NON-FORMALITY OF GALOIS COHOMOLOGY MODULO ALL
PRIMES

ALEXANDER MERKURJEV AND FEDERICO SCAVIA

ABSTRACT. Let p be a prime number and let F be a field of characteristic
different from p. We prove that there exist a field extension L/F and a,b,c,d
in L* such that (a,b) = (b,c) = (¢,d) = 0 in Br(F)[p] but (a,b,c,d) is not
defined over L. Thus the Strong Massey Vanishing Conjecture at the prime
p fails for L, and the cochain differential graded ring C*(I'r,Z/pZ) of the
absolute Galois group I';, of L is not formal. This answers a question of
Positselski.

1. INTRODUCTION

Let p be a prime number, let F' be a field of characteristic different from p and
containing a primitive p-th root of unity ¢, and let I' be the absolute Galois group
of F. The Norm-Residue Isomorphism Theorem of Voevodsky and Rost [HW19]
gives an explicit presentation by generators and relations of the cohomology ring
H (F,Z/pZ) = H (Tp,Z/pZ). In view of this complete description of the cup
product, the research on H' (F,Z/pZ) shifted in recent years to external operations,
defined in terms of the differential graded ring of continuous cochains C*(I'p, Z/pZ).

Hopkins—Wickelgren [HW15] asked whether C*(I'p,Z/pZ) is formal for every
field F' and every prime p. Loosely speaking, this amounts to saying that no essential
information is lost when passing from C*(I'r,Z/pZ) to H (F,Z/pZ). Positselski
[Pos17] showed that C"(I'g, Z/pZ) is not formal for some finite extensions F' of Q
and Fy((z)), where ¢ # p. He then posed the following question; see [Posl7, p. 226].

Question 1.1 (Positselski). Does there exist a field F' containing all roots of unity
of p-power order such that C"(T'r,Z/pZ) is not formal?

We showed in [MS22, Theorem 1.6] that Question 1.1 has a positive answer
when p = 2. In the present work we provide examples showing that the answer to
Question 1.1 is affirmative for all primes p.

Theorem 1.2. Let p be a prime number and let F be a field of characteristic
different from p. There exists a field L containing F such that the differential
graded ring C*(T'r,Z/pZ) is not formal.

In order to detect non-formality of the cochain differential graded ring, we
use Massey products. For any n > 2 and all xi,...,x, € HY(F,Z/pZ), the
Massey product of x1,...,Xn is a certain subset (x1,...,Xn) C H?(F,Z/pZ); see
Section 2.2 for the definition. We say that (x1,...,xn) is defined if it is not
empty, and that it vanishes if it contains 0. When char(F) # p and F con-
tains a primitive p-th root of unity ¢, Kummer Theory gives an identification
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HY(F,Z/pZ) = F*/F*P and we may thus consider Massey products (ay,...,a,),
where a; € F* for 1 <i <n.

Let n > 3 be an integer, let x1, ..., Xxn € H'(F,Z/pZ), and consider the following
assertions:

The Massey product (x1,...,Xn) vanishes.
The Massey product (x1,...,Xn) is defined.
We have x; U ;41 =0forall1 <i<n-—1.

We have that (1.1) implies (1.2), and that (1.2) implies (1.3). The Massey Van-
ishing Conjecture, due to Mind¢-Tan [MT17b] and inspired by the earlier work of
Hopkins—Wickelgren [HW15], predicts that (1.2) implies (1.1). This conjecture has
sparked a lot of activity in recent years. When F' is an arbitrary field, the conjecture
is known when either n = 3 and p is arbitrary, by Efrat-Matzri and Mina¢-Tan
[Mat18, EM17, MT16], or n = 4 and p = 2, by [MS23]. When F' is a number field,
the conjecture was proved for all n > 3 and all primes p, by Harpaz—Wittenberg
[HW23].

When n = 3, it is a direct consequence of the definition of Massey product that
(1.3) implies (1.2). Thus (1.1), (1.2) and (1.3) are equivalent when n = 3.

In [MT17a, Question 4.2], Mind¢ and Tan asked whether (1.3) implies (1.1).
This became known as the Strong Massey Vanishing Conjecture (see e.g. [PS18]):
If F is a field, p is a prime number and n > 3 is an integer then, for all characters
X1,--+,Xn € HY(F,Z/pZ) such that y; Ux;y1 = 0 for all 1 <4 < n— 1, the Massey
product (x1,...,Xn) vanishes.

The Strong Massey Vanishing Conjecture implies the Massey Vanishing Conjec-
ture. However, Harpaz and Wittenberg produced a counterexample to the Strong
Massey Vanishing Conjecture, for n = 4, p = 2 and F = Q; see [GMT18, Ex-
ample A.15]. More precisely, if we let b = 2, ¢ = 17 and a = d = bc = 34,
then (a,b) = (b,¢) = (¢,d) = 0 in Br(Q) but (a,b,c,d) is not defined over Q.
In this example, the classes of a,b,c,d in F*/F*? are not Fy-linearly indepen-
dent modulo squares. In fact, by a theorem of Guillot—-Mina¢—Topaz—Wittenberg
[GMT18], if F' is a number field and a, b, ¢, d are independent in F'* / F'*? and satisfy
(a,b) = (b,¢) = (¢,d) =0 in Br(F'), then (a, b, ¢, d) vanishes.

If F' is a field for which the Strong Massey Vanishing Conjecture fails, for some
n > 3 and some prime p, then C"(I'p,Z/pZ) is not formal; see Lemma 2.3 for the
n = 4 case. Therefore Theorem 1.2 follows from the next more precise result.

Theorem 1.3. Let p be a prime number, let F' be a field of characteristic different
from p. There exist a field L containing F and X1, X2, X3, Xa € HY(L,Z/pZ) such
that x1 Ux2 = x2Ux3 = xaUxa = 0 in H*(L,Z/pZ) but (x1, X2, X3, X4) is n0t
defined. Thus the Strong Massey Vanishing conjecture at n = 4 and the prime p
fails for L, and C" (T, Z/pZ) is not formal.

This gives the first counterexamples to the Strong Massey Vanishing Conjecture
for all odd primes p. We easily deduce that (1.3) does not imply (1.2) for all n > 4,
in general: indeed, if the fourfold Massey product (x1,X2,X3,X4) is not defined,
neither is the n-fold Massey product (x1,Xx2,X3,X4,0,...,0). Theorem 1.3 was
proved in [MS22, Theorem 1.6] when p = 2, and is new when p is odd. Our proof
of Theorem 1.3 is uniform in p.



NON-FORMALITY OF GALOIS COHOMOLOGY MODULO ALL PRIMES 3

We now describe the main ideas that go into the proof of Theorem 1.3. We
may assume without loss of generality that F' contains a primitive p-th root of
unity. In Section 2, we collect preliminaries on formality, Massey products and
Galois algebras. In particular, we recall Dwyer’s Theorem (see Theorem 2.4): a
Massey product (xi,...,xn) C H?(F,Z/pZ) vanishes (resp. is defined) if and
only if the homomorphism (x1,...,xn): Tr — (Z/pZ)™ lifts to the group U,41
of upper unitriangular matrices in GL,11(F,) (resp. to the group U, 1 of upper
unitriangular matrices in GL;,41(F,) with top-right corner removed). As for [MS22,
Theorem 1.6], our approach is based on Corollary 2.5, which is a restatement of
Theorem 2.4 in terms of Galois algebras.

In Section 3, we show that a fourfold Massey product (a, b, ¢, d) is defined over F'
if and only if a certain system of equations admits a solution over F', and the variety
defined by these equations is a torsor under a torus; see Proposition 3.7. This is done
by using Dwyer’s Theorem 2.4 to rephrase the property that (a,b,c,d) is defined
in terms of Us-Galois algebras, and then by a detailed study of Galois G-algebras,
for G = U3, Uy, Us,Us. As a consequence, we also obtain an alternative proof of
the Massey Vanishing Conjecture for n = 3 and any prime p; see Proposition 3.6.

In Section 4, we use the work of Section 3.4 to construct a “generic variety” for
the property that {(a,b,c,d) is defined. More precisely, under the assumption that
(a,b) = (¢,d) = 0 in Br(F) and letting X be the Severi-Brauer variety of (b, c),
we construct an F-torus T', and a Tp(x)-torsor E,, such that, if F,, is non-trivial,
then (a, b, c,d) is not defined over F(X); see Corollary 4.5. The definition of E,,
depends on a rational function w € F(X)*, which we construct in Lemma 4.1(3).

Since (a,b) = (b,¢) = (¢,d) = 0 in Br(F (X)), the proof of Theorem 1.3 will be
complete once we give an example of a, b, ¢, d for which the corresponding torsor E,,
is non-trivial. Here we consider the generic quadruple a, b, ¢, d such that (a,b) and
(¢, d) are trivial. More precisely, we let z,y be two variables over F, and replace F
by E = F(z,y). We thenset a:=1—2,b:=z,c:=yandd:=1—y over E. We
have (a,b) = (b,c¢) = 0 in Br(E). The class (b, c) is not zero in Br(E), so that the
Severi-Brauer variety X/FE of (b, c) is non-trivial, but (b,¢) = 0 over L := E(X).

It is natural to attempt to prove that E,, is non-trivial over L by performing
residue calculations to deduce that this torsor is ramified. However, the torsor
FE,, is in fact unramified. We are thus led to consider a finer obstruction to the
triviality of F,,. This “secondary obstruction” is only defined for unramified torsors.
We describe the necessary homological algebra in Appendix A, and we define the
obstruction and give a method to compute it in Appendix B. In Section 5, an
explicit calculation shows that the obstruction is non-zero on E,,, and hence FE,, is
non-trivial, as desired.

Notation. Let I’ be a field, let F; be a separable closure of F', and denote by
I'r := Gal(F;/F) the absolute Galois group of F.

If E is an F-algebra, we let H'(E, —) be the étale cohomology of Spec(E) (pos-
sibly non-abelian if i < 1). If F is a field, H(F, —) may be identified with the
continuous cohomology of I'g.

We fix a prime p, and we suppose that char(F) # p. If E is an F-algebra and
ai,...,a, € EX, we define the étale E-algebra E,,, . 4, by

Eo...a, = Ez1,...,2,]/ (2] —ay,...,2° —ay)
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and we set (a;)'/? == x;. More generally, for all integers d, we set (a;)%? = x¢.
We denote by Rq,... q,(—) the functor of Weil restriction along Fg,  ,./F. In

..........

,,,,,

Na,.,....a,, the norm map from Fy, . ., to F.

We write Br(F') for the Brauer group of F. If char(F) # p and F contains a
primitive p-th root of unity, for all a,b € F* we let (a,b) be the corresponding
degree-p cyclic algebra and for its class in Br(F'); see Section 2.1. We denote by
Na, ... .an: Br(Fa,,... a,) — Br(F) for the corestriction map along Fy, 4. /F.

An F-variety is a separated integral F-scheme of finite type. If X is an F-variety,
we denote by F(X) the function field of X, and we write X(1) for the collection of
all points of codimension 1 in X. We set X := X xp F,. If K is an étale algebra
over F', we write Xg for X xp K. For all ai,...,a, € F*, we write Xq,, _q,
for Xp, . . When X = P4 is a d-dimensional projective space, we denote by
P2 . the base change of P}, to F,

,,,,, a yeeny@g*

2. PRELIMINARIES

2.1. Galois algebras and Kummer Theory. Let F' be a field and let G be a
finite group. A G-algebra is an étale F-algebra L on which G acts via F-algebra
automorphisms. The G-algebra L is Galois if |G| = dimp(L) and LY = F; see
[KMRT98, Definitions (18.15)]. A G-algebra L/F is Galois if and only if the mor-
phism of schemes Spec(L) — Spec(F) is an étale G-torsor. If L/F is a Galois
G-algebra, the group algebra Z[G] acts on the multiplicative group L*: an element
>oi_i migi € Z|G], where m; € Z and g; € G, sends x € L™ to [],_, gi(x)™.
By [KMRT98, Example (28.15)], we have a canonical bijection

(2.1) Homeont(T'F, G)/~ = {Isomorphism classes of Galois G-algebras over F'},

where, if f1, fo: I'r — G are continuous group homomorphisms, we say that f; ~ fo
if there exists g € G such that gfi(c)g~! = fa(0) for all 0 € T'p.

Let H be a normal subgroup of G. Under the correspondence (2.1), the map
Homeont(T'r, G)/~ — Homeont (I'p, G/H)/~ sends the class of a Galois G-algebra
L to the class of the Galois G /H-algebra L.

Lemma 2.1. Let G be a finite group, and let H, H'| S be normal subgroups of G
such that H C S, H' C S, and the square

G—— G/H

(2.2) l l

G/H —— G/S

18 cartesian.

(1) Let L be a Galois G-algebra. Then the tensor product L™ ®ps LH has a
Galois G-algebra structure given by g(x ®@ ') = g(x) ® g(a') for all x € L¥ and
o e L7 Moreover, the inclusions L — L and L = L induce an isomorphism
of Galois G-algebras LY @ s LH L.

(2) Conversely, let K be a Galois G/H-algebra, let K' be a Galois G/H'-algebra,
and let E be a Galois G/S-algebra. Suppose given G-equivariant algebra homomor-
phisms E — K and E — K'. Endow the tensor product L = K ®@p K’ with the
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structure of a G-algebra given by g(x®1z') == g(z)Rg(x’) for allx € K andz' € K'.
Then L is a Galois G-algebra such that L ~ K as G /H-algebras, and L ~ K’
as G/H'-algebras.

The condition that (2.2) is cartesian is equivalent to HNH’' = {1} and S = HH'.

Proof. (1) Tt is clear that the formula g(z ® 2') := g(z) ® g(z') makes L7 @ s L7’
into a G-algebra. Consider the commutative square of F-schemes

Spec(L) —— Spec(L)/H’

| |

Spec(L)/H —— Spec(L)/S.

After base change to a separable closure of F', this square becomes the cartesian
square (2.2), and therefore it is cartesian. Passing to coordinate rings, we deduce
that the map L7 ®;s L7 " - L is an isomorphism of G-algebras. In particular,
since L is a Galois G-algebra, so is L7 @ L.

(2) We have a G-equivariant cartesian diagram

Spec(L) —— Spec(K’)

| !

Spec(K) —— Spec(E).

Every G-equivariant morphism between G/H and G/S is isomorphic to the pro-
jection map G/H — G/S. Therefore the base change of Spec(K) — Spec(E) to
F, is G-equivariantly isomorphic to the projection G/H — G/S. Similarly for
Spec(K’) — Spec(E). Therefore the base change of Spec(L) — Spec(F') over Fj
is G-equivariantly isomorphic to (G/H) x¢,g (G/H') ~ G, that is, the morphism
Spec(L) — Spec(F) is an étale G-torsor. O

Suppose that char(F) # p and that F contains a primitive p-th root of unity.
We fix a primitive p-th root of unity ¢ € F'*. This determines an isomorphism of
Galois modules Z/pZ ~ p,, given by 1 — ¢, and so the Kummer sequence yields
an isomorphism

(2.3) Homeont(Tr, Z/pZ) = H (F,Z/pZ) ~ H*(F, p,,) ~ F* /F*P.

For every a € F*, we let x,: I'r — Z/pZ be the homomorphism corresponding
to the coset aF"*? under (2.3). Explicitly, letting o’ € FJ5, be such that (a')? = a,
we have g(a’) = (X«9¢/ for all g € I'p. This definition does not depend on the
choice of a’.

Now let n > 1 be an integer. Foralli = 1,...,n, let o; be the canonical generator
of the i-th factor Z/pZ of (Z/pZ)™. By (2.3) all Galois (Z/pZ)"-algebras over F'
are of the form F,, . .., where ay,...,a, € F* and the Galois (Z/pZ)™-algebra
structure is defined by (o; — 1)a}/p = ( for all 7 and (o; — l)a;/p =1 for all j #i.

We write (a,b) for the cyclic degree-p central simple algebra over F' generated,
as an F-algebra, by F, and an element y such that

y? = b, ty = yo,(t) for all t € F,.
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We also write (a, b) for the class of (a,b) in Br(F). The Kummer sequence yields a
group isomorphism
v: HX(F,Z/pZ) = Br(F)[p].

For all a,b € F*, we have t(xo U x») = (a,b) in Br(F); see [Ser79, Chapter XIV,
Proposition 5].

Lemma 2.2. Let p be a prime, and let F' be a field of characteristic different from
p and containing a primitive p-th root of unity (. The following are equivalent:

(i) (a,b) = 0 in Br(F);

(i) there exists o € F* such that b = N,(a);

(iii) there exists f € F,* such that a = Ny(B)

Proof. See [Ser79, Chapter XIV, Proposition 4(iii)]. O

2.2. Formality and Massey products. Let (A,0) be a differential graded ring,
i.e, A= ®;>0A" is a non-negatively graded abelian group with an associative mul-
tiplication which respects the grading, and 0: A — A is a group homomorphism of
degree 1 such that 909 = 0 and d(ab) = d(a)b + (—1)'ad(b) for all i > 0, a € A
and b € A. We denote by H'(A) := Ker(9)/Im(9) the cohomology of (A, d), and
we write U for the multiplication (cup product) on H'(A).

We say that A is formal if it is quasi-isomorphic, as a differential graded ring,
to H'(A) with the zero differential.

Let n > 2 be an integer and a1, ...,a, € H'(A). A defining system for the n-th
order Massey product (ai,...,an) is a collection M of elements of a;; € Al where
1<i<j<n+1,(4j)# (1,n+ 1), such that

(1) d(a;it1) =0 and a; ;41 represents a; in H'(A), and
(2) ai;) = —Si_) 1 agay for all i < j — 1.

It follows from (2) that — Z?:z a17a1n+1 18 a 2-cocycle: we write (a1, ..., an) M
for its cohomology class in H2(A), called the value of (a1, ...,a,) corresponding
to M. By definition, the Massey product of ai,...,a, is the subset {(ai,...,a,)
of H?(A) consisting of the values (ay,...,a,)a of all defining systems M. We
say that the Massey product (ai,...,ay) is defined if it is non-empty, and that it
vanishes if 0 € {(a1,...,a,).

Lemma 2.3. Let (A,0) be a differential graded ring, and let a1, a9, as, ay be ele-
ments of H'(A) satisfying a1 Uas = ag Uz = az Uay = 0. If A is formal, then
(o1, gy (g, ) s defined.

Proof. This was proved in [MS22, Lemma B.1] under the assumption that A is a
differential graded Fq-algebra. The proof for an arbitrary differential graded ring
remains the same. O

In fact, one could prove the following: If the differential graded ring A is formal,
then for all n > 3 and all ay,...,a, € H'(A) such that o; U a1 = 0 for all
1<4i<n-—1,then {ay,...,q,) vanishes.

2.3. Dwyer’s Theorem. Let p be a prime, and let U, +1 C GL,,11(F,) be the
subgroup of (n+1) x (n+1) upper unitriangular matrices. For all 1 <i < j <n+1,
we denote by e;; the matrix whose non-diagonal entries are all zero except for the
entry (¢,7), which is equal to 1. We set o; = ¢; ;41 for all 1 <i < n. By [BDOI,
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Theorem 1], the group U,+; admits a presentation with generators the o; and
relations:

(2.4) ol =1 forall 1 <i<mn,

(2.5) loi,05] =1 forall1<i<j—2<n-2

(2.6) [0i, 04, 0i41]] = [it1, [04, 0it1]] foralll1 <i<n-—2,
(2.7) o4, 0i41], [0it1,0042]] =1 foralll1 <i<n-—3.

The following relation holds in U, 41:
[€ijs ejk] = ek foralll<i<j<k<n+1.
By induction, we deduce that
€1n+1 = [01,[02, -+, [On—2, [On—1,04]] .- .]]-

The center Z,, 41 of U,11 is the subgroup generated by e; ,,11. The factor group
U1 = Uni1/Zny1 may be identified with the group of all (n+ 1) x (n+ 1) upper
unitriangular matrices with entry (1,n + 1) omitted. For all 1 <i < j <n+ 1, let
€;; be the coset of e;; in Upyi1, and set &; = €;it1 for all 1 <i <mn. Then Upyr is
generated by all the €;; modulo the relations

(2.8) o’ =1 for all 1 <i<mn,

(2.9) [0:,0,] =1 forall1<i<j—2<n-—2,
(2.10) [T, [GisTit1) = [Tit1, [Ti, Tit1]] forall1<i<n-—2,
(2.11) ([Gi,Tit1], [Tit1,Ti42]] = 1 foralll1 <i<mn-3.
(2.12) @1, G2, s [Fn—2, [Fn—1,Tn]] ... ]| = 1.

We write w;;: Up+1 — Z/pZ for the (4, j)-th coordinate function on U,4+1. Note
that u;; is not a group homomorphism unless j = ¢ + 1. We have commutative
diagram

1 Zn+1 Un+1 Upir 1

(2.13) \ l
(

Z/pL)"

where the row is a central exact sequence and the homomorphism U,,+1 — (Z/pZ)™
is given by (u12,u2s, ..., Un nt1). We also let

@ny1 = Ker[Unt1 = (Z/pZ)"],  Qpy1 = Ker[Unyy = (Z/PL)"] = Qui1/Zn 1.
Note that Z,,4+1 C Qn+1, wWith equality when n = 2.

Let G be a profinite group. The complex (C"(G,Z/pZ),d) of mod p non-ho-
mogeneous continuous cochains of G with the standard cup product is a differen-
tial graded ring. Therefore H' (G,Z/pZ) = H (C"(G,Z/pZ),0) is endowed with
Massey products. The following theorem is due to Dwyer [Dwy75].
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Theorem 2.4 (Dwyer). Let p be a prime number, let G be a profinite group, let
X1, Xn € HYG,Z/pZ), and write x: G — (Z/pZ)" for the continuous homo-
morphism with components (x1,-..,Xn). Consider (2.13).

(1) The Massey product (x1,...,Xn) is defined if and only if x lifts to a contin-
uous homomorphism G — Unﬂ.

(2) The Massey product (x1, ..., Xn) vanishes if and only if x lifts to a continuous

homomorphism G — Uy 41.

Proof. See [Dwy75] for Dwyer’s original proof in the setting of abstract groups,
and [Efr14] or [HW23, Proposition 2.2] for the statement in the case of profinite
groups. O

Theorem 2.4 may be rephrased as follows.

Corollary 2.5. Let p be a prime, F be a field of characteristic different from p and
containing a primitive p-th root of unity ¢, and let ay,...,a, € F*. The Massey
product (a1, ...,a,) C H*(F,Z/pZ) is defined (resp. vanishes) if and only if there
exists a Galois U, 1-algebra K/F (resp. a Galois U,1-algebra L/F) such that
K@+ ~F, . (resp. L9+ ~F, . . )as(Z/pZ)"-algebras.

..........

Proof. This follows from Theorem 2.4 and (2.1). O

We will apply Lemma 2.1 to the cartesian square of groups

= Pnt1
Upy1 — U,

(2.14) | A2

on
U, —— U,_1

where ¢, 41 (respectively, ¢}, ;) is the restriction homomorphism from U,41 or
from Uy, 41 to the top-left (respectively, bottom-right) n x n subsquare U, in U, 1.

The fact that the square (2.14) is cartesian is proved in [MS22, Proposition 2.7]
when p = 2. The proof extends to odd p without change.

3. MASSEY PRODUCTS AND (GALOIS ALGEBRAS

In this section, we let p be a prime number and we let F' be a field. With the
exception of Proposition 3.6, we assume that char(F) # p and that F contains a
primitive p-th root of unity (.

3.1. Galois Us-algebras. Let a,b € F*, and suppose that (a,b) = 0 in Br(F'). By
Lemma 2.2, we may fix a € F and 8 € F,* such that N,(o) = b and N,(8) = a.
We write (Z/pZ)? = (04,04), and we view F,;, as a Galois (Z/pZ)>-algebra as
in Section 2.1. The projection Us — Uz = (Z/pZ)? sends e1o + 04 and eg3 + 03,
We define the following elements of Us:
04 = €12, op = ea3, T = e13 = [0a, Op)-

Suppose given x € F,¢ such that

(3.1) (g — Dz =—.
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The étale F-algebra K := (Fj ;). has the structure of a Galois Us-algebra such that
the Galois (Z/pZ)3-algebra K@ is equal to F, ;, and

pi/p
(3.2) (04 — 1)a/P = — (- Dz/P =1,  (r—1)z/P=¢L
Similarly, suppose given y € F,* such that
a
(3.3) (op — 1)y = 5

The étale F-algebra K = (Fa,b)y has the structure of a Galois Us-algebra, such
that the Galois (Z/pZ)3-algebra K% is equal to F, 4, and
al/p
—_ T—1 yl/” =C(.
3 (T-1
In (3.2) and (3.4), the relation involving 7 follows from the first two.
If z € F* satisfies (3.1), then so does az. We may thus apply (3.2) to (Fup)az-

Therefore (Fyp)qr has the structure of a Galois Us-algebra, where Us acts via
Us = Gal(F,,/F) on F,;, and

(34)  (oa—1y'P=1,  (op—-1)y/P =

1/p
(= Da)? =" (oD@ =1, (7 1)an) =

Similarly, if y € F.* satisfies (3.3), we may apply (3.4) to (Fup)sy. Therefore
(Fub)by admits a Galois Us-algebra structure, where Us acts via Uz = Gal(F, ;,/F)
on Fgp, and

al/pP
(e =DV =1, (=17 ="5m -1y =C

Lemma 3.1. (1) Let x € F)* satisfy (3.1), and consider the Galois Us-algebras
(Fap)s and (Fup)aw as in (3.2). Then (Fap)e =~ (Fup)az s Galois Us-algebras.

(2) Let y € F* satisfy (3.1), and consider the Galois Us-algebras (F, ), and
(Fap)by as in (3.4). Then (Fop)y =~ (Fap)by as Galois Us-algebras.

Proof. (1) The automorphism oy,: F,, — Fy, extends to an isomorphism of étale
algebras f: (Fup)e = (Fub)ae by sending 2P to (aw)l/pa_l/P. The map f is well
defined because f(z/?)P =z = [(axz)"/Pa='/P]P. We check that it is Us-equivariant.
This is true on Fy 3 because 0,04 = op0, on F, ;. Moreover,

Gul F@H7) = 7a((@n)7) - 0 VP) = (6117 o)) /7 - a7
= (/7 fa) - () /a7 = F((B7 /)@ 7)) = F(ou("/P)
and
oW(f@/7) = (@) 7) - y(a™7) = (@) 7a7V7 = f(@VI7) = flon(a ).

Thus f is Us-equivariant, as desired.
(2) The proof is similar to that of (1). O

Proposition 3.2. Let a,b € F* be such that (a,b) =0 in Br(F), and fix o € Ff
and B € F,* such that No(a) = b and Ny(8) = a.
(1) Every Galois Us-algebra K over F such that K9* ~ F, }, as (Z/pZ)?-algebras
is of the form (Fyyp)y for some x € FX as in (3.1), with Us-action given by (3.2).
(2) Every Galois Us-algebra K over F such that K93 ~ F, ,, as (Z/pZ)?-algebras
is of the form (Fy)y for somey € F* as in (3.8), with Us-action given by (3.4).



10 ALEXANDER MERKURJEV AND FEDERICO SCAVIA

(8) Let (Fop)s and (Fyp)y be Galois Us-algebras as in (3.2) and (3.4), respec-
tively. The Galozs Us- algebms (Fop)s and (Fup)y are isomorphic if and only if
there exists w € Fafb such that

wP = zy, (0q —1)(op — 1)w = (.
Proof. (1) Since Q3 = (1) ~ Z/pZ and K@ ~ F,; as (Z/pZ)*-algebras, we have
an isomorphism of étale Fy, ,-algebras K =~ (F,}),, for some z € Fax)b such that
(1 —1)2Y/?P = (1. We may suppose that K = (F,).. As 7 commutes with o}, we
have
(r=1)(op — 1)2YP = (0, —1)(7 — 1)2YP = (0, — 1) =1,

hence (o, —1)2'/? € Fafb. By Hilbert’s Theorem 90 for the extension F, j/Fy,, there
is t € F, such that (o, — 1)2Y/? = (o, — 1)t. Replacing z by 2t~P, we may thus
assume that (o — 1)2!/? = 1. In particular, z € FX. Since (1 — 1)2'/? = (71, we
have aboa(zl/p) = Caaab(zl/”). Thus

(0p—1)(0a—1)2 Ve = (0v0a=0a0p+(0a—1)(0p—1))2 Yr = C(Ua_l)(ab_l)zl/p =¢,

and hence (o, —1)z"/? = b'/? /o for some o/ € FX. Moreover N,(a//a) =b/b = 1,
and so by Hilbert’s Theorem 90 there exists § € F* such that o/ /a = (o, — 1)6.
We define z = 267 € FX, and set 2'/? = 21/P0 € (F,;)*. Then K = (F, ).,
where

pi/p of  pi/p

(0a —1)2'? = (0, — Dw - (6, — 1)0 =

and (o, — 1)z/P = 1, as desired.

(2) The proof is analogous to that of (1).

(3) Suppose given an isomorphism of Galois Us-algebras between (Fy ), and
(Fup)y- Let t € (Fup). be the image of y'/P under the isomorphism and set

w' = 2Pt € (Fup)a.

Set y/ == tP. We have (1 — 1)w’ = ¢~ - (¢ = 1, and hence v’ € FX . We have
(w")? = xy'. Since F}, coincides with the (o,, 7)-invariant subalgebra of ( b))z and
(F4p)y, the isomorphism (Fy ), — (Fup)e restricts to an isomorphism of Galois
Z/pZ-algebras Iy, — Fy. Since the automorphism group of Fy as a Galois (Z/pZ)-

algebra is Z/pZ, generated by oy, this isomorphism F, — Fj, is equal to o} for some
i > 0. Thus y' = o} (y). Define

wi= Wail?)/ ] ol(8) € F,

o« «

j=0
We have
(1o = (5 ah(0 = oy = ' /([T a}(57) = /')
Therefore
(3.5) w? = (w')P(1—op)y = zoy(y)(1 — o)y = ay.

We have (o, — 1)z'/? = 1 and
(0 =)oy = 1)t = (04 — 1)(0p — Dy'/" = (0a — 1)(a'/?/B) = ¢

therefore

(0o — 1)(op — D' = (0, — 1)(0p — 1)t = (.
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Since (0, — 1)(0p, — 1)a*/? =1 and (o, — 1)(0p — 1)B = 1, we conclude that
(3.6) (00— 1)(op — Dw = (04 — 1)(0p — 1w’ = 1.

Putting (3.5) and (3.6) together, we see that w satisfies the conditions of (3).
Conversely, suppose given w' € Fax’b such that

zy = (w')?, (04 —1)(op — D' = .
Claim 3.3. There exists w € Fax,b such that
=, (o= (o=
a B
for some integers ¢ and j.

Proof of Claim 3.3. We first find n, € F,* such that

pl/p
(37) B=1 (Ga— D) =
We have
(00~ D) = (00~ Dz = =
Let

(o= (0a— 1w -a-b"VP e Ey

We have (P = 1. Moreover, (o, —1)(, = ¢-1-¢~! =1, that is, {, belongs to F,*. If
F, is a field, this implies that ¢, = (¢ for some integer i, and (3.7) holds for n, = 1.

Suppose that F, is not a field. Then F, ~ FP, where o, acts by cyclically
permuting the coordinates:

oa(x1, T2, ..., 2p) = (T2,...,Tp, T1).
We have {, = (C1,...,(p) in F, = FP, where (; € F* is a p-th root of unity for all
i. We have N,((,) = Ny(a)/b=1, and so (3 ---(, = 1. Inductively define n; =1
and 1,41 = Gn; foralli=1,...,p—1. Then
m/mp = (m/n2) - (a/n3) -~ (lp—1/1p) = GG+ G = G

Therefore the element n, == (11,...,n,) € FP = F, satisfies n? =1 and

(Ua - 1)77a = (772/7717' . 'anp/np 1,771/7711) <17 .. 'anflan) = Ca'

Thus
bl/p
=1 (oa— D' /n.) = (0 -’ ' =

Independently of whether Fy, is a field or not, we have found 7, satisfying (3.7).
Similarly, we construct n, € F,* such that

«

al/p

/8 b)
for some integer j. Set w = w'/(nam) € F,,. Putting together (3.7) and (3.8), we
deduce that w satisfies the conclusion of Claim 3.3. [

(3.8) m=1 (op—1)(w/m) ="
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Let w € F, be as in Claim 3.3. By Lemma 3.1(1), applied 4 times, the Galois

)

Us-algebra (F, p), is isomorphic to (Fy p)qiz, where

pi/p

(0q — 1)(a‘z)/P = (op — 1)(a’z)Y/P =1,

«
By Lemma 3.1(2), applied j times, the Galois Us-algebra (F, ), is isomorphic to
(Fup)biy, where

) ) 1/p
(Ca— DY =1, (op=1)Fy)/P =

It thus suffices to construct an isomorphism of Us-algebras (Fup)aiz =~ (Fab)piy-
Let
W = wa/PY/P € Fr,,

so that y y

P pl/p
a?, (Jb — 1)12) = 7
Let f: (Fap)aiz — (Fap)piy be the isomorphism of étale algebras which is the
identity on F,; and sends (a’x)'/? to w/(by)'/P. Note that f is well defined
because

(0, — D =

()P = wa't! = (a'z)(b'y).

Moreover,
5 . al/p .
(00 = 1)(@/(V/y)"/?) = 5 (00 = 1)(a'a) /P,
i v o ;
(o0 — 1)(@/(by)"/?) = o pie L= (o0 — 1)(a'z)"/,
and hence f is Uz-equivariant. (I

3.2. Galois Uj-algebras. Let a,b,c € F* besuch that (a,b) = (b, c) = 0in Br(F).
By Lemma 2.2, we may fix o € F* and v € F* be such that No(a) = Nc(vy) = b.
We have Gal(F, p./F) = (04,0p,0). The projection map Uy — (Z/pZ)? is given
by €12 > 04, €23 — Op, €34 > 0. Its kernel Q, C Uy is isomorphic to (Z/pZ)?,
generated by €13 and €24. We define the following elements of Uj:

0q ‘= €12, Op ‘= €23, Oc = €34, Tab ‘= €13, The = €24.
Let v € F and z € F* be such that
b b
(39) (Ua — ].)x = J, (O—c — ].)Z = ’Yip,

and consider the Galois Uj4-algebra K = (Fob,c)s,z, Where U, acts on Fopc via
the surjection onto Gal(Fy p ./F), and

1/p
(3.10) (0q —1)zt/P = —ba (op — D)at/P =1, (0o — D)a/P =
(3.11) (rap =P =¢7 (me—D2'/P =1,
1/p
(312) (Ga-DE)V =1,  (@-DEV =1, (- @) =2,
Y

(313) (rap = D@ =1, (e = D) =C.
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Note that (3.11) follows from (3.10) and (3.13) follows from (3.12). We leave to the
reader to check that the relations (2.8)-(2.12) are satisfied.

Proposition 3.4. Let a,b,c € F* be such that (a,b) = (b,c¢) = 0 in Br(F). Fix
a € F; and v € F* such that No(a) = Ne(y) =b. Let K be a Galois U -algebra
such that K@+ ~ F, ;. as (Z/pZ)3-algebras. Then there exist v € F* and 2' € F)*

such that K ~ (Fupc)zq as Galois Uy-algebras, where Uy acts on (Fupc)ea by
(3.10)-(3.13).

Proof. Let H (resp. H') be the subgroup of U, generated by o, and 7. (resp. oy
and 74), and let S be the subgroup of Uy generated by H and H'. Note that K
is a Galois Us-algebra over F such that (K#)@ ~ F,, as (Z/pZ)?-algebras and
K% ~ Fy as (Z/pZ)-algebras. Thus by Proposition 3.2(1) there exists z € F.* such
that KH ~ (F,;), as Galois Us-algebras. Similarly, by Proposition 3.2(2) there

exists ' € FX such that K# "~ (Fpc)q as Galois Us-algebras. Therefore x satisfies
(3.10) and 2’ satisfies (3.12). We apply Lemma 2.1(2) to (2.14). We obtain the
isomorphisms of U 4-algebras

K ~ KH Rgs KHI =~ (Fa7b,c);c,ﬂv'7
where (F, p.c)z.q is the Ug-algebra given by (3.10) and (3.12). O

3.3. Galois U,-algebras. Let a,b,c € F*, and suppose that (a,b) = (b,c) =0 in
Br(F). We write (Z/pZ)? = (04,01, 0.) and view F, ;, . as a Galois (Z/pZ)3-algebra
over F as in Section 2.1. The quotient map Uy — (Z/pZ)? is given by ejs — o4,
eo3 > op and egyq — o.. The kernel Q4 of this map is generated by e13, €24 and eq4
and is isomorphic to (Z/pZ)®. We define the following elements of Uy:

Oq = €12, Op = €23, Oc = €34,

Tab = €13 = [Ua,ab]a The = €24 = [O—ba O—c}, p=e€14 = [Uavac] = [Taba Uc]~
Proposition 3.5. Let a,b,c € F'* be such that (a,b) = (b,c) = 0 in Br(F). Let
a € FS and v € FX be such that No(a) = b and Ne(v) = b. Let K be a Galois
U -algebra such that K% ~ F,, . as (Z/pZ)*-algebras.

There exists a Galois Uy-algebra L over F such that L%* ~ K as U 4-algebras if
and only if there exist u,u’ € F.. such that
a-(cq—VDu=7v-(o.— 1.
and such that K is isomorphic to the Galois Uy-algebra (Fyp.c)z . determined by
(3.10)-(3.13), where x = N.(u) € F) and ' = N, (u') € FX.

Proof. Suppose that K = (Fyp.¢)z ., with Uj-action determined by (3.10)-(3.13).
Let L be a Galois U-algebra over F' be such that L?* = K, and let y € K* be
such that L = K.

We have Gal(L/Fy p,c) = Qa4 = (Tab, Toe, p) =~ (Z/pZ)3, and hence one may choose
y in F,5 . and such that

(rab = Dy"P =1, (me—1y"" =1,  (p—1y"? =¢"
The element o, commutes with 7,5, 75 and p. Hence

Tan(oy — V(7)) = (on — Doy (y'/7) = (0, — D ('/7).
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Similarly
Toe(0 — D)(y"?) = (00 — 1)(y"/?)

and

plon = 1)(H?) = (o0 = D(C47) = (o0 = D7),
It follows that (o, — 1)(y*/?) € FJ . By Hilbert’s Theorem 90, applied to
Fupe/Fae, there is ¢ € F., . such that (o}, — 1)(y*/?) = (o, — 1)q. Replacing
y by y/q¢P, we may assume that Ub(yl/p) = y!/P_ In particular, y € Fr.. We have:

) = (00— Dp(y"/?) = (0a = (¢ yMP) = (0. — D(Y'/7),
op(0q — 1 yl/p) = (OaabTab_l - Ub)(yl/p) = (0a — 1)(191/19)7

)= (0a — 1)Tab(yl/p) = (04 — 1)(y1/p)>

)= (P_laa - 1)Tb6(y1/p> = (Uap_l - 1>(y1/p) =( (00— 1>(y1/p)-

(p—1)(a 1/p _ (op — 1)($/)1/p = (Tap — 1)(x/)1/p -1, (Tpe — 1)($/)1/p —¢

Therefore
(@)

!

(Ua - 1)(y1/p) = w
for some v’ € F.. In particular, 2’ = Ng(u'). A similar computation shows that

21/p

(70 = D) = T

for some u € F.. In particular, z = N.(u). In addition,

1/p
= = (0= D)) = (o0 = Dl (o~ D))
bl/p N1 / 1
= (0e = D)((2)/P) = (00 = D[t - (02 = 1) (y"/7)].

Therefore
a-(o,—Du=r-(0.— 1.
Conversely, suppose given u,u’ € F. such that

a- (o, —Du=r-(0.— 1), x = N.(u), ¥ = N,(u).

Then ;
— _ — — — 1 = —
(00 — 1)a = (04 — 1)Nu()) = No(04 — )u = N, (a) =
b
oo — 1)z’ = (6o — 1)N,(u') = No(o, — 1)u' = N, (O‘> -2
( ) ( )N (u') ( ) 5 "
We have

N, ( x ) _ Ne(z)  a?

up P

- N.(wp)  zp

Mo <<f>> - N&(%) - Eiiii -
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By Hilbert’s Theorem 90 applied to F, ./F', there is y € [}, such that

z’ T
(0o — Dy = (W) and (o.— 1)y = e

We consider the étale F-algebra L := K, and make it into a Galois U,-algebra such
that L% = K. It suffices to describe the U-action on y'/?. We set:
21/

N1/p
I e A kB N AR L Pt
One checks that this definition is compatible with the relations (2.4)-(2.7), and

hence that it makes L into a Galois U-algebra such that L% = K. O

We use Proposition 3.5 to give an alternative proof for the Massey Vanishing
Conjecture for n = 3 and arbitrary p.

Proposition 3.6. Let p be a prime, let F' be a field, and let x1, x2, X3 € H'(F,Z/pZ).
The following are equivalent.

(1) We have x1 U x2 = x2Ux3 =0 in H2(F,Z/pZ).

(2) The Massey product (x1,X2,x3) C H*(F,Z/pZ) is defined.

(3) The Massey product (x1, X2, x3) C H*(F,Z/pZ) vanishes.

Proof. 1t is clear that (3) implies (2) and that (2) implies (1). We now prove that (1)

implies (3). The first part of the proof is a reduction to the case when char(F) # p

and F contains a primitive p-th root of unity, and follows [MT16, Proposition 4.14].
Consider the short exact sequence

(3.14) 1= Q4 — Uy — (Z/pZ7)? — 1,

where the map Uy — (Z/pZ)3 comes from (2.13). Recall from the paragraph pre-
ceding Proposition 3.5 that the group @4 is abelian. Therefore, the homomorphism
X = (x1,X2,x3): I'r — (Z/pZ)? induces a pullback map

H*((Z/pL)?,Qq) — H?(F,Qu).

We let A € H?(F,Q,4) be the image of the class of (3.14) under this map. By The-
orem 2.4, for every finite extension F’/F the Massey product (x1, X2, X3) vanishes
over F if and only if the restriction of x to I'g lifts to Uy, and this happens if and
only if A restricts to zero in H2(F’,Q4).

When char(F) = p, we have cd(F) < 1 by [Ser97, §2.2, Proposition 3]. Therefore
H?(F,Q4) = 0 and hence A = 0. Thus (1) implies (3) when char(F) = p.

Suppose that char(F') # p. There exists an extension F’'/F of prime-to-p degree
such that F” contains a primitive p-th root of 1. If (1) implies (3) for F”, then A
restricts to zero in H?(F’,Q4). By a restriction-corestriction argument, we deduce
that A vanishes, that is, (1) implies (3) for F. We may thus assume that F' contains
a primitive p-th root of unity (.

Let a,b,c € F* be such that x, = x1, Xo = X2 and x. = x3 in H'(F,Z/pZ).
Since (a,b) = (b,c¢) = 0 in Br(F), there exists « € F and v € F such that
Ng(a) = Ne(v) = b. Since Nyo(v/a) = Ne(v)/No(a) = 1 in F, by Hilbert’s
Theorem 90 there exists ¢ € F. such that v/a = (6,0 — 1)t. Define u,u" € F*,
by u == 0.(t) and v’ :=t~1. Then

a (g —Du=0a- (040, —0)t = (040, — Dt (0 — 1)t =~ (0, — 1),



16 ALEXANDER MERKURJEV AND FEDERICO SCAVIA

Let z :== N.(u) € F) and 2’ := N,(u') € FX. Since 0,0, = 0.0, on F)., we have

a,c’

(00 = 1)z = Ne((0q — 1)u) = Ne((oc — Du' - (v/a)) = Ne(7)/Ne(a) = b/a”.
Similarly, (o, — 1)z’ = b/~4?. Therefore x,z’ satisfy (3.9). Let K = (Fyp.c)p,2 be
the Galois U 4-algebra over F', with the U -action given by (3.10)-(3.13). By Propo-
sition 3.4, there exists a Galois Us-algebra L over F such that L%* ~ (Fap,c)zaz 8s
U 4-algebras. In particular, L@+ ~ Fup.c as (Z/pZ)3-algebras. By Corollary 2.5, we
conclude that (a,b, ¢) vanishes. O

3.4. Galois Us-algebras. Let a,b,c,d € F*. We write (Z/pZ)* = (04,00, 0¢c, 04)
and regard F, ;.4 as a Galois (Z/pZ)*-algebra over F as in Section 2.1.

Proposition 3.7. Let a,b,c,d € F* be such that (a,b) = (b,c) = (¢,d) = 0 in
Br(F). Then the Massey product {(a,b,c,d) is defined if and only if there erist
u€ F)., veF, andw € F), such that

Ny (u) - Ng(v) = wP, (op — 1) (o — DHw =¢.

Proof. Denote by UI and U, the top-left and bottom-right 4 x 4 corners of Us,
respectively, and let S = Uj N U, be the middle subgroup Us. Let QI and Q
be the kernel of the map U;” — (Z/pZ)® and U; — (Z/pZ)3, respectively, and let
Pj and P; be the kernel of the maps U;” — Us and U; — Us, respectively.
Suppose (a,b,c,d) is defined. By Corollary 2.5, there exists a Us-algebra L
such that LY ~ F,; .4 as (Z/pZ)*-algebras. Using Lemma 2.2, we fix a € F.
and v € F such that N,(a) = b and N.(vy) = b. By Proposition 3.5, there
exist u,u’ € F. such that, letting 2’ := N.(v') and = := N,(u), the Uz—algebra

a,c
K3 induced by L is isomorphic to the U;L—algebra (Fap,c)s,w, Where UZ acts via
(3.10)-(3.13), and where the roles of z and 2’ have been switched.

Similarly, there exist v,v" € F}"; such that, letting 2 := Ng(v) and 2" == Ny(v'),
the U, -algebra K induced by L is isomorphic to (F} c.4)z,./. Since the Us-algebras
(Kl)P4+ and (K3)"s are equal, by Proposition 3.2(3) there exists w € F,*, such
that

Ng(u) - Ny(v) = 2z = wP, (op — 1)(oe — DHw = (.
Conversely, let u € F,, v € F,, and w € F}, be such that

Ny (u) - Ng(v) = wP, (op — 1)(oe — DHw = (.

By Lemma 2.2, there exist a € F, and § € F such that N, () = b and Ny(d) = c.

We may write
1/p pi/p
¢ (0 — NHw=——.

B v
For some 3 € F* and v € F*. We have

Na((oe = Du- (v/a)) = (0 = 1)Na(u) - Na(y/a) = (0c = Dw? - (47/b) = 1.
By Hilbert’s Theorem 90, there is v’ € I, such that

(op — DHw =

a(og— ' =~ (0. — u.
By Proposition 3.5, we obtain a Galois Uz' -algebra K; over F' with the property
that (Kl)QI ~ F,p.c as (Z/pZ)3>-algebras. Similarly, we get a Galois U, -algebra
over F such that (K)% ~ F, .4 as (Z/pZ)3-algebras. Since N,(u) - Nq(v) = wP,
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by Proposition 3.2(3) the Us-algebras (Kl)P4+ and (K3)P+ are isomorphic. Now
Lemma 2.1 applied to the cartesian square (2.14) for n = 4 yields a Us-Galois
algebra L such that L9 ~ F,, ., as (Z/pZ)*-algebras. By Corollary 2.5, this
implies that (a, b, ¢, d) is defined. a

Lemma 3.8. Let b,c € F* and w € Fy.. Then (o, — 1)(0. — L)w = 1 if and only
if there exist wy, € FbX and w. € FX such that w = wyw, in bec.

Proof. We have (o, — 1)(0c — 1)(wpwe) = (0p — 1w, = 1 for all w, € F,* and
w. € F. Conversely, if w € F,', satisfies (0, —1)(0.—1)w = 1, then (0. —1)w € F
and N.((o. — 1)w) = 1, and hence by Hilbert’s Theorem 90 there exists w. € F*
such that (o, — Nw. = (6. — 1)w. Letting wy = w/w, € Fbx,C7 we have

(0 — Dwp = (0. — 1) (w/we) =1,
that is, w, € F). O

From Proposition 3.7, we derive the following necessary condition for a fourfold
Massey product to be defined.

Proposition 3.9. Let p be a prime, let F be a field of characteristic different from
p and containing a primitive p-th root of unity ¢, let a,b,c,d € F*, and suppose
that (a, b, c,d) is defined over F. For every w € Fy", such that (o, —1)(0c—1)w =,
there exist u € F;, and v € F,; such that No(u)Ng(v) = wP.

a,c

Proof. By Proposition 3.7, there exist ug € F.*

Ny (uo)Ng(vo) = wh, (op — 1)(0e — Dwg = (.

We have (0, —1)(0.—1)(wo/w) = 1. By Lemma 3.8, this implies that wy = wwpw,,
where wy, € FbX and w, € FX. If we define u = upw,. and v = vowy, then

Ng(u)Ng(v) = No(ug)Na(we)Na(vo) Na(wp) = whwEwl = w?. O

vg € Fy'; and wy € F,, such that

4. A GENERIC VARIETY

In this section, we let p be a prime number, and we let F' be a field of charac-
teristic different from p and containing a primitive p-th root of unity (.

Let b,c € F*, and let X be the Severi-Brauer variety associated to (b, c) over F}
see [GS17, Chapter 5]. For every étale F-algebra K, we have (b,c¢) = 0 in Br(K)
if and only if Xy ~ ]P’II){_1 over K. In particular, X, ~ Pg_l over F,. By [GS17,
Theorem 5.4.1], the central simple algebra (b, ¢) is split over F(X).

We define the degree map deg: Pic(X) — Z as the composition of the pullback
map Pic(X) — Pic(X}) ~ Pic(P?™") and the degree isomorphism Pic(PY™") — Z.
This does not depend on the choice of isomorphism X ~ ]P’g_l.

Lemma 4.1. Let b,c € F*, let G := Gal(Fy,/F), and let X be the Severi-Brauer
variety of (b,c) over F. Let s1,...,s, be homogeneous coordinates on IP’II',_I.

(1) There exists a Gy-equivariant isomorphism Xp = ]P’i’fl, where Gy, acts on
Xy, via its action on Fy, and on IP]Z*l by

oy (s1) = ¢Sp, op(si) =s8i-1 (i=2,...,p).

(2) If (b,c) # 0 in Br(F'), the image of deg: Pic(X) — Z is equal to pZ.
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(8) There exists a rational function w € Fy, o(X)* such that
(0 — 100 — Dy = ¢
and
diviw)=2 —y in Div(Xy,c),
where z,y € (Xp,o)V) satisfy deg(z) = deg(y) = 1, op(z) = = and o.(y) = y.
Proof. (1) Consider the 1-cocycle z: Gy — PGL,(F}) given by

00 ... 0
10 ... 0
0 1 0

SO0

op

00 ... 10
By [GS17, Construction 2.5.1], the class [2] € H'(Gy, PGL,(F})) coincides with
the class of the degree-p central simple algebra over F' with Brauer class (b, ¢), and
hence with the class of the associated Severi-Brauer variety X. It follows that we

have a Gp-equivariant isomorphism X, ~ IP’Zfl, where Gy, acts on X, via its action
on Fy, and on P! via the cocycle z. This proves (1).

(2) By a theorem of Lichtenbaum [GS17, Theorem 5.4.10], we have an exact
sequence

Pic(X) 2% 7 % Br(F),

where §(1) = (b, ¢). Since (b, ¢) has exponent p, we conclude that the image of deg
is equal to pZ.

(3) Let Gy = Gal(Fy./F) = (op,00). By (1), there is a Gy -equivariant
isomorphism f: IP’{:;I — Xp ., where Gy . acts on X; . via its action on Fj ., the
action of o, on Pf;l is trivial and the action of o}, on Pf;l is determined by

op(s1) = csp, op(si) =si—1 (1=2,...,p).

Consider the linear form [ == >-?_, ¢/P-s; on ]P’f;l and set w’ = 1/s, € F} (PP~1)*.
We have o7 (1) = c'/? - 1, and hence (o3, — 1)w’ = c'/P - (s,/s,_1). It follows that
(0c—1)(op — D' =¢&. Let a’,y € Div(]P’gzl) be the classes of linear subspaces of
Pi’;l given by | = 0 and s, = 0, respectively. Then

div(w") =2’ — ¢/, op(2') =12, a.(y) =1y
Define
w=wofleR(X)", a=flx)e (X)W, ¥ =Ly € (X)W

Then w, x, y satisfy the conclusion of (3). O
Lemma 4.2. Let a,b,c,d € F*. The complex of tori

Ra,c(Gm) X Rb,d(Gm) i> Rb,c(Gm) i> Rb,c(Gm)7
where @(u,v) = Ng(u)Ng(v) and (z) = (op — 1)(0. — 1)z, is exact.
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Proof. By Lemma 3.8, we have an exact sequence

Rc(Gm) X Rb(Gm) (P_/> Rb,c(Gm) % Rb,c(Gm)7
where ¢'(z,y) = zy. The homomorphism ¢ factors as

NQXNd

Roo(G) X Ry.a(Gu) Re(Gm) X Ro(Gr) 25 Ryo(Gr).

Since the homomorphisms N, and Ny are surjective, so is N, X Ny. We conclude
that Im(¢) = Im(¢’) = Ker(¢)), as desired. O

Let a,b,c,d € F*, and consider the complex of tori of Lemma 4.2. We define
the following groups of multiplicative type over F":

P =R, (Gy) X Rya(Gp), S = Ker(¢)) = Im(y), T :=Ker(p) C P.
By Lemma 4.2, we get a short exact sequence
(4.1) 1-T5P5 S —1,
where ¢ is the inclusion map and = is induced by .
Lemma 4.3. The groups of multiplicative type T, P and S are tori.

Proof. 1t is clear that P and S are tori. We now prove that T is a torus. Con-
sider the subgroup @ C Rg ¢(Gy,) which makes the following commutative square
cartesian:

Q — Rmc(Gm)

(4.2) l |
G

Gm — Re(Gp).

Here the bottom horizontal map is the obvious inclusion. It follows that @ is an
RC(R,(IU (Gm))-torsor over Gy, and hence it is smooth and connected. Therefore @
is a torus.

The image of the projection T <» P —» R, .(Gy) is contained in the torus Q.

€]

Fy d/Fb(Gm))’ and hence it is also

Moreover, the kernel U of the projection is Ry(R
a torus. We have an exact sequence

1-U—->T->0Q.
We have dim(U) = p(p — 1). From (4.1), we see that dim(7") = 2p? — 2p + 1, and
from (4.2) that dim(Q) = p? — p + 1. Therefore dim(7T) = dim(U) + dim(Q), and
so the sequence
1-U->T—-Q—1

is exact. As U and @ are tori, so is T O

Proposition 4.4. Let p be a prime, let F' be a field of characteristic different
from p and containing a primitive p-th root of unity ¢, and let a,b,c,d € F*.
Suppose that (a,b) = (b,c) = (¢,d) = 0 in Br(F), and let w € F,', be such that
(op — 1)(0.—1)w = . Let T and P be the tori appearing in (4.1), and let E,, C P
be the T-torsor given by the equation Ng(u)Ngy(v) = wP. Then the mod p Massey
product {a,b,c,d) is defined if and only if E,, is trivial.
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The construction of F,, is functorial in F'. Therefore, for every field extension
K/F, the mod p Massey product {a,b,c,d) is defined if and only if E,, is split by
K. We may thus call E,, a generic variety for the property “the Massey product
(a, b, c,d) is defined.”

Proof. By Proposition 3.9, the Massey product (a,b, c,d) is defined over F if and
only if there exist u € F;, and v € F,"; such that the equation N4 (u)Ng(v) = w?
has a solution over F, that is, if and only if the T-torsor F,, is trivial. (I

Corollary 4.5. Let p be a prime, let F' be a field of characteristic different from
p and containing a primitive p-th root of unity ¢, and let a,b,c,d € F*. Let X be
the Severi-Brauer variety of (b,c) over F, fit w € F, (X)* as in Lemma 4.1(8),
and let Ey, C Pp(xy be the Tp(x)-torsor given by the equation N,(u)Ng(v) = w?.
Then (a,b,c,d) is defined over F(X) if and only if E,, is trivial over F(X).

Proof. This is a special case of Proposition 4.4, applied over the ground field F(X).
O

5. PROOF OF THEOREM 1.3

Let p be a prime, and let F' be a field of characteristic different from p and
containing a primitive p-th root of unity (. Let a,b,c,d € F* be such that their
cosets in F'* /F*P are IF,-linearly independent. Consider the field K := Fj, ; . 4, and
write G = Gal(K/F) = (04, 0p,0¢,04) as in Section 2.1. We set N, = Z?;é ol €
Z|G]. For every subgroup H of G, we also write N, for the image of N, € Z[G]
under the canonical map Z[G] — Z[G/H]. We define Ny, N. and Ny in a similar
way.

Let

1-T5P5S—1
be the short exact sequence of F-tori (4.1). It induces a short exact sequence of
cocharacter G-lattices
0— Ty = P ™5 S, — 1.
By definition of P and S, we have

P, = Z[G/(0v,0a)] © Z[G/(0a,0¢c)];  Su = (No, Ne) C Z[G/(0a,0a)]-

Let X be the Severi-Brauer variety associated to (b,c) € Br(F'). Since X ~ IF“;{l,
the degree map Pic(Xg) — Z is an isomorphism, and so the map Div(Xg) —
Pic(X k) is identified with the degree map deg: Div(Xg) — Z. The sequence
(B.2) for the torus T thus takes the form

5.1 1— — I Div(Xg) @ T =& T, — 0,
(5.1) T(K) - T(K(X)) 2% Div(Xx) @ T, <5 T

where T, denotes the cocharacter lattice of T

Lemma 5.1. (1) We have (T,.)¢ = Z-n, where t.(n) = (NN, —NyNg) in (P.)¢
(2) If (b,c) # 0 in Br(F), the image of deg: (Div(Xy ) ® Ti) — (T.)€ is equal

to p(T.)<.

Proof. (1) The free Z-module (P, )€ has a basis consisting of the elements (N, N,,0)

and (0, NpyNg). The map m,: P, — Si C Z[G/{04,04)] takes (1,0) to N and (0, 1)
to N.. It follows that Ker(r,) is generated by (N,N., —NyNg).
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(2) By Lemma 4.1(2), the image of the composition

Div(X) ® T = (Div(X) ® T,)¢ — (Div(Xy.) @ T.)¢ <5 (T,)¢

G, We now

is equal to p(7,)“. Thus the image of the degree map contains p(T})
show that the image the degree map is contained in p(T,)%.
For every x € XM pick 2/ € (Xp.)") lying over x, and write H, for the

G-stabilizer of 2’. The injective homomorphisms of G-modules
Ju: Z|G/H,| < Div(Xy,.), gH, — g(z")
yield an isomorphism of G-modules
Dpexwlo: Bpexw ZIG/Hy] = Div(Xp,c).

In order to conclude, it suffices to show that the image of
(5.2) (T.)"+ = (Z|G/H,) ® T.)¢ — (Div(Xp.e) ® T.)C 2% (1,)¢

is contained in p(T,)¢ for all x € X(1). Set H := H,.
The composition (5.2) takes a cocharacter q € (T%)¥ to

deg( > g2’ ®gq) = deg(z') - No/u(q)-
gHeG/H
Thus (5.2) coincides with the norm map N¢/ g times the degree of 2.

Suppose that G = H. Then deg(z’) = deg(z) and, since (b, c¢) # 0, the degree of
z is divisible by p by Lemma 4.1(2).

Suppose that G # H. Then either (o,,0.) or (op,04) is not contained in H.
Suppose (0p,04) is not in H, and let N be the subgroup generated by H, oy, 04.
Note that H is a proper subgroup of V.

The norm map Ng, g : (T%)™ — (T.)¢ is the composition of the two norm maps

g Nn/m ~N No/n Iel
(T)" —— (1) —— (T.)".
Since Z[G /{ob, 0a)|* = Z|G/{op, 04)], the norm map (T.)H — (T.)V is multipli-
cation by [N : H| € pZ on the first component of T, with respect to the inclusion
Lty of Ty into P, = Z[G/{op,04)] B Z|G/{0a,0c)]-

By Lemma 5.1(1), (T.)¢ = Z-n, where t.(n) = (NyN., —NyNg) in (P,)¢. Since
NN, is not divisible by p in Z[G/{0op,04)], the image of (5.2) is contained in
pZ - n = p(T,)%, as desired. O

We write
7 € Coker[(Div(X,..) ® T,)C <% (T,)9)

for the coset of the generator n € (T,)¢ appearing in Lemma 5.1(1). If (b,c) # 0,
then we have 77 # 0 by Lemma 5.1(2). We consider the subgroup of unramified
torsors

HYG, T(K(X)))nr = Ker[H (G, T(K(X))) 2

S HYG,Div(Xg @ To))],
and the homomorphism

0: H' (G, T(K(X)))u — Coker[Div(Xx) ® T\ <% T,
which are defined in (B.3).
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Lemma 5.2. Let b,c € F* be such that (b,c) # 0 in Br(F), let w € Fy, (X)* be
such that (op — 1)(0. — D)w = ¢ and div(w) = © — y, where deg(x) = deg(y) =1
and op(v) = x and o.(y) = y. Let Ey, C Pp(x) be the Tp(x)-torsor given by the
equation N,(u)Ny(v) = wP, and write [E,) for the class of E,, in H*(G, T(K(X))).
(1) We have [E,) € HY(G, T(K(X)))ur-
(2) Let 0 be the homomorphism of (B.3). We have 6([Ey]) = -7 # 0.

Proof. The F-tori T, P and S of (4.1) are split by K = F, p 4. Therefore, we may
consider diagram (B.6) for the short exact sequence (4.1), the splitting field K/F,
and X the Severi-Brauer variety of (b, c) over F:

Div((Xx) ® T.)¢ —2% 5 (1,)¢

)

P(F(X)) —3Y  (Div(Xg) ® P,)¢ —5 (P,)¢
S(F(X)) — I 4 Div(Xg)® S,)¢ —22 . (5,)¢

l@ 9]
HYG,T(K(X))) 2% HY(G,Div(Xg @ T.)).
Since (op — 1)(0. — 1)w? = 1, we have w? € S(F(X)). The image of wP under 0 is
equal to [E,] € HY(G, T(K(X))).
Let H C G be the subgroup generated by o, and o4. The canonical isomorphism
Div(X;,.) = Div(Xk)? = (Div(Xk) ® Z[G/H])®
sends the divisor div(w) =z —yto 3, ; ojol(z—y)®ojol. Therefore, the element
div(w?) in (Div(Xg) ® S4)¢ C (Div(Xx) ® Z[G/H])€ is equal to

p—1 o p—1 . p—1 )
e=p 3 (pol(x—y)®@oy0l) =p > (cle ®olNy) —p ) (opy @ opNe).
i,j=0 j=0 =0

Since S, is the sublattice of Z|G/{04,04)] generated by N, and N, this implies
that e belongs to S,. Then e = m,(f), where
p—1 . p=1l .
f= Y (0lz®0lNa) = ¥ (04y ® 0y Na) € (Div(Xx) ® P)°.
§=0 i=0
It follows that div(E,) = d(e) = d(m«(f)) = 0, which proves (1).
Moreover, since deg(z) = deg(y) = 1 we have

deg(f) = (NaNm _NbNd) = L*(’I]) in (P*)G

In view of (B.7), this implies that §([E,]) = —7. We know from Lemma 5.1(2) that
7 # 0. This completes the proof of (2). O

Proof of Theorem 1.3. Replacing F' by a finite extension if necessary, we may sup-
pose that F' contains a primitive p-th root of unity . Let E := F(x,y), where x
and y are independent variables over F', let X be the Severi-Brauer variety of the
degree-p cyclic algebra (z,y) over E, and let L := E(X). Consider the following
elements of E*:

a=1—z, b=z, c=y, d=1-—y.
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We have (a,b) = (¢,d) = 0 in Br(E) by the Steinberg relations [Ser79, Chapter
XIV, Proposition 4(iv)], and hence (a,b) = (b,¢) = 0 in Br(L). Moreover, (b,c) # 0
in Br(E) because the residue of (b,c) along z = 0 is non-zero, while (b,¢) = 0 in
Br(L) by [GS17, Theorem 5.4.1]. Thus (a,b) = (b,¢) = (¢,d) = 0 in Br(L).

Consider the sequence of tori (4.1) over the ground field E, associated to the
scalars a, b, c,d € E* chosen above:

1-T—>P—S5—1
Let B, C Pp be the Tp-torsor given by the equation N,(u)Ny(v) = wP. By
Lemma 5.2(2), the torsor E,, is non-trivial over L. Now Corollary 4.5 implies that
the Massey product (a,b, c,d) is not defined over L. In particular, by Lemma 2.3,
the differential graded ring C* (', Z/pZ) is not formal. O
APPENDIX A. HOMOLOGICAL ALGEBRA
Let G be a profinite group, and let
(Al) 0—)AOOCHOA1Q—I>AQO¢—2)A3—>O

be an exact sequence of discrete G-modules. We break (A.1) into two short exact
sequences

0—A) 2% A, - A—0,
00— A— Ay 22 A3 — 0.

We obtain a homomorphism
(A.2) 0: Ker[H (G, A;) % HY(G, As)] — Coker[AS 22 AS]
defined as the composition of the map

Ker[HY (G, A;) 2% HY(G, Ag)] — Ker[HY (G, A) — HY (G, Ay)]

and the inverse of the isomorphism
(A.3) Coker[AS 22 AS] = Ker[HY(G, A) — H'(G, Ay)]
induced by the connecting homomorphism A — H1(G, A).
Lemma A.1. We have an exact sequence
HY(G, Ag) 2% Ker[H'(G, A1) 2% HY(G, As)] & Coker[AS — AS] — H*(G, Ay),

where the last map is defined as the composition of (A.3) and the connecting ho-
momorphism H' (G, A) — H*(G, Ay).

Proof. The proof follows from the definition of § and the exactness of (A.1). O
Consider a commutative diagram of discrete G-modules

Ag == A —4 Ay 2y Ay

o b, o,

(A.4) By Bo B, B1 B, B2 By

bl e b

CO Yo Ol Y1 CQ Y2 03
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with exact rows and columns. It yields a commutative diagram of abelian groups

AY = A§ —=— Af

I Lo

BE o BS — %, B¢
s I oL
c¢ 2L cf —2 - ¢f

l l

HY (G, A)) —=— HY(G, Ay)

where the columns are exact and the rows are complexes. Suppose that the con-
necting homomorphism 9;: C& — H'(G, A;) is surjective. We define a function

0': Ker[H' (G, A1) 2% HY(G, As)] — Coker(AS 22 AF)

as follows. Let z € H*(G, A;) such that a;(z) = 0 in H(G, As). By assumption,
there exists ¢; € O such that 9;(c1) = 2. By the exactness of the second column,
there exists by € BS such that ma(bs) = 71(c1). By the exactness of the first
column and the injectivity of 3, there exists a unique element ag € Ag such that

Ba(b2) = t3(az). We set
0'(2) = az + as(AS).
A diagram chase shows that 6’ is a well-defined homomorphism.

Lemma A.2. Let G be a profinite group, and suppose given an exact sequence
(A.1) and a commutative diagram (A.4) such that the connecting homomorphism
01: CF — HY(G, Ay) is surjective. Then 6 = —6'.

Proof. Let z € H*(G, A1) be such that a;(z) = 0 in H'(G, A3). Since the map
01: C¢ — HY(G, A) is surjective, there exists ¢; € C& such that 9;(c;) = 2. Let
by € B; be such that 7 (b1) = ¢1, and for all g € G let a14 be the unique element of
Ay such that ¢(a14) = gb—b. Then 01(c1) is represented by the 1-cocycle {aig} -

Define bs := (1(b1) and c2 := v1(c1), so that ma(by) = co. Since a1(z) = 0 is
represented by the cocycle {a1(aig)} ¢, We deduce that there exists as € Ay such
that ay(a14) = gag —as for all g € G. Tt follows that gbs — by = o (gaz — az) for all
g € G, that is, by — 12(az) belongs to BS'. Moreover, we have

ma(ba — t2(a2)) = ma(b2) = 71(c1).
Finally, we have
Ba(ba — 12(az)) = Ba(B1(b1)) — t3(aa(az)) = t3(—az(az)).

By definition, 6’(z) = —az(az) + az(AS). Note that as(as) belongs to AS because
for all g € G we have

gaz(az) — az(az) = az(gaz — az) = az(ai(aiy)) = 0.
For all g € G, let ag € A be the image of a14. The homomorphism
Ker[HY (G, A;) 2% HY(G, As)] — Ker[HY (G, A) — H' (G, Ay)]

induced by the map Ay — A sends the class of {aig} . to the class of {ag} .-
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The element ag € A is a lift of as(az). As gas —as = aq(a1y) for all g € G, the
injective map A — Ay sends a4 to gas —as for all g € G. Therefore, the connecting
homomorphism A — H'(G, A) sends as(az) to the class of {ag},cq- It follows
that the isomorphism

Coker[AS 22 AJ] = Ker[HY (G, A) — HY(G, Ay)]

induced by AY — H'(G, A) sends az(as) +az(AS) to the class of {ag},cq- By the
definition of @, we conclude that 6(z) = az(as) + as(AF) = —0'(2). O

APPENDIX B. UNRAMIFIED TORSORS UNDER TORI

Let F' be a field, let X be a smooth projective geometrically connected F-variety,
let K be a Galois extension of F' (possibly of infinite degree over F'), and let
G = Gal(K/F). We have an exact sequence of discrete G-modules
(B.1) 15 KX o K(X) 2 Div(Xg) 2 Pie(Xg) — 0,

where div takes a non-zero rational function f € K(X)* to its divisor, and A takes
a divisor on X to its class in Pic(Xg).

Let T be an F-torus split by K. Write T, for the cocharacter lattice of T it is
a finitely generated Z-free G-module. Tensoring (B.1) with T, we obtain an exact
sequence of G-modules
(B.2) 15 T(K) - T(K(X)) L% Div(Xg) ® T 2 Pie(Xg) @ T, — 0,

where we have used the fact that K* @ T, = T(K).
We define the subgroup of unramified torsors
HYG,T(K(X)))n = Ker[H (G, T(K(X))) 2% HY(G, Div(Xx ® T}))].

The sequence (B.1) is a special case of (A.1). In this case, the map 6 of (A.1) takes
the form

(B.3) 0: H' (G, T(K(X)))n — Coker[Div(Xg) ® T 2 Pic(Xk) ® T
Proposition B.1. We have an exact sequence

HYG,T(K)) —» HY(G, T(K(X)))nr & Coker[(Div(Xg) ® T.)¢ 2 (Pic(Xx) ® T.)C] — H(G, T(K)),
where the first map and the last map are induced by (B.2).

Proof. This is a special case of Lemma A.1. O

By Lemma A.2, the map 6 may be computed as follows. Let
(B.4) 1-THP5S—1

be a short exact sequence of F-tori split by K such that P is a quasi-trivial torus.
Passing to cocharacter lattices, we obtain a short exact sequence of G-modules

(B.5) 0T, P, 5, —0.

We tensor (B.1) with T, P, and S, respectively, and pass to group cohomology
to obtain the following commutative diagram, where the columns are exact and the
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rows are complexes:

Div((Xg) ® T.)¢ —2— (Pic(Xg) @ T.)¢

P(F(X)) — % (Div(Xg)® P,)¢ —2— (Pic(Xk) ® P,)¢
S(

Jm lm .
(

)) di
F(X)) — I Div(Xg) ®5,)¢ —2— (Pic(Xk) ® S,)C

L 2
HYG,T(K(X))) 2% HY(G,Div(Xg @ T,)).

Note that Gal(K(X)/F(X)) = G. Therefore H'(G, P(K(X))) is trivial, and hence
0: S(F(X)) = HYG,T(K(X))) is surjective.

Let 7 € HY(G, T(K(X)))ur, choose 0 € S(F(X)) such that 9(c) = 7. Then pick
p € (Div(Xg) ® P.)Y such that 7.(p) = div(c), and let ¢ be the unique element in
(Pic(Xg) ® T.)9 such that A(p) = t.(t). Lemma A.2 implies
(

B.7) 0(r) = —t.

Finally, suppose that K = F} is a separable closure of F', so that G = ', and
write X for X xp Fy. The exact sequence (B.2) for K = F; takes the form

(B.6)

(B.8) 15 T(F,) = T(Fs(X)) 2% Div(X,) ® T, 2 Pic(X,) ® T, — 0.

We have the inflation-restriction sequence

0= HYF,T(F,(X)) 25 gY(F(X),T) B HY(F,(X), T).

Since T is defined over F, it is split by Fs, and hence by Hilbert’s Theorem 90 we
have H'(F,(X), T)=0. Thus the inflation map H*(F, T(Fy(X))) — HY (F(X),T) is
an isomorphism. We identify H'(F,T(F(X))) with HY(F(X),T) via the inflation
map. If we define
HYF(X),T)u = Ker[H (F(X),T)
the map 6 of (A.2) takes the form
0: HY(F(X),T)n — Coker[Div(X,) ® Ty — Pic(X,) ® T.].

A, HY(F,Div(X,) ® T.)],

Corollary B.2. We have an exact sequence
HYF,T) — HY(F(X),T)u 4 Coker[(Div(X,) ® T,)F'F EN (Pic(X,) @ T,)YF] — H2(F,T),
where the first and last map are induced by (B.8).

Proof. This is a special case of Proposition B.1. O
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