitely
generated subgroup H C F* containing all Ny r(x;) and b;.

By Corollary 5.2, there is a field extension F”/F such that the natural homo-
morphism V(F) — V(F') is injective and H C Ny (L") where L' = LF".
The equality (9) then holds in Ny p (L") ® F'*. Now we apply the map fp
to both sides of (9). By Lemma 5.3, the class of uy, in V(F”) is equal to

Z%»% = fr ZNL/F ;) @ a;) Zﬂ:fF/ (b @ (1 =) =0,
Jj=1 j=1

ie, uy € (1 —o)KyL'. Since the map V(F) — V(F’) is injective, we get

u€ (1—o0)KyL. m

Theorem 5.5. [6, Th. 14.2] Let u € KyF be an element such that 2u = 0.
Then v = {—1,a} for some a € F*. In particular, u =0 if char(F) = 2.

Proof. Let G = {1,0}. Consider a G-action on the field L = F((¢)) of Laurent
power series defined by

o IL—H’ if char F' = 2.

J(t)—{ —t, if char F' # 2;

We get a quadratic Galois extension L/E, where E = L.
Consider the diagram

K, =% K,L

o] |
oA kR

where 0 is the residue homomorphism of the canonical descrete valuation of L,
s = s; is the specialization homomorphism of the parameter ¢t and the bottom
homomorphism is the multiplication by {—1}. We claim that the diagram is
commutative. The group KL is generated by elements of the form {f, g} and
{t, g} for all power series f and g in F[[t]] with nonzero constant term. If
char F' # 2, we have

© (1 - O_){fmg} = S({f).g} - {Uf> Ug})
= {/(0),9(0)} = {(¢./)(0), (69)(0)}
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so(l—o){t,g} = s({~t,g} = {t,09})
={-1,4(0)}
= {-1}-9{t, g}.

In the case char F' = 2 we obviously have s(u) = s(ou) for every u € KsL,
hence so (1 —o) =0.

Since Np/p(ur) = 2ug = 0, by Theorem 5.4, u = (1 — o)v for some v €
K5(L). The commutativity of the diagram yields

u=s(u) =s((1-o0)v)={-1,0(v)}

6. PROOF OF THE MAIN THEOREM

In this section we give a proof of Theorem 2.2.

6.1. Injectivity of hr. From now on we assume that F' is a field of charac-
teristic different from 2. Let hp(u + 2K5F) = 0 for an element u € K>F'. Let
u be a sum of n symbols. By induction on n we prove that u € 2KyF. The
cases n = 1 and n = 2 were considered in [2].

Write u in the form v = {a,b} + v for a,b € F* and an element v € Ky F
that is a sum of n — 1 symbols. Let C' be the conic curve over F' corresponding
to the quaternion algebra @ = (a,b)r and set L = F/(C'). The conic C' is given
by the equation

aX?+bY? =abZ?
;n the projective coordinates. Set z = % and y = % Since % + % =1, we
ave

—{Z 0 ofe Y gy~ (a)

and therefore {a,b} = 2r in KyL for r = {xz, %} —{b,y}. Let p € C be the
degree 2 point given by Z = 0. The element r has only one nontrivial residue
at the point p, d,(r) = —1.

Since the quaternion algebra (a, b)  is split over L, we have hy (v, +2K5L) =
0. By induction, v;, = 2w for some element w € K, L.

Set ¢, = 0,(w) for every point z € C'. Since

ci = 0,(2w) = 0,(vy) =1,

we have ¢, = (—1)"™ for n, = 0 or 1. The degree of every point of C' is even,
hence

Z n, deg(z) = 2m

zeC
for some m € Z. Since every degree zero divisor on C' is principal, there is a
function f € L* with the degree zero divisor ) n,z — mp. Set

w=w+{-1,f}+kr € KbL
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where k = m +n,. If x € C is a point different from p, we have
Op(w') = Op(w) - (1) = L.

Since also

p(w') = Bp(w) - (=1)" - (=1)" = (1) =1,

=1

0,
we have 0, (w’) for all x € C'. By Theorem 4.1, w' = sy, for some s € Ky F'.

v = 2w = 2w’ — 2kr = 2s; — {a* b},
Set v/ = v — 2s + {a*, b} € KyF; we have v), = 0. The conic C' splits over
the quadratic extension F = F(y/a). The field extension E(C)/E is purely
transcendental and U’E(C) = 0. Hence v}y = 0 (see Example 2.1) and therefore
2v" = Ng/p(vy) = 0. By Theorem 5.5, v = {—1,d} for some d € F'*. Hence
modulo 2K, F the element v is the sum of two symbols {a*, b} and {—1,d}.
Thus we are reduced to the case n = 2. U

6.2. Surjectivity of hr. We write ko F' for Ko F'/2K5F.

Proposition 6.1. Let L/F be a quadratic extension. Then the sequence

N
k’QF — k’gL ﬂ) k’gF

18 exact.

Proof. Let w € K,L such that Ny p(u) = 2v for some v € Ky,F. Then
Npp(u —wvp) = 2v —2v = 0 and by Theorem 5.4, u — vy, = (1 — o)w for
some w € KoL. Hence
u=v;+ (1 —=0)w=(v+ Nyp(w)), —20w.
]

Let s €3 Br F. Suppose first that /' has no odd degree extensions. By
induction on the index of s we prove that s € Im(hp). Let L/F be a quadratic
extension such that ind(uy) < ind(w). By induction, s, = hp(u) for some

u € koL. We have
hp(Npjp(u)) = Nyjp(hr(u)) = Npjp(sp) = 0.

It follows from the injectivity of hp that Nz ,p(u) = 0 and by Proposition 6.1,
u = vy, for some v € kyF'. Then

hF(U)L = hL(UL) = hL<U> = S,

hence s — hp(v) is split over L and therefore it is the class of a quaternion
algebra. Thus s — hp(v) = hp(w), where w € koF' is a symbol and s =
hF(U + U)) S IHl(l’LF)

In the general case, by the first part of the proof, there exists an odd degree
extension F/F such that sgp = hg(v) for some v € ko . Then

s = Ngyr(sp) = Ngyr(hp(v)) = he(Ng/p(v). O



1]
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