ALGORITHMS FOR COMPUTING SATURATIONS OF IDEALS
IN FINITELY GENERATED COMMUTATIVE RINGS

MATTHIAS ASCHENBRENNER

ABSTRACT. This short note constitutes an appendix to a paper by Poonen.

The paper Automorphisms mapping a point to a subvariety by Bjorn Poonen con-
tains an appeal to the fact that there exists an algorithm which accomplishes the
following basic task:

Given a finitely generated commutative Z-algebra A (specified by

generators and relations) and a finite list of generators for an ideal

I of A, compute a finite list of generators for the inverse image of

the ideal I ® Q under the natural morphism A — A® Q.

The existence of such an algorithm is well-known, and the purpose of this note
is to briefly describe two different procedures for the task at hand, and to make
some additional related remarks. Before this, we observe that representing the Z-
algebra A as a quotient A = Z[X]/J where J is an ideal of the polynomial ring
Z|X] =Z[Xy,...,Xn] (where N and generators for J are part of the input data)
one sees that it suffices to consider the case where A is a polynomial ring over Z.
In this case, the pullback ideal in question may also simply be described as the
saturation IQ[X] N Z[X] of I with respect to the multiplicative subset Z \ {0} of
Z[X]. That is, we need to give an algorithm which does the following:

Given N € N and a finite lists of generators for an ideal I of

Z|X] = Z[Xq,...,XnN], compute a finite list of generators for the

ideal IQ[X]NZ[X] of Z[X].
In fact, both algorithms below compute a non-zero integer ¢ such that (I : §) =
IQ[X]NZ[X] as well as a finite list of generators for the ideal (I : §).

Let f1,..., fn be given generators for an ideal I of Z[X] = Z[X4,..., Xn]; we
assume [ # {0} in what follows, and write R = Z[X]/I. The first algorithm (from
[1]) uses Grobner bases in polynomial rings over Z. Throughout we assume that
the reader is familiar with the basic facts about Grobner bases in this context; for
more details see [1]. One may proceed as follows:

(1) Compute a Grobner basis G of I with respect to an arbitrary monomial
ordering of the monomials in X. Let s be the least common multiple of the
leading coefficients of the elements of G. Then we have

IQX|NZ[X] = IZ[%][X] NZ[X]

by [1, Proposition 4.4.4]. (The integer s also has the property that R[1]
is a free Z[1]-module [8, Theorem 2.1]; this is a particular instance of
Grothendieck’s “generic freeness lemma”.)
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(2) Next, let Y be a new indeterminate, distinct from Xi,..., Xy. Then
IZ[%][X] NZX]|=({I,Ys—1)NZ[X]

by [1, Proposition 4.4.1]. Fix an arbitrary monomial ordering <x of the
monomials X = X' - X3V (o = (aq,...,any) € NV) in X. Compute
a Grobner basis G, for the ideal (I,Y's — 1) of Z[X,Y] with respect to the
monomial ordering given by

Xye < XPyt «— a<bora=band X* <x X"

Then G N Z[X] is a Grobner basis for (I,Ys — 1) N Z[X], by [1, Theo-
rem 4.3.6]. Find a non-zero integer ¢ such that dg € I for all g € G, NZ[X].
(We may take d to be a power of s.) Then IQ[X]NZ[X] = (I :9).

Another algorithm is implicit in [2]; it uses the natural division of the problem
posed into two subproblems:

(P1) Compute an integer § such that (I : §) = IQ[X] N Z[X].

(P2) Compute, given g € Z[X], a finite list of generators for the ideal (I : g).
First, as a byproduct of Hermann’s classical algorithm [7] for deciding ideal mem-
bership in polynomial rings over fields, one obtains a procedure for computing a
polynomial P(C') € Z[C] in the coeflicient tuple ¢ of f1,..., f, such that 6 = P(c)
has the property in (P1); see [2, Section 3]. Subproblem (P2) is approached by
specifying an algorithm which accomplishes the following:

(P2') Given g1,...,9m € Z[X], compute a finite generating set for the Z[X]-
submodule of Z[X]™ consisting of the solutions to the homogeneous linear
equation Y191 + - + Ymgm = 0.

To see how this solves (P2), given g € Z[X], consider the homogeneous linear
equation
vifi+ o+ Ynfn = Yntarg.

Then the projection onto the (n + 1)st components of every generating set for the
Z[X]-module of solutions to this equation in Z[X]" ! is a generating set for the ideal
(I : g). An algorithm for (P2'), based on an adaptation of Hermann’s algorithm
from Q[X] to Z[X], may be found in [2, Section 4]. (Of course, (P2') may also be
solved using Grobner bases: it suffices to note that given a Grobner basis G for
the ideal (g1, ...,gm) of Z[X] with respect to an arbitrary monomial ordering, the
representations of the S-polynomials of G in normal form with respect to G give
rise to a finite generating set for the syzygies of g1, ..., gm; see [1, Theorem 4.3.16].)

The first procedure outlined above seems better suited for practical computa-
tions. However, unlike in the case of fields, the precise worst-case behavior of the
analogue of Buchberger’s algorithm for computing Grobner bases over Z[X] is as
of yet still unclear. (For very weak bounds see [6], and for further discussion the
forthcoming [3].) The second procedure has the advantage of coming with explicit
(doubly-exponential) complexity bounds: for example, suppose d € N is an upper
bound on the (total) degree of f; for i = 1,...,n; then IQ[X]|NZ[X] = (g91,---,9m)
where deg(g;) < (2d)2NIDg<N+1) for j = 1,...,m, cf. [2, Theorem B]. (Note that
this bound only depends on the bound d on the degrees and not on the particular
coefficients of the f;.)

In connection with (P1), we remark that the smallest positive integer ¢ such
that (I : 0) = IQ[X] N Z[X] agrees with the exponent of the torsion subgroup of
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the additive group of R = Z[X]/I. (The torsion subgroup of the additive group
of a Noetherian ring always has finite exponent.) The algorithms indicated above,
together with a procedure for deciding equality of ideals in Z[X] (found in [1, 2]),
give rise to a procedure for computing this exponent in an obvious way; another
algorithm was given by Clivio [5] (based on earlier work of Ayoub [4]).
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