Math 246A Fall 2013
Homework 5 (Due: Fr 11/01)

Problem 1: Let 2 C C be a convex region, and f a zero-free holomorphic function

on €.

a) Show that f has a holomorphic logarithm, i.e., there exists a function
L € H(R) such that

f(z) =exp(L(2)) forall ze€Q.

Hint: Do not use the function w ~— log(w) for w € C\ {0} which we
have not yet defined (and cannot be defined as a holomorphic function on
C\{0}).

b) Show that f has a holomorphic square root, i.e., there exists a function
S € H(Q) such that

f(z) =8(2)* forall zeQ.

Problem 2:

a) Let f be a continuous function in C, and {z,} and {w,} be convergent
sequences in C with z, — z and w,, — w as n — oo. Show that

lim f(z)dz = f(z)dz
700 S [z wn] (2]
b) Let f be a continuous function in C that is holomorphic on C\ R. Show
that f is holomorphic on C.

Problem 3:
a) Show that the power series

Z (n+1)!

n:O

converges for all z € C.

b) Let g be the function represented by the power series in a). Find a simple
expression for g(z) if z # 0.
c) For r > 0 let o, : [0,2] — C be the path defined by

reit t € 10,1},
a,(t) = { (2t —3)r, te {1,2%

Show that / g(z)dz = 0.
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d) Show that

e) Show that

Problem 4: Let f be a holomorphic function in the unit disk ID. Suppose that
|£(1/n)| < e for all n € N, n. > 2. Show that f vanishes identically.



