Math 285J, Assignment 5:

I. Consider the binary segmentation model based on the minimal vari-
ance in a level set formulation:
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where f : £ — IR is the given image data to be segmented, A1, Ao, > 0
are tuning parameters (usually, we may take Ay = Ay = 1), and H is the 1D
Heaviside function.

e For fixed level set function ¢, find explicit expressions for ¢1, co mini-
mizers of the functional F'.

e For fixed ci, co, give the time-dependent Euler-Lagrange equation in
¢, associated with the minimization. Thus ¢ = ¢(¢,x,y) solves a PDE.
Simplify this equation if possible by using cancellations (you may need to
assume that the Heaviside function H has been substituted by a smooth
approximation).

e Show that F(cy(t),ca(t), o(t,-,-)) is decreasing in time if ¢1, c2 and ¢
satisfy the obtained equations.

e Implement the time-dependent pde in ¢ together with the expressions
for ¢; and ¢ and segment the image given on the class webpage. You need to
start with an initial guess for the level set function (for example the signed
distance function to a circle). Visualize the evolving curve (zero level line
of ¢) at intermediate steps and at steady state, and the binary segmented
image given by u = ¢1 H(¢) + ca(1 — H(¢)). Use a special approximation to
the Heaviside function and to its derivative §, given by

1 2 z
H(z) = 5(1 + - arctan <E>)7 5e(2) = H.(2).
Usually you can take e = Az = Ay = 1. You can keep A\ = Ao = 1 and
vary only u to get the desired result. For more details, see the manuscript
“Active contours without edges” from the class webpage.

I1. Using the notations from the lecture, find a geometric time-dependent
gradient descent evolution that minimizes the robust alignment term
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Cy] is the unit

where V' = (u,v) is a given vector field and N =
normal. Particularize this to the case V = V1.



