ON THE CHOW GROUP OF CYCLES OF CODIMENSION 2

Let X be an algebraic variety over F'. We write A(X, K,,) for the homology
group of the complex

H K- H‘l (I’)) i> H Kn—z<F H Ky i 1 ))
zeX (i=1) zeX (@) re X (i+1)

where K are the Milnor K-groups and X () is the set of points in X of codi-
mension 7 (see [7, §5]). In particular, A*(X, K;) = CH'(X) is the Chow group
of classes of codimension i algebraic cycles on X.

Let X and Y be smooth complete geometrically irreducible varieties over F'.

Proposition 0.1. Suppose that for every field extension K/F we have:
(1) The natural map CH'(X) — CH'(Xg) is an isomorphism of torsion
free groups,
(2) The product map CH'(Xg) @ K* — AY( X, K3) is an isomorphism.
Then the natural sequence
0 — (CH'(X) ® CH'(Y)) @ CH*(Y) — CH*(X x Y) — CH*(Xp(v))
15 exact.

Proof. Consider the spectral sequence

EP = ] AYXpg), Kap) = APTI(X X Y, )
yEY(P)

for the projection X x Y — Y (see [7, Cor. 8.2]). The nonzero terms of the
first page are the following:

CH?*(Xr(v))
AN Xpyy, Ka) —— ey CH'(Xp(y))

AN Xy, Ko) — [ ey A (X, K1) — ey CH (Xr())-

Then E2’O = 1] yey® Z s the group of cycles on X of codimension 2 and
B = [I,evw F(y)* as X is complete. It follows that E3° = CH*(Y).
By assumption, the differential E? — El1 1 is identified with the map

CHL(X) @ (F(Y)X — 11 Z).

yey (D)
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Since Y is complete and CH'(X) is torsion free, we have Ey' = CH'(X) ® F*
and EL! = E}' = CHY(X) ® CHY(Y).
The edge map
AYX x Y, Ky) — Eyt = CHY(X) @ F*
is split by the product map
CH' (X)® F* = AYX, K1) @ A(Y, K;) — A (X x Y, K5),

hence the edge map is surjective. Therefore, the differential EY' — E3* is
trivial and hence F20 = E>° = CH*(Y). Thus, the natural homomorphism

CH?(Y) — Ker(CH2(X x V) — CH*(Xpy)))

is injective and its cokernel is isomorphic to CH'(X)®CH'(Y). The statement
follows. O

Example 0.2. Let X be a projective homogeneous variety of a semisimple
algebraic group over F'. There exist an étale F-algebra E and an Azumaya
FE-algebra A such that for ¢ = 0 and 1, we have an exact sequence

0 — ANX, Kip1) — Ki(BE) 5 HP(F,Q/Z(i + 1)),
where p(z) = Ngr((z) U[A]) (see [4] and [5]). If the algebras E and A are
split, then p is trivial and for every field extension K/F,
CH'(X) ~ Ko(E) ~ Ko(E ® K) ~ CH'(Xg),

AN Xy, Ky) 2 Ki(E®K) ~ Ko(F) @ K* ~ CH'(Xg) @ K*.

Therefore, the condition (1) and (2) in Proposition 0.1 hold. For example, if
X is a smooth projective quadric of dimension at least 3, then £ = F' and A
is split.

Now consider the natural complex
(1)  CH*(X)@ (CHY(X)® CH'(Y)) — CH*(X x Y) — CH*(Yr(x)).

Proposition 0.3. Suppose that
(1) The Grothendieck group Ko(Y') is torsion-free,
(2) The product map Ko(X) @ Ko(Y) — Ko(X x Y) is an isomorphism.

Then the sequence (1) is exact.

Proof. 1t follows from the assumptions that the map Ko(Y) — Ko(Yr(x))
is injective and the kernel of the natural homomorphism Ky(X x Y) —
Ko(Yr(x)) coincides with

1o(X) @ Ko(Y),

where Io(X) is the kernel of the rank homomorphism Ky(X) — Z.
The kernel of the second homomorphism in the sequence (1) is generated by
the classes of closed integral subschemes Z C X x Y that are not dominant
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over X. By Riemann-Roch (see [2]), we have [Z] = —c,([O]) in CH*(X x Y),
where ¢; : Ko(X xY) — CH(X x Y) is the i-th Chern class map. As

0] € Ker(Ko(X x V) — Ko(Yrx))) = Io(X) @ Ko(Y),

it suffices to to show that cs(Io(X) ® Ko(Y)) is contained in the image M of
the first map in the sequence (1).

The formula ca(x + y) = c2(x) + c1(x)c1(y) + c2(y) shows that it suffices to
prove that for all a,a’ € Iy(X) and b,V € Ko(Y'), the elements ¢;(ab) - ¢; (a't')
and c(ab) are contained in M. This follows from the formulas (see [1, Remark
3.2.3 and Example 14.5.2]): ¢;(ab) = mey(a) + nei(b) and

2 2

m 2_mcl(a)2+m02(a)+(nm—1)01(a)cl(b)+n 2—"

where n = rank(a) and m = rank(b). O

co(ab) = c1(b)? +ne(b),

Example 0.4. If Y is a projective homogeneous variety, then the condition (1)
holds by [6]. If X is a projective homogeneous variety of a semisimple algebraic
group G over F and the Tits algebras of G are split, then it follows from [6]
that the condition (2) also holds for any Y. For example, if the even Clifford
algebra of a nondegenerate quadratic form is split, then the corresponding
projective quadric X satisfies (2) for any Y.

For any field extension K/F, let K* denote the subfield of elements that are
algebraic and separable over F.

Proposition 0.5. Suppose that for every field extension K/F we have:

(1) The natural map CH'(X) — CH'(Xg) is an isomorphism,
(2) The natural map CH'(Ygs) — CH'(Yk) is an isomorphism.

Then the sequence (1) is exact.
Proof. Consider the spectral sequence

(2) EYI(F) = H ANV, Kaop) = APTI(X X Y, K5)

zecX ()

for the projection X x Y — X. The nonzero terms of the first page are the
following;:

CH*(Yr(x))
Al(YF(X), Kp) —— Hwex(l) CHl(YF(w))

A (Ypx), K2) — [exm A°(Yr@), K1) — Iexe CHY (Vi)
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As in the proof of Proposition 0.1, we have E;"(F) = CH?*(X). For a field
extension K/F, write C(K) for the factor group

Ker(CH*( X x Yg) — CH?*(Yk(x)))/Im(CH*(Xx) — CH*(Xk x Yk)).

The spectral sequence (2) for the varieties Xx and Yy over K yields an iso-
morphism C(K) ~ Ey;"(K). We have a natural composition

CH'(Xk) ® CH'(Yx) — E'N(K) — Ey'(K) ~ C(K).
We claim that the group C(F) is generated by images of the compositions

Ni/r

CH'(Xk) ® CH'(Yyx) — CO(K) —= C(F)

over all finite separable field extensions K/F' (here N/ p is the norm map for
the extension K/F).
The group C(F) is generated by images of the maps

@o : CH' (Y() — By (F) ~ C(F)

over all points # € X, Pick such a point # and let K := F(x)® be the
subfield of elements that are separable over F'. Then K/F is a finite separable
field extension. Let x’ € XS) be a point over z such that K(z') ~ F(x). Then
¢, coincides with the composition

Ngi/r

CH' (Yie)) — C(K) "5 O(F).

By assumption, the map CH(Yx) — CHl(YK(x/)) is an isomorphism, hence
the image of ¢, coincides with the image of

Ng/r

[z'] ® CHY(Yx) — C(K) =5 C(F),

whence the claim.

As CH'(X) — CH'(Xg) is an isomorphism for every field extension K/F,
the projection formula shows that the map CH'(X) ® CHY(Y) — C(F) is
surjective. The statement follows. 0

Example 0.6. Let Y be a projective homogeneous variety with the F-algebras
E and A as in Example 0.2. If A is split, then CH'(Yx) = Ko(E ® K) for
every field extension K/F. As K* is separably closed in K, the natural map
Ko(E ® K*) — Ko(E ® K) is an isomorphism, therefore, the condition (2)
holds.

Write GIIIQ(XXY) for the cokernel of the product map CH*(X)®CH'(Y) —
CH?*(X x Y). We have the following commutative diagram:
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CH*(X)

R

00— CH*(Y) —=CH (X xY) —= CH*(Xr(y))

S

CH*(Yr(x))

Proposition 0.1 gives conditions for the exactness of the row in the diagram
and Propositions 0.3 and 0.5 - for the exactness of the column in the diagram.

A diagram chase yields together with Propositions 0.1, 0.3 and 0.5 yields
the following statements.

Theorem 0.7. Let X and Y be smooth complete geometrically irreducible
varieties such that for every field extension K/F':

(1) The natural map CH'(X) — CH'(Xg) is an isomorphism of torsion

free groups,

(2) The natural map CH*(X) — CH*(Xg) is injective,

(3) The product map CH'(Xg) ®@ K* — AY( X, K3) is an isomorphism,

(4) The Grothendieck group Ko(Y') is torsion-free,

(5) The product map Ko(X) @ Ko(Y) — Ko(X X Y) is an isomorphism.
Then the natural map CH*(Y') — CH?*(Yr(x)) is injective.

Remark 0.8. The conditions (1) — (3) hold for a smooth projective quadric
X of dimension at least 7 by [3, Theorem 6.1] and Example 0.2. By Example
0.4, the conditions (4) and (5) hold if the even Clifford algebra of X is split
and Y is a projective homogeneous variety.

Theorem 0.9. Let X and Y be smooth complete geometrically irreducible
varieties such that for every field extension K/F':
(1) The natural map CH'(X) — CH'(Xg) is an isomorphism of torsion
free groups,
(2) The natural map CH*(X) — CH*(Xy) is injective,
(3) The product map CH'(Xg) @ K* — AN Xk, Ky) is an isomorphism,
(4) The natural homomorphism CH'(Yys) — CHY(Yx) is an isomorphism.
Then the natural map CH*(Y') — CH?*(Yr(x)) is injective.
Remark 0.10. The conditions (1) — (3) hold for a smooth projective quadric

X of dimension at least 7 and a projective homogeneous variety Y with the
split Azumaya algebra by Remark 0.8 and Example 0.6.
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