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ABSTRACT. Let p be a prime number, let G be a profinite group, let 8: G — Z;,(
be a continuous character, and for all n > 1 write Z/p™Z(1) for the twist
of Z/p™Z by the G-action. Suppose that (G, 0) satisfies a formal version of
Hilbert’s Theorem 90: for all open subgroups H C G and every n > 1, the map
HY(H,Z/p"Z(1)) — H'(H,Z/pZ(1)) is surjective. We show that the Massey
Vanishing Conjecture for triple Massey products and some degenerate fourfold
Massey products holds for G. A key step in our proof is the construction of a
Hilbert 90 module for (G, 0): a discrete G-module M which plays the role of the
Galois module F;ép for the absolute Galois group of a field F' of characteristic
different from p.

1. INTRODUCTION

Let G be a profinite group and p be a prime number. The cohomology ring
H*(G,Z/pZ) carries a multiplication, called cup product, as well as higher-order
operations, called Massey products. When G = I'p is the absolute Galois group
of a field F' containing a primitive p-th root of unity, the Norm-Residue Isomor-
phism Theorem of Voevodsky and Rost [HW19] describes the cup product on
H*(T'p,Z/pZ) by giving a presentation by generators and relations.

If x1,---,Xn € HYG,Z/pZ), the Massey product of xi,...,Xn is a certain
subset (x1,...,Xn) C H?(G,Z/pZ); see Section 5 for the definition. We say that
(X1, Xn) is defined if it is not empty, and that it vanishes if it contains 0. Massey
products are the object of the Massey Vanishing Conjecture, due to Mind¢—Tan
[MT17] and inspired by earlier work of Hopkins—Wickelgren [HW15].

Conjecture 1.1 (Mind¢-Téan). For every field F, every prime p, every n > 3 and
all X1, ..., Xn € HY(Up,Z/pZ), if the Massey product (X1, ..., Xn) C H*(Ur,Z/pZ)
is defined, then it vanishes.

Conjecture 1.1 is motivated by the Profinite Inverse Galois Problem, that is, the
open problem of determining which profinite groups are absolute Galois groups of
fields. Indeed, the Conjecture predicts a new restriction for a profinite group to be
an absolute Galois group.

Conjecture 1.1 has attracted a lot of attention in recent years, and has been
established in a number of cases. It is known when n = 3, by Hopkins—Wickelgren
[HW15] when F' is a number field and p = 2, and by work of Efrat—Matzri and
Mind¢-Téan [Mat18, EM17, MT16] in general. It is also known when n = 4 and
p = 2: when F is a number field this is due to Guillot—Mina¢-Topaz—Wittenberg
[GMT18], and when F' is arbitrary to [MS23]. When F' is a number field, the
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conjecture has been proved for all n > 3 and all primes p by Harpaz—Wittenberg
[HW23].

In this paper, we investigate the Massey Vanishing Conjecture for all profinite
groups which satisfy a formal version of Hilbert’s Theorem 90. As we now explain,
this class of profinite groups contains all absolute Galois groups but is substantially
larger.

Let p be a prime number, and denote by Z,, the topological ring of p-adic integers,
with the p-adic topology. Let (G,0) be a p-oriented profinite group, that is, a
profinite group G equipped with a continuous group homomorphism 6: G — Z.
For all n > 1, we write Z/p"Z(1) for the G-module with underlying abelian group
Z/p"Z and where G acts by multiplication via §. We say that (G, 0) satisfies formal
Hilbert 90 if, for all n > 1 and all open subgroups H C G, the reduction map

H'(H,Z[p"Z(1)) — H'(H, Z/pZ(1))

is surjective. In the literature, the p-oriented profinite groups (G,0) satisfying
formal Hilbert 90 are sometimes called 1-cyclotomic; see e.g. [DCF22, Definition
4.1] or [BCQ23, Definition 2.9(ii)].

It is a consequence of Hilbert’s Theorem 90 that for every field F' of characteristic
different from p, letting I'r be the absolute Galois group of F' and 0p: I'r — Z)
be the canonical p-orientation (the cyclotomic character), the pair (I'p,0F) is a p-
oriented profinite group which satisfies formal Hilbert 90; see Example 2.2. Other
profinite groups admitting a p-orientation satisfying formal Hilbert 90 are: étale
fundamental groups of semilocal Z[1/p]-schemes, affine F,-schemes, and smooth
curves over algebraically closed fields; see [DCF22, Propositions 4.9, 4.10, 4.11].

Question 1.2. Let p be a prime number, let n > 3 be an integer, and let G be a
profinite group. Suppose that there exists a p-orientation 0 of G such that (G,0)
satisfies formal Hilbert 90. Is it true that, for all x1,...,Xxn € H'(G,Z/pZ), if the
Massey product (x1,...,xn) C H*(G,Z/pZ) is defined, then it vanishes?

We show that the answer to Question 1.2 is affirmative when n = 3.

Theorem 1.3. Let p be a prime number, let (G,0) be a p-oriented profinite group
satisfying formal Hilbert 90 and let x1,X2,x3 € H*(G,Z/pZ). The following are
equivalent:

(1) x1Ux2 =x2Uxs =0 in H*(G,Z/pZ);

(2) the mod p Massey product (x1,Xz2,Xx3) s defined;

(8) the mod p Massey product (x1, X2, Xx3) vanishes.

Theorem 1.3 confirms a conjecture of Quadrelli [Qua2l, Conjecture 1.5]; see
Remark 6.2.

We also show that the answer to Question 1.2 is affirmative for certain degenerate
mod 2 fourfold Massey products of the form (x1, X2, X3,X1). The importance of
these Massey products stems from the fact that they need not be defined even when
X1Ux2 =x2Uxs =x3Ux1 =0in H*(G,Z/27Z); see [GMT18, Example A.15] and
[MS22, Theorem 1.4].

Theorem 1.4. Let (G,0) be a 2-oriented profinite group satisfying formal Hilbert
90 and let x1, X2, X3 € HY(G,Z/27Z). If the mod 2 Massey product (X1, X2, X3, X1)
is defined, then it vanishes.
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In the case of absolute Galois groups, this had been proved in [MS22, Theorem
1.3] by using quadratic forms theory (in particular, the theory of Albert forms as-
sociated to biquaternion algebras) and a number of facts on quaternion algebras
split by a biquadratic extension (see [MS22, Appendix A]). Theorem 1.4 general-
izes [MS22, Theorem 1.3] and shows that the latter can be proved using Hilbert’s
Theorem 90 only.

We proved Conjecture 1.1 for n = 4 and p = 2 in [MS23, Theorem 1.2]. The proof
used tools from algebraic geometry which go beyond Hilbert 90. For this reason,
we do not know whether the result can be generalized to 2-oriented profinite groups
satisfying formal Hilbert 90.

Our proofs of Theorems 1.3 and 1.4 are based on the notion of Hilbert 90 module.
This is a p-divisible G-module M whose p-primary torsion subgroup is isomorphic
to the colimit of the Z/p"Z(1), where n > 1, and such that H'(H, M) = 0 for every
open subgroup H of G. If F is a field of characteristic not p, the I'p-module F,
is a Hilbert 90 module for (I'r,fF). The definition of Hilbert 90 module is quite
natural but, to our knowledge, had not yet appeared in the literature.

If (G,0) admits a Hilbert 90 module, then it is not difficult to show that it
satisfies formal Hilbert 90. It turns out that the converse is also true.

Theorem 1.5. Let (G,0) be a p-oriented profinite group. Then (G,0) satisfies
formal Hilbert 90 if and only if it admits a Hilbert 90 module.

By working with a Hilbert 90 module, we are able to generalize many famil-
iar properties of the Galois cohomology of fields to the cohomology of p-oriented
profinite groups satisfying formal Hilbert 90.

We conclude the Introduction with a summary of the content of each section. In
Section 2, we introduce p-oriented profinite groups, the formal Hilbert 90 property
and Hilbert 90 modules, and we prove some basic properties. In Section 3, we prove
that a standard Galois cohomology sequence extends to the context of p-oriented
profinite groups admitting a Hilbert 90 module; see Proposition 3.2. Section 4
is devoted to the proof of Theorem 1.5. The definition and basic properties of
Massey products are recalled in Section 5. We prove Theorem 1.3 in Section 6 and
Theorem 1.4 in Section 7. In the final Section 8, we illustrate Theorem 1.3 by a
simple example; see Proposition 8.1.

Notation. Let G be a profinite group. A topological G-module is an abelian
Hausdorff topological group on which G acts continuously on the left. A discrete
G-module is a topological G-module which carries the discrete topology. In this
article, the term G-module will always refer to a discrete G-module.

If Ais a G-module, we write A® for the subgroup of G-invariant elements of
A. For all i > 0 we write C'(G, A), (resp. Z'(G,A)) for the group of mod p
non-homogeneous degree-i continuous cochains (resp. cocycles) of G, and we write
Hi(G, A) for the i-th cohomology group of A. If H C G is an open subgroup, we
write Res$: H(G,A) — H'(H,A) for the restriction maps, Cor&: Hi(H, A) —
Hi(G, A) for the corestriction maps (for i = 0, this is the norm map Ng/u: AH
A%), and, when H is also normal, Infg/H: HY(G/H,A") — HY(G,A) for the
inflation maps.

If H is a closed subgroup of G and B is an H-module, we write Indg(B) for
the G-module induced by B: it consists of all continuous maps x: G — B such
that x(hg) = ha(g) for all g € G and h € H, and g € G acts on it by the formula
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(g-2)(g") = x(g'g) for all ¢ € G. If A is a G-module, we have an injective
homomorphism of G-modules

(1.1) i: A— Ind$(A), (ta)(g) = ga for all g € G

and, if H is an open subgroup G, a homomorphism of G-modules

(1.2) v: Ind%(A) — A, v(z) = Z gr(g™h).
gHeG/H

For any closed subgroup H of G, the G-modules Ind% (A) and Homgz(Z[G/H], A)
are canonically isomorphic.

If A is an abelian group, n > 1 is an integer, and p is a prime number, we denote
by A[n] the n-torsion subgroup of A and by A{p} be p-primary torsion subgroup
of A. If p is a prime number, we write Z, for the ring of p-adic integers, and Z,)
for the localization of Z at p.

2. THE FORMAL HILBERT 90 PROPERTY AND HILBERT 90 MODULES

2.1. Oriented profinite groups. Let p be a prime number, let G be a profinite
group, and let 6: G — Z) be a continuous group homomorphism. We call ¢ a
p-orientation of G and the pair (G, 0) a p-oriented profinite group.

We write Z,(1) for the topological G-module with underlying topological group
Z, and where G acts via 0, that is, g- v :== 0(g)v for every g € G and every v € Z,.
For all n > 0, we set Z/p"Z(1) == Z,(1)/p"Z,(1).

We say that (G, ) is cyclotomic if the image of 6 is contained in 1 + pZ,. The
pair (G, 0) is cyclotomic if and only if the G-action on Z/pZ(1) is trivial. Every
2-oriented profinite group is cyclotomic.

Example 2.1. Let F' be a field and write I'p for the absolute Galois group of F.
We define the canonical p-orientation 8p on I'r as follows. If char(F) # p, we
define 0 as the continuous homomorphism 0p: I'r — Z, given by g(() = ¢or(9)
for every root of unity ¢ of p-power order. If char(F) = p, we let 0z be the trivial
homomorphism. The pair (I'r,0r) is a p-oriented profinite group.

2.2. The formal Hilbert 90 property. Let (G,0) be a p-oriented profinite group.
We say that (G, 0) satisfies formal Hilbert 90 if for every open subgroup H C G and
all n > 1 the reduction map H'(H,Z/p"Z(1)) — H'(H,Z/pZ(1)) is surjective.

Example 2.2. Let F be a field, let ' be the absolute Galois group of F'; and let
O be the canonical orientation on I'p defined in Example 2.1. We now show that
(T'p,0F) satisfies formal Hilbert 90. Let H C I'r be an open subgroup, and set
L= (Fep)”

(1) Suppose that char(F) # p. By Kummer Theory, for all n > 1 the reduction
map HY(H,Z/p"Z(1)) — H'(H,Z/pZ(1)) is identified with the projection map
L*/L*P" — L*/L*P, and in particular it is surjective.

(2) Suppose that char(F) = p. For all n > 1, we have H*(H,Z/p"'Z) = 0
because L has cohomological p-dimension < 1; see [Ser02, §2.2, Proposition 3]. The
short exact sequence

0— Z/p" 7 — Z/p"Z — T/pZ — 0
now implies the surjectivity of the reduction map H'(H,Z/p"Z) — H'(H,Z/pZ).
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The group Z, acts on the abelian group Q/Z,) by multiplication. We let S be
the G-module whose underlying abelian group is Q/Z,) and on which G acts via
. For all n > 1, we have an isomorphism of G-modules Z/p"Z(1) — S[p"] given
by a + p"Z +— a/p" + Zp). Therefore, S is the colimit of the Z/p"Z(1) for n > 1.

For every n > 1, the map S — S given by multiplication by p”~! restricts to
a surjective G-module homomorphism S[p"] — S[p]. Then (G, 0) satisfies formal
Hilbert 90 if and only if for every open subgroup H C G and all n > 1 the induced
map H'(H,S[p"]) — H'(H, S[p)]) is surjective.

Lemma 2.3. Let (G, 0) be a p-oriented profinite group which satisfies formal Hilbert
90. Then for every open subgroup H C G and every n > 1 the maps

ZN(H, S[p"]) = ZN(H, Sp "),  H'(H,SP") — H'(H,Sp ).
are surjective.

Proof. We first prove the surjectivity of H'(H,S[p"]) — H'(H, S[p"~!]) by induc-
tion on n > 1. The case n = 1 is trivial. Now let n > 2, and suppose that the
statement is true for n — 1. We have a commutative diagram with exact rows

0 — S[p"] Sp"] —— Syl 0
| P
0 —— S[pn?] —— S[p"7Y P Sp] 0.

Passing to cohomology, we obtain the diagram
HI(H7S[pn_1]) EE— HI(H7S£an e Hl(H7 S[pD

| | |

H'(H, S[p"~?]) —— H'(H,S[p""']) —— H'(H, S[p)),

where the rows are exact, the top-right horizontal map is surjective because (G, 0)
satisfies formal Hilbert 90, and the left vertical map is surjective by inductive
assumption. A diagram chase now shows that the middle vertical map is surjective.
The conclusion follows by induction on n.

We now prove the surjectivity of the map Z'(H, S[p"]) — Z'(H, S[p"~!]) for all
n>1. Let 0 € ZY(H, S[p"~!]). Since the map H'(H, S[p"]) — H*(H,S[p"1)) is
surjective, there exist 7 € Z1(H, S[p"]) and a € S[p" 1] such that for all h € H we
have pr(h) — o(h) = (h — 1)a in S[p"~!]. Let b € S[p"] be such that a = pb, and
define & € Z'(H, S[p"]) by (h) = 7(h) — (h — 1)b for all h € H. Then ps = o, as
desired. O

2.3. Hilbert 90 modules. Let (G, 0) be a p-oriented profinite group. A Hilbert
90 module for (G, 0) is a discrete G-module M such that
(i) pM = M,
(ii) M{p} ~ S as G-modules, and
(iii) H'(H, M) =0 for any open subgroup H C G.
The definition of Hilbert 90 module is modeled on the following example.

Example 2.4. Let p be a prime number, let F' be a field of characteristic different
from p, let T'r be the absolute Galois group of F', and let # be the canonical
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orientation on I'r; see Example 2.1. Tt follows from Hilbert’s Theorem 90 that F5,
is a Hilbert 90 module for (I'r,6F).

Lemma 2.5. Let (G, 0) be a p-oriented profinite group, and let M be o Hilbert 90
module for (G,0). Then M is also a Hilbert 90 module for (H,0|g) for every closed
subgroup H of G.

Proof. Since properties (i) and (ii) of the definition of Hilbert 90 module are clearly
preserved by passing to subgroups, we need only check (iii). Let H' be an open
subgroup of H. Then H’ is equal to the intersection of all the subgroups H'N,
where N ranges over all open normal subgroups of G. By [Koc02, Theorem 3.16],
we have

HY(H' M) = colim HY(H'N,M) =0,

where we have used the fact that if NV is open in G, then so is H'N. O

We conclude this section by generalizing two basic properties of Galois cohomol-
ogy to profinite groups admitting a Hilbert 90 module.

Lemma 2.6. Let (G,0) be a p-oriented profinite group, let M a Hilbert 90 module
for (G,0), and let a € MC. For all g € G — G,, we have an exact sequence

G/Ga

—1 N,
MG Iy MG 220 M©

This is a generalization of Hilbert’s Theorem 90 for degree-p cyclic extensions.

Proof. We may assume that G, # G. Let C = G/G,, let ¢ € G — G,, and let
o = gG, € C. Thus C is a cyclic group of order p, generated by o, and M%a
is naturally a C-module. By [NSWO08, Proposition (1.2.6) and end of p. 23], the
homology of the complex in the statement is isomorphic to the Tate cohomology
group H~1(C, MC=). It thus suffices to show that H~'(C, M%) is trivial.

By [NSWO08, Proposition (1.6.7)], the inflation map H'(C, M%) — HY(G, M) is
injective. Since M is a Hilbert 90 module for (G, ), the group H'(G, M) is trivial,
and hence H'(C, M%) is also trivial. Since C is a finite cyclic group, by [NSWO08,
Proposition (1.7.1)] the group H~'(C,MS*) is isomorphic to H'(C,MC*), and
hence it is also trivial, as desired. ([l

Let (G, 6) be a cyclotomic p-oriented profinite group, and let M be a Hilbert 90
module for (G,0). We fix an injective homomorphism ¢: Z/pZ < M. The short
exact sequence

(2.1) 0= Z/pZ - M2 M0
induces an exact sequence
(2.2) M 2 MC 2 HY(G, Z/pZ) — 0.

For all a € MY, we set x, = O(a) and G, := Ker(x,). The exactness of (2.2)
amounts to the following statement: Every x € H'(G,Z/pZ) is of the form Y, for
some a € MY, uniquely determined up to an element of p(M%).

Example 2.7. We maintain the notation of Example 2.4. The pair (I'r,0p) is
cyclotomic if and only if F' contains a primitive p-th root of unity. A choice of a
primitive p-th root of unity ¢ € F' determines an injection ¢: Z/pZ — Fg,. The map

9: F* — HY(T'p,Z/pZ) of (2.2) sends a € F* to the character x,: 'r — Z/pZ
determined by g(a) = ¢X«9q for all a € FX

sep”
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Lemma 2.8. Let (G,60) be a cyclotomic p-oriented profinite group, let M be a
Hilbert 90 module for (G,0), and let a,b € MC. Let w, € H*(G,Z) be the Bock-
stein of xa € H'(G,Z/pZ), that is, the image of xo under the connecting homomor-
phism HY(G,Z/pZ) — H?*(G,Z) associated to the short exact sequence of trivial
G-modules

0—Z 27— 7/pZ — 0.
Then the map H?*(G,Z/pZ) — H?(G, M) sends xq U Xy to bUw,.
When G is the absolute Galois group of a field of characteristic different from
p, Lemma 2.8 reduces to a well-known property of the Brauer group of a field; see

[Ser79, XIV.§2 Proposition 5], whose proof adapts to our more general situation
without essential changes.

Proof. Let 8 € M be such that pg = b. By definition, b U w, is represented by the
2-cocycle G — M which sends a pair (g,h) € G x G to

ﬂ U (ia(g) + %a(h) - %a(gh))v

where X, : G — 7 is a function lifting x,. The anticommutativity of the cup product
gives xqo U Xp = —Xp U Xqo- Using the formula for the cup product of two 1-cocycles
of [CE56, p. 221], the image of —x, U x4 in H?(G, M) may be represented by the
2-cocycle which sends a pair (g,h) € G X G to

_(95 - B))?a(h>
The difference of these two cocycles sends a pair (g,h) € G x G to
gﬂ U ia(h) - 5 U %a(gh) + ﬂ U %a(g)'
This is the coboundary of the 1-cochain which sends g € G to 8U X.(9). O

3. THE STANDARD EXACT SEQUENCE

Lemma 3.1. Let (G,0) be a cyclotomic p-oriented profinite group, let M be a
Hilbert 90 module for (G,6), and let H be an open subgroup of G. We have a
commutative square

MH 2 HY(H,7/pZ)
lNG/H lCorg
MS¢ 2 HY(G,Z/pZ),
where the horizontal maps come from (2.2).

Proof. This follows from the fact that Corg commutes with connecting homomor-
phisms (see [NSWO08, Proposition (1.5.2)]) and the fact that Cor$ coincides with
Ng/g in degree 0 (see [NSWO8, §5, 4. p.47]). O

Proposition 3.2. Let (G, 0) be a p-oriented profinite group that admits a Hilbert
90 module. Let x : G — Z/pZ be a character and H = Ker(x). Then the sequence

H'(H,Z/pZ) <% HY(G,2/pZ) 2% H*(G,Z/pZ) *= H?(H,Z./pZ)

s exact.
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Proof. Let G' .= 0~Y(1+pZ,), let X' = x|g, and let H' := Ker(x') = HNG'. Note
that G’ is an open subgroup of G, the index [G : G'] divides p — 1 and (G’,0|¢")
is cyclotomic. Since p does not divide [G : G'] and [H: H'], for all i > 0 the
compositions

HY(G,Z/pZ) 2 H (G, 2./pZ) <% HY(G,Z/pZ)

and
Res Cor

H'(H,Z/pZ) == H'(H',Z/pZ) = H'(H,Z/pZ)
are isomorphisms. Therefore the sequence of Proposition 3.2 induced by x is a
direct summand of the sequence induced by x’. In particular, if the latter is exact,
so is the former. Replacing (G, 0) by (G',0|¢/), we may thus assume that (G, 0) is
cyclotomic.

The conclusion is clear if x = 0, hence we may assume that y # 0. We first
prove exactness at H?(G,Z/pZ). Let C = G/H, so that C is a cyclic group
of order p, and let ¥ : C — Z/pZ be the homomorphism induced by x. Let
M be a Hilbert 90 module for (G,#), fix an inclusion ¢: Z/pZ — M, and write
te: H*(G,Z/pZ) — H?(G, M) for the induced map.

Let a € H%(G,Z/pZ) be such that Res$ (o) = 0, and set oy = 1, (). Since
HY(H,M) = 0, by [NSW08, Proposition (1.6.7)] the sequence

0— HX(C, M7y 25 H2(G, M) 2= H2(H, M)

is exact. As « restricts to zero on H, so does aq, and so there is as € H2(C, MH)
such that oy = Inf&(as). Let

B: H'(G,Z/pZ) — H*(G,Z),  B: H'(C,Z/pZ) — H*(C,Z),
be the connecting homomorphisms associated to the short exact sequence
0= Z5 72— 7/pZ — 0,

viewed as a sequence of trivial G-modules and trivial C-modules, respectively. Since
cup products commute with inflation maps (see [NSWO08, Proposition (1.5.3)(ii)]),
we have a commutative square

UB(x

10, MH)y L% g )

Inf llnf

HO(G, M) 2N B2 (@ .

Note that HO(C,M¥") = HO(G,M) = M%. As the group C is cyclic, the top
horizontal map is surjective; see [NSWO08, Proposition (1.7.1)]. Thus, there exists
m € MY such that m U B(Y) = az in H?(C, M), and hence m U B(x) = a; in
H?*(G,M).

By [GS17, Proposition 3.4.9] applied to the pairing of G-modules M x Z — M
given by (v,n) — nv, the diagram

HY(G, M[p]) ® HY(G,Z/pZ) —— H?*(G,Z/pZ)

I L J-

H(G,M)® H*(G,Z) —=— H*(G, M),
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is anti-commutative, that is, 1,(0(v) Ut) = —vU B(3) for all v € HY(G, M) = M%
and ¢ € HY(G,Z/pZ). Therefore

to(a) = a1 =mUB(x) = —t(0(m) U x) = tu(—0(m) U x).

Since H (G, M) = 0, the map ¢, is injective, and hence o = —9(m)Ux. This proves
exactness at H?(G,Z/pZ). Finally, by [MS82, Proposition 15.5], the sequence is
also exact at H'(G,Z/pZ). O

Corollary 3.3. Let (G, 0) be a p-oriented profinite group and let M be a Hilbert 90
module for (G,0). Let a,b € MY be such that xq U xp = 0 in H*(G,Z/pZ). Then
there exists « € MY such that Ng ¢, (o) = b in MY,

Proof. By Proposition 3.2 applied to x = x4, there exists ¢ € H'(G,,Z/pZ) such
that Corga (¥) = xp. Let o/ € MY be such that ¢ = y. By Lemma 3.1, we
have Ng,c, (o) = b+ pu for some u € M. Define a := o/ —u € M. Then
Ngja, () = b, as desired. O

4. PROOF OF THEOREM 1.5

Proof of Theorem 1.5. Suppose first that (G,0) admits a Hilbert 90 module M.
We have a commutative diagram of G-modules with exact rows

0 —— S[p"] ML= M 0
L
0 S[p| ML M 0.

Therefore, for every open subgroup H of G, we obtain a commutative diagram with
exact rows

MH — 5 HY(H,S[p"]) — H'(H, M)
| b
MH — HY(H,S[p]) —— H(H, M).

Since H'(H, M) = 0, we deduce that the map H'(H,S[p"]) — H(H,S[p]) is
surjective, as desired.

Conversely, suppose that the pair (G, ) satisfies formal Hilbert 90. Let H be
an open subgroup of G, and fix o € Z'(H, S[p]). By Lemma 2.3, we may find a
sequence (0y,),>1, where o, € Z'(H, S[p"]), 01 = o and the map Z'(H, S[p"]) —
ZY(H,S[p"1]) sends o, to 0,1 for all n > 2.

Lemma 4.1. Write &, for the image of o, under Z'(H,S[p"]) — Z'(H,S). For
alln > 1 and all © € Zp), we have TG, = pTo,41 N ZY(H,S).

Proof. We have a commutative square H-modules
Sp"] —— S

Poob

S[pn1] —— S.
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Passing to cocycles, we get a commutative square

ZV(H, S[p"]) —— Z'(H, S)

| I

ZY(H,S[p" ) —— Z'(H,S),
from which the conclusion follows. O

Consider the uniquely divisible group Qy = ®,Qu,, where o ranges over all
elements of Z(H, S[p]) and the u, are formal symbols.

We now define an H-module Mpy. As an abelian group, My = S ® Qg. The
group H acts on My as follows: for all h € H, 0 € Z'(H,S[p]), s€ S, a € Q, ifn
is a positive integer such that p™a € Z), then

(4.1) h(s,auy,) = (0(h)s + p"az, (h), au,).

By Lemma 4.1, this definition is independent on the choice of n. We have a short
exact sequence of H-modules

(4.2) 0—-S—>Myg—Qyg—0,

where the map S — My is the inclusion into the first factor and the map My — Qg
is the projection onto the second factor.

Lemma 4.2. The map H'(H, S[p]) = H'(H, Mg[p]) — H'(H, My) is trivial.

Proof. Let o € Z*(H, S[p]) be a 1-cocycle, and set m, = (0, %ua) € My. By (4.1),
for all h € H we have (h—1)m, = (G1(h),0) = (5(h),0), that is, the image of ¢ in
ZY(H, M) is equal to the coboundary of m,,. O

Consider the following diagram of short exact sequence of G-modules

0 —— Indg(S) R Indg(MH) — Indg(QH) —0

w bl |

0 S My d$(Qy) — 0,

where the top row is induced by (4.2), v is the map of (1.2) for A = S, and My
is defined as the pushout of the left square. If N is an H-module, the induced
G-module Ind% (N) is a G-module whose underlying abelian group is a direct sum
of [G : H] copies of N. In particular, the functor Ind% (—) is exact. This explains
the exactness of the top row in (4.3).

Lemma 4.3. The map H'(H, S[p|) = H'(H, My[p)) — H*(H, My) is trivial.

Proof. This follows from the fact that the inclusion of S[p| = My [p] into My factors
as the composition of the H-module homomorphisms

S[p] = My — Ind$(My) — My
and the homomorphism H'(H, S[p]) — H'(H, My) is trivial by Lemma 4.2. O
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Consider the following diagram of G-modules with exact rows

00— @pceS —— Ouce My — Byeendf(Qy) —— 0

(4.4) | | H

0 S M D e ndf (Qn) — 0.

Here H ranges over all open subgroups of G, the top row is the direct sum of the
bottom rows in (4.3), the left vertical map is the identity on every summand, and
M is defined so that the left square is a pushout.

Lemma 4.4. The G-module M is a Hilbert 90 module for (G,0).

Proof. By (4.4), the G-module M is an extension of a uniquely divisible G-module
by the p-primary torsion G-module S. It follows that M is divisible and uniquely
divisible by all primes p’ # p. In particular, M = pM and My,s = S.

Let H C G be an open subgroup. By (4.4), the embedding of S into M factors
as S — M g — M. Therefore, by Lemma 4.3, the homomorphism

H'(H,S[p]) = H'(H,M[p]) - H'(H,M)
is trivial. The short exact sequence
0—Spl = M=EZ M0
yields an exact sequence
H'(H,S[p|) - H'(H,M) % H'(H, M).

Since the first homomorphism is trivial, this implies that H'(H, M)[p] = 0. For
all primes p’ # p, the subgroup H'(H, M)[p'] is trivial because M is uniquely
p/-divisible. We conclude that H'(H, M) = 0. This completes the proof. O

By Lemma 4.4, the p-oriented profinite group (G, 8) admits a Hilbert 90 module.
This completes the proof of Theorem 1.5. a

Corollary 4.5. Let (G,0) be a p-oriented profinite group that satisfies formal
Hilbert 90. Let x : G — Z/pZ be a character and set H := Ker(x). Then the
sequence

H'(H,Z/pZ) =% HY(G,Z/pL) =5 H*(G,Z/pL) == H*(H,Z/pL)

s exact.

Proof. Combine Theorem 1.5 and Proposition 3.2. (]

Remark 4.6. When p = 2 the sequence of Corollary 4.5 is exact for all profinite
groups G, as it is part of the long exact sequence associated to

0 — Z/27 — d$(Z/27) — 7./27 — 0.
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5. MASSEY PRODUCTS IN GROUP COHOMOLOGY

5.1. Massey products. Let (A4,9) be a differential graded ring, i.e, A = @;>¢A’
is a non-negatively graded abelian group with an associative multiplication which
respects the grading, and 0: A — A is a group homomorphism of degree 1 such
that 909 = 0 and d(ab) = d(a)b+ (—1)'ad(b) for alli > 0, a € A* and b € A. We
denote by H*(A) := Ker d/Im 0 the cohomology of (4, d), and we write U for the
multiplication (cup product) on H*(A).

Let n > 2 be an integer and a1, ...,a, € H'(A). A defining system for the n-th
order Massey product (ai,...,an) is a collection M of elements of a;; € Al where
1<i<j<n+1,(i7)#(1,n+1), such that

(1) d(a;it1) =0 and a; ;41 represents a; in H'(A), and
(2) ai;) = — S i_, 1 agay for all i < j — 1.

It follows from (2) that — Z?:z a110; n41 18 a 2-cocycle: we write (a1,...,an) M
for its cohomology class in H2(A), called the value of (a1, ...,a,) corresponding
to M. By definition, the Massey product of ay,...,a, is the subset {(ai,...,a,)
of H?(A) consisting of the values (ay,...,a,)a of all defining systems M. We
say that the Massey product (ai,...,a,) is defined if it is non-empty, and that it
vanishes if 0 € {(a1,...,a,).

Lemma 5.1. Let A be a differential graded ring and let ay, . ..,a, € H*(A). Sup-
pose that the Massey product {(ai,...,ay,) is defined and that a = 0 for at least one
ke {l,...,n}. Then the Massey product {a,...,a,) vanishes.

Proof. We follow the proof [Fen83, Lemma 6.2.4]. Let (a;;); ; be a defining system
for (a1,...,an). Set bj; = a;; if i > k or j < k, and set b;; =0 if i <k < j. Then
(bij)i,; is a defining system for (ai,...,a,). Moreover, for all 2 < I < n we have
bibint1 = 0, and hence Y, bybynt1 = 0. Thus (ay,...,a,) vanishes. O

5.2. Dwyer’s Theorem. Let G be a profinite group and let p be a prime number.
The complex (C*(G,Z/pZ),0) of mod p non-homogeneous continuous cochains of
G with the standard cup product is a differential graded ring. Thus the cohomology
ring H*(G,Z/pZ) = H*(C*(G,Z/pZ), ) is endowed with Massey products.

Let Uy41 C GLy+1(F,) be the subgroup of all upper-triangular unipotent ma-
trices. For all 1 < ¢ < j < n+ 1, we denote by w; ;: U,y1 — Z/pZ the (i,7)-th
coordinate function on U,yi. The functions w;; are group homomorphisms only
when j =i+ 1. The center Z, 11 of U,1 is the subgroup of all matrices such that
u;; = 0 when (7,7) # (1,n+1). We fix an identification Z, 1 ~ Z/pZ by letting
1 correspond to the matrix in Z,,4+1 with 1 on the top-right corner. We obtain a
commutative diagram

1 Z/pZ Un+1 Upgr 1

(5.1) \& J

Z/pL)"

where the row is a short exact sequence and the homomorphism U,, 11 — (Z/pZ)™ is
given by (u1,2,u2,3, ..., Un,nt+1). The group U,,+1 may be identified with the group
of all upper triangular unipotent matrices of size (n + 1) x (n + 1) with the entry
(1I,m 4+ 1) omitted.
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The following characterization of Massey products in group cohomology is due
to Dwyer [Dwy75].

Theorem 5.2. Let p be a prime number, let G be a profinite group, let x1,..., Xn
be in HY(G,Z/pZ), write X = (X1,---,Xn): G — (Z/pZ)"™ for the induced homo-
morphism, and consider the mod p Massey product (x1,...,Xn)-

(i) If X : G — Upy1 is a continuous homomorphism lifting x, then the collection
of 1-cochains My = {u; j o X} forms a defining system for (xi,...,Xn)-

(i1) There is a bijective correspondence between continuous lifts of x and defining
systems for (x1,...,Xn), given by sending a lift X : G = Up41 to M.

(iii) Let X: G — Un11 be a continuous lift of x. Then the value of My is equal
to —x*(u) € H*(G,Z/pZ), where v € H*(U,y1,Z/pZ) is the class of the short
exact sequence of (5.1)

(iv) In particular, {x1,...,Xn) s defined (resp. vanishes) if and only if x lifts
to a continous homomorphism G — U1 (resp. G — Upy1).

It follows from (iii) that Y lifts to U, lifts to U,41 if and only if the class

W (u) = lz ill%l,nJﬂ] € H*(G,Z./p7),
1=2
vanishes, where X;; := u;; o X. We will refer to h*(u) as the obstruction to lifting X
to Un+1.

Proof. This result is originally due to Dwyer [Dwy75], with different sign conven-
tions. For the version of Dwyer’s Theorem with our sign conventions, see [Efrl4,
Proposition 8.3] or [HW23, Proposition 2.2]. O

Let C, be a cyclic group of order p, and fix a generator ¢ € C,. For every
Cp-module A, we define a Cp-module endomorphism
p—2
Ncp A= A J\N/'cp (a) = Z(p —1-1Nola for all a € A.
1=0
Now let G be a profinite group, let x € H'(G,Z/pZ) be a non-zero character, let
H be the kernel of x, and let g € G be such that x(¢g) = 1. For every G-module
B on which H acts trivially, we define a G-module endomorphism ]\~fX: B — B as
NCP, where we view B as a G/H-module and identify G/H with C),, so that gH
maps to o. Explicitly:
p—2
Ny:B—=B, Ny(b)=> (p—1-1)g'b forallbe B.
1=0
A simple calculation shows that

(5.2) (9 —1)Ny(b) = Ng/p(b) —pb  forallbec B.
For all i > 0, we have the induced maps N, : H'(H, B) — H'(H, B).

Lemma 5.3. Let p be a prime, let G be a profinite group, and let x1,x2 €
HYG,Z/pZ). Suppose that x1 # 0, and set H := Ker(x1).
(1) Let o € H'(H,Z/pZ) be such that Cor$ (1)) = x2, and define

=Ny, () € H'(H,Z/pZ).
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Then there exists a continuous homomorphism G — Us given by a matrix

L x1 p
(5.3) 0 1 xo
0 0 1

such that plg = 1.

(2) Suppose that p = 2. For all 1 € H'(H,Z/2Z) such that Cor$ (1)) = xa,
there exists a continuous homomorphism G — Us as in (5.3) such that p|lg = 1.
Conversely, given a continuous homomorphism G — Us as in (5.8) and setting

¥ = plg, we have Cor (1) = xa.
Proof. (1) We have Uz =V x C, where

1 0 =x 1 % 0
V= 1 x|, C= 1 0
1 1

We let C' act on V by conjugation. We identify C' and Z/pZ via the coordinate
map uq,2, and we write V3 for the twist of V by x1: G — C = Z/pZ.
Let g € G be such that x;(g) = 1. We define j: Vi — Ind%(Z/pZ) by sending

101 100
01 of, 01 1
00 1 00 1

to the constant function 1 and the function mapping ¢'H toi—1fori =0,...,p—1,
respectively. We have the following commutative diagram:

NXl

m
md$(Z/pZ) —E— Vi —2— Ind%(Z/pZ)

(5.4) H lﬂ lgfl

md$ (Z/pZ) —“» Z/pZ —— Ind$(Z/pZ),
\_/‘7

Ng/u

where p is defined by the commutativity of the top triangle, and i and v are the
maps of (1.1) and (1.2) for A = Z/pZ. Indeed, the bottom triangle commutes
by a direct calculation, the outer rectangle commutes by (5.2), the right square
commutes by a direct calculation, and by the injectivity of the right horizontal
maps this implies the commutativity of the left square.

Let ¢: Ind%(Z/pZ) — Z/pZ be given by evaluation at the identity of G: it is a
homomorphism of trivial H-modules. The Faddeev—Shapiro isomorphism

p: HY(G,Ind$(Z/pZ)) 2= H'(H,nd$(Z/p2Z)) =5 H'(H,Z/pZ)

fits into a commutative square

HY(G,nd$(Z/pZ)) —2— H'(H,Z/pZ)
(55) lI/* lCorg
H'(G,Z/pL) === H'(G,Z/pL);
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see [NSWO08, Proposition (1.6.5)]. Let 1o = ¢~ '(¢) and 7o = ¢~ '(n), so that
Ny, (¥0) = 19 The homomorphism H'(G,nd$(Z/pZ)) — H(G, V1) coming from
(5.4) sends vy to a class

1 0
h(] = (0 1 EHl(G, Vl)
0 0

=D

The commutativity of the right square of (5.4) implies that x = 7. (ho) = vs(n0),
and by (5.5) we have v, (1) = Cor% (1)) = xa2. Therefore y = y2. We have a
commutative square of H-modules with trivial action

Vi L nd%(Z/p2)

(5.6) Jul,s lq

L[pl. ———= L/ pZ,
where the top horizontal map comes from (5.4). We obtain the commutative square

HYG, V) —L— HY(G,Ind$(Z/pZ))

lRes J{Res

(5.7) HY(H,Vi) —— H'(H,Ind$(Z/pZ)) |*
J{(m,s)* J{q*
H'(H,Z/pZ) ——— H'(H,Z/pZ),

where the bottom square is induced by (5.6). We know from (5.4) that the map
jo: HY(G, V1) — HY(G,Ind$(Z/pZ)) sends hg to ]\~[X1(¢0) = 1. On the other
hand, ¢(n9) = n and the composition of the left vertical maps sends hg to p|g.
Thus p|lg = 1n.

By [KMRT98, Proposition (28.8)], the twisting map Z'(G, V1) — Z(G,Us)
sends hg to

X X

=
=

p
1 x
0 1

[ V)
[\v]

10 p] [ 0 1
01 yof-10 1 ol=]o0
0 0 1 0 0 1 0
This matrix defines a continuous homomorphism G — Us such that p|g = 1.

(2) Since le (1) = ¢ when p = 2, the first part of (2) follows from an application
of (1) to n = . We now prove the second part of (2). Let g € G — H. The
map ¢ — 1: Ind$(Z/27) — Ind%(Z/2Z) factors through v: Ind$(Z/2Z) — Z/27.

Therefore the right square of (5.4) yields a commutative square

Vi —L— Ind$(z/22)

iy L

7./27 ——— 7./21.
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We obtain a commutative diagram

HYG, Vi) —2— HY(G,nd% (2/22)) —2— H'(H,Z/2Z)

lﬂ-* ly,‘ lCorg

HY(G,2/22) =——— H'(G,7/2Z) ——— H'(G,Z/2Z),

where the right square is (5.5). Consider the class

1
h= |0 e HY(G, V).
0

or o
— o

We deduce that ys = m.(h) = Cor$(¢(j.(h))). By (5.7), we have ¢(j.(h)) = 1,
and hence xo = Cor% (1), as desired. O

6. PROOF OF THEOREM 1.3

Proof of Theorem 1.3. It is clear that (3) implies (2), and it follows from the defi-
nition of triple Massey products that (1) and (2) are equivalent. It thus suffices to
show that (2) implies (3).

Define G’ := 0~ '(1+pZ,). Then G’ is an open subgroup of G, the index [G : G’
divides p—1 and (G’, 0|¢) is cyclotomic. Suppose that (2) implies (3) for all triple
Massey products in H2(G’,Z/pZ). Then, as p does not divide [G : G’], by [MT16,
Proposition 4.14] we deduce that (2) implies for (3) for all triple Massey products
in H?(G,Z/pZ). Replacing (G,0) by (G’,0|c’), we may thus assume that (G, ) is
cyclotomic. Moreover, by Lemma 5.1 we may suppose that x; # 0 and x3 # 0.

By Theorem 1.5, the pair (G, 0) admits a Hilbert 90 module M. Fix an inclusion
12 Z)pZ — M, and let a,b,c € M such that x; = Xa, X2 = Xo and X3 = X.; see
below (2.2) for the notation. Since x, U xp = 0, by Corollary 3.3 there exists
a € MSe such that b = Ngja, ().

By Lemma 5.3(1), letting n :== N, (a) € MY there exists a continuous homo-
morphism G — Uz given by a matrix

I Xa »p
01 xb
0 0 1
such that p|g, = x,. Similarly, since x; U x. = 0 there exists v € M- such that

Nej.(7) = b. Letting pu = Ny, (7) € M, there exists a continuous homomor-
phism G — Us given by a matrix

1 Xb ™
0 1 xec
0 0 1

such that 7|g, = x,. The matrix

o O o
oo»—nff
ovaifb
>—Ii<:1|:|
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defines a continuous homomorphism G — U,. The obstruction to lifting this ho-
momorphism to Uy is given by

=X Um+pUx. € HXG,Z/pZ).
Suppose first that x, and x. are linearly dependent in H'(G,Z/pZ). In this case
Resga () = 0, and so by Proposition 3.2 we have ¢ = y, U ), for some u € M.
Consider the continuous homomorphism G — U, defined by the matrix

I Xa p U
0 1 Xb T — Xu
0 O 1 Xe
0 0 O 1

The obstruction to lifting this homomorphism to Uy is given by
Xa U (T = Xu) FPUXe =€ = Xa UXu =0,
and hence this homomorphism lifts to Us. The conclusion follows from Theorem 5.2.

Suppose now that x, and x. are linearly independent in H'(G,Z/pZ). Then
G, # G., and hence

Na,../¢.nc.(@ —7) = Ng/g, (@) = Ngja.(v) =b—b=0.

Let g € Goy. such that x,(¢9) = 1. By Lemma 2.5, M is a Hilbert 90 module for
(Ga,0|c,), and hence by Lemma 2.6 we have an exact sequence

-1 Ngja.
MGaNGe 977y NfGanGe GGy prGa

Therefore there exists w € M% "% such that (g — 1)w = a — 7. Set
e:=n+ Ng/a. (w) € MCe,
Then
(9D = (g— D+ (9 — )(Naye. ()

= (Ng/c, —p)(@) + Neyg.((g — Dw)
=b—pa+ Ng/a,(a—7)
=b—pa+pa—>
=0,

which proves that e € M. We have

Resg (€) = pla, Uxe = XnUXe = Xe Uxe  in H*(Ga, Z/pZ),

that is, Resga (e —XeUxe) = 0in H*(G,,Z/pZ). By Proposition 4.5 applied to
X = Xa, there exists f € MY such that € — . U x. = xa U X in H*(G,Z/pZ), and
hence
€=XaUXf+ XeUXe in H*(G,Z/pZ).

Consider the continuous homomorphism G — U, given by the matrix

I Xa p=Xxe O

0 1 Xb ™ — Xf

0 O 1 XC

0 0 0 1

The obstruction to lifting this homomorphism to Uy is given by

XGU(fof)+(p7X6)UXc:E*XaUXf7XGUX¢2:07



18 ALEXANDER MERKURJEV AND FEDERICO SCAVIA

and hence this homomorphism lifts to Uy. By Theorem 5.2, the Massey product
(x1, X2, x3) vanishes, as desired. O

Remark 6.1. When p > 2, it is proved in [LLSWW23, Proposition 6.1.4, Theorem
6.2.1] that if the sequence of Corollary 4.5 is exact at H'(G,Z/pZ) for a profinite
group G, then the conclusion of Theorem 1.3 holds for G. On the other hand, when
p = 2, the exactness of the sequence of Corollary 4.5 is satisfied by all profinite
groups G (see Remark 4.6), and so it cannot imply the conclusion of Theorem 1.3.

We emphasize that, even when p is odd, Theorem 1.3 does not follow from
[LLSWW23, Theorem 6.2.1]. Indeed, the proof of Theorem 1.3 relies on the con-
struction of a Hilbert 90 module given by Theorem 1.5. Moreover, our proof of
Theorems 1.3 and 1.5 is uniform in p and applies to p = 2 as well.

Remark 6.2. Theorem 1.3 proves the first half of a conjecture of Quadrelli [Qua21,
Conjecture 1.5], which predicts that Theorem 1.3 might be true under the further
assumption that Im(f) C 1+ 4Z, when p = 2. The second half of [Qua2l, Con-
jecture 1.5] predicts that, under the same assumptions, a fourfold Massey product
(X1, X2, X3, Xa) C H*(G,Z/pZ) vanishes as soon as y1Uxz = x2Ux3z = x3Uxa = 0.
This is false in general; see [MS22, Theorem 1.6].

Remark 6.3. Consider the group G given by the following presentation:
G = (21,%2,73, 74,25 : [[T1, T2], T3][T4, 75] = 1).

Let p be a prime number, and write G for the pro-p completion of G. By [MT17,
Example 7.2], there is a triple Massey product (x1, x2,x3) C HQ(G, Z/pZ) which
is defined but non-vanishing. By Theorem 1.3, we conclude that (G, 6) does not
satisfy formal Hilbert 90 for any orientation #. When p is odd, this fact already
been proved by Quadrelli [Qua21, Theorem 1.5].

7. PROOF OF THEOREM 1.4

Proposition 7.1. Let (G, 0) be a p-oriented profinite group satisfying formal Hilbert
90, and let x1, X2, X3 € HY(G,Z/2Z). Suppose that x1 # 0 and let H = Ker(x1).

(1) The Massey product (x1,X2,X3,X1) vanishes if and only if there exist
and v in H'(H,Z/2Z) such that Cor$(¢) = xa2, Cor$ (1) = xs3, ¢ Uth = 0 and
¢ U Res (xs) = 0.

(2) The Massey product (x1, X2, X3, X1) is defined if and only if there exist v and
Y in H'(H,Z/2Z) such that Cor%(p) = x2, Cor& (1) = x3, @ Ut belongs to the
image of Res: H*(G,Z/27) — H?(H,Z/27) and © U Res% (x3) = 0.

Proof. Let P be the normal subgroup of Us C GL5(FF3) given by
1 0 0

10

P = 1

= O % ¥
— O O % ¥

Note that P is the kernel of the surjective homomorphism U; — Us x Uz which
forgets the 2 x 2 upper-right square of a unitriangular matrix. We write P for the
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quotient of P by the center of Us. We obtain a commutative diagram

1 1
| |
7)27 —— 7)2Z
| |
(7.1) 1 ]j Us UsxUs3 —— 1
1 P Usx U3 —— 1
%

_ e Sle—

where the rows and columns are short exact sequences. Since P is abelian, the rows
endow P and P with the structure of (Us x Us)-modules, and the quotient map
P — P is (Us x Us)-equivariant.

Lemma 7.2. Let ¢, € H'(H,Z/27Z) be such that Cor&(¢) = xo and Cor$ (1)) =
X3, and let h,h' : G — Us be continuous homomorphisms given by matrices

I xa p L x3 o
(72) O 1 XQ 5 O 1 Xl )
0 0 1 0 0 1

where plg = ¢ and (p")|g = .

(1) The homomorphism (h,h'): G — UsxUs lifts to a continuous homomorphism
G — Us if and only if ¢ Ut = p UResS (x3) = 0.

(2) The homomorphism (h,h'): G — UsxUs lifts to a continuous homomorphism
G — Us if and only if o U belongs to the image of H*(G,7/27) — H?*(H,7/27)
and ¢ U Res% (x3) = 0.

Proof. Consider the following normal subgroups of Us:

1 0 = 1 =
N = 1 , N' = 1

1

= O %

We have an isomorphism of (Us x Usz)-modules N ® N — P given by
L 0 0 fiez fifo

1 0 f1 1 () fg 1 0 €e1€2 €1f2
1 1| ® 1 0|+~ 1 0 0
1 1 1 0
1

We obtain a homomorphism
H'(Us,N)® H'(Us, N') = H*(G, P).

The natural projections ¢t : U3 — N and ¢’ : U3 — N’ are 1-cocycles, and a direct
calculation shows that the class of the middle row of (7.1) in H?(Us x Us, P) is
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equal to t Ut’. Consider the commutative diagram

H'(Us,N)® H'(Us, N') —— H?*(Us x Us, P)

lh*@(h’)* l(h» R')*

HY(G,N)® H'(G,N') —=— H?*(G, P)

lRes ® Res lRes

H'(H,N)® H'(H,N') —2— H?*(H, P).

It follows that the map H'(Us x Us, P) — H?(H, P) sends

1 0 0 @URes(x3) pUp
1 0 Resf(xaUxs) Resfi(x2)Uv
(7.3) tut — 1 0 0
1 0
1

(1) The homomorphism (h,h'): G — Us x Us lifts to Us if and only if the image
of t Ut in H?(G, P) vanishes. Since

P~N®N' ~Ind$(Z/22)%? ~ Ind$ ((Z/27)%?),

we have the Faddeev—Shapiro isomorphism

H*(G, P) 2= H2(H, P) — H2(H, (Z/27)%?),

and hence the restriction H?(G, P) — H?(H, P) is injective. Therefore, (h, h’) lifts
to Us if and only if the image of t Ut' in H?(H, P) vanishes. In view of (7.3), this
is equivalent to

U = pUResg (x3) = Res§j(x2) U¥ = Res§ (x2 U x3) = 0.

This implies that ¢ U1 = ¢ U Res$(x3) = 0 in H2(H,Z/27), but it is in fact
equivalent to this. Indeed, if p Uty = p U Resg(xg) = 0, then by the projection
formula we have

X2 U xs = Corfj () Uxa = Corfy( U Resi(xs)) = 0,
and hence Res% (y2 U x3) = 0. Moreover, letting g € G — H, we have
pUg(¥) = p UResf(xs) + ¢ UY =0+0=0,
and hence
Resf(x2) Ut = U+ g(p) U = o U + g(pUg(1)) =0+ 0 =0.
(2) The left vertical sequence in (7.1) induces an exact sequence
(7.4) H*(G,7/27) — H*(G, P) — H*(G, P).

The homomorphism (h,h'): G — Us x Uz lifts to a homomorphism G — Usj if
and only if the pullback of the middle row of (7.1) along (h,h’) splits, that is, if
and only if the corresponding element in H?(G, P) is trivial. In view of (7.4), this
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happens if and only if the image of t Ut in H2(G, P) belongs to the image of
H?(G,Z/2Z) — H?(G, P). We have a commutative square

H%(G,Z/2Z) — H%(G, P)

J{Res \[Res

H?*(H,7/27) — H?*(H,P),

where, as explained earlier, the right vertical map is injective by the Faddeev—
Shapiro lemma. Therefore the image of t Ut in H?(G, P) belongs to the image of
H?*(G,Z/2Z) — H?*(G, P) if and only if the image of t Ut' in H?(H, P) belongs
to the image of the composition H?(G,Z/27Z) — H?(H,Z/27Z) — H?*(H, P). By
(7.3), this is equivalent to the existence of u € H?(G,Z/27Z) such that
pUY=u,  pUResj(xs) = Resfi(x2) Ut = Res(x2 U xs) = 0.

This implies that ¢ U comes from H?(G,7Z/2Z) and that ¢ URes$ (xs) = 0, but
it is in fact equivalent to this. Indeed, given u € H?(G,Z/27) such that ¢ Uy = u

and p U Resg (x3) = 0, by the projection formula we have x3 U x3 = 0, and hence
Res% (y2 U x3) = 0. Moreover, letting g € G — H, we have

pUg() = pUResF(x3) + Uy =0+u=u,

and hence
Resf(x2) U = U+ glp) U = o Uy +g(pUg(®)) =u+gu)=0. O

Using Lemma 7.2, we complete the proof of Proposition 7.1 as follows. Sup-
pose first that the Massey product (x1, X2, X3, x1) vanishes (resp. is defined). By
Theorem 5.2, the homomorphism (x1, X2, X3, X1): G — (Z/2Z)* lifts to a homomor-
phism G — Us (resp. G — Us) and hence to a homomorphism (h, h'): G — U3 xUs
given by matrices as in (7.2). We let p,v € H'(H,Z/2Z) be such that p|g = ¢
and (p')|g = 1. By Lemma 5.3(2), we have Cor%(p) = xo and Cor% () = xs
in H(G,Z/2Z). By construction, (h,h’) lifts to Us (resp. Us), hence Lemma 7.2
implies that ¢ U1 = ¢ URes%(x3) = 0 in H'(H,Z/2Z) (resp. ¢ U comes from
H?(G,7/27) and ¢ U Res$ (y3) = 0 in H'(H,Z/2Z)).

Conversely, let @,1 € H'(H,Z/2Z) be such that Cor%(p) = x2, Cor&(y) =
x3, and @ Ut = o URes(x3) = 0 in H'(H,Z/2Z) (resp. ¢ U1 comes from
H?(G,7./27) and ¢ URes%(x3) = 0 in H'(H,Z/2Z)). By Lemma 5.3(2), there
exist homomorphisms h, h': G — Us as in (7.2) such that p|g = ¢ and (p)|g = .
By Lemma 7.2, the homomorphism (h, k') lifts to Us (resp. Us). On the other hand,
the homomorphism (h, h'): G — Us x Us is a lift of (x1, x2, X3, X1): G — (Z/2Z)*.
Therefore (x1,X2,X3,X1) lifts to Us (resp. Us). By Theorem 5.2, the Massey
product (x1, X2, X3, Xx1) is defined. O

Proposition 7.3. Let (G,0) be a 2-oriented profinite group, let M be a Hilbert
90 module for (G,0), let a,b € MY, and suppose that x, # 0 and x, # 0. Let
o € MC be such that NG, (o) =b and B € M such that Ng)c, (B) = a.

Then we have an exact sequence of G-modules

M@)o g MO Ty MO 25 H2(G, M) 25 H2(Gy) g, M),

where
7(¢,n) = Na, /(¢ () — Naya, (n)
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and \(0) is the image of Corga (Xa Uxs) € HX(G,Z/27) in H*(G,M).
Proof. We define the following elements of Us:

1 1 0 1 1 0 1 0 1
op=10 1 0f, oo =10 1 0f, Ti=|o1,02] =10 1 0
0 0 1 0 0 1 0 0 1

We have the following exact sequence of Us-modules:

(7.5) 0= Z[Us/ (02, 7)] L Z[Us (o)) OZUs /{01, 7)] % Z[Us/(01)]|®Z 5 Z — 0,

where

fA)=(1+7,-1-0),
9(1,0) = (1 + 02, 1),
g0.1) = (14 7,-1),
k(1,0) = 1,
k(0,1) = 2.

By Lemma 5.3(2), there exists a continuous homomorphism h: G — Us given by
a matrix (5.3) such that p|g, = Xa. Since x, and x; are non-zero, either h is
surjective or the image of h is the subgroup of Uz generated by o105. In either
case, we have

(76)  [G:G]=[C:Gl =2  [G:(Gaal =[G :(Gh)s] = 4

We regard (7.5) as an exact sequence of G-modules via h. In view of (7.6), an
application of the functor Homyz(—, M) yields the exact sequence of G-modules

(7.7) 0= M 5 Ind@,), (M)®M 5 Ind,) (M)eIndg, (M) 5 Indg, (M) — 0,
where

m((,n) = Na,/(Ga)a(C) = Nayac, (1)
Let T = Ker(w) = Coker(u). Since M is a Hilbert 90 module for G, by Lemma 2.5

it is also a Hilbert 90 module for the open subgroups (Gg)a, Gi» and (Gy)s, and
hence by Faddeev—Shapiro’s lemma

HY(G,Ind{,), (M) ® M) = H'((Gy), M) ® H' (G, M) =0,
HY(G,Ind(,,) (M) ®Indg, (M)) = H' (Ga)a, M) & H' (Gy, M) = 0.
Thus (7.7) yields the exact sequences
M@)o g MO Ty MG 5 HYG,T) — 0

and
0— H'Y(G,T) = H*(G, M) 2= H>((Gy)g, M).
We obtain an exact sequence of G-modules

MG g MO I MG 2 526, M) B B2 ((Gy)p, M),
where ) is defined as the composition M % — HY(G,T) — H?(G,M). It remains
to show that \' = .
Let 6 € M%. By Lemma 2.8, the homomorphism H?(G,,Z/2Z) — H?*(G4, M)
sends Yo U Xs to we U6, where w, € H?(G,,7) is defined as the Bockstein of
Xa € HY(Gq,2Z/2Z). Thus A\(8) = Cor& (w, U ).
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Consider the following commutative diagram

(7.8)

0 —— Z[Us/ (0, 7)] —L Z[Us/(02)] ® Z[Us/{on, 7Y —2 Z[Us/(01)] @ Z k z 0
| Juo ! [

0 —— Z[Us/ (02, 7)) ——FT— Z[Us/{02)] ————— Z[Us/{02)] —2—> Z[Us/ {0, 7)] — 0,

where the top row is (7.5) and

11,0) =140y,

1(0,1)=1+01+7+ 017
The commutativity of (7.8) is easily verified using the explicit descriptions of the
arrows. By applying the functor Homgz(—, M) to each term of (7.8), we obtain the
following commutative diagram with exact rows:
(7.9)

0 — Id§ (M) —— Ind,,, (M) ———"—— Ind,, ) (M) —Y s Wd§ (M) —— 0

| 1 Joo |

0 M — s Indf,,,, (M) & M —— Ind, , (M)&Indg, (M) —"— Indf (M) — 0.

Here v is the map of (1.2) for H = G, and A = M, and v/ is obtained by applying
the functor Indga to the map of (1.2) for the profinite group G,, the open subgroup
H = (G,)q and the Go-module A = Indga (M).
Let N := (09, 7). The bottom row of (7.8) is induced from the exact sequence of
N-modules
0 — Z — ZIN/{o3)] =5 Z[N/{02)] = Z — 0.

This sequence may be viewed as a sequence of N/{cs)-modules. As N/(o3) is cyclic
of order 2, by [GS17, Proposition 3.4.11] the induced map Z — H?(N/{(03),Z) sends
1 to the generator of H2(N/{(03),Z/27), that is, to the Bockstein of the generator
of HY(Z,7,/27). 1t follows that the map MY — H?(G,, M) induced by the top
row of (7.9) is given by cup product with the Bockstein of x,, that is, with w,.
Therefore (7.9) gives a commutative square

MO 2 2(G, M)

(710) H J{Corga
MG Xy H2(G, M).
We conclude that X (8) = Corga (wa Ud) = A(d), as desired. O

Proof of Theorem 1.4. By Lemma 5.1, we may assume that x; # 0 and x2 # 0.
By Theorem 1.5, there exists a Hilbert 90 module M for (G, 0). Let ¢: Z/2Z — M
be the unique injective homomorphism, and let a,b,c € M% be such that x; = xa,
X2 = Xxp and x3 = X.; see below (2.2) for the notation. Since x, and x; are non-
trivial, by Proposition 7.1(2) there exist o, § € MY such that Corg/a, (Xa) = Xb,
Corga, (Xs5) = Xes Xa UXs belongs to the image of H*(G,Z/2Z) — H* (G4, Z/21)
and xo U Xe =0 in H*(G,,Z/27).

Since xoUYs comes from H?(G,Z/27), we have Corga (xaUxs) =0. As x, and
X» are non-trivial, Proposition 7.3 implies that A\(6) = 0. It follows that § belongs
to the image the map m appearing in Proposition 7.3, that is, 0 = Ng, /(c.).(¢) —
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N/, (n) for some ¢ € M(Ca and n € M. Letting z := Ng/q,(n) € M, we
obtain
Xo UXs = Xa U Cor(Géla)a (€) + Xa Uxz = Xa UXz in H*(Gy,7/27).
It follows that xo U Xs4. = 0 in H*(G,,Z/27). Moreover,
NgG,(0+2) = Ng/g,(0) +2z=c+0=c,

and so Corga (Xs+2) = Xe- We already know that y, # 0, Corga (Xa) = x» and
Xa UXe = 0 in HY(G,,Z/pZ), the elements o and § + z satisfy the conditions
of Proposition 7.1(2). By Proposition 7.1(2), the Massey product (x1, X2, X3, X1)
vanishes. O

8. AN EXAMPLE

In this section, we illustrate Theorem 1.3 with an example. Consider the group
G given by the following presentation by generators and relations:

(8.1) G = (a,b: a®b = ba?).
As in the proof of Proposition 7.3, we define the following elements of Us C GL3(F2):
1 10 1 00 1 01
or=10 1 0f, oy =10 1 1}, T:=o1,00] =10 1 0
0 0 1 0 0 1 0 0 1

The group G fits into the diagram with exact rows
f

1 H G 727 — 1
o2 e b
1 N’ Us —2%5 7.)27 — 1,

where ¢ is determined by ¢(a) = o1 and ¢(b) = o2, the subgroup H C G is defined
as the kernel of f, and the subgroup N’ C Us as the kernel of the coordinate map

U2,3-

Proposition 8.1. Let G be the pro-2 completion of G defined in (8.1) and let
H C G be the pro-2 completion of the subgroup H C G considered in (8.2).

(1) The reduction maps H' (G, Z/2"Z) — HY(G,7/27) are surjective for all
n>1.

(2) The reduction map H(H,Z/AZ) — H'(H,7./27) is not surjective.

(8) There exist x1,X2,xs € H (G, Z/2Z) such that (x1, X2, x3) is defined but
does not vanish.

Proof of Proposition 8.1(1) and (2). (1) We have G/[G, G] ~ Z x Z, and hence the
reduction maps H'(G,Z/2"7Z) — H'(G,Z/27) are surjective for all n > 1. By
the universal property of pro-2 completion, the canonical map G — G induces
isomorphisms H(G,Z/2"Z) — H'(G,Z/2"7Z) for all n > 1. It follows that the
reduction maps H' (G, Z/2"7) — H'(G,7/27Z) are also surjective for all n > 1.

(2) We have N’ ~ (Z/27)* and the map uy 3: N’ — Z/2Z is a homomorphism.
Define x == u1 30|y € H'(H,Z/2Z). Suppose by contradiction that x lifts to
some X € H'(H,Z/4Z).
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Let h :== aba='b~! € H. Then ¢(h) = 7 in N’, and hence x(h) = 1 in Z/27Z.
Note that a belongs to H, and let ¢ := bab~! € H, so that we have the identities
h = ac™! and ¢ = ba?b~! = a® in H. Since the group Z/4Z is abelian, we have
X(h?) = X(a?c™2) = 0 in Z/4Z. Tt follows that Y (h) belongs to 2Z/4Z, and hence
x(h) =0, a contradiction. O

Lemma 8.2. Let p be a prime and n > 3 be an integer. Let N € Mat,4+1(F,) be
such that N; ; =1 if j =i+ 1 and N; ; = 0 elsewhere.

(1) The Uy,i1-centralizer of I + N consists of all upper unitriangular matrices
which are constant on all upper diagonals.

(2) The U, +1-conjugacy class of [+ N consists of all upper unitriangular matrices
M with entry 1 at (1,1 + 1) for all i.

Proof. (1) A matrix M is in the U,,41-centralizer of I+ N if and only if MN = NM.
This is equivalent to M; j41 = M;_; ; for all 4, j.
(2) The size of the U, i-conjugacy class of I + N is equal to the index of the

n(n+1)

centralizer of I + N in U,41. The order of U, 41 is p— 2z . By (1), the order of

the centralizer of I 4+ N is equal to p™, thus the size of the U, i-conjugacy class of
n(n—1)

I+ N is equal to p— 2
If M is conjugate to I + N, then the image of M in Uy,y1/[Un+1, Unt1] is equal

to the image of I + N. This implies that M; ;41 = (I + N);;+1 = 1 for all ¢. This
restricts the possible conjugates of I + N to at most p% elements, hence by the

previous paragraph they must form the conjugacy class of I + N. O

Proof of Proposition 8.1(3). Let

1100
0 1 1 0
A=I+N= 00 1 1 € Uy,
0 0 0 1
so that
1010
2 _ 2 10 1 0 1
A*=1+N*= 00 1 0
0 0 0 1
We write A for the image of A in Uy. Let
1 Bip2 Bis Bia
_ |0 1 B3 Bag
B=1g 0 1 Byl U
0 0 0 1
Then
0 0 1 Bis 0 0 1 Bsy
2 |10 0 0 1 2o, |0 0 0 1
BN" = 000 0]’ N°B 000 O
0 00 O 0 00 O

Since A2 = I 4+ N2, we deduce that:

(i) a belongs to the center of Uy, and
(ii) A% commutes with B in Uy if and only if By 2 = Bs 4.
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In view of Theorem 5.2 and the universal property of pro-2 completion, in order
to prove (3) it suffices to find a homomorphism G — (Z/2Z)? which lifts to U4 but
not to Uy. If S is a group, to give a homomorphism G — S is the same as giving
two elements s, s € S such that sbsg = sisb.

Consider the homomorphism yx: G — (Z/2Z)? given by sending a to (1,1,1) and
b to (1,0,0). By (i), sending

ar A, b

OO O
OO ==
o= OO
— o od

defines a lift of x to Uy.

Suppose that x lifts to a group homomorphism f: G — Uy. By Lemma 8.2(2),
f(a) is Us-conjugate to A, and so, replacing f by a Us-conjugate if necessary, we
may suppose that f(a) = A. On the other hand, we have

11581563

o 0 1 0 T2
00 0 1

for some x1,x2,x3 € Z/2. Since f(b)12 =17# 0= f(b)s,4, we deduce from (i) that
f(b) does not commute with A% = f(a?), contradicting the fact that b commutes
with a2. Therefore x does not lift to Uy. O
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