THE MASSEY VANISHING CONJECTURE FOR FOURFOLD
MASSEY PRODUCTS MODULO 2

ALEXANDER MERKURJEV AND FEDERICO SCAVIA

ABSTRACT. We prove the Massey Vanishing Conjecture for n = 4 and p = 2.
That is, we show that for all fields F, if a fourfold Massey product modulo 2
is defined over F', then it vanishes over F.

1. INTRODUCTION

Let (A,9) be a differential graded ring, that is, a cochain complex equipped
with a graded associative product satisfying the Leibniz rule with respect to the
differential 9, and let H*(A) be the cohomology ring of A. For all integers n > 2
and all ay,...,a, € H'(A), one may define the n-fold Massey product (a1, ...,a,):
it is a certain subset of H2(A). For n = 2, the Massey product (a1, as) is equal to
the singleton {ajas}, but for n > 3 the Massey product (ai,...,a,) can be empty
or contain more than one element. One says that (a1, ..., a,) is defined if it is non-
empty, and that it vanishes if it contains 0. (See the introduction of [HW19] for
the precise definition of Massey product, which will not be needed in this paper.)
We have the following implications:

(ai1,...,ay) vanishes = (ay,...,ay) is defined = a;a,41 =0 (i=1,...,n—1).

Massey [Mas58] introduced Massey products in Algebraic Topology; in this case
A is the singular cochain complex of a topological space. Massey proved that the
Borromean rings are not equivalent to three unlinked circles by showing that the
singular cochain complex of the complement of the Borromean rings in R admits
a non-trivial triple Massey product.

In this paper, we consider Massey products in Galois cohomology. Let p be a
prime number, I" be a profinite group and A = C*(I',Z/pZ) be the differential
graded F,-algebra of mod p continuous cochains of I'. We write H*(T', Z/pZ) for
the cohomology algebra H*(A). When T is the absolute Galois group of a field F,
we will write H*(F,Z/pZ) for H*(T',Z/pZ).

Let n > 2 be an integer, U,41 C GLy41(Fp) be the subgroup of upper unitri-
angular matrices, and Z,, 11 C U,41 be the subgroup generated by the matrix Z
having 1 in each diagonal entry and in the entry (1,n 4 1) and 0 elsewhere. Then
Zni1 ~ ZJpZ is the center of U,y1. We let U,y == U,i1/Zny1; one may think
of U,41 as the subgroup of upper unitriangular matrices with top-right corner
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removed. We obtain the following diagram of groups

1 Z/pZ - Uni1 ﬁn+1 1
X l@
(Z/pZ)",

where the row is a central short exact sequence, (1 + pZ) = Z, the surjective
homomorphism ¢ forgets the entries of all upper diagonals of an upper unitriangular
matrix except for the first one, and P is induced by ¢.

Let X1,...,Xn € HY(T',Z/pZ) = Homeon (I', Z/pZ), and write x for the group
homomorphism (x1,...,xn): I' = (Z/pZ)™. Dwyer [Dwy75] proved that the Massey
product (x1,...,xn) C H*(T,Z/pZ)

— is defined if and only if y lifts to U,1, i.e., x = @ o X’ for some homomor-
phism x’: ' = U,41, and
— vanishes if and only if yx lifts to U,y 1, i.e., x = ¢ o x” for some homomor-
phism x": T' = Up41.
(The reader not familiar with the general definition of Massey product may take
the above as the definitions of the phrases “the Massey product is defined” and
“the Massey product vanishes.”)

In contrast with the situation in Algebraic Topology, Hopkins—Wickelgren [HW15]
showed that, if F'is a number field, all triple Massey products in H*(F, Z/2Z) vanish
as soon as they are defined. This result was extended to all fields F' by Mina¢—Téan
[MT15b, MT16]. It motivated the following conjecture, known as the Massey Van-
ishing Conjecture, which first appeared in [MT17b] under an assumption on roots
of unity, then in general in [MT16].

Conjecture 1.1 (Mindc-Téan). For every field F, every prime p, every integer
n > 3 and all x1,...,Xn € HY (F,Z/pZ), if the Massey product {x1i,...,Xn) €
H?(F,Z/pZ) is defined, then it vanishes.

When p is invertible in F' and F contains a primitive p-th root of unity, by
Kummer Theory the characters xi,..., X, correspond to scalars ai,...,a, € F*
uniquely determined up to p-th powers. One says that (ai,...,a,) is defined (resp.
vanishes) when (x1,...,xn) is defined (resp. vanishes). Conjecture 1.1 then pre-
dicts that (ay,...,ay,) vanishes as soon as it is defined.

Conjecture 1.1 is in the spirit of the profinite inverse Galois problem, i.e, of
the fundamental question: Which profinite groups are realizable as absolute Galois
groups of fields? Indeed, a historically fruitful approach to the profinite inverse
Galois problem has been to give constraints on the cohomology of absolute Galois
groups. The most spectacular example of this is the Norm-Residue Theorem (the
Bloch—Kato Conjecture), proved by Rost and Voevodsky.

The Norm-Residue Theorem implies, in particular, that H*(F,Z/pZ) is a qua-
dratic algebra: it admits a presentation with generators in degree 1 and relations
in degree 2. This property is false in general for arbitrary profinite groups, and so
gives a way to prove that a profinite group does not arise as the absolute Galois
group of a field.

From this point of view, Conjecture 1.1 predicts a new way in which the coho-
mology of absolute Galois groups is simpler than that of arbitrary profinite groups.
Already the n = 3 case of Conjecture 1.1 yields remarkable restrictions on the
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profinite groups which can appear as absolute Galois groups; see for example the
work of Efrat [Efr14] and Mind¢-Tan [MT17a).
Since its formulation, Conjecture 1.1 has motivated a large body of work by
many authors. It is known in a number of cases:
— when F'is a number field, n = 3 and p = 2, by Hopkins—Wickelgren [HW15];
— when F is arbitrary, n = 3 and p = 2, by Mind¢-Tan [MT15b, MT16];
— when F' is arbitrary, n = 3 and p is odd, by Matzri [Mat14], followed by
Efrat-Matzri [EM17] and Mind¢-Tan [MT16];
— when F is a number field, n = 4 and p = 2, by Guillot-Mina¢-Topaz—
Wittenberg [GMT18];
— when F'is a number field and n and p are arbitrary, by Harpaz—Wittenberg
[HW19].
There are also results for specific classes of fields; for example, rigid odd fields
[MT15a]. However, when F is an arbitrary field, very little is known beyond the
n = 3 case.
In this paper, we prove the case n = 4 and p = 2 of Conjecture 1.1, with no
assumptions on F.

Theorem 1.2. Conjecture 1.1 is true forn = 4 and p = 2. That is, for all fields F
and all x1, X2, X3, X4 € HY(F,Z/2Z), if the mod 2 Massey product (X1, X2, X3, X4)
is defined, then it vanishes.

The proof of Theorem 1.2 is different from those of Guillot—-Mina¢—Topaz—Witten-
berg and of Harpaz—Wittenberg in the number field case, as the tools used by them
(local-global principles, Brauer-Manin obstruction) are not available over an arbi-
trary field.

We sketch the proof of Theorem 1.2. If K is a field (or a product of fields)
of characteristic different from 2, and a,b € K*, we denote by Br(K) the Brauer
group of K, and by (a,b) € Br(K) the class of the quaternion algebra corresponding
to a and b. We also set K, = K|[x,]/(z2 — a) and K, = (K,)s.

(1) Since Conjecture 1.1 is known when char(F') = p, for the proof of Theo-
rem 1.2 we may suppose that char(F') # 2. Let a,b,c,d € F'* such that the
mod 2 Massey product (a,b, ¢, d) is defined: we must show that (a,b, ¢, d)
vanishes.

(2) Guillot-Mind¢-Topaz—Wittenberg showed that (a,b,¢,d) vanishes if and
only if there exist a € F* and § € F such that Np, ,p(e) = bin F*/F*2,
Np,/r(6) = cin F*/F*? and («,6) = 0 in Br(F, 4); see [GMT18, Theo-
rem A] or Proposition 2.1(a) below. In the same spirit, we show in Propo-
sition 2.1(b) that (a,b, ¢, d) is defined if and only there exist o € F and
6 € F; such that Np,,p(a) = b in F*X/F*2 Ng,/p(0) = cin F*/Fx2
and («,0) € Br(F, 4) comes from Br(F)[2]. This reduces Theorem 1.2 to a
problem about Brauer groups.

(3) Fix a and § as in Proposition 2.1(b): our idea is to look for z,y € F* such
that (ax,dy) = 0 in Br(F, q). Note that we are allowed to replace o by
ax and 0 by 6y: indeed, Np, /p(az) = bz? = b in F*/F*? and similarly
Np,/r(6y) = ¢ in F*/F*2. The key new insight to find 2 and y is Propo-
sition 3.1: There exist x € F* and v € F.* such that (az,d) = (az,v) in
Br(Fy,q4) and Np, /p(ax,v) = 0 in Br(F). While Proposition 3.1 is a purely
algebraic statement, its proof, which takes up the whole Section 3, is quite
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geometric: it consists of an intricate combination of residue computations
and specialization arguments. We explain the main ideas that led us to
the formulation and proof of this decisive result in Remark 3.8. At the end
of the proof of Proposition 3.1, it is crucial to specialize at a particular
F-point at which not all functions are necessarily defined; we recall how
this can be done in Section 2.3.

(4) Once x and v as in (3) are found, a previous result of ours yields y € F*
such that (ax,vy) = 0 in Br(Fy); see [MS22, Proposition 4.4] or Propo-
sition 2.8 below. The proof of Proposition 2.8, recalled in this paper for
completeness, uses quadratic form theory, in particular, the theory of Al-
bert forms attached to biquaternion algebras.

(5) The combination of (3) and (4) yields x,y € F'* such that (az,dy) =0 in
Br(F,.q4). By (2), the Massey product (a, b, ¢, d) vanishes, as desired.

We conclude this Introduction by discussing the relation between the present
article and our previous work [MS22]. In [MS22, Theorem 1.3], we had proved
Conjecture 1.1 when n = 4 and p = 2 under the assumption that y; = x4. There-
fore Theorem 1.2 strengthens [MS22, Theorem 1.3]. However, Theorem 1.2 does
not allow us to recover [MS22, Theorems 1.4 and 1.6]: in particular, it does not
allow us to give a negative answer to Positselski’s question about non-formality
of the continuous cochains in the presence of all roots of unity. The proofs of
Theorem 1.2 and [MS22, Theorem 1.3] are independent, except for the use of one
common ingredient, namely the aforementioned Proposition 2.8.

As a corollary of Theorem 1.2 and [MS22, Corollary 3.9], we prove that a fourfold
Massey product modulo 2 vanishes over F' if and only if it is vanishes over an odd-
degree field extension of F'; see Remark 4.1. It is not at all clear how to prove this
directly, and also whether a similar property should be true for n > 4.

Notation. Let F' be a field (more generally, a product of finitely many fields)
of characteristic different from 2. We let F'’* be the group of invertible elements
in F, H*(F,Z/2Z) be the Galois cohomology ring of F with Z/2Z coefficients,
that is, the étale cohomology ring of the constant sheaf Z/2Z on Spec(F’), and
Br(F) := H?(F,Gy,) be the Brauer group of F. The Kummer sequence

1= o = G 22 G — 1

induces isomorphisms H'(F,Z/27) ~ F*/F*? and H*(F,7/2Z) ~ Br(F)[2]. For
all a € F*, we let (a) € H'(F,Z/2Z) be the class represented by a, and for all
a1,...,0n, we let (a1,...,a,) = (a1) U--- U (an) € H"(F,Z/2Z). By [GS17,
Proposition 4.7.1], for all a,b € F* the image of (a,b) € H?(F,Z/2Z) in Br(F)[2]
is the Brauer class of the quaternion algebra corresponding to @ and b, and we
denote it by (a,b) € Br(F).

If E is an étale F-algebra, we write Ng,p: E* — F* for the norm homomor-
phism and Ng,p: Br(E) — Br(F) for the corestriction homomorphism. For all
A € Br(F), we write Ag € Br(E) for the base change of A to E.

For all ai,...,a, € F*, we write Fy, . ,, for the étale F-algebra

Flzy,...,x0]/ (23 —aq,..., 22 —ay),

and we set \/a; == x; foralli=1,...,n.
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If F is a field, an F-variety is a separated integral F-scheme of finite type. If X
is an F-variety, we denote by F(X) its function field and, if P € X, we denote by
Ox p the local ring of X at P and by F(P) the residue field of X at P.

2. PRELIMINARIES

In this section, we let F' be a field of characteristic different from 2 and I'r be
the absolute Galois group of F.

2.1. Fourfold Massey products.

Proposition 2.1. Let a,b,c,d € F*.

(a) The Massey product {a,b,c,d) vanishes if and only if there exist @ € F.°,
6 € F) such that Ng,/p(a) = b in F*/F*?, Np,p(0) = c in F*/F*?
and (o,0) =0 in Br(Fy.,q)-

(b) The Massey product {(a,b,c,d) is defined if and only if there exist o € F*,
6 € Ff such that Ng,/p(a) = b in F*/F*% Np, /p(0) = c in F*/F*?
and (o, 6) € Br(Fy q4) belongs to the image of Br(F')[2] — Br(Fy.q)[2].

Proof. (a) This is a reformulation of [GMT18, Theorem A]. For a direct proof, see
[MS22, Corollary 3.12].

(b) Let Us C GL5(FF3) be the subgroup of upper unitriangular matrices. The
center of Us is isomorphic to Z/2Z and is generated by the matrix

10 0 0 1

10 0 0

1 00

1 0

1

Let P be the normal subgroup of Us given by

1 0 0 % =%
1 0 *x =
P = 1 00
1 0
1

Note that P is the kernel of the surjective homomorphism Us — Us x Us which
forgets the 2 x 2 upper-right square of a unitriangular matrix. The center of Us is
contained in P. If we write Us and P for the quotient of Us and P by the center
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of Us, respectively, we obtain a commutative diagram

N

o

=

S~—

—_
R — S —

N
N
$<—§<—H

U3 xU3 —— 1

Us xUs3 —— 1

e Sle—

where the rows and columns are short exact sequences. The rows endow P and P
with the structure of (Us x Us)-modules, and the quotient map P — P is (Us x Us)-
equivariant. We have a surjection Uz x Us — (Z/27)*, and the composition Us —
Us x Us — (Z/27)* is the homomorphism ¢ of the Introduction.

Let G be a finite group. We refer the reader to [KMRT98, Definitions (18.15)]
for the definition of a Galois G-algebra. By [KMRT98, Example (28.15)], we have
a bijection

(2.2) H'(F,G) = {Isomorphism classes of Galois G-algebras over F'}

which is functorial in the finite group G and the field F'.

Let o € FY, 0 € Ff be such that Np, p(a) = b in F*/F*?, Ng, /p(0) =
c in F*/F*2. We may endow the étale algebras (Fjp)s and (F.4)s with the
structures of Galois Us-algebras as in [MS22, §3.1]. We let h,h' : 'y — Us be the
group homomorphisms corresponding to the Galois Us-algebras (Fy, p)o and (Fs q)s
via (2.2), respectively. Write Xa, Xbs Xe» Xd: L'r — Z/27 for the homomorphism
corresponding via Kummer Theory to a,b,c,d, respectively. The composition of
(h,h'): Tr — Us x Uz with the homomorphism Uz x Us — (Z/2/7Z)* is equal to
(Xas Xbs Xes Xd). Moreover, every lift of (Xa, Xb, Xe» Xd) to Us x Us arises in this way,
for a suitable choice of o € F* and ¢ € F.

Lemma 2.2. The homomorphism (h,h'): T'r — Us x Us lifts to Us if and only if
(o, 0) belongs to the image of Br(F)[2] — Br(F, q)[2].

Proof. We showed in [MS22, Proof of Proposition 3.11] that
P =Indy, (Z/22),

where we view P as a I p-module via (h, h'): I'r — Us xUs, and that the class of the
pullback of the middle row of (2.1) along (h, k') in H*(F,P) = H?(F, 4,Z/27) =
Br(Fy,q)[2] is equal to (a,d).

The left vertical sequence in (2.1) induces a commutative diagram

H?(F,7,/27) — H?(F,P) — H*(F,P)

23) | | H

Br(F)[2] — Br(F,.q)[2] —— H*(F, P),
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where the rows are exact, the homomorphism Br(F')[2] — Br(Fy ¢)[2] is the pullback
map and the homomorphism Br(F, 4)[2] — H?(F, P) is defined by the commuta-
tivity of the square on the right.

The homomorphism (h,h’): T'r — Us x Us lifts to a homomorphism 'y — Us
if and only if the pullback of the middle row of (2.1) along (h,h') splits, that is, if
and only if the corresponding element in H2(F, P) is trivial. By (2.3), this happens
if and only if the map Br(F, 4)[2] — H?(F, P) sends («, ) to 0, that is, if and only
if (o, ¢) belongs to the image of Br(F)[2] — Br(F,,q4)[2]- O

We may now complete the proof of (b). Suppose first that the Massey product
(a,b,c,d) is defined. By Dwyer’s Theorem [Dwy75] (see also [MS22, Theorem
2.4]), the homomorphism (X4, Xp, Xe; Xd): [r — (Z/27)* lifts to a homomorphism
I'r — Us and hence, in particular, to a homomorphism (h, h'): T — Uz x Us. The
Galois Us-algebras corresponding to h and k' are of the form (F, ), and (F. 4)s for
some a € F and § € F such that N, ,p(e) = bin F*/F*? and Np,/r(6) = cin
F*/F*2 respectively. By construction (h, k') lifts to Us, hence Lemma 2.2 implies
that (o, d) € Br(Fy,q)[2] comes from Br(F)[2].

Conversely, suppose that («,d) belongs to the image of Br(F')[2] — Br(Fy.q4)[2].
Let h,h': I'r — Us be the homomorphisms corresponding to (F, ), and (F.4)s,
respectively. By Lemma 2.2, the homomorphism (h, k') lifts to Us. On the other
hand, (h,h'): Trp — Us x Us is a lift of (Xa,Xb, Xe» Xa): Lr — (Z/2Z)*. This
shows that (Xa, Xb, X, Xa) lifts to Us. By Dwyer’s Theorem, the Massey product
(a,b,c,d) is defined. O

2.2. Quaternion algebras. Recall that we suppose char(F) # 2. We begin with
some standard properties of quaternion algebras.

Lemma 2.3. Let a,b € F*. The following are equivalent:
(i) (a,b) = 0 in Br(F);
(ii) b € NFa/F(FaX);
(ZZZ) a € NFb/F(FbX)-
Proof. See [GS17, Propositions 1.1.7]. O

Lemma 2.4. Let a € F* and A € Br(F). Then Ap, =0 in Br(Fy) if and only if
there exists u € F* such that A = (a,u) in Br(F).

Proof. See [Ser79, Chapter XIV, Proposition 2]. ]

Lemma 2.5. Let a,b,u,v € F*. Then (a,u) = (b,v) in Br(F) if and only if
there exist na € Np,/p(F)), ny € Np,/p(F,) and ng, € Np,,,p(F,,) such that
U= NgNap ANA V = NpNgp.-

Proof. See [MS22, Lemma A.2]. O

Lemma 2.6. Let p € F) and p € F* be such that Ng, /p(p) = Np,/p(p). Set
d="Trg,)p(p) + Trp,/p(n). Suppose that d # 0. Then (u,a) = (d,a) in Br(Fy).

Proof. See [MS22, Lemma A.4(3)]. O

Proposition 2.7. Let a,d € F*, m,v € E}, p e F}. Suppose that (r, p) = (7, v)
in Br(F,,q) and that the corestrictions of (m,p) to Fy and Foq are trivial. Then
N, p(m,v) = (d,n,) in Br(F) for some n, € Np, /p(F;).
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Proof. We have

(NFa/F(Tra V))Fd = NFn,,d/Fd(ﬂ-’ V) = NFa,d/Fd (7T,p) =0in Br(Fd>7

and similarly (Ng, /p(7,v))F,, = 0 in Br(Fuq). Thus by Lemma 2.4 there exist
f1, fo € F* such that

NFH/F(W,Z/) = (d, fl) = (ad, fg) in BI‘(F)
By Lemma 2.5 we have fi = ngng, where ng € Np, ;p(F,) and ng € Ng, p(F)).

Since (d, f1) = (d, fln(;l)7 we may replace f; by flngl and hence assume that
fi =14 € Np,/p(F;), as desired. O

The following proposition has already been used in the proof of [MS22, Theorem
1.3].

Proposition 2.8. Let a € F'* and 7, € F) be such that Ng,p(m,pu) = 0 in
Br(F'). Then there exists y € F* such that (7, uy) = 0 in Br(F,).

Proof. See [MS22, Proposition 4.4]. For completeness, we recall the proof. We use
the theory of Albert forms attached to biquaternion algebras; see [KMRT9S8, §16
Al

Let s: F, — F be a nonzero linear map such that s(1) = 0, let @ be the
quaternion algebra (7, ) and let Q° C Q be the subspace of pure quaternions. Let
q: Q¥ — F, be the quadratic form given by squaring: we have ¢ = (m, y, —7pu).
Let s.(q) be the transfer of ¢; see [Lam05, Chapter VII, §1]. Then it follows from
[KMRT98, Propositions (16.23) and (16.27)] that s.(q) is similar to an Albert form
over I of the biquaternion F-algebra given by the corestriction Ng, ,p(7, 1); see
the proof of [KMRT98, Corollary (16.28)]. Thus, by Albert’s theorem [KMRT9S,
Theorem 16.5], the fact that N, ,p(m, 1) is split implies that s.(g) is hyperbolic.

Since s4(q) is 6-dimensional and 4 > 6/2, the 4-dimensional subform s, (u, —mu)
of s.(q) is isotropic. We deduce that the form (u,—mu) over F, represents an
element of F. If the form (u, —mu) is isotropic, then 7 € F.*2 hence (m,pu) = 0
in Br(F,) and we may take y = 1. Otherwise (u, —wpu) over F, represents an
element y € F*, then uy is represented by (1,—m). By Lemma 2.3, this implies
that (7, uy) = 0 in Br(F,) and completes the proof. O

2.3. Specialization. Recall from [Ros96, Remarks 1.11 and 2.5] that the Galois
cohomology functor H*(—,Z/27Z) from the category of field extensions of F' is a
cycle module, that is, it satisfies the axioms of [R0s96, Definitions 1.1 and 2.1].

For all integers n > 1, all regular local F-algebras R of dimension n and
all ordered systems of parameters 7 := (my,...,m,) in R, letting K and Ky =
R/(m1,...,m,) be the fraction field and residue field of R, respectively, we have a
specialization map

Sp: HY(K,Z/27) — H* (Ko, Z/2Z),
which is a graded ring homomorphism defined as follows.

Suppose first that n = 1, that is, R is a discrete valuation ring and 7 = ().
Then we set s, = O, ((—7m1) U (—)), where 0., : H**1(K,Z/2Z) — H* (K, Z/27)
is the residue map at m; see [R0s96, Definition 1.1, below D4].

Suppose now that n > 2 and that the specialization map has been defined for all
regular local F-algebras of dimension < n and all ordered systems of parameters
on such algebras. For ¢ = 2,...,n let T; € R/(m1) be the reduction of m; modulo
m and set T == (Ta,...,Ty,): it is an ordered system of parameters in the regular
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local ring R/(m1). Then s, is defined by sr = sz 0 5(x,), where 71 is viewed as an
element of the localization R ().

The ring homomorphism s, depends on the choice of the ordered set 7. Using
the isomorphism H?(F,Z/2Z) ~ Br(F)[2] coming from Kummer Theory, we obtain
a specialization map

sx: Br(K)[2] — Br(Ko)[2].

Let X be an F-variety and P € X be a regular F-point. For all ordered systems
of parameters m = (m1,...,m,) in the regular local ring R = Ox p the previous
discussion yields specialization maps

spat H*(F(X),2/22) — H*(F,7/2Z), spn: Br(F(X))[2] - Br(F)[2].

If f € Ox p (that is, f is regular and nonzero at P) then it follows from the
definition that sp(f) = (f(P)). In particular, if f € F* is constant then sp(f) =
(f)-

Lemma 2.9. Letn > 1 be an integer, X be an n-dimensional F-variety, P € X
be a regular F-point, and m := (71,...,7,) be an ordered system of parameters in
Ox p. Let F' be a finite separable field extension of F, let X' == X xp F', let
P’ be the only F'-point of X' lying over P, and consider the system of parameters
7 =(m®1L,...,m, ®1) in the regular local ring Ox: pr = Ox,p @p F'. Then the
following squares commute:

H*(F(X),Z/27) —2" H*(F,7/27) H*(F'(X'),7)2Z) “2% H*(F',7,/27)

l( VF(x") l(_)F/ J/NF’(X’ )/ F(X) J/NF’/F

H*(F'(X"),2,/22) 222 H*(F',7.,/27) H*(F(X),7/2Z) =2y H*(F,7,/27).

Lemma 2.9 admits an obvious generalization to the case when F' is an étale
F-algebra.

Proof. We prove the result by induction on n > 1. When n = 1, the inclu-
sion Ox,p C Ox p/ is an unramified extension of discrete valuation rings. Since
H*(—,Z/27) is a cycle module, the commutativity of the left square then follows
from [Ros96, Definition 1.1, R3al], and that of the right square from [Ros96, Defi-
nition 1.1, R2c and R3b).

Suppose now that n > 2. Let Q € X be the point corresponding to the prime
ideal (m1) C Ox,p and Y C X be the closure of Q. Similarly, let @' € X’ be the
point corresponding to the prime ideal (m1®1) C Ox pr and Y’ C X’ be the closure
of @'. Fori=2,...,nletT, € Oy p be the reduction of m; modulo 7y, and consider
the systems of parameters 7 := (Ta,...,7,) in Oy, p and @ = (M2 ® 1,..., T, ® 1)
in Oy' pr = Oy p xp F’. We obtain the following commutative diagram:

B (F/(X'),2)22) ~"% H*(F'(Y"),2/22) 255 H*(F',7,)2Z)

(2'4) J{NF’(X’)/F(X) J{NF’(Y’)/F(Y) J{NF’/F
H*(F(X),Z/2Z) —" H*(F(Y),Z/2Z) —2"s H*(F,Z/2Z).
Indeed, since dim(Y) = n — 1, the right square in (2.4) commutes by the inductive

assumption. Moreover, Ox ¢ is a discrete valuation ring and Ox/ ¢/ = Ox @ ®p F’,
hence the extension Ox g C Ox- ¢ is an unramified extension of discrete valuation
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rings. The commutativity of the left square in (2.4) thus follows from [R0s96, Defi-
nition 1.1, R2c and R3b|. By definition, the composition of the top (resp. bottom)
horizontal arrows in (2.4) is equal to s(p ) (resp. s(pry), therefore the second
square in the statement of Lemma 2.9 commutes. The proof of the commutativ-
ity of the first square in the statement of Lemma 2.9 is entirely analogous, using
[Ros96, Definition 1.1, R3a] instead of [Ros96, Definition 1.1, R2c and R3b]. O

3. THE KEY PROPOSITION
The purpose of this section is the proof of the following proposition.

Proposition 3.1. Let F be a field of characteristic different from 2. Let a,c,d €
F*, let o € F, and let § € F]* be such that and Np,,p(0) = c. Suppose that c
is not a square in F' and that (o, d) € Br(Fy q) is in the image of the pullback map
Br(F)[2] — Br(Fy,,q)[2]. Then there exist x € F'* and v € F;* such that:

(1) (az,d) = (ax,v) in Br(Fyq), and
(2) Ng,/p(ax,v) =0 in Br(F).

Proof. The proof will require several intermediate steps. To begin with, let w1, us €
F be such that § = uq + ugv/d. We have

(3.1) ui — du3 = Np,,r(6) = c.

Let A € Br(F")[2] be such that Af, , = (a,0) in Br(F,,q4). Then
(o,¢) = Np, ,/p,(a,0) = 2AFp, = 0 in Br(F,).

It follows from Lemma 2.3 that there exist oy, as € F, such that

(3.2) a=al—ca3.

Lemma 3.2. In order to prove Proposition 3.1, we may assume that oy and as
are linearly independent over F.

Proof. Suppose that a; and «q are linearly dependent over F', so that there exists
t € F such that either @; = tag or as = tay. By (3.2), in the first case a =
(t? — ¢)a3, and in the second case a = (1 — ct?)a?. Thus, there exist i € {1,2}
and u € F* such that @« = ua?. Note that v € F* and a; € F) because
a € Ff. Letting = u and v = 1, we have (ax,d) = (u?,6) = 0 in Br(F,q)
and (az,v) = (uz,v) = 0 in Br(Fy,), hence (1) and (2) of Proposition 3.1 are
satisfied. O

In view of Lemma 3.2, from now on we assume that a; and as are linearly
independent over F'.

Lemma 3.3. The elements oy +ujae and uyoq+cas in F, are linearly independent
over F'.

Proof. Since a1 and as are linearly independent over F', it is enough to show that
the matrix
1 (251
7]

is invertible, i.e., that ¢ # u?. This is true because c is not a square in F. O
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Consider the field K := F(x1, z3), where 1 and x5 are algebraically independent
over F'. Set
f=a?—calec K~
and
hi = 121 + cagzy € K| he = a1xs + aszy € K.
The fact that hy, hy € K follows from the linear independence of a; and as over
F. We have

(3.3) af = (a? — ca%)(m% — cm%) = (aq21 +ca212)2 —clajza + a2x1)2 = h% - chg,

hence
hi\2 1)?
(34) c= <h2> - Oéf (h2> = N(Ka)af/Ka (p)’
where JaF
hi af X
—_— — — K .
> + I € ( a)af

We have p € (K,), because c € F*. Define
h = hy +uihs GK[T.

The fact that h € K* follows from Lemma 3.3. Finally, set

h 2h
g = TI'Ka,d/Ka(a) +Tr(Ka)af/Ka(p) = 21,[,1 + 2?; = E (S K;
Lemma 3.4. (a) We have (af,d) = (af, g) in Br(K,q).
(b) There exists h' € K* such that

Ni,/k(af,g) = (d, Nk, k(b)) in Br(K).

Proof. (a) Since Np,,r(6) = ¢, we have Nk, ,/k,(6) = c¢. On the other hand,
by (3.4) we know that Nk, /k.(p) = c. The conclusion now follows from
Lemma 2.6, applied to the base field K, and the elements p € (K,);; and § € K.

(b) By (a) and Proposition 2.7, it is enough to show that the corestrictions of
(af,0) € Br(K,q) to K4 and Kyq are zero. We have (af,d) = (a,d) + (f,9) in
Br(K,,q), and so it suffices to show that the corestrictions of («,d) and (f,d) from

Kga,q to Kg and K,q are trivial.
Recall that (o, §) = Ap, , in Br(F, 4) for some A € Br(F)[2]. Thus

NF, ./Fa(@0) = NE, ,/F,(AF, ,) = 2AF, = 0 in Br(Fy).
Similarly, Ng, ,/r,(c,6) = 0 in Br(Fuq). Since corestrictions commute with base
change, it follows that the corestrictions of (o, d) € Br(K, 4) to Ky and K,y are
Zero.

Since § € F, we have Nk, ,/k,(f,0) = (f,0°) = 0 in Br(Ky). Moreover, by
definition f € Ng_/x(K[), hence by Lemma 2.3 we have Ng, ,/k,,(f,6) = (f,¢) =
0 in Br(Kgq). This shows that the corestrictions of (f,d) € Br(K,4) to K4 and
K4 are zero and completes the proof. ([l

We view K as the function field of the affine plane A%, with coordinates z; and
3. We consider the following divisors of A% :
(i) the divisor Dy C A%ﬂ given by f = 0. We have Dy = D} xp F,, where
D} C A% is given by f = 0;
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(i) the divisor Dy C A%, given by hy = 0;

(iii) the divisor D3 C A%ﬂ given by h = 0.
The divisors Dy and Ds are irreducible. Since ¢ is not a square in F', the divisor
D7 is irreducible. If ¢ is not a square in F,, the divisor D; is also irreducible. If
¢ = c} for some ¢; € FX, then D; = D U Dj, where D is given by the equation
x1 = cix2 and Dy is given by the equation z; = —cj 2.

For i = 1,2,3, we denote by F,(D;) the product of the residue fields of the
generic points of D;. We also write F(D}) for the residue field of Dj. The étale
F(Dj)-algebra F,(D;) has degree 2, and is split if and only if ¢ is a square in Fy,.

Lemma 3.5. (a) The Brauer class

= (af,g) + (d, h) € Br(K,)
is unramified away from D1, and the residue of B at Dy is equal to 2uj + 2% €
F,(D1)* /F,(Dy1)*2.
(b) There exists C in the image of Br(F') — Br(K) such that

Nk, /x(af,9) = (d, Nk, /k(h)) + C in Br(K).

Proof. (a) We will prove (a) by computing the residues of (af, g) and (d, h) at all
divisors of A2 . It is clear that (d,h) is unramified away from Ds, and that its
residue at D3 is equal to d.

(i) The rational function Z- on A% is regular and non-vanishing at the generic
point of Dj. We also denote by £t € F(D7)* the reduction of I1. Since
f=0in F(D}), we have ($3)* = ¢ in F(D}). Moreover, the residue of
(af,g) at Dy is equal to

a1 B + can
2u1 —+ 27 = 2U1 —+ 2*
o1 + Qo

(ii) It follows from (3.3) that af = h% is a square in Fy,(D2), and hence (af, g)
is unramified at Dy. Since (d, h) is also unramified at Dy, we conclude that
B is unramified at D5.

(i) In F,(D3) we have h = 0, hence ujhy = —h;. It now follows from (3.1)
and (3.3) that

af =h? —ch? =u?h3 — ch? = (u? — ¢)h3 = du3h3,
that is, af = d in F,(D3)*/F,(D3)*%. Thus, the residue of (af,g) at D3
is equal to d. The residue of (d,h) at D3 is also equal to d, therefore B is
unramified at Ds.

(iv) If D C A%, is a prime divisor different from the D; (and also Dt and D~
if ¢ is a square in F,) and D’ C A% is the image of D, then (af,g) is
unramified at D, hence N _ i (af, g) is unramified at D’

This proves (a).

(b) By the compatibility of the residue maps with corestrictions, Ng, /x(B)
is unramified away from Dj. Moreover, since D1 = D} xp F,, the residue of
Nk, r(af,g) at D is equal to N, (p,)/r(py)(2ur +251) = (2u1 + 2%)2, where
we have used the fact that 22 € F(Dj). Therefore the residue of Ny, /x(B) at
Dy is trivial, that is, N, k(o f, g) is unramified at D. The class Nk /x(d,h) =
(d, Nk, k(h)) is also unramified at D', hence Ng , (B) is also unramified at
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D’. This shows that the Brauer class Nk, x(B) € Br(K) is unramified on A%.
Therefore, by homotopy invariance of Br(—)[2] [Ros96, Proposition 2.2, Nk, /x(B)
comes from Br(F), as desired. O

The combination of Lemma 3.4(b) and Lemma 3.5(b) yields the following result.
Lemma 3.6. There exists n € F* such that
Nk, k(af,9) = (d, Nk, /K (hn)) in Br(K).

Proof. Let P be an F-point of A% and m = (w1, m2) be a system of parameters.
(If P = (P, P»), we may take my = x1 — P} and my = x5 — P».) We specialize
the identities of Lemma 3.5(b) and Lemma 3.4(b) at P. From Lemma 2.9 and
the fact that the specialization map is a ring homomorphism we deduce that C' =
(d, Nk, k(n)) for some n € F, and hence Nk, /k(af,g) = (d, Nk, /k(hn)) in
Br(K), as desired. O

The proof of Proposition 3.1 will follow from Lemma 3.4(a) and Lemma 3.6 by a
specialization argument. The point at which specialization will occur is determined
by the following lemma (with £ = 7).

Lemma 3.7. For every £ € F,, there exists a unique F-point Pe € A% such that,
letting P be the base change of P¢ to F,, we have h(P;) = &.

Proof. Let P = (Py,P2) € A% be an F-point, and let P’ be the base change of P
to F,. The equation h(P’) = £ reads

’ul(OqPQ + OtQPl) + (Oqu + CaQPQ) = f in Fy,

or equivalently

(35) (011 + u1a2)P1 + (u1a1 + CO[Q)PQ = f in Fa.
We know from Lemma 3.3 that a; + w9 and ujaq + casg are linearly independent
over F', hence (3.5) has a unique solution (P;, P;) € F x F. O

We are now in a position to prove Proposition 3.1. By Lemma 3.7, there exists
an F-point P € A% such that h(P’) = n, where P’ is the base change of P to F,.
Let m = (m1,m2) be an ordered system of parameters of the local ring at P. (As
in the proof of Lemma 3.6, if P = (P;, P»), then we may take my = 21 — P; and
my = x9 — P5.) Let ' = (#},7}) be the system of parameters obtained by base
change of m to F,. We also let x € F* and v € F, be such that (z) = sp(f) and
(v) = spr.n(g). We obtain the following string of equalities in Br(F):

Np,/p(az,v) = sp o (N, k(af, g))

= sp . (d, Nic, i (h))

= (d, Ng,/r(M(P")n))

= (d,Np, r(1)%)

=0.
Here the first and third equalities follow from Lemma 2.9, the second equality
follows from Lemma 3.6 and the fourth equality from the fact that h(P’) = 7. On
the other hand, Lemma 2.9 and Lemma 3.4(a) yield

(azx,d) = (az,v) in Br(F, q4).

This completes the proof. O
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Remark 3.8. In the proof of Proposition 3.1, we chose f to be a norm from K[,
hence z, being obtained by specialization from f, belongs to Ng, p(FZ). Since
this choice is quite surprising and at the same time crucial for our argument, we
explain the reasoning that led us to it.

We first recall our general strategy, based on Proposition 2.1: we start with
(a,8) € Br(Fy,q) which belongs to the image of Br(F)[2] — Br(Fy,q)[2], and we
want to find z,y € F* so that (ax,dy) = 0 in Br(F, 4).

If no restrictions on x,y are made, it will often happen that (ax,dy) € Br(F, q)
no longer comes from Br(F')[2]. Indeed, if (az, dy) € Br(F, 4) comes from Br(F')[2],
then its corestrictions to F,, F; and Fgq4 are trivial (the converse is also true). It
turns out that the latter condition is equivalent to the existence of ng € Ng, /p(F;),
ny € Npyp(F)), ne € Npyp(FX), na € Np,p(Fy), nae € Np, /r(Fg) and
ned € Np,,/r(F,,;) such that

(36) T = NcNge, Y = NpNpd, NacNbd = NaNd-

If the solutions to (3.6) could be rationally parametrized, one could then plug the
parametrization into (ax,dy) and hope to find x and y this way. The condition
NacNpd = NaNg, however, determines a non-rational variety. Our hope then becomes
to at least parametrize a suitable subset of the solutions of (3.6): this subset should
be large enough as to contain our objective z and y, but also small enough as to
allow a simple parametrization.

In [MS22, Theorem 1.3], where we solved the case when ad is a square, we avoided
this problem by choosing z = 1, y = n; (so that Np,,p(a,6y) = Np,/p(a,y) =
(b,y) =0) and ny = n. = ng = Nge = Npg = 1.

In the general case, after several tries, we chose £ = n., y = n, and n, = ng =
Nae = Npg = 1. Therefore z is of the form 2?7 — cx3, and we need to find a condition
for the triviality of (ax,dy) in Br(F, ). It is pure luck that this condition is a
system of linear equations and that this system can be solved.

4. PROOF OF THEOREM 1.2

Proof of Theorem 1.2. If char(F) = 2 then by [Koc02, Theorem 9.1] the maximal
pro-2-quotient of the absolute Galois group of F' is free, hence by [MT17b, Remark
4.1] all mod 2 Massey products over F' are defined and vanish. We may thus
assume that char(F') # 2, so that by Kummer Theory the characters x1, x2, x3, X4
correspond to scalars a,b,c,d € F*, uniquely determined up to nonzero squares.

Let a,b,e,d € F*, and suppose that the Massey product {(a,b,c,d) is defined.
Suppose first that c is a square in F', and let 6 = 1. Then Ng,/p(0) = 1 = cin
F*/F*2. Moreover, since (a, b, c,d) is defined we know that (a,b) = 0 in Br(F),
hence by Lemma 2.3 there exists a € F; such that Np,,p(a) = b. We have
(o, 0) = 0 in Br(Fy 4), and so by Proposition 2.1(a) the Massey product (a, b, ¢, d)
vanishes.

Suppose now that ¢ is not a square in F. By Proposition 2.1(b) we know that
there exist o € F* and § € F such that Np, /p(a) = bin F*/F*% and Np, /p(6) =
cin F*/F*? and such that (a,§) belongs to the image of Br(F)[2] — Br(F, 4)[2].
Let v € F* be such that Ng, ,p(d) = cv®. The Massey product (a,b, ¢, d) is defined
(resp. vanishes) if and only if <a, b, cv?, d> is defined (resp. vanishes), hence we may
replace ¢ by cv? and thus assume that Np,/r(8) = c. Since c is not a square in F,
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the assumptions of Proposition 3.1 are now satisfied, hence there exist x € F* and
v € F) such that

(1) (az,d) = (az,v) in Br(F, 4) and

(2) Ng,/p(ax,v) =0 in Br(F).
By Proposition 2.8, (2) implies the existence of y € F* such that (az,vy) = 0
in Br(F,). Therefore by (1) we have (az,d) = (az,v) = (az,y) in Br(F, ), and
hence (az,dy) = 0 in Br(F, 4). By Proposition 2.1, this means that the Massey
product (a, b, ¢, d) vanishes, as desired. O

Remark 4.1. (1) Let F be a field of characteristic different from 2 and a, b, ¢, d € F*.
In [MS22, Corollary 3.9], we proved that the mod 2 Massey product (a,b,c,d) is
defined over F' if and only if it is defined over some odd-degree field extension of
F. Combining this with Theorem 1.2, we deduce that (a, b, ¢, d) vanishes over F' if
and only if it vanishes over some odd-degree field extension of F.

(2) Recall that a splitting variety for (a,b,c,d) is an F-variety X such that for
all field extensions K/F, (a,b,c,d) vanishes over K if and only if X(K) is not
empty. Let o € F and § € F, be such that Np, /p(a) = b and Ng,/r(d) = c.
Consider the F-variety G2 x RFa,d/F(A%“a,d)a where Rp, ,/r(—) denotes the Weil

restriction functor, G7, has coordinates (s,t) and Rp, ,/r(A%, ) has coordinates

(u,v). Let X C GZ, x Ry, ,/r(A%, ) be the subvariety defined by the equation

,d
sau? + tdv? = 1: according to [GMT18, Below Theorem A.1], it is 6-dimensional,
smooth and geometrically rational. It is known that X is a splitting variety for
(a, b, c,d); see [GMT18, Theorem 5.6 and A.1]. It follows from (1) that if X has a
zero-cycle of odd degree, then X has an F-point. We do not know how to prove
this property directly, without recourse to Theorem 1.2. (One should note that the
equation sau? + tdv? = 1 is really a system of four equations over F.)
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