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Abstract. This paper presents an abstract analysis of bounded variation (Bv) methods for -

posed operator equations Au = z. Let

T % Aw — 207 + aJ ()

where the penalty, or ‘regularization’, parameter v > ( and the functional J(x} is the BV norm
or semi-norm of ©, alse known as the total variation of #. Under mild restrictions on the operator
A and the functional J(x), it is shown that the functional T (1) has a unigue minimizer which
is stable with respect to certain perturbations in the data z, the operator A, the parameter a,
and the functional J(u). In addition. convergence resuits are obtained which apply when these
perturbations vanish and the regularization parameter is chosen appropriately.

1. Introduction

Consider the equation
Au=1z (1.1)

where A is a linear operator from LP($2) into a Hilbert space 2 containing the data vector z.
Of particular interest is the case where probiem (1.1} is ill-posed, e.g. when A is compact.
The data z and the operator A are assumed to be inexact, and approximate solutions to (1.1)
are desired which minimize the undesirable effects of perturbations in z and A. Of practical
interest are Fredholm integral operators of the first kind

Aux) = fgk(x, ¥ u(y) dy. (1.2)

For example, certain blurring effects in image processing may be described by convolution
operators, in which case &(x, y) = k{x — y). See [9].

Problem (1.1) is ill-posed and discretizations of it are highly ill-conditioned. To
deal with ill-posedness, one should apply methods which impose stability while retaining
certain desired features of the solution. Historically, these have come to be known as
‘regularization’ methods, since stability was typically obtained by imposing smoothness
constraints on the approximate solutions. In many applications, particularly in image
processing (see [9, 3]) and parameter identification (see [5]), a serious shortcoming of
standard regularization methods is that they do not allow discontinuous sclutions. This
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difficulty can be overcome by achieving stability with the requirement that the solution
be of bounded variation rather than smooth. For problem (1.1), this requirement may be
enforced in several ways. One approach is to solve a constrained minimization problem
like

min /() subject to A =z|* =¢? (1.3)

where o2 is an estimate of the size of the error in the data and J () is the bounded variation
(BV) norm or semi-norm of u (see [4] for definitions and background). This is essentially
the approach taken by Rudin et af [8, 9]. A closely related approach is taken by Dobson
and Santosa [3], where the constraint in (1.3) is replaced by the operator equation (l.1). In
the application considered in [3], discretizations of (1.1} are severely underdetermined. An
carlier reference on the use of BV functions in a parameter identification setting (where a
constraint on J(x) is imposed instead) is the paper by Gutman ([5]).

Another closely related approach, which is taken by Santosa and Symes [10] and Vogel
[13], is to solve the unconstrained minimization problem

min | Au —zl* e () (1.4)

This can be viewed as a penalty method approach to solving the constrained minimization
problem {1.3). Here the penalty parameter « > 0 controls the trade-off between goodness
of fit to the data, as measured by | Au — z|?, and the variability of the approximate
solution, as measured by J(u). This penalty approach is widely known in the inverse
problems community as Tikhonov regularization, although the term ‘regularization” seems
inappropriate here since discontinuous minimizers may be obtained.

As in [13], a slightly more general penalty functional than the BV semi-norm will be
considered. For sufficiently smooth «, define

Jg(u)=fn«/[Va]2+ﬁdx" 7 (1.5)

where 8 > 0. When g = 0, this reduces to the usual BY semi-norm (the BV norm is given
by llullsy = llell L1y + Jo(u)). Jo(u) is also commonly referred to as the total variation of
u. A variational definition of Jg is presented below which extends (1.5) to (non-smooth)
functions u. Taking B > O offers certain computational advantages, such as differentiability
of the functional Jz when Vi = 0.

A number of important questions arise in the implementation of numerical methods to
solve the minimization problem (1.4). For instance,

e Is problem (1.4) really well-posed?

e In what function space does the solution to (1.4) lie, and what norm is appropriate to
measure convergence? These questions are of more than academic interest, since they
should influence the choice of approximation schemes and the selection of stopping
criteria. For instance, the analysis below shows that the choice of L? to measure
convergence in an iterative solution of (1.4) may be inappropriate if the solution is a
function of two or more (spatial) variables.

e What is the effect of taking small 8 > 0 in (1.5} rather than taking § = 0?

e As perturbations in the data z and the operator A vanish (say, as discrete approximations
become more accurate), what conditions on the regularization parameter « are necessary
in order to obtain convergence to an underlying exact solution (to an unperturbed
problem)?
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The goal of this paper is to provide qualitative answers to these questions. The analysis
here is substantially different from that of Lions et af presented in [7]. which deals with
artificial time-evolution aigorithms to solve the Euler—Lagrange equations (obtained from
necessary first-order conditions} for a constrained problem similar to (1.3). This paper deals
with properties of the minimization problems and not with the algorithms used to solve
these problems.

This paper is organized as follows: section 2 contains an overview of functions of
bounded variation. Most of the results in this section are standard extensions to LP(£2) for
p > 1 of resulis found in Giusti [4]. Included in this section is a variational definition of J4
and a discussjon of important properties such as convexity, semicontinuity, and compactness
which are assoctated with it. In section 3, several abstract theorems are presented which
guarantee the well-posedness of unconstrained minimization problems. Theorem 3.1 is a
standard result yielding existence and uniqueness of solutions of problems of the form
(1.4). Theorem 3.2 is an analogue of the standard result due to Tikhonov [12] concerning
continuity of the inverse map for an injective continuous function restricted to a compact
subset of a topological space. This theorem yields continuous dependence with respect to
the data, the operator, and the parameter « in problem (1.4) with J(u) = {[u||gy. Section 4
deals with minimization problems in which the BV norm is replace by Jg as the penalty
termn. Section 5 deals with convergence of minimizers to an underlying exact solution as
perturbations in the data and the operator vanish. Results in sections 3-5 (in particular,
theorems 3.1 and 5.1) are similar to those obtained by Seidman and Vogel [11] for ill-posed
nonlinear operator equations in a reflexive Banach space setting. The stronger results (in
particular, stability in theorem 3.2) obtained in this paper rely on the linearity of the operator
A and the specific function spaces that are dealt with.

2. Definitions and preliminary results

Let § be a bounded convex region in R?, d = 1,2, or 3, whose boundary 3% is Lipschitz
continuous. Let || = Zf___l x? denote the Euclidean norm on R%. Denote the norm on
the Banach spaces L¥(2) by |i-|lrrg, 1 € p € 00. Let |2 denote the (Lebesgue} measure
of ©, and unless otherwise specified, let x5 denote the indicator function for a set S C Q.

As in [4], define the BY semi-norm, or total variation,

Jo(u) & sup f (~udivv) dx @.1)
Q

veVy

where the set of test functions
V={veCl(R) v}l forall xeQ). (2.2)

If « € C'(£2), one can show using integration by parts that
Jo(e) = [ |Viu|dx. (2.3)
Q

By a standard denseness argument, this also applies for u in the Sobolev space W!'!(Q).
The space of functions of bounded variation on €2 is defined by

BV(RQ) = {u € LI(Q) : Jolu) < oo} 2.4
The BV norm is given by

leilsy = LullLygy + Jo(u) . (2.5)
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Bv(£2) is complete, and hence a Banach space, with respect to this norm. The Sobolev
space WH1(Q) is a proper subset of BV(S2), as is shown by the example in [4, p 4]. Note
that for € bounded, LP(£2) C LI() for p > 1. From the definition, BV(2) € L(Q). It
is shown below that BV(Q) C LD for 1 p < d/(d—1).

Next, define an extension of (1.5) which is analogous to (2.1}. Identifying the convex
functional f(x) = +/|z|*+ B with its second conjugate, or Fenchel transform (see [2,

p 2890,
VIgRP+8=suplz-y+/B1—-1yP : ye Ryl <1}, (2.6)

the supremum being attained for y =-2//|z|* + 8. Motivated by this and (2.1), define

Jg(u) &f SUP ey f ( —udive 4+ /(1 — |'u(x)|2)) dx. ' 2.7)
2
Note that for 8 > 0, Jp is not a semi-norm.
Theorem 2.1. If u € W11(), then (1.5) holds.

Proof. Since C'(Q) is dense in W1(£2), it suffices to show (1.5) for » € C'(2). In this
case, for any v € V, Green’s theorem (integration by parts) gives

f(—udivvh/ﬁ(l—lvlz))dx =L(Vu-v+x/ﬁ(1—|v|2))dx
Q
<[ JwaPERa. T | 28
&

The inequality above follows from (2.6). Consequently, Ja(u} < fg | Vu|t+ Bdx. To
show the reverse inequality, take 7 '=Vu/4/|Vu|? + 8, and observe that

f(Vu-ﬁh/ﬁ(l—I'ﬁiz))dx=f\/|w|2+,sdx
Q2 1]

and T € C(£2; RY) with [B(x)| < | for all x € €. By multiplying T by a suitable
characteristic function compactly supported in € and then mollifying, one can obtain v €
VNC§e(€2) for which the left-hand side of (2.8) is arbitrarily close to fg VN Vulr+gdx. C

The next theorem shows that both Jy and Jz have BV(S2) for their effective domain,
and that Jy is the pointwise limit of Jg.

Theorem 2.2. (i) For any B > 0 and u € L'(), Jo(u) < co if and only if Jp(u) < ooy (ii)
For any u € BV(£2),

}i_% Jp(u)y = Jo(u). (2.9)

Proof. Forany v eV and u e LN(Q),

f {—udive) dx éf (—u dive +/B(1 - ]v|2)) dx
[+ o
~.<..fﬂ(—udiv'u+‘/,§) dx.

Taking the sup over v € V,

Jo(w) € Jp(u) < Jo(u) ++/B1€21. (2.10)
The results follow from the boundedness of 2. O

Theorem 2.3. For any f§ 2 0, Jg is weakly lower semicontinuous with respect to the L”
topelogy for 1 € p < o0,
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Proof Let u,, — u (weak convergence in LP(£2)). For any v € V, dive € C(§2), and
hence,

L((—Edivvj+,/ﬁ(l—Ivll))dx=’lling°/§£((—undivv)+,/ﬁ(l—|vl2))dx
= liﬂgfL ((—undive) +,/B(1 — [v|?)) dx

5 Iirginf.lﬁ(u,,) .

Taking the supremum over v € V gives Jg(@) < liminfoeo Ja(Up). O

Theorem 2.4. For any § > 0, Jg is convex.

Proof. LetO <y < 1and up,us € L7(2). For any v € V,

fg(— (yus + (1 — Ylugddive +/B(1 — w?)) dx
=y ./;z ((—mdive) +/B(1 — [v]?)) dx
+(1 = ;;/)fsz ((—madive) + 4/ B(1 — |v2)) dx

SyJp(ud + (1 —y)Jpua).

Taking the supremum in the top line over v € V gives the convexity of J/z. O

A set of functions & is defined to be Bv-bounded if there exists a constant B = 0 for
which |uilgy < B for all u € §. The relative compactness of Bv-bounded sets in LP()
follows from the next lemma (see [1] and [4, p 14]).

Lemma 2.1 If u € BvV(£l), then there exists a sequence [u,} in C%(£2) such that
lim [[uy — | Ly = 0 and lim Jo(een) = Jolu).

Theorem 2.5. Let & be a BV-bounded set of functions. Ther & is relatively compact in
Le(Qy for 1 € p <d/{(d—1). & is bounded, and hence relatively weakly compact for
dimensions 4 2= 2, in L7(Q) for p=d/(d — 1).

Proof. See [4, pp 17, 24]. Note that d/(d — 1) is the Sobolev conjugate of 1 in dimension
d, the Sobolev conjugate of p, where | < p < d, being defined by 1/p* = 1/p — 1/4.
For 1 € p < d/(d — 1), the Rellich-Kondrachov compact embedding theorem holds. A
sequence u, in & may then be approximated by a sequence of functions &, in C*(£2),
themselves uniformly bounded in Bv(£2) and in LP(£2), so that their sequence must have
a subsequence converging in LF(2) to some u. By semicontinuity of Jp and lemma 2.1,
# € BV(£2) and is the limit (in L") of a subsequence extracted from u,.

For p = d/{d — 1), one can similarly use lemma 2.1 to extend to BV-functions the
Poincaré-Wirtinger inequality: if

1
Qm= |El-fgm(x)dx

then there exists C such that
lle — pelizoeey < € Jolu — ) = C Jolu) . (2.11)
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Hence, if, say, [#llgy < M, then Jo(u — u) is also bounded by M, and, by the Poincaré-
Wirtinger inequality, |l& — pll» € CM. Consequently,

el < leexalleee + e — pllzre
< el Ql"? + cM
< Il pl'r= 4+ CM
<RV + OM
=(Q V¢ + OM.

Relative weak compactness in dimensions & > 2 follows from the Banach—Alaoglu theorem
[6]. (W

The following example shows that the above result is sharp.

Example 2.]1. Let Q@ =[x € R? : |z| < 2} and u, = n¥~y,, where

1

1 i el <~
xn () = n
0 otherwise.

Let wy denote the volume of the unit ball in RY. Then

I/n
ntt (f Xn dx) = n‘["l"‘r"”cui,fp if I€p<o0
et Loy = Q

d=—1

(2.12)

I if p=oco.

Hence the sequence {u,} is unbounded in L¥(2) whenever p > d/d — 1. Similarly, if
p=dfd—1,d>1,and m > n, then

et — bl Lrcery 2 i~ e — Xmlizree
nyd=1
o (1-(2)7).
On the other hand, if 4 = 1 and m > n, then [lu, — iy ||y = 1. In either case, the
sequence {u,} is bounded but not Cauchy in LF(R) for p =d/(d ~ 1).
Now let oy denote the area of the unit sphere Sy in RY. From (2.12) and (2.3),
1
unllgvy = @ +0y- 2.13)

Hence, the sequence is BV-bounded but has no convergent subsequence in LP{$2) whenever
pzdfd—1).
Recall that a functional J is strictly convex if
Jyw + (L= y)w) < yJ @) + (1= ) w2), (2.14)

whenever uy # iy and 0 < p < 1. The following example shows that Jy fails to be strictly
convex on BV($2).

Example 2.2, Take €2 = (0, 1), 1 = Xpap). 42 = Xcd» Where) <a < b <c < d < 1. For
any 8 2 0, a direct computation shows that Jg(u1) = Je(uz) = Jp () + #2)/2) = 2+ JB.
Since u; 7 uz, Jg cannot be strictly convex.
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3. Well-posedness of minimization problems

A problem is said to be well-posed in the sense of Hadamard if (i) it has a solution, (ii) the
solution is unique, and (iif) the solution is stable. Let T" be a functional defined on L7($)
with values in the extended reals. Theorems 3.1 and 3.2 below, guarantee the well-posedness
of the unconstrained minimization problem

ue%?m T(u). 3.0

These theorems are followed by some illustrative examples pertaining to problem (1.4).
In order to use the compactness results of section 2 while still dealing with unconstrained
minimization problems, we introduce the following property: define T to be Bv-coercive if

Ty = +co whenever |ui|lgy = +o0. (3.2)
Note that ‘lower level sets” {x € L{2) : T(u) < a}, where a = 0, are Bv-bounded.

Theorem 3.1 (Existence and uniqueness of minimizers). Suppose that T is Bv-coercive. If
1< p<did—1)and T is lower semicontinuous, then problem (3.1) has a solution. If in
addition p = d/(d — 1), dimension d =2, and T is weakly lower semicontinuous, then a
solution also exists. In either case, the solution is unique if 7 is strictly convex.

‘Progf.  The following argument is standard (see [2]): Let &, be a minimizing sequence for
T'; in other words,
. def”
T{uy) — uefr,r}’t;sz) T(t) = Tenin - (3.3)

By hypothesis (3.2), the u,s are Bv-bounded. As a consequence of theorem 2.5, there
exists a subsequence u,, which converges to some u# € L”(£2). Convergence is weak if
p =d/{d — 1). By the (weak) [ower semicontinuity of T,

T (i) < liminf T (ty,) = Tonpn -
Uniqueness of minimizers follows immediately from strict convexity. O

Next consider a sequence of perturbed problems

) GIEII’?EZ) Talu). (34)

Theorem 3.2 (Stability of minimizers). Assumethat 1 € p < d/(d — 1) and that T and 2ach
of the T,s are Bv-coercive, lower semicontinuous, and have a unique minimizer. Assume
in addition:

(1} Uniform Bv-Coercivity: For any sequence v, € L#(£2),
lim T, (v,) = 4c0 whenever lim |}v,|gv = +o0. {3.5)

{ii) Consistency: T, — T uniformly on Bv-bounded sets, i.e. given B > O and € > (,
there exists N such that

1 Tnu) —T(u)| <& whenever n 2 N, |lullav < B. (3.6)

Then problem (3.1) is stable with respect to the perturbations (3.4), ie, if # minimizes T
and #, minimizes T,, then

ety — @il Loy — 0. 3.7

If p=d/(d — 1), d = 2, and one replaces the lower semicontinuity assumpticn on T and
each T, by weak lower semicontinuity, then convergence is weak:

ty — i — 0. (3.8)
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Proof. Note that T,{(ix,) < T,(#). From this and (3.6),
Tim inf 7, (,) < limsup T, (#,) < T{#&) < o0 3.9

and hence by (3.5), the uys are Bv-bounded. Now suppose (3.7) (or (3.8)if p = d/(d —1})
does not hold. By Theorem 2.5 there exists a subsequence u,, which converges in L7(£2)
(weak L7) to some i 5 i. By the (weak) lower semicontinuity of T, (3.9), and (3.6),

T(#) < liminf T (uy)
= Um{(T (i) ~ Ty Uy ) + lim infT,lj ()
< T().

But this contradicts the uniqueness of the minimizer iz of 7. (]

Example 3.1 (Existence—uniqueness). Consider the problem of minimizing
T(u) = | Au — zllz + llullay (3.10)

for u € L#{£2), where the restrictions on p in theorem 3.1 apply. Here v > Jand z € Z
are fixed, and A : L?(22) — Z is bounded and linear. Then

1
lullay < ;T(u) (3.11)

and hence, the coercivity condition (3.2} holds. Weak lower semicontinuity of T follows
from the boundedness of A, the weak lower semicontinuity of the norms on Banach spaces,
and theorem 2.3. By theorem 2.4, the linearity of A, and convexity of norms, T is convex.
By theorem 3.1 a minimizer exists. T is strictly convex if A is injective, in which case the
minimizer is unique.

The following examples deal with stability. In the next three examples, assume again
that the restrictions on p of theorem 3.1 apply.

Example 3.2 (Perturbations in the data z). Let
def

To(w) E | Au — 24| + llullsy 3.12)
where z, = z + 1, and {|n,]lz = 0 as n = oc. Then
ITu () = T@)| = 113 + 2Ast — 2, ma) 21
< Nanllz (lmliz + 20 A1 fellore) + 2llzliz) -

Here (-, Yz denotes the inner product on the Hilbert space Z, and the above inequality
follows from Cauchy-Schwarz. Note that if # is Bv-bounded, then it is norm bounded in
L7(£2) by theorem 2.5, and hence (3.6) holds. (3.5) helds because for each n,

Juloy < 22 A G.13)
Example 3.3 (Perturbations in the penalty functional). Take

() & [ An — 2I% + o (el iy + o () (3.14)
where 8, — 0. In this case,

|Talu) — T ()| = a|Jg, () — Jol)| S & VB 9. (3.13)
The above inequality follows from (2.10). This verifies (3.6). Similarly, (3.5) holds because

1
ETn(u) 2 el ey + Js() 2 lullpe + Jole) = l#llev - (3.16)
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Example 3.4 {Perturbations in the penalty parameter o). Let
To(1) = |Au — z||% + s |lpv (3.17)

where the o,s are bounded below by @, > 0 and converge to . Stability follows from
the facts that
Th(u)

min

lullsv €

and
(Tn() = T < |otp — | uellmy-
Example 3.5 (Perturbations of the operator A). Assume 1 £ p < d/f(d — 1), and let

To() & [ Apu — 2% + @ ullsv (3.18)

where the A,s converge strongly (i.e. pointwise) in LP(S2) to A. Note that strong operator
convergence is a reasonable assumption. It holds for consistent Galerkin approximations,
e.g. finite element approximations as the mesh spacing 2z — 0. Then

|T() = TW) = [ [Azul — I Aulf — 2((4, — A)u, 2)g]
< (lAsullz + NAxlz +2lzll2) 1(As — Aullz.

Note that pointwise convergence of bounded linear operators becomes uniform on compact
sets. Since Bv-boundedness implies relative compactness in L?(£2), (3.6) holds. Uniform
coercivity (3.5) again holds because of (3.13).

4, Other penalty terms

In this section, the BV norm in the penalty term is replaced by the BV semi-norm Jy, or
more generally, by J;. Consider the following functional defined on LF(£2):

T() = || Az — z||% + aJg(@) 4.1)

again taking on values in the extended reals. From a computational standpoint, for positive
f the penalty functional Jg(u) is Gateaux differentiable with respect to #, and hence much
easier to deal with than |lu|pyv. However, the analysis becomes much more complicated.
Certain conditions on A are clearly needed to guarantee BV-coercivity. For example from
(1.5), T cannot be Bv-coercive if A annihilates constant functions. Conversely,

Lemma 4.1, Assume that 1 < p < d/(d — 1), and that A does not annihilate constant
functions. Equivalently, since A is linear, assume

Axe#0. 4.2)
Then T in (4.1} is BV-coercive.

Proof. From the inequalities (2.10), it suffices to consider the case of § = 0. Any
u € BV(£2) has a decomposition

u=v+w {4.3)

w = (—fﬁzﬁ) Xa fgudx =0. (4.2)

where
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By equation (2.11) and Holders inequality, there exists a positive constant C such that for

any psuch that 1 € p£d/(d—1) difq,

vl oeey < 192077190l Locey
< (9] + D Ryw)

= C1Jo(v) (4.5)
where Cy ) (2 + DY4C. Using (4.5) and the decomposition (4.3),

lellsy < fwllLg + (€1 + Ddo(v) . (4.6)
From (4.2), there exists Co > 0 such that

tAwlz = Caliwll 1 a)- (4.7)

On the other hand, the decomposition (4.3) yields
T(u) = [(Av — 2) + Aw|% + edo(v)
> (|Av = zllz — [Awl2)® + erdolv)

2 |Awlz (JAwlz — 2[|Av — 2] z) + ado(v). 4.8)
But by (4.5),
lAv —zllz < [|A] C1 Jolv) + lIzliz . (4.9)
Combining (4.8) with this and (4.7) yields
T@w) 2 Callwlrigy (C2llwllzeey — 2(0 Al €1 Jo(v) + llzli2)) + ado(v) . (4.10)
Now if
Callwliigy — 2(HA[ Cr Jo(v) + fz]l2) = 1 4.1
then from (4.10)
i
1wl Ly < C—T(u). 4.12)
2
As a consequence of this and
Jo(v) £ éT(u) (4.13)
one obtains from (4.0)
I Ci+1
lullpy < (C + ‘—) T(w). (@.14)
¢4

But if {(4.11) does not hold, then
1+ 2(||All C1 Jo(v) + Izl 2)

lwlpe < c (4.15)
2
and hence from (4.6) and (4.13),
1+2 2AlC 1
lllley — C"z""'s ( "C" Lyt 1) —T(u). (4.16)
2 2 o
From (4.14) and (4.16), one obtains BY-coercivity. 0

One now obtains the following from theorem 3.1.

Theorem 4.1. Suppose p satisfies the restrictions of theorem 3.1, ﬁ 0, and A is bounded
linear and satisfies (4.2). Then the functional T in (4.1) has a minimizer.
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The following example illustrates that a condition stronger than (4.2} may be necessary
to guarantee unigueness of minimizers of T in (4.1).

Example 4.1. Define A : L1(=2,2) - R% by

~1 2
[Aul; =f u{x)dx [Au]2=f wi(x)dx .
-2 1 ‘

Let z = [z, 217 =11, 117 € R2. Define

2
TpGw) =Y _((Au); — ) + Jp(u). @.17)
=l N
For any § > 0, the unique minimizer of Tz over L1{($2) is
-1 if x<€-1
uix) =14 x if —-l<x<1 (4.18)
1 if x=21.

On the other hand, for § = 0 one obtains a minimizer by defining # on the subinterval
—1 < x < I to be any monotonic increasing function taking on values between —1 and 1.

This next theorem addresses the stability of minimizers to functionals of the form (4.1).
Consider perturbed functionais
To(u) = | Antt — 2a|I3 + @ dp(w) . (4.19)
Theorem 4.2. Assume 1 £ p <d/({d — 1), [z, —zlz — 0. the A,s are each bounded linear
and converge pointwise to A, and for each n,

IAs xallz 2y > 0. (4.20)
Also assume each T, has a unique minimizer w, and that T has a unique minimizer . Then
lom = iliLrey — 0. (4.21)

Proof. 1t suffices to show that conditions (i) and (ii) of theorem 3.2 hold. For condition
(i) (uniform Bv-coercivity), put i, = v, + w, as in (4.3) and (4.4), and repeat the proof of
lemma 4.1. Since ||Artliz 2 ¥llwalLig, letting M be an upper bound on ||A|| and each
[|A~ll {such a bound exists by the Banach~Steinhaus theorem, also known as the uniform
boundedness principle}, and m be an upper bound on ||z|z and each |z,[ z, one obtains

Tu(itn) 2 vlwallpey (vilwall iy — 2(M C1 Jo(v,) -l-m)) +adolv,). (4.22)
This yields uniform coercivity as in the proof of lemma 4.1.
Conditjon (i1} (consistency) follows as in example 3.2 and 3.5. O

5. Convergence of minimizers

Assume an exact problem

An =1z (5.1)
which has a unique solation ue, € BV(S2}., Assume a sequence of perturbed problems
Aju =2z, (5.2)

having approximate solutions w«, (not necessarily unique} obtained by minimizing the
functionals

To(s) = | Antt — 24 )|% + oinlltIny - (5.3)
The following theorem provides conditions which guarantee convergence of the 1,5 (0 Hexyet-
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Theorem 5.1. Let 1 € p € d/(d —1). Suppose |z, —zllz = 0. A, — A pointwise
in L”(2), and o, — 0 at a rate for which || A, texaet — 2x||2/en remains bounded. Then
Up = Uexner Strongly in LP(2) if 1 € p < 4/(d — 1). Convergence is weak in L7(2) if
p=d/d—1).

Proof. Note that

I Anttn — 2ol < Tauta)
K Tn{teenact)
= [l Anttexace — Znl % + @ ltexace By -
Thus from the assumption that | A,utexact — 2n[1*/c remains bounded and the fact that
o, = 0,
IAattn —2allZ = 0. (54)
Similarly,
l2nllzy < T (itn) < T {#exact)
e An
_ NAntteer — 2,0
n

and hence, the u,s are Bv-bounded. Suppose they do not converge strongly (weakly, if
p = d/(d — 1)) to Uequ- By theorem 2.5 there is a subsequence u, which converges
strongly {weakly, respectively) in LP(2) to some & 3 Ueg. FOr any v € 2,

[{AZ — z,v)z] < HA@E — un)), v)z] + 1{(A — Andun, v)zl
+{An, ttn, — Zny, V) 2] + [{Z0; — 2, V)2l (5.5)

The third and fourth terms on the right-hand side vanish as j — oo because of (5.4) and
the assumption z, — z. The second term also vanishes, since

[{(A = Anttn,, 0)2] < llitn Ur@ I(A” — A7 Wl oy — O

by the pointwise convergence of the A,s (and hence, their adjoints) and the norm
boundedness of the #,s in LP{). The first term vanishes as well, taking adjoints and
using the (weak) convergence of u,, to ii. Consequently, (Al —z.v)z =0 forany v € Z,
and hence, Aii = z. But this violates the uniqueness of the solution ieggey of (5.1). O

+ llotexuctliBy

As in the previous section, one can consider instead the functional
To() = | Antt — 241 + @ Jp(a) (5.6)
and obtain the same results as in the previous theorem.

Theorem 5.2. In theorem 5.1, replace T, by (5.6), and make the same assumptions on A,,
oy, Zp and p. Furthermore, assume that |A, xq| = ¥ > 0. Then the conclusions of theorem
5.1 follow.

Progf. From the inequalities (2.10) one can assume § = (. As in the proof of Theorem
5.1, one obtains that || Ayin — 2, ||* < || Anttexact — Zn | 4+ &0 Jo(texace), Which implies (5.4).
On the other hand, putting u, = v, + w, and referring again to the proofs of lemma 4.1
and theorem 4.2, the present assumptions also imply that (4.22) holds. As in lemma 4.1,
this implies that the u, are uniformly Bv-bounded. The last part of the proof is then the
same as that of theorem 3.1. g
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