THE GROUP SK; FOR SIMPLE ALGEBRAS

ALEXANDER MERKURJEV

Let A be central simple algebra over a field F'. Denote by K;(A) the White-
head group and by SK;(A) the reduced Whitehead group of A [2, §23]. If
the Schur index ind(A) is squarefree, then the group SK;(A) is trivial [2, §23,
Cor. 4]. In the case when ind(A) is not squarefree, the reduced Whitehead
group can still be trivial over some classes of fields, for example, global and
local fields. On the other hand, A. Suslin has conjectured in [15] that if ind(A)
is not squarefree, then the group SK;(A) is nontrivial generically, i.e., there is
a field extension L/F such that SK;(Ar) # 0 where A, = A®p L.

In the present paper we give a prove of the following case of Suslin’s conjec-
ture:

Theorem. Let A be a central simple algebra over a field F. If ind(A) is
divisible by 4, then SK,(AL) # 0 for some field extension L/F.

Note that in [7] this theorem was proven in the case char F' # 2 with help
of the algebraic theory of quadratic forms. The present proof does not rely
on quadratic forms and could be viewed as a step towards the proof of the
conjecture in general.

Let GL;(A) be the algebraic group of invertible elements of A (with the
group of F-points equal to A*). The kernel of the reduced norm homomor-
phism Nrd : GL;(A) — GL;(F) is denoted by SL;(A).

It is shown in [16, §18, Cor. 3] that the theorem yields

Corollary. If A is a central simple algebra of index divisible by 4, then the
variety of the algebraic group SLi(A) is not stably rational.

1. PROOF OF THEOREM

Let X be a variety over a field F. For every integer p > 0, denote by X®
the set of points of X of codimension p. Let M, be a cycle module over X [12,
§2]. We write AP(X, M,,) for the homology group of the complex

H Mn p—i—lF H H Mn —p— lF )

reX(®—1) reX®) reX (p+1)

Example 1.1. We denote by K, the cycle module given by Quillen’s K-
groups [12, Remark 2.5]. The group A?(X, K,) coincides with the Chow group
CHP(X) of the classes of cycles on X of codimension p.
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Let f: X — Y be a flat morphism of varieties over F. For a point y € Y,
denote by X, the fiber of f over y, so that X, is a variety over the residue field
F(y). For every integer n there is the fibration spectral sequence [12, Cor. 8.2]

EP =[] A%X,, M.y) = AP79(X, M,,).
yeY (p)

In the rest of the section we formulate three propositions and show that they
imply the theorem. The proofs of the propositions are given in the last three
sections of the paper.

Let X = SB(A) be the Severi-Brauer variety of A of right ideals of A of
dimension deg(A) = dim(A)2. The dimension d of X is equal to deg(A) — 1.
We define the cycle module S, over F' by

Sn(E) = AY(Xg, Kain)
for a field extension E/F, where Xp = X Xgpecr Spec £ [12, Th. 7.3]. The
push-forward homomorphism
Ds - Ad(XEa Kd-‘rn) — AO(SpeC E, Kn) - Kn(E)

induced by the structure morphism p : Xg — Spec E, gives rise to the norm
map N : S, — K, of cycle modules.

If A is a split algebra, the variety X is isomorphic to the projective space
P4. The projective bundle theorem for the K-cohomology [13, Cor. 8.2.1]
implies that the push-forward homomorphism p, is an isomorphism, hence N
is also an isomorphism.

Consider the algebraic group G = SL;(A). The group A'(G, K) is infinite
cyclic with a canonical generator and does not change under field extensions

3, Th. 9.3].

Proposition 1.2. Suppose that the norm homomorphism A'(G, Sy) — AY (G, K5)
is not surjective. Then SKi(Ap)) # 0.

Now suppose that A is a biquaternion algebra, i.e., deg(A) = 4 and the
exponent exp(A) divides 2. In this case d = 3.
Consider the fibration spectral sequence associated with the projection G' x

X =G
(1) EY = [ AYXrg), Ks—p) = APH(G x X, K5).
geG®
Clearly, EP* = 0 if ¢ > dim X = 3 and E?® = AP(G, S,). Let
§: AYG,Sy) = By — E3?
be the differential in the spectral sequence.

Proposition 1.3. If ind A = 2, then the image of Kerd under the morm
homomorphism

EX = AYG, S) 5 AV G, K,) =Z

1s contained in 27.
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Let Y = SB(2, A) be the generahzed Severi-Brauer variety of right ideals
of A of dimension 8. We set F = F(Y), A = Az X = Xz G = Gy and

write Ep ‘4 for the terms of the fibration spectral sequence assocnated with the

projection G x X — G. There is a natural morphism of spectral sequences
K BP9 — EPa

Proposition 1.4. Ifind A =4, then k : E§’2 — E;” 1s the zero map.

We deduce now the theorem from Propositions 1.2, 1.3 and 1.4. By the
index reduction formula in [1], there is a field extension E/F such that the
algebra Ag is similar to a biquaternion algebra of index 4. Replacing A by Ag
we get A similar to a biquaternion algebra. Since the groups SK; of similar
algebras are canonically isomorphic [2, §23], we may assume that A itself is a
biquaternion algebra of index 4.

Consider the following commutative diagram:

7 —— AYG, K) N ANG, Sy) —— EY® 5 . B
I N
7 — Al(é, K>) N Al(é’ Sy) ——— E213 'R ESQ

Since Az is of index 2, by Propositions 1.3 (applied to K) and 1.4, the image
of the composite

AN, Sy) = AYG, S5) 5 ANG Ky) =7
is contained in 2Z. On the other hand, this composite coincides with N. There-

fore the norm homomorphism N : AY(G, S;) — A'(G, K3) is not surjective and
Proposition 1.2 completes the proof of the theorem.

2. PROOF OF PROPOSITION 1.2

Consider the split case first. The generic matrix determines a canonical
element o € K;(SL,). Since det(a) = 1, the element « vanishes over the
generic point of SL,, therefore o belongs to the first term K;(SL, )" of the
topological filtration on K;(SL,) [11, §7]. By [14, Th. 2.7], the first Chern
class ¢;(«) generates the group A'(SL,, K5).

Lemma 2.1. The image of a under the canonical homomorphism
K, (SL,)M — AY(SL,, K>) is equal to the generator ci(a).

Proof. Let € K;(GL,) be the element given by the generic matrix. By
[14, Th. 3.10], 7,:1(8) € K1(GL,)® for all p > 0, where 7 is the gamma-
operation, and the image of —7,(/3) under the canonical homomorphism

Ki(GL,)W — AYGL,, K,)

is equal to ¢;(f). On the other hand, the sum of v,.(5) for all p > 1 coin-
cides with A"(8) = det(f5) [14, p. 65]. Hence —v,(5) =  — det() modulo
K,(GL,)®.
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Pulling back with respect to the embedding of SL, into GL, we have
—v;(a) = a modulo K;(SL,)? smce det(a) = 0 and therefore the image of «
under the homomorphism K;(SL, )" — A'(SL,, K5) is equal to c;(a). [

Now let A be a central simple algebra over F, let G = SL;(A) and set X =
SB(A). Filtering the category of coherent A @z Ox-modules by codimension
of support as in [11, §7.5], we get the Gersten-Quillen spectral sequence

EYT = H K pqAr(g) = K_p—q(G, A),

gGG(P)

where the limit is the K-group of the category of coherent A ® p Ox-modules.
Consider the cycle module R, over F' given by R,(E) = K,(Ag). We have
EY? = A*(G,R_,).

By [13, §26], there is reduced norm homomorphism Nrd : R, — K, for
n < 2. It yields a homomorphism

Nrdg : AY(G, Ry) — AY(G, K>).

If A is split, the homomorphisms Nrd and Nrdg are isomorphisms.
The generic element of G defines a canonical element ay € Ki(G,A) =
Suppose that SK;(Ap) = 0. Then a4 vanishes over the generic point
of G and therefore it belongs to the first term K;(G, A)M) of the topological
filtration. Denote by £ the image of a4 under the canonical homomorphism

Ki(G, AW = Ey7% = AYG, R,).
Let E/F be a splitting field of the algebra A. In the commutative diagram

) AYG, Ry)
/ / iNrdG
Ki(Gp, Ap)) — = AYGy, Ry) (G, K>)
I
Ky (Gp)W AY(Gg, K2)

the two lower vertical homomorphisms are canonical isomorphisms. The image
of ay in the group K,(Gg)™ is equal to the generic element o defined above.
It follows from the commutativity of the diagram that the element Nrdg, (7(€))
is the image of a from K;(G ). By Lemma 2.1, the element Nrdg, (r(€)) is
a generator of AY(Gg, K3). Since k is an 1somorphlsm the element Nrdg (&) is
a generator of A'(G, K3). Therefore, the map Nrdg is surjective.

Note that by [10], there is a natural isomorphism R, ~ S, for n = 0 and
1. Hence the images of Nrdg and of the norm map A'(G, S;) — AY(G, K3)
coincide. Therefore the latter map is surjective, a contradiction.
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3. PROOF OF PROPOSITION 1.3

We assume that A is a biquaternion algebra of index 2, so that A = M5(Q),
where @) is a quaternion division algebra. We have G = SLy(Q) and denote
by C' the conic curve SB(Q).

Consider the fibration spectral sequence associated with the projection G' x

C — G:
(2) EP = T AUCr), Ks—p) = APH(G x C, Ky).
geG®)
We have for p = 2, 3:
E{LO = H AO(OF(g)a K3—p) = H K3—p(F<g>)a

gGG(I’) gEG(P)

hence Ei° = CH3(G). The spectral sequence (2) yields an exact sequence

(3) A2(G % C, Ky) — BN 25 f30,

By [4, Cor. 1.3.2], the motive M (X) in the category of Chow motives over
F is isomorphic canonically to M (C) @ M(C)(2). Hence,

AT(X, K)o AT(C, Ko ) & AY(C, K.
If ¢ > 0, then A772(C, K,,4») = 0, hence there is an isomorphism
Aq<C7 Kn) :) Aq+2(Xa Kn-i—?)a

which in fact is induced by a closed embedding C' — X [8, p. 326].

We compare the spectral sequences (1) and (2). The push forward ho-
momorphism with respect to the embedding C' — X yields a morphism of
spectral sequences E’f7q — EP49%2 which is an isomorphism for ¢ = 0 and 1. In
particular,

(4) E3? = B30 = CH3(G).

We also identify the differential § : E;® — E>? with the differential § :
Ey' — E3°. The exactness of (3) implies that it is sufficient to show that the
image of the composite

A2(G x C,K3) = EY' = B} = AY(G, Sy) &5 AYG, Ky) = Z

is contained in 27Z. Since the norm map N is induced by the push-forward
homomorphism for the projection C' — Spec F', this composite is the push-
forward homomorphism

r¢ A2(G x C, K3) — AYG, K,) =7

with respect to the projection r¢ : G x C — G.

Consider the group H = SL;(Q) as a subgroup of G. Let i : H — G be the
embedding morphism. Choose a field extension E/F splitting the algebra @
and consider the commutative diagram
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’i><].c)"<

AZ(G X C, Kg) (—> Az(H X O, Kg) =, AQ(HE X OE7K3)

T*Gl Tfl rfEl
ANG Ky) —— AYH Ky s ANHp, K).

The algebra @ is isomorphic over C' to Ende,.(/), where J is the canonical
locally free sheaf on C' of rank 2. By [14, Th. 4.2],

A(H x C, K3) = CHY(C) - ¢1(a),

AQ(HE X CE,Kg) = CH1<CE) . Cl(OéE)

where a € K;(G x C) is the generic element and c¢;(a) € A'(H x C, K5)
is the first Chern class of . Thus the homomorphism res in the diagram is
isomorphic to the restriction homomorphism CH'(C) — CH'(Cf). Since C ~
PL and all closed points of C are of even degree, the latter homomorphism is
isomorphic to the inclusion of 2Z into Z, hence the image of res is divisible by
2. By [3, Ex. 7.10, Th. 9.3], the homomorphisms i* and res’ are isomorphisms.
It follows that the image of ¢ is also divisible by 2.

4. PROOF OF PROPOSITION 1.4

Let A be a central simple algebra over F' and let G = SL;(A). We first
collect some information about the Chow groups of G.

Proposition 4.1. The groups CH'(G) and CH*(G) are trivial and there is
a natural surjective homomorphism A'(G,K,) — CH*(G). In particular,
CH*(G) is a cyclic group. Moreover, 2 - CH*(G) = 0.
Proof. Consider the Gersten-Quillen spectral sequence [11, §7, Th. 5.4]
EY? = AP(G,K_,) = K_,_,(G).

By [14, Th. 6.1], K¢(G) = Z, hence for p = 1 and 2 we have

CHY(G)=EYy*"=ElP=0
and the differential

AYG, Ky) = By — B2 = CH3(G)

is surjective. The last assertion is proven in [9, Prop. 4.3]. U

Corollary 4.2. Suppose that ind(A) < 2. Then CHP(G) =0 if p # 0 and 3.

Proof. If A is split, then CHP(G) = 0 for every p > 0 [14, Th. 2.7]. We may
therefore assume that G = SL,(Q), where @ is a quaternion algebra. We
proceed by induction on n. In the case n = 1 we have dim(G) = 3 and the
statement follows from Proposition 4.1.

Let H = SL,_1(Q). We view H as a subgroup of G with respect to the
embedding a +— diag(1,a). Consider the closed subvariety V of the affine
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space Q*" consisting of tuples (by,...,b,,c1,...,¢,) such that > bie; = 1.
Define the morphism

fG_)‘/’ a:(aij)|—>(an,...,almaln,...,a/nl),

where (aj;) = a™'. Clearly, f is an H-torsor over V. For any field extension

E/F, in the exact sequence of Galois cohomology

G(E) L2 v(E) —» HY(E, H) & HY(E, G)
the map r is an isomorphism (both sets are identified with £*/Nrd(A7) and
r is the identity map [6, Cor. 2.9.4]). Hence f is surjective on E-points.

Let W be the open subset of the affine space Q™ consisting of all tuples
(b1, ..., b,) such that Y b;Q = Q. Clearly CH?(W) = 0 for p > 0. The obvious
projection V' — W is an affine bundle, hence by the homotopy invariance

property,
(5) CHP(V) ~ CHP(W) = 0

for every p > 0.
For every m, consider the fibration spectral sequence associated with the
morphism f:

B = ] AYGy Kun-p) = A™T9(G, K,).
veV ()

Since f is surjective on points, we have G, ~ Hp(,) for every v € V. By the
induction hypothesis and Proposition 4.1, E"" %% = 0 if ¢ # 0,3 and there are
surjections CH™(V) — EJ*°, CH™3(V) — EJ** By (5), if m # 0 and 3,
E7? and E5'~%° are trivial, hence CH™(G) = A™(G, K,,,) = 0. O

Suppose now that A is a biquaternion division algebra. Since ind Az = 2, it
follows from (4) that

E3* = CH3(@).

The group ES’Q is generated by the images of the groups A*(Xp(), K2) =

CH*(X F(g)) forall g € G®). Since over a splitting field the variety X is isomor-

phic to a projective space, and the group CH? of a projective space is canoni-

cally isomorphic to Z, we have a canonical homomorphism CH*(Xp(,)) — Z.
It is proven in [5, Cor. 7] that

QZ, if ind AF(Q) = 4;
Z if ind AF(g) S 2.

Recall that Y = SB(2, A) so that dim(Y) = 4. The variety Y has a rational
point if and only if ind(A) < 2. Therefore we have the following computation
of the image of the degree homomorphism for every g € G:

QZ, if ind AF(Q) = 4;
Z, if ind AF(Q) S 2.

(6) Im(CH*(Xp(y)) = Z) = {

Y

(7) Im (CH! (Y () <% Z) = {

)
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Consider the cycle module M, over F' defined by
M,(E) = A*(Yg, Kni4).

It follows from (6) and (7) that the image of & : E5? — E3*? coincides with
the image of the composite

A3(@, Ms) — A¥(G, K3) = CHY(G) — CH?(G) = E3*,

where the first homomorphism is induced by the norm map M, — K.. It is
sufficient to prove that the first homomorphism in the composite is trivial.

Consider the fibration spectral sequence associated with the projection G' x
Y = G:

EP =[] A'(Yrg), Kiop) = APP(G x Y, K7).
geG(P)
Since by dimension consideration EP*? = 0 if ¢ > 4, the spectral sequence
yields a surjective homomorphism CH'(G x Y) — A3(G, Ms). The composite
CH'(G x Y) — A3(G, M3) — A*(G, K3) = CH*(G)

is the push-forward homomorphism p, with respect to the projection p : G x
Y — G. Thus, it is sufficient to show that p, = 0.

Lemma 4.3. The Chow group CH'(G x Y) is generated by images of the
push-forward homomorphisms CH3(GF(y)) — CH"(G xY) for all closed points
yey.

Proof. Consider the fibration spectral sequence associated with the projection
GxY —=Y:

EY = T A%Gry), Kiop) = APH(G x Y, K7).
yEY(P)
We have ind(Ap(,)) < 2 for every y € Y, hence by Corollary 4.2, CHY(G p(,))
0 if ¢ > 3. This implies that E] %% = 0 if ¢ > 3, whence the result.

O
By Lemma 4.3, it is sufficient to prove that for every closed point y € Y,
the push-forward homomorphism

CH3(GF(y)) — CHB(G)

is trivial. Note that deg(y) is even since ind(A) = 4. It follows from Proposi-
tion 4.1 that the horizontal morphisms in the commutative diagram

7 —— AY(Gpy), Ky) —— CH*(Gpyy)
deg(y)l l l
Z e Al (G, KQ) E— CH3(G>

are surjective. The statement follows from the equality 2-CH?*(G) = 0 (Propo-
sition 4.1).
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