
Math 246C Spring 2014

Homework 4 (Due: Fr, 5/9)

Problem 1: Let Ω ⊆ C be a bounded and open set, and u be a subharmonic
function on Ω that is bounded from above. Suppose that there exists a finite set
F ⊆ ∂Ω such that

lim sup
z→z0

u(z) ≤ 0

for all z0 ∈ ∂Ω \ F . Show that then u ≤ 0.

Problem 2: Let Ω = D \ {0}, and define f : ∂Ω = ∂D ∪ {0} → R by setting
f(z) = 0 for z ∈ ∂D and f(0) = 1. Show that then Hf = Hf ≡ 0.

Problem 3: Let f : ∂D→ R be an integrable function (w.r.t. Lebesgue measure
on ∂D), and

u(z) =
1

2π

∫ 2π

0

1− |z|2

|z − eit|2
f(eit) dt, z ∈ D,

be its Poisson extension.
Show that then

lim inf
ζ∈∂D→ζ0

f(ζ) ≤ lim inf
z∈D→ζ0

u(z) ≤ lim sup
z∈D→ζ0

u(z) ≤ lim sup
ζ∈∂D→ζ0

f(ζ)

for all ζ0 ∈ ∂D.

Problem 4: Let Ω ⊆ C be a bounded and open set, and u be subharmonic
function on Ω. Show that then u(z0) = lim sup

z→z0

u(z) for all z0 ∈ Ω.


