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IMAGE DECOMPOSITION USING TOTAL VARIATION AND
div(BMO)*

TRIET M. LEt AND LUMINITA A. VESEf

Abstract. This paper is devoted to the decomposition of an image f into u + v, with u a
piecewise-smooth or “cartoon” component, and v an oscillatory component (texture or noise), in
a variational approach. Meyer [Oscillating Patterns in Image Processing and Nonlinear Evolution
Equations, Univ. Lecture Ser. 22, AMS, Providence, RI, 2001] proposed refinements of the total
variation model (Rudin, Osher, and Fatemi [Phys. D, 60 (1992), pp. 259-268]) that better represent
the oscillatory part v: the spaces of generalized functions G = div(L®°) and F = div(BMO) (this
last space arises in the study of Navier—Stokes equations; see Koch and Tataru [Adv. Math., 157
(2001), pp. 22-35]) have been proposed to model v, instead of the standard L? space, while keeping
u a function of bounded variation. Mumford and Gidas [Quart. Appl. Math., 59 (2001), pp. 85-111]
also show that natural images can be seen as samples of scale-invariant probability distributions that
are supported on distributions only and not on sets of functions. However, there is no simple solution
to obtain in practice such decompositions f = u + v when working with G or F. In earlier works [L.
Vese and S. Osher, J. Sci. Comput., 19 (2003), pp. 553-572], [L. A. Vese and S. J. Osher, J. Math.
Imaging Vision, 20 (2004), pp. 7-18], [S. Osher, A. Solé, and L. Vese, Multiscale Model. Simul.,
1 (2003), pp. 349-370], the authors have proposed approximations to the (BV,G) decomposition
model, where the L space has been substituted by LP, 1 < p < oco. In the present paper, we
introduce energy minimization models to compute (BV, F') decompositions, and as a by-product we
also introduce a simple model to realize the (BV,G) decomposition. In particular, we investigate
several methods for the computation of the BMO norm of a function in practice. Theoretical,
experimental results and comparisons to validate the proposed new methods are presented.
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1. Introduction and motivations. In what follows, we assume that a given
grayscale image can be represented by a function (or sometimes distribution) f, de-
fined on an open, bounded, and connected subset 2 of R?, with Lipschitz boundary
09). In general,  is a rectangle in the plane. Sometimes, we may assume that the
image f is defined everywhere in the plane (obtained by extension). We limit our
presentation to the two-dimensional case, but our results hold in any dimension.

We are interested in decomposing f into u+wv via an energy minimization problem

inf {K(u,v) = F1(u) + \F2(v) : f =u+ v},

(u,v)EX1 X X2

where F7, F5 > 0 are functionals and X, X5 are spaces of functions or distributions
such that X7 = {u : Fi(u) < oo}, Xo = {v : Fa(v) < oo}. It is assumed that
f € X1+ X5. The constant A > 0 is a tuning parameter. Usually, F; and F5 are
norms or seminorms of functional spaces arising in image analysis (i.e., F;(-) = |||/ x,)-
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An important problem in image analysis is to separate different features in images.
For instance, in image denoising, f is the observed noisy version of the true unknown
image u, while v represents additive Gaussian noise of zero mean. Often in this case,
X, C Xo, f € X5, and X is a space of functions “smoother” or less oscillating than
those in X5. However, sharp edges or boundaries have to be represented in u. Another
related problem is the separation of the geometric (cartoon) component u of f from
the oscillatory component v, representing texture or noise, of zero mean. In other
cases, u can be seen as a geometric or structure component of f, while v is clutter;
see [47]. A good model for K is given by a choice of X; and X so that with the above
given properties of u and v, the (semi-) norms Fj(u) = |jullx, and F»(v) = ||v||x,
are small. We give here two examples of image decomposition models by variational
methods that are most related with our framework. However, many other previous
work (variational or nonvariational) can be seen as decompositions of f into u + v.
In the Mumford and Shah model for image segmentation [30], f € L>(Q) C L*(Q)
is split into u € SBV () [28], [3] (a piecewise-smooth function with its discontinuity
set J, composed of a union of curves of total finite length), and v = f —u € L*(Q)
represents noise or texture. The problem in the weak formulation is [30], [28]

1 inf 2 1, 2 _
(1) (uw)eSBl‘ﬁl(Q)XLz(Q){/Q\Ju IVul” + oM (Ju) + Bllvllzz ) f=u+vep,

where H! denotes the one-dimensional Hausdorff measure, and a, 8 > 0 are tuning
parameters. With the above notation, the first two terms in the energy from (1) com-
pose Fj(u), while the third term makes F5(v). A related decomposition is obtained
by the total variation minimization model of Rudin, Osher, and Fatemi [34] for im-
age denoising, where SBV () is substituted by the slightly larger space BV () of
functions of bounded variation that is defined by [18], [4], [5].

DEFINITION 1.1. Let u € L*(2); we say that u is a function of bounded variation
in Q if the distributional derivative of u is representable by a finite Radon measure in
Q, i.e., if

/ua¢dx:—/¢Diu Yo e CHQ), i=1,2,

for some R2-valued measure Du = (Dyu, Dau) in Q. The vector space of all functions
of bounded variation in  is denoted by BV (Q).

Another equivalent definition of the space BV () (as a dual space) is obtained
by the following definition.

DEFINITION 1.2. Let u € L*(Q). The variation of u in § is defined by

V(u,Q) = sup { / u(divg)dx : g€ [C&(Q)]Q, 191l o ) < 1}.
Q

PROPOSITION 1.3. Let u € LY (). Then u € BV(Q) if and only if V(u, Q) < .
In addition, V (u, ) = |Du|(2) for any u € BV ().

Note that when v € WH1(Q), then Du = Vudz, but the inclusion Wh(Q) C
BV () is strict. However, by slight abuse of notation, we will sometimes use |Du|(Q2) =
Jo IVuldz = |u| gy (q) for u € BV (£2), where |u| gy (q) is the seminorm. Equipped with
llull Bv () == [Dul(Q) + [|ul 1 (0), BV (2) becomes a Banach space.
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The Rudin—Osher-Fatemi (ROF) decomposition model can be defined as [34]

(2) {J(u,0) = [ulpvia) + MvllEa (), f=u+v},

inf

(u,0)EBV (2)x L2 ()
where A > 0 is a tuning parameter. In the original total variation model, v represents
additive Gaussian noise of zero mean. This model provides a unique (BV (Q2), L?(9))
decomposition of f € L%(Q) for each A > 0 (see [10] or [43] for a more general case).
The model is convex, easy to solve in practice, and denoises well piecewise-constant
images while preserving edges. However, it has some limitations. For instance, if f
is the characteristic function of a smooth set F of finite perimeter, the model should
produce u = f, v = 0. But this is not true for any finite value of A [27], [39], [5].
Cartoon or BV pieces of f are sent to v, and the model does not always represent well
texture or oscillatory details, as we will see later. In [40], the authors have proposed a
hierarchical multiscale (BV (2), L(£2)) decomposition to reduce such artifacts. Also,
in [23], [2], it has been shown that natural images are not well represented by functions
of bounded variation.

We recall the following definition.

DEFINITION 1.4. Let D(Q) be the set of test functions in 2, i.e., the set of
all functions ¢ on  that are infinitely differentiable and, together with all their
derivatives, are rapidly decreasing (i.e., remain bounded when multiplied by arbitrary
polynomials) near the boundary 0. The set of all distributions (linear continuous
functionals on D(QY)) is denoted by D' (Q).

Here we are interested in a better choice for the oscillatory component v or for
the space X5, which has to give small norms for oscillatory functions, while keeping
X1 = BV(Q). Our discussion follows Meyer [27], together with the motivations
from Mumford and Gidas [29]. The idea is to use weaker norms for the oscillatory
component v, instead of the L?() norm, and this can be done by the use of generalized
functions. For instance, Meyer suggests the use of v € (BV(Q))’, the dual of the
BV (Q) space, having the inclusions BV (Q2) C L*(Q) C (BV(Q))’. However, there is
no known integral representation of continuous linear functionals on BV (Q2). There is
a result that describes the dual of the SBV () space by De Pauw [17], but it leads to
a complicated representation. To overcome this, Meyer P?] suggests approximating
(BV(Q)) by another slightly larger space, the dual (W3 ()’ = W~1°°(Q). This is
equivalent with the following space of distributions [1], [27].

DEFINITION 1.5. Let G = G(R2) consist of distributions T in D'(Q2) which can be
written as

T = div(§) in D'(Q), §=(91,92) € (L™(Q))*

i, T(9) = = [ (9152 + 9232) for any ¢ € D(Q).
Define |||l on G by

ITlle = inf {2 + (022l (@) : T = div(@) in D'(Q), §€ L(,R?)}.

We recall that W' () is the closure of C§°(€) in the space W11 (£2). Functions
in T/VO1 1(9) have zero trace on 92. The space G is a Banach space, because it is
isometrically isomorphic with the dual space (equipped with the dual norm) of the
normed space W' (€) equipped with ||u||W01,1(Q) = [, |Vul. We denote this dual

space in the usual way by W—1>°(Q).
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REMARK 1. When ) is open, bounded, and connected in R? with Lipschitz bound-
ary, under the additional (technical) assumption f € L?(2), we have the following:
if f is decomposed into u + v by a (BV, Xs) model, with w € BV(Q2) C L*(Q) and
v=f—u€ X5(Q), then we must have v € L*(2). Since v corresponds to additive
noise and texture of zero mean [,v = 0, Aubert and Augjol [6], also following [27],
consider the subspace Xy = {v € L*(Q) : [,v = 0} of both L*(Q) and G(Q) which
coincides with the space {v = div(g) : §- 7 = 0}. However, the minimizers given
by the (BV (), G(2)) model will be different from the minimizers given by the ROF
model [34].

We would like now to introduce the space F' (proposed earlier in [25] for the
Navier—Stokes equations and in [27] as a suitable space for modeling textures instead of
the space G). Let us work for a moment on the entire space R? (assuming, for instance,
that the data f is extended by zero or by reflection outside the open rectangle 2).
DEFINITION 1.6 (John—Nirenberg space of bounded mean oscillation). Let f €
(R%). We say that f belongs to BMO(R?) if the inequality

1
|Q/Q|f—fQ|§A

holds for all squares Q. (It is sufficient to consider squares with sides parallel with the
axis.) Here fo = |Q|™! fQ f(z,y) denotes the mean value of f over the square Q. The

smallest such A is chosen to be the norm of f in BMO(R?), denoted by || f|| 5ro2),
i.e.,

Ll

loc

1
3) oo = s o /Q - fol.

=square

Often in harmonic analysis, the Hardy space H'(R?) [36] is preferred instead of
L'(R?) (with H'(R?) C L'(R?)), because H'(R?) has a predual which is the space
VMO(R?) (vanishing mean oscillation space [36]) while L!(R?) does not. When
this substitution is applied, L>°(R?) = (L'(R?))’ is substituted by BMO(R?) =
(H'(R?))’. Therefore, we are led to consider in a similar way the space F of generalized
functions defined as (Meyer [27] and Koch and Tataru [25]) follows.

DEFINITION 1.7. Let F consist of generalized functions T which can be written
as

T =div(7), §= (91,92) € BMO(R? R?).
Define ||.|r on F' by

ITNF = nf{(llg1lBrro®2) + 92l Brro®2)) : T = div(g),
G=(91.92) € BMO(R*,R?)}.

Similar with the case of the space G, this space F' can also be identified with the
dual of the H!(R?)-Sobolev space I;(H') (with I; the Riesz potential) (see [37]) or
sometimes denoted by Fy,(R?) (see [42]). Meyer suggests that the space F' can also
better model the oscillatory component v in the u + v decomposition model than the
L? space, and we will show this statement in this paper. In the rest of the paper, we
will work with local versions F(€2), since BMO() is well defined also on bounded
domains (even if the Hardy space H! is not well suited on bounded domains).
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DEFINITION 1.8. Let F(Q) consist of generalized functions T in D'(Q) which can
be written

T =div(g), §=/(91,92) € BMO(Q,R?),

equipped with the norm
1T ey = inf{ (llg1ll Brroe) + llg2llBriow)) : T = div(g),
7= (91.92) € BMO(Q,R?)}.

The next two examples show why the choice of Xy = L? or Xy = L' does not
always model oscillatory functions very well, and the proposed models, obtained by
substituting ||v]|2, by [lv||F or ||v]|¢ in the ROF model, give better decompositions.

EXAMPLE 1. Let a > 0, n > 0 be fized, and let ¢ be a smooth function defined
on R such that

a if x| <n,
pla) = {0 .
if |z| >n+1,

and @ 1is increasing on (—o00,0] and decreasing on [0,00). Let m > 0, f(zx) =
Lo/ (z) sin(ma) + ¢(z) cos(mz), and g(x) = % sin(mx) + ¢; then f =g’

(i) We have | fllc = %. Note that ||f[|lr < 2| fllc — 0 as m — oo. (The
inequality || fllr < 2|/ f|le will be seen later.)

(i) [If12. > 2a® [) |cos(ma)* dz = a*(n + 5= sin(2mn)) — a’n > 0 as
m — 0.

(iii) Let N = [ 52| be the number of complete periods of cos(mx) in the interval
[0,n]. We may assume N > 1. Then

Ifllz: > 2a/ | cos(mz)| dz > 8aN/2 cos(mz) dx = Sa ~ dan/m.
0 0 m

Therefore, an oscillatory function has small G and F norms which do not depend
on the domain Q = (—n,n) and approach 0 as the frequency of oscillations increases
but with important, not so small, L?> and L' norms.

EXAMPLE 2. Let D = D(0,R) C R? be a disk centered at the origin with radius
R. For some a > € > 0, consider f = axp, uc = (a—€)xp, andve = f—u. = exp. If
we evaluate and compare the ROF energy for two candidate solutions, (u= f,v = 0)
and (ue,ve = f — ue), we would like to have for this f, for any e,

[flav = T(£,0) < luclpv + Allve|| 7
or 2rRa < 2nRa + enR(eR\ — 2)

if and only if A > % for all e, i.e., when X\ = co. However, if |.||3. is replaced
by ||.||F, then we have, for any e,

|flev = T (f,0) < [uelpv + Avellp < [uelpv + 2A[|velle
< 2naR < 2rRa + eR(A — 27)

if and only if X > 27 which does not depend on € and R. (To obtain ||v.|c = €&, we
use [27, Lemma 6, page 36].)
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This shows a limitation of the ROF model: if f = axp (an image free of noise,
piecewise-constant, and with smooth discontinuity set of finite length), then the min-
imizer uy cannot be f for any finite A. Related remarks have been made in [27], [38],
[39], [5]. Moreover, suppose we decompose f by the energy minimization

[of (K, v) = fulpy + Aok, « f =u+wv,p> 0},

where || - || x, is a norm or a quasi norm, and such that || xp||x, # 0. If we start with
f = axp, then the recovered image should be f for some finite A\ > C'. We have the
following: IC(f,0) < K(u,ve) if and only if p < 1. Therefore, for any p > 1, we cannot
obtain u = f for any finite value of A. We refer the reader to Cheon et al. [15], Chan
and Esedoglu [11], and Chan, Esedoglu, and Nikolova [12] for the (BV (), L*())
version of the ROF model in two dimensions in the continuous setting, which are also
improvements over the original ROF model. (In [15], the authors have also considered
the case when in the ROF model the fidelity term ||f — u||2L2(Q) has been replaced by
|f — u|lL2(q); this choice gives very good reconstruction results in practice.)

From such motivations, Meyer [27] proposed a decomposition of f, with X; =
BV (Q), via

inf{K(u,v) = |u|gv ) + Alv|x,}

where the infimum is taken over u € BV (2) and v € X3, such that f = u + v. Here
(X, |- [ x,) is either (G(Q), || |lc(a)) or (F (), -] r(q))- However, these minimization
models cannot be directly solved in practice: there is no standard calculation of the
associated Euler-Lagrange equation, as it is for the ROF model which can be solved
easily by finite differences.

In [44], [45], Vese and Osher proposed a method to overcome the difficulty of
computing ||.||¢. This has been done by the energy minimization problem

inf {%(%91792) = |ulpv) + ullf —u—0z91 — ay£72||2L2(sz)

(4) U,91,92
+ Mgt + Bl v }-

By this model, f is decomposed into u+ v+ w, and as 4 — oo and p — oo, the model
approaches Meyer’s (BV, G) model. The space G = W~1°°(Q) is approximated by
W=LP(Q), with p < co. (When p = 2, v belongs to the dual of the Sobolev space
HY(©).)

In [33], Osher, Solé, and Vese proposed a simplified approximated method corre-
sponding to the case p = 2. Let § = VP + Q be the unique Hodge decomposition
of G € L®(Q,R?). Using f —u = v = div(§) = AP, i.e., P = A7} f — u), Meyer’s
(BV,G) model is then approximated by

igf{gg(u):/ﬂ|Vu|+)\/ﬂ|V(A1(f—u))2}.

This model gives an exact decomposition f = u 4+ v, with u € BV(Q) and v €
W=12(Q) = (Hg(2))’, and the minimization problem has been solved using a fourth-
order nonlinear PDE.

In the present paper, we propose a new method to approximate Meyer’s (BV, F)
model. We also introduce an equivalent definition of the BM O norm, using an open
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set formulation, which is easily formulated and computed using curve evolution tech-
nique. As a by-product, we also propose a new method for solving the (BV, G) model,
different from the one proposed in [7], [6].

As we have mentioned, Mumford and Gidas [29] show that natural images, as
samples from scale-invariant probability distributions, cannot be modeled by functions
but instead by generalized functions, i.e., distributions in D’(Q).

Other related models for image decomposition into cartoon and texture have been
proposed recently. We mention Daubechies and Teschke [16] and Starck, Elad, and
Donoho [35] for variational and wavelets approaches.

In particular, we refer the reader to Aujol et al. [7] and Aubert and Aujol [6] for
more properties of the space G both in theory and practice and to another approxi-
mation of the Meyer’s (BV, G) model on bounded domains. We also refer the reader
to Aujol and Chambolle [8] for properties of norms that are dual to negative Sobolev
and Besov norms. Our theoretical framework extends some of the results presented
in Aubert and Aujol [6] for the space G(2) to the case of the space F(2).

Other related works are by Esedoglu and Osher [19], Osher and Scherzer [32],
Obereder, Osher, and Scherzer [31], and Goldfarb and Yin [22], among others.

We believe that the case (BV, F') has not been considered in theory or in practice
previously in image analysis; therefore, our contribution is new also from this point
of view.

The theoretical work of Koch and Tataru [25] (mentioned by Meyer in [27]) uses
the space div(BMO(RR?)) for solutions of the Navier-Stokes equations. Finally, in [9],
Bourgain and Brezis analyze the equation f = div(y) in some limiting cases, and
applications of such results can be found in Aubert and Aujol [6] for the analysis of
the space G(Q).

2. Definitions and properties of the BMO space. Here we would like to
review the definitions and some basic properties of the space BMO. We refer the
reader to “Harmonic Analysis” by Stein [36] and also to [41], [24], and [20].

Let © be an open and bounded subset of R™. For planar images, we may assume
that Q = (0,1) x (0,1) C R2. To simplify the notation, we will often write BV, G, F,
..., instead of BV (Q2), G(R), F(Q), etc.

DEFINITION 2.1. Let f € L. . We say that f belongs to BMOP if the inequality

loc*

1
@/Olf—foldxéfh

holds for the family F° of open sets O C Q such that there exist cubes Qi, and

Q2 with @1 C O C Q2 C 2, and }gﬂ < B; here 1 < 3 < o0 is a constant, and

fo =107t [, f dx. The smallest such Ay is chosen to be the norm of f in BMOP,
denoted by ||fHBMOB7 i.e.,

1
(5) 1/l aios = sup — / 1 fol da.
OeFB |O| O

DEFINITION 2.2. Let f € L} . We say that f belongs to BMO if the inequality

loc*

1
— — d A
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holds for all cubes Q@ C Q with sides parallel with the axes. The smallest such As is
chosen to be the norm of f in BMO, denoted by || fllsmo, i-e.,

1
(6) I fllBro = Slé%m/Qf — fol dz.

Il Baro is a seminorm vanishing on constant functions. If we identify functions
in BMO which are different a.e. by a constant, then BM O becomes a Banach space.
We obtain an equivalent norm if the family of cubes is replaced by the family of balls.
Moreover, as mentioned in [36],

1 ) v
@ 50, — [53% " /Q = fal dw]

gives an equivalent BMO norm for p > 1. Here we will consider the cases p = 1 and
p=2.
DEFINITION 2.3. A dyadic cube is a cube of the special form

(8) Q={k27™ <x; < (kj +1)27™1 < j <n},

where m and k;j, 1 < j < n, are integers. We say f has bounded dyadic mean
oscillation, f € BMOy, if

1
|flsro, =  sup @l/@umwx@o.

QCQ dyadic

Let To f(x) = f(x —a). Wesay f € BMOgy, if Tof € BMO,.
Let A= {a=(ai,...,a,) ;€ {0,3}}. Note [A] =2".
LEMMA 2.4 (see [21] and [26]). f € BMO if and only if f € BMOgy, for all

a€ A In fact, || fllBmo < 12maxaeca {HfHBMOd,a}-
REMARK 2. Let BMOp = NaeaBMOgy, with

[-lBrmop = maxaea!{|l-|BrO,.. }-

Then the above lemma shows that BMO = BMOp with equivalent norms.
LEMMA 2.5. Let f € L}, and let ¢ € R; then

loc?

(9) /Olfffo\dw§2/o\ff0\dff

for all O C Q.
Proof.

\f—folSIf—0|+|c—fo|=|f—CI+Ic—\OI’1/fdxl
O
<\ e+ 101 [le- 1l o

Integrating both sides over O, we obtain (9). Moreover,

inf/\f—c\ dx§/|f—fo|dx§21nf/|f—c| dz. |
ceR o) o) ceR o)
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LEMMA 2.6. ||.||gamos and ||.||Bmo are equivalent for any 1 < 3 < oo.
Proof. Tt suffices to show that there exist constants ¢; and ¢y greater than 0 such
that, for all f € BMO,

(10) allfllsmo < | fllBmos < eall fllBao-

It is clear that the first inequality in (10) holds with ¢; = 1. It remains to show
IfllBros < call fllBao for some ¢ > 0.

Let O € FB. There exist Q; and Q3 in Q such that Q; € O C Q2, and igfl <p.
We have

|O|/|f fo|da:<21nf—/|f c|dm<21nf|Q1|/ |f — | dzx

<2ﬁ1nR|Q2|/ If — CIdx<2ﬁ<Q/ If — fQ2|dl°>

/ \f — fol dz = | flsaro.

<24 bup |Q|

Taking the supremum over all O € F?, we have | f| zymos < c2|lflBao with cx =
20. 0

The next simple property shows that functions in BMO are scale invariant. For
simplicity, assume here that Q = R™.

LEMMA 2.7. f(x) and f(ax) have the same norm in BMO for all o > 0.

Proof. Using a change of variable by letting y = ax, we have

o flaz) de| Joo FW)3=dy| 1
1] 0T 0 |
1 Jog FW)dy
11 - _JaRT T T g
() 0@l Joo 'Y T g
1 o F)dy
I A T
where Q' = aQ = {az : x € Q}; it is clear that
( ) dz 1 Jor F(y)dy
dr = _ e T
] | T S S [T e

Note that the norms on G and F are not scale invariant but satisfy the scaling
velation || f(a-)]lr.c = L] £(-

REMARK 3. L® C BMOP = BMO, for 1 < 8 < oo, with ||fllzymo < 2||f]ec-
Note that if in the definition of BMOP we do not impose any bound on (3, i.e., we
allow B = oo, then BMO® approaches the space L>®: the norm is attained at a
union of very small regions, such that f has largest or smallest values inside these
regions. BMO also contains unbounded functions; indeed, In(|P|) € BMO for any
polynomial P.

Some additional properties are as follows. |f| is in BMO whenever f is, since
11 =1flol < |f — fol- However, if |f| is in BMO, then f is not necessarily in BMO.
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For example in R, f(x) = sign(x)In(|z|) is not in BMO(R), while |f(z)| = In(]z|) is.
Indeed, for a > 0, f(az) = szgn( )in(o ) + szgn( )in(|z|), and if I = [—1,1], then
1

il e F0

fly) - o I|

3. Numerical computation of the BMO norm. In this section, we intro-
duce and discuss several new methods for computing or approximating the BMO
norm of a given function f in two dimensions, using the equivalent definitions intro-
duced in the previous section.

dy—>ooasa—>oo.

3.1. Computing the BMO norm using the open set formulation. Let
¢ be a Lipschitz-continuous function that defines 9O implicitly, i.e., O = {z € Q :
¢(x) > 0}, and denote by H(¢) the Heaviside function

r) 1 ifr>0,
H T =
0 otherwise.

Using the variational level set formulation, as in [46], [13], [14], we define

1 J. gH ) dx
(12) 9O = T /Q N T

Similarly, we also have an equivalent ||.|| gpsos norm using p = 2:

(13) F(¢) = [f H(1¢) dm/ﬂ 9- f“gH dx
Q

—|H(9) da.

Jo H(9) d.

REMARK 4. We will incorporate in (12) the perimeter of the unknown open set
O as gwen by [, [VH($)| in order to ensure that O remains “bulky”; i.e., we do not
allow O to break into very small pieces. We do not exactly impose in this way the
required constraint from Definition 2.1, but it is a way of keeping the ratio between
|O| and 00 bounded. This was kindly suggested to us by Jean-Michel Morel.

If ¢ solves supy{Gnew(®) = G(¢) — A [ |VH(¢)| dx} for some parameter A > 0,
then ||g|| garos is well approximated by G(¢).

Let H.(¢) be a smoother function approximating H(¢) as e — 0. Using the
notation |O| = [, He(¢) dx, we obtain

H(9) dx]

agnew |: 1 / g —4go g((b)
=|- 9—9 He(¢) dz + —:lg—g
99 o7 9=50) [ oy 146) ds + fopla —s0l = T
Vo
+ Adiv < )} be(p
ver )9
where 6. = H/. By introducing an artificial time, we then solve
Onew in Q2 and Vu -7 on L.

%= "0 Vul

However, in practice, since our approximation 6.(¢) > 0 for any ¢ as in [13], we
neglect this factor 8.(¢), and we solve the equation (to obtain faster results)

0= gza—g0) [ L2 (o) do+ ila - gol - 19

>
)\dl
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In our numerical calculations, we always have that Q2(0O) = Q (therefore, |Qs] is
bounded independent of O), while the existence of (1(O), with size that does not
become too small, is ensured by the additional length term.

We do not guarantee that we compute a global maximum of the energy. However,
the numerical experiments (using piecewise-constant images) show that we obtain
good and stable approximations to the exact solution, as illustrated in the section of
experimental results.

3.2. Computing the BMO norm using the square formulation. Note
that, in two dimensions, the set Q" = {|z|+|y| < r} is a square centered at the origin,
with side length 1(Q’) = v/2r. The corners of ' are at the vertices (r,0), (0,r),
(=r,0), (0, —r). Therefore, to have the sides of Q' of length r and parallel to the axis,
we need to rotate %Q' by an angle of 7, i.e., by applying the matrix

1 -1

1 1
to @'. In other words, Q = {|(z — z0) — (v — vo)| + [(z — x0) + (y — yo)| < r} is the
square centered at (xo,yo), with sides parallel to the axis and I[(Q) = r.

Let ¢(x,y) =r—(|(x—x0) — (y—yo)|+|(x —x0) + (¥ —yo)|) be the signed distance
function to 9Q, and let H(¢) be the Heaviside function. Define

1 J; gH
14 G(Q) =G(r,z0,y :7/9 JoIH\P) ‘H
e (@) =G0 = TG Jol! ™ fo
Then

lgllzro = sup  G(r,zo,v0)-

(r,z0,y0)
We also have an equivalent ||.||papro norm with p = 2:

1 fﬂg ]2
15 ‘7: :]: ) 9 = |7 35 H
(15) @ =Favm) = | | o= 250 | #9)

Let H. be a smooth approximation of H, and let 6. = Hé We have

o |§_§§He<¢>/<g—gcg)afge:¢>_7
gxgow.g/g axo /I OH(9) |
o /Qé-iijHe<¢>/g<g—gg>6g;<o¢>_7

where a}{;,@ = 0c(¢), and BI;£(0¢) [IEz 535 E
ag H ()

oG 1 _0H(¢)
ayo‘fQHm[ 9, ayo /Q'g 90175,

_ 1 9 —9Q . 8H6(¢)
fQHe(¢>/9|g—gQ|H‘(¢)/Q(g 90) 3y, |

OH(¢) _ [ _ (z—z0)—(¥y—Y0) (z—x0)+(y—yo)
where =522 = [ — E=2= 0= + et Oc(9)-

vvo) 4 Lr=ro)tu=wo) 15 (). Similarly,

y—=yo)| ' [(z—z0)+(y—vo)l
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By introducing an artificial time, we will solve the equations

or 090G 0xg 0G dyo  0G

ot o’ at  dxy ot dyo
Again, we do not show that this method converges to a global maximum of the
energy. However, in the experimental results (using piecewise-constant images), we
have obtained the correct answer when we know the exact solution.
If we would work with disks instead of squares, then we could have

¢(x,y) = — (x — 20)* = (y — %0)*,
which is differentiable everywhere.

3.3. Exact computation of the BMO norm. As kindly suggested by Jean-
Michel Morel, we have also implemented an exact evaluation of the BM O norm using
the square formulation. This is computationally more expensive but still can be
made relatively fast by using FFT. In addition, it produces very accurate results.
The procedure is as follows.

1. Fix a list of growing scales 0 = 2,4,8,16,....

2. For each o, consider the function k, (, ) = #XQU,(M)? where Qs (5, is the
square centered at (x,y) having length o.
Convolve f with k. 0,0y, called fg
For each (z,y), compute osc(z,y) = [ |f — fo|ko,(y)

5. Take the sup of osc(x,y) which yields a value of ||f||BMo at scale o, denoted

| fllBr0.o-

6. Compute the maximal value of || f||aro,» for all o’s.
If one takes 0 = 2,3,4,5,..., N, where N is the size of the image f, one is ensured to
get the exact value of || f H pmo in a discrete framework. In this way, one obtains the
global maximum and the square(s) where it is attained. This allows one to compare
with the maximization procedure and see whether or not it yields the same value.

Finally, we have used the above procedure to evaluate the necessary expression
over the dyadic squares and the additional translations. This gives an accurate method
too, and it is faster since we have fewer squares to consider.

Ll

4. A (BV, F) image decomposition model. Recall Meyer’s model, which
decomposes f into u + v, by the variational problem

(16) inf{€(u,v) = [ulpy + Allv[|r},

where the infimum is taken over u € BV and v € F, such that f = u + v.
The space F' is defined as

F = {v=div(§) in D' : § € BMO(Q,R?)}.

REMARK 5. Given f € L?, there exists u € BV, and v € L?> C G C F, such that
E(u,v) <oo, f=u+v, and [ f= [u.
Indeed, recall the ROF model, which minimizes the functional

(17) J(u,v) = [ulpy + N|v]|2

over the set of u € BV, v € L?, such that f = u+v. Pick X so that ||f|lc > 2A/' The
existence of a minimizer, denoted (u,v), for the ROF model has been proved in [10]
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and characterized in [27] as being u € BV, v € G C F, with |Jv||¢ = 557. Therefore,
E(u,v) < co.
The next theorem shows the existence of minimizers for Meyer’s (BV, F') model.
We refer the reader to Aubert and Aujol [6] for a similar proof when ||.|. = |.|l¢-
THEOREM 4.1. Let f € L?. The minimization problem

(18) inf {au, v) = [ulpv + Mor, /Q u= /Q ff= u+v}

has at least one solution u € BV, v = f —u € FN L2

Proof. We use the standard tool in calculus of variations. Let {(un,v,)} be a
minimizing sequence. (From the previous remark, we know that the infimum of the
energy is finite.) Then f = u, +v, and [, u, = [, f for all n > 0. In addition, there
is a constant C' (that may change from line to line) such that

lunlpv < C,
[vnllr < C

uniformly.
By Poincare-Wirtinger inequality,

Up — / Up,
Q

and since [, u, = [, f, for all n,

S C(|U|BV7

L2

= luall2 < C
= |un|BV S O

Then ||un||p1 < C since Q is bounded; furthermore, ||u,|| gy = ||unllp1 + |un|sv < C.
Therefore, there exists u € BV and a subsequence (still denoted by u,,), such that w,,
converges to u in the BV -weak™ topology. In particular, u,, converges to u strongly in
L', and by the lower semicontinuity of the total variation, |u|gy < liminf, .o |un|Bv.

As for the subsequence v,,, we have v,, = div(g,,) in D’ and ||v,||F = |10l BMO +
llg2,nllBMo < C, and we obtain that g; , — ¢; in BMO-weak*. We also have, for all
peD, [qond=— [oGin-Vé— — [ G- V. Therefore, v = div(g) in D'

Since [|v,]|z < C, up to a subsequence, v,, — v weakly in L?, and we have
v = div(g) a.e. As v, = f —u, and u,, converges to u weakly in L2, we also obtain
v=f—ua.e.

By weak* lower semicontinuity, it follows that

[vllF < llg1llBao + llg2llBro < llg1nllBro + llg2.nll Bro = |lvnll F,
‘U|BV S hmlnf |Un|BV;

lvllF < liminf |jv, | F.

Therefore, £(u,v) < liminf, ,oo E(un,v,), and we obtain existence of mini-
mizers. a
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5. Approximating the (BV, F) decomposition model. Here we do not
solve (16) directly, but we adapt the model [44] by adding a fidelity term into the
energy. In this decomposition, f € L? is decomposed into u + v + w, with u € BV,
v € F, and a small residual w € L2.

The variational problem can be written as

inf{gu(u,v) = [ulpv +M/ |f —u—v* +Aollr
Q

:uEBV,UEF,/u :/f .
Q Q

Taking v = div(g), we obtain an equivalent formulation in terms of u, g1, and go:

(19)

inf {&(%91,92) = [ulpy + M/ |f —u—div(g)[?
Q

(20)

+ Mllg1llaro + ”gQHBMO]}v

where the infimum is taken over g; € BMO and u € BV with

(21) /Qu:/gf.

The existence and uniqueness of a minimizer can be shown for the new model.

THEOREM 5.1. Let f € L?. Then there exist u € BV, and v € F N L%, such that
(u,v) solves (19) or (20). If, in addition, fQ f # 0, then the minimizer is unique.

Proof. Existence of minimizers: let (u,,v,) be a minimizing sequence of (19)
or (20). We have

(22) |un‘BV S 07
(23) If —un —vnll2 <C,
(24) [vnllr < C.

From the Poincaré inequality,

< Clun|v-
L2

un—/un
Q

Since [, un = [q f, for all n, u, is uniformly bounded in L?. Since  is bounded, uy,
is also uniformly bounded in L'. Therefore,

(25) [unllBy < C.

Then there exists u € BV, such that, up to a subsequence, u,, converges to u weak*
in BV. By (23) and uniform boundedness of u, in L?, v, is also uniformly bounded
in L?. Therefore, there exists v € L? such that, up to a subsequence, v,, converges to
v weakly in L2

As |jopllp < C, there exists g, = (91,0, 92,n) € BMO(£,R?), such that v, =
div(gy,) in D', and ||g; n||Baro < C. Therefore, there exists g; € BMO, such that g;
converges to g; weak* in BMO, for i = 1,2. Let § = (g1, g2).
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To show v = div(g) € F, let ¢ € D,

Q Q Q

Taking n — oo (using weak L? topology and weak* BMO(), R?) topology), we obtain

/w =—/§-V<p =/diV(§)<p-
Q Q Q

This implies v = div(§) in D’ as a distribution. But since v € L%, v = div(§) a.e.
Therefore, v € F N L2,
By weak and weak* lower semicontinuity, it follows that

|u|BV < 1iminf|un|BV,
Ilf —u—vl[r2 <liminf || f — u, —v,|z2, and

|lv]|F < liminf ||v, || #.

Therefore, £, (u,v) < Eu(un,vy), and (u,v) is a minimizer for (19).

Uniqueness of minimizers: denote by (@,?) a minimizer of the energy. Then
fQ U= fQ f.

The energy to be minimized is strictly convex, as the sum of two convex functions
(lulpv + ||v]|F) and of a strictly convex function ||f — (u + v)||2,, except in the
direction (u,—u) (as in [7], [6]). Therefore, it suffices to check that if (@,?) is a
minimizer, then (4 + ¢4,9 — t4) is not a minimizer for ¢ # 0. Since (u,?) is a
minimizer, then [, @ = [, f. Therefore, if (@ + ¢, — ti) is a minimizer too, then
Jo(l4+t)a = (141) @ = [, f. This is possible only if ¢ = 0; therefore, we conclude
the uniqueness. 1]

Again as in [7], [6], we can show that the approximated model (19) approaches
Meyer’s model (18) as u — oo. In other words, we have the following theorem.

THEOREM 5.2. Assume f € L? with fo # 0, and let us assume that prob-
lem (18) has a unique solution (4, 0). Let us denote by (u,,v,) the unique solution
of (19). Then, as p — 00, u,+v, — f strongly in L?, and (u,,v,) converges to some
(ug,v0), up to a subsequence. Moreover, (ug,vo) = (i, ) is the solution of (18).

Proof. First, we need to show that there is u € BV and v € F such that
Eu(u,v) < C, where C' does not depend on .

From Remark 5, the ROF model with some appropriate A’ ensures such a u € BV
and a v € G C F such that f =u+wv, and [,u = [, f. Therefore,

Eu(u,v) = |ulpv + Alv]|lF < C,
and C does not depend on p. Another pair that satisfies this property is in fact
provided by (4, 9).
Then we obtain that

Eulup,vy) < Eulu,v) < C
= pllf —up —vullL2 <C

C
= ||f_ulL _UMHL2 < E?

therefore, ||f —u, —vull2 — 0 as p — oo.
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Now, as before, we can deduce that ||u,||py < C and |v,||lr < C. Then again,
similarly, we deduce that there is (ug,vo) such that, up to a subsequence, u, — g
in BV-weak* and weakly in L2, and v, — vo weakly in L2. Moreover, and as before,
we will have that

E(ug,vo) = [uo|v + Allvollr < |uplpv + Alloullr
<ullf - (Uu + Uu)||2L2 + |uu|BV + /\HU/LHF < Eu(a, 0) = E(1, 0);

i.e., (uop,vo) = (@, ?) is the minimizer of (18), and (ug,vo) is the limit of (u,,v,) (up
to a subsequence), with ug + v = f a.e. in Q. 0

5.1. Characterization of minimizers. Here we would like to show some prop-
erties of minimizers of problem (19) as a generalization of Theorem 3, page 32 in [27].
We recall the variational problem of decomposing f via

(26) inf{EH(u,v):va—i—,u/ If —u— o +)\v||F:u€BV,v€F}.
Q

(Note that here we consider a larger space of possible minimizers (u,v), because we

do not impose that the mean value of u is equal with the mean value of f a priori;

another way would have been to work with the corresponding quotient spaces.)
DEFINITION 5.3. Given a function w € L*(Q) and X > 0, define

w,qg+h
@1 wlon = sup g AR e £ 0,
9e BV (Q),he F()nL2(Q) 9BV + AllAl|F

where (-,-) is the L? inner product.

REMARK 6. If [,w # 0, then ||w||.x = oo; indeed, we can replace g by g+ ¢,
with ¢ € R, and then the supremum will no longer be finite as |c| — co.

We have the following characterizations of an optimal decomposition of f us-
ing (26), which will be called the (BV, F') model.

THEOREM 5.4. Let (u,v) be an optimal (BV, F) decomposition of f, and denote
w = f —u—v. Then we have the following:

@) Wfllex < i@u:(), v=0, and w = f.

(2) Suppose ||f|

oA > ﬁ; then (u,v) is characterized by the two conditions

1 1
(28) [wl«x = ﬁ and  (w,u+v) = E(‘MBV + AlvllF)-

Proof. The (BV, F) model (26) yields v = 0 and v = 0 if and only if for any
g € BV(Q), h € F(Q)N L*(Q),
(29) pllfl72 < lglsv + ullf — g = A7z + Alhlle.

Equation (29) holds if and only if (by substituting in (29) g by eg and h by eh, and
taking € — 0)

(30) |Uy+hns§;mmv+me>

By the definition of ||.||« x, we have || f|l«x < ﬁ
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For the converse property in (1), assume that ||f].x < i Then, for any g €
BV (Q) and h € F(Q) N L%(Q), with |g|py + A||h||F # 0, we have

1
(fr9+h) < (lglsv + AllR[F) [ fllix < ﬂ(lngv + AlhllF)-

We also have
lglBv + pllf = (g +h)l|72 + AllRlle
=lglpv + pll fI132 — 2u(f, g+ h) + pllg + hlF2 + Al F

> lglev + pllflIz2 = (lglsv + AlhlF) + pllg + hllZ2 + AlhllF
= ull 122 + pllg + 2lZ> = ulflIZe = €4(0,0).

Therefore, u = 0 and v = 0 give the optimal decomposition in this case.
Now suppose || fll«,x > i Let (u,v) be an optimal (BV, F') decomposition. We
have u # 0 or v £ 0. For g € BV(Q), h € F(Q) N L?(Q), and € € R,

(31)
[u+ eglpy + pllw — (g + W72 + Ao+ ehllp > Julpy + ulwlZ: + Alvllr
= [ulv + lellglay + pllw = e(g + W72 + A(lvllF + lellh]F)
> [ulpv + pllwl|Zs + Aol
= lellglpv + pllw — (g + W) 17> + Melllhp > pllwlz,
= lellglav + p (lwls — 2e(w, g + k) + €llg + hlZ) + Melllhllp > pllw]Z..

Dividing both sides of the last equation by € > 0, we obtain
(32) —2p(w, g+ h) + epllg + hll72 + lglsv + Allhllp > 0.
Taking € — 0, we obtain

2u(w,g+h) < |glpv + Alh|r Vg€ BV(Q), h € F(Q)NL*(Q).

Therefore,

1
33 o < —.
(33) fulla < 5
If we take € € (—1,1) and replace (g, h) with (u,v) in (31), then (31) implies
(34) 2ue(w, u+v) < e(julpy + AvllF) + pullu + vl|7.

Ife > 0, 2u(w,u+v) < (Julpy + Allv||r), and if € < 0, 2u(w, u+v) > (ju|gy + A||v||F).
Therefore, equality holds that

1
(35) (w,u+v) = Z(W‘BVJF/\”U”F%

and (35) together with (33) implies ||w|. . = ﬁ
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Conversely, if (35) holds for some (u, v) and ||w]/«x = ﬁ, then for any g € BV (Q),
h € F(Q) N L3(Q),

lu+ eh|py + pllw — (g + h)|| %2 + Mv + ehl| »
> 2u(w,u+eg+v+eh)+ u||w||%2 — 2ue(w, g+ h) + pe?||lg + hH%2
= 2p(w,u + ) + pllw||72 + pe|lg + hl[7.
= lulpy + Alollr + pllwll7z + pellg + b7
> Julpv + AlvllF + pllw]|7..

Therefore, (u,v) is an optimal (BV, F') decomposition of f. 0

REMARK 7. Similar results also hold for the optimal (BV,G) decomposition of
f, with G replacing F in (26).

REMARK 8. Note that if a given image f does not have zero mean, i.e., fQ f#0,
then the first property in Theorem 5.4 will not hold since ||f||..n = co. Therefore,
if (uu,vy) is a minimizer of (26), then ||wy|«x — 0 as p — 0o, as expected. Here
wy, = f —uy —vy. This is in agreement with the result from Theorem 5.2.

5.2. Minimization of (20). For numerical computations, we use BMO?,
BMOp, and BMO to represent the functions g;, ¢ = 1,2. From now on we de-
note BMO to mean either BMO?, BMOp, or BMO, and B is either an open set,
an « translated dyadic square, or a square in ).

Equation (20) can be further simplified as

inf {5(%91792) :/ |Vl +M/ |f = u—0zg1 — Oygo|?
Q Q

(36) A / 91 — 915, | H (1)
|B1| Ja

1
+ @/ﬂ |92 — 92,8, | H (¢2) ] },
_ Jag

where ¢; g, = - }ﬁf;), ¢; is the level set of B;, and B; maximizes ||g;||pyo- The

infimum in (36)‘is taken over all w € BV, and § = (g1, ¢92) with g; € BMO.
Keeping By and Bs fixed for one iteration, and minimizing &(u, g1, g2) with re-
spect to its variables, we obtain

. \Y
(37) —div (mqj) - 2M(f — U= a:zrgl - 8yg2) =0,
2ﬂ6x(f —u—- 8xgl - 81/92)

AH (1) { G—9,B 1 91 — 91,8, Hio) ] 0,
|B1| ‘gl - gl,Bl| |Bl‘ Q |gl - gl7B1|

200y (f —u — 0zg1 — Oygo)
NH (¢2) { 92 — 92,8, 1 MH(@) ] =0

|Ba|  |lg2 — 92,8, |B2| Ja lg2 — 92,B,]
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with the boundary conditions on 912,
Vu
—_— =
[Vul
(f —u—0x91 — Oyg2)na =0,
(f —Uu—- 8$gl - ayQQ)ny =0,
where 7 = (ny,n,) is the exterior unit normal to 0€2. At each iteration, for g; and
go fixed or previously estimated, the unknown sets B; are numerically computed and
updated by the methods introduced in the previous sections.

Note that by integrating both sides of (37) over , the constraint in (21) is
automatically satisfied.

0,

6. Approximating the (BV,G) decomposition model. For comparison
with the (BV, F) model, we approximate the (BV,G) model

inf & = A
(u,v)lenBVxG{ (u,0) = Julgv + Avle}

by the model

{au@ = Julpy + p /Q 1 —u— div(g)]?

inf
(u,§)EBV x L>(2,R2)

(38) +>‘/ V1 (z,9)? + g2(z,9)26(x — 20,y — y0) :
Q
=1y
Q Q
Here v = divg, 6 is the Dirac function (an impulse function) in two dimensions

concentrated at the origin, and

V1(20,90)2 + g2(20,y0)2 = |||7] || v -
For numerical computation, we approximate é by a smooth version 6. such that 6. — ¢
as € — 0.
For (xo,y0) fixed but updated at each iteration, and minimizing £(u,§) with
respect to u, g1, and go, we obtain the Euler-Lagrange equations

. \Y
—div (V:j) - 2M(f —u-— azgl - ayQZ) =0,

g1
2/~L81:(f —u-—- axgl - 8 92) + A
Y 3 +a3

20,y (f — 1 — Dyg1 — Dyg2) + A6, (0, yo) = 0,

VIi+ 95

65(x07 yO) = 07

with the boundary conditions
Vu
m =
(f —u—0zg1 — Oyga)na =0,
(f —u—0x91 — Oyg2)ny = 0.

For approximating the Dirac delta function, we use [13]

(39) be(2) =

0,

€
m(e2 4 22)’
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7. A more isotropic (BV, F) decomposition.

REMARK 9. v = div(g) s not isotropic. Also on the rectangular grid, le(IVu\)
s zero at horizontal and vertical edges, and nonzero at other edges numerically. More
specifically, the vertical and horizontal oscillations are not so well captured in v if
we represent v as div(g) but are captured in the u component (as will be seen in our
numerical results).

To overcome these effects, we consider a more isotropic decomposition. As in the
Osher—Solé—Vese model [33], we impose v = div(§) = AP, for some scalar function
P, to allow stronger smoothing on u. Therefore, the model (36) can be rewritten as

inf{E(u,P)—/|Vu| +u/ |f —u— APJ?
Q

1
T /Q Py — Py |He(6)

1
+ @/QUD@/ — Py B, |He($2) ] }’

where H. is a smooth approximation of the Heaviside function H, and the unknown
sets By and By maximize the BMO norms of g = P, and of go = P,. For fixed By
and Bs but updated after each iteration, minimizing & (u, P) in (40) W1th respect to
u and P, we obtain the Euler-Lagrange equations

d1v<§ ) 2 (f —u— AP) =

(40) +A

A P, — P, B,
—2pA(f —u—AP) — |B1\ {83: <|PPxBl|H (¢1))]

A P, — P,p,
+ ‘Bl|2 < |P Bl|H(¢1)> azHé(d)l)

by P,—P,p )}
- — 8 —— P2 (
Bz|[ (|P Ty e

A P B
+ y 2 H )8 He
32|2< |Py — Py, vHe(02) =

with the boundary conditions

8. Numerical results. In this section, we present numerical results for image
denoising and texture decomposition obtained from the proposed models. We also
show comparisons with the Vese-Osher (VO) model (4) and the ROF model (2).

Let f be the noisy version of the true image u of size M x N, and let u be the
denoised image. Denote

RMSE = \/ZZ 1=t (i, ) —u(i, 5))?
MN .
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40%

P ey

Fic. 8.1. The union of the squares within the given percentage of the BMO norm.

We use RMSFE to quantify how good a denoised image is.
Our numerical results obtained use (39) with e = 0.01 to approximate the Dirac
delta function. We also normalize the image domain €, so that Q = [0, 1] x [0, 1].

In Figure 8.1, we compute the square that maximizes the BMO norm (6) and
then show the contour of the union of the squares (of the same length) such that
the right-hand side of (6) is within the given percentage of the BMO norm. We
see that the union of the squares captures the most oscillatory regions in the given
image.

Figures 8.2 and 8.3 show the contours of open sets that optimize the energies
(12) and (13), respectively, using the algorithm described in section 3.1, and the plots
showing the evolution of the energies versus the number of iterations.
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Plot of the BMO norm
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F1G. 8.2. Left: An optimal set which gwes ||.||gaon- Right: The evolution of the energy (12)
versus iterations.

Plot of the BMO norm
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F1G. 8.3. Left: An optimal set which gives ||.| gpr06- Right: The evolution of the square of the
energy (13) versus iterations.

Figures 8.4 and 8.5 show the contours of squares that optimize the energies (14)
and (15), respectively, using the algorithm described in section 3.2, and the plots
showing the evolution of the energies versus the number of iterations.

Figure 8.6 shows the testing images that we use for our experiments.

Figure 8.7 shows two image denoisings, using the standard ROF model (2) and
the VO model (4). The RMSE for the ROF model is 0.00879536, and the RMSE
for the VO model is 0.00767165 in 2000 iterations.

Figure 8.8 shows an image denoising using the (BV, F') decomposition model (36)
and the plot showing the evolution of the energy (36) with respect to the number
of iterations. We use the dyadic BMO norm in this case. We also obtain similar
results with the method described in section 3.3. The RM SFE for this decomposition
is 0.0076569 in 2000 iterations.

Figure 8.9 shows an image denoising using the (BV, G) decomposition model (38)
and the plot showing the evolution of the energy (38) with respect to the num-
ber of iterations. We use |||g|||L~ to compute the energy (38). The RMSE for
this decomposition is 0.0077463 in 10000 iterations. This shows that the (BV,G)
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Plot of the BMO norm
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Fic. 8.4. Left: An optimal square which gives ||.||papro. Right: The evolution of the energy (14)
versus iterations.

Plot of the BMO norm
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Fic. 8.5. Left: An optimal square which gives ||.|pypo. Right: The evolution of the square of
the energy (15) versus iterations.

decomposition has a slower rate of convergence to the steady state in comparison
with the (BV, F') decomposition. Notice that we see more of the square in the noise
component f — u in the ROF model than we see it in the (BV,F) and (BV,G)
models.

In Figures 8.10-8.15, we show the decomposition of a given image into cartoon
and texture components using (BV, F) and (BV,G) models. We remark that both
models give very similar results. For the computation of the BM O norm, we use the
dyadic BMO with a %—translations in Figure 8.10 and 8.12, and in Figure 8.14 we use
the algorithm described in section 3.2 to obtain the optimal square.

Figures 8.16-8.18 show a decomposition using the standard ROF model and the
proposed models. We remark that the texture parts are better captured in the os-
cillatory component v in Figure 8.18 using the model (40). Here we use the dyadic
BMO with a %—translations.
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Fic. 8.6. The data images to be decomposed.
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Fia. 8.7. Top: A decomposition using the ROF model (2). RMSE = 0.008795368. Bottom: A
decomposition using the VO model (4) with p =2, RMSE = 0.00767165.
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f—u4100

x 10° Plot of the energy.
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Fic. 8.8. A decomposition using the (BV, F) model, with v = div(g), and the plot showing the
energy (36) versus iterations. RMSE = 0.0076569.
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f—u4100

Plot of the energy.
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Fic. 8.9. A decomposition using the (BV,G) model, with v = div(g), and the plot showing the
evolution of the energy (38) (using ||g||| Lo ) versus iterations. RMSE = 0.00775965.
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n
Fic. 8.10. A decomposition using the (BV, F) model, with v = div(§) with translated dyadic BMO.

u f—u+100

F1G. 8.11. A decomposition using the (BV,G) model, with v = div(g).

f—u+100
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n

Fic. 8.12. A decomposition using the (BV, F) model, with v = div(§) with translated dyadic BMO.
u f—u+100

F1G. 8.13. A decomposition using the (BV,G) model, with v = div(g).

f—u+100
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Fi1G. 8.14. A decomposition using the (BV, F) model, with v = div(g).

F1G. 8.15. A decomposition using the (BV,G) model, with v = div(g).
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f—u+100

Fic. 8.16. An ROF decomposition.

f—u+100

Fic. 8.17. A (BV,G) decomposition, with v = div(g).
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f—u+100

Fic. 8.18. A decomposition using the (BV, F) model (40), with v = AP.
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