Math 246C Spring 2014

Homework 3 (Due: Fr, 5/2)

Problem 1: Let (X, d) be a compact metric space, and f: X — [—00,00) be an
upper semicontinuous function with f # —oco. For n € N and =z € X define
un(x) = sup  {f(y)+1/n—nd(z,y)}.

Show that then wu, is a continuous function on X with values in R, that f <
Upt1 < u, for n € N and that

lim w,(z) = f(x)

n—oo

forall z € X.

Problem 2: Let U C C be open and u be a locally integrable function on U. We
pick a function ¢ € C°(C) with ¢ > 0, supp(¢) € B(0,1), and [.¢dA =1 such
that ¢ is radial (i.e., p(2) = ¢(|z|) for z € C). For € > 0 define
1
ocl2) 1= (/o
for z€ Cand U, :={z € U : B(z,¢) CU}.
a) Let u, = u* . on U,. Show that there exist a subharmonic function v on
U with v = v almost everywhere on U if and only if u, is subharmonic on
U, for each ¢ > 0.
b) Show that there exist a subharmonic function v on U with u = v almost
everywhere on U if if and only if [, uAypdA > 0 for all ¢ € C*(U) with
Y > 0.
c¢) Show that if u is subharmonic, then there exists a Borel measure p > 0 on

U such that
/ ulAp dA = / Ydu
U U

Problem 3: Let U C C be open, and u be a continuous real-valued function on
U. Show that u is harmonic if and only if [, uAy dA =0 for all ¢ € C°(U).

for all ¢p € C(U).

Problem 4: Let U,V C C be regions, f: V — U be a non-constant holomorphic
map, and u be subharmonic on U. Show that v = v o f is subharmonic on V.



