Math 252A Fall 2012

Homework 3 (Due: We, 11/07)

Problem 1: Let i be a positive Borel probability measure on the unit circle 0D,
and define
C+z

(1) p(z) = /am) - du(¢) for z € D.

a) Show that p is holomorphic on D, and satisfies p(0) = 1 and Rep(z) > 0
for z € D.

b) Fix r € (0,1), let f: 0D — C be continuous, and define

= C+ré o or
1€ = [ re| ] @ aote) or e om,

where o is Lebesgue measure on dD normalized so that ¢(0D) = 1. Show
that f, is continuous on JD and that f. — f uniformly on 0D as r — 1.

c¢) Show that p in (1) is uniquely determined by p. Hint: Suppose v is another
Borel probability measure on 0D that gives the function p in (1) (if we
replace pu by v). Show that then [, fdu = [, fdv for all continuous
functions f: 9D — C.

Problem 2: Let ¢: D — C be a holomorphic function satisfying o(D) C D,
©(0) =0, and ¢'(0) = ¢ € (0,1].

a) Show that then

(2) |p(2) = 2| < (1 = ¢)[]

Prove that this inequality is best possible in the sense that for given z € D,
there exists a function ¢ satisfying the above hypotheses for which we have
equality in (2). Hint: First prove that ¢ can be written in the form

1+ |z2|

f c D.
e or z

zp(z) +c
=, 7 7 D
o(z) Zl 0 (2) or z € 1),
where 1: D — C is a holomorphic function satisfying ¢(]D) C D and

(0) = 0.
b) Find the best possible upper bound for |¢”(0)| (as a function of ¢).



