
More definitions and properties of matrices

A ∈ M(n× n) is a real or complex matrix

Definitions and notations
AT = transpose of A
AH = ĀT = complex conjugate and transpose, for complex matrices
If A = AT we say that A is symmetric. If A = AH we say that A is

Hermitian.
Unitary or orthogonal matrix Q if QTQ = I for real matrices (QT = Q−1)

or if QHQ = I for complex matrices (QH = Q−1).

Properties:

If A real, then ‖A‖2 =
√
ρ(ATA) =

√
ρ(AAT ).

If A complex, then ‖A‖2 =
√
ρ(AHA) =

√
ρ(AAH).

Assume B is unitary or orthogonal. Then eigenvalues of A coincide with
eigenvalues of B−1AB (or σ(A) = σ(B−1AB)).

(AB)T = BTAT

(AB)H = BHAH .
If T = QHAQ with QH = Q−1, then ‖A‖2 = ‖T‖2.
For matrix norms: ‖AB‖ ≤ ‖A‖ · ‖B‖.

Let < ·, · > be the Euclidean scalar product.
Definitions:
We say that A is positive definite (A > O) if < Ax, x >> 0 for any vector

x 6= ~0.
We say that A is positive semi-definite (A ≥ O) if < Ax, x >≥ 0 for any

vector x.
We write A > B iff A− B > O and A ≥ B iff A− B ≥ O.

Properties:
A is positive definite iff all its eigenvalues are strictly positive.
A > B ⇔ CACH > CBCH , for all C regular (det(C) 6= 0) (complex

case)
A > B ⇔ CACT > CBCT , for all C regular (det(C) 6= 0) (real case).
A > O ⇒ D = diag(A) > O.
A > O, B > O ⇒ A+B > O.
ξI < A < ηI ⇒ σ(A) ⊂ (ξ, η) (if A Hermitian or symmetric).
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Assume D = diag(dii) = dialgonal matrix, with dii > 0. Then D > O,

and D1/2 = Diag(
√
dii), D

−1/2 =
(
D1/2)−1.

Let A > O be positive definite. Then its diagonal matrixD = Diag(aii) >
O.

If A positive definite (or positive semi-definite), then A1/2 is positive
definite (or positive semi-definite). A1/2 is well defined by the unique (positive
definite or positive semi-definite) solution of X2 = A.

A−1/2 represents
(
A1/2

)−1
.
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