269C, Vese
Useful results

Notations:
For u € H™(2), let
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Thm. (Poincaré’s Inequality for HE(Q))
Let © be an open and bounded set in R"™. Then there is a positive constant C = C(2) such
that, for all u € H}(2), we have Poincaré inequality:

lullZ2() < ClIVulli2q)

Corollary: Let m > 0 be a positive integer, and let 2 be an open and bounded set in R™.
Then for v € Hj*(€2), we have

[ull22@) < CanC™ 3 11D ul3(qy.

laj=m

C,, =constant, and C' is the constant from the previous theorem.

Corollary: (same assumptions on ). |u| Hm(Q) s a norm on H{*(Q2), equivalent to the norm
H“HHW(Q)-

Thm. Let 2 be a bounded connected open set in R", with sufficiently regular boundary. Then
we have for u € H'(2), such that [, u(z)dz =0,

lullZ20) < P Vuli2(q)
More generally, we have for v € H' ()
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Julltaie) < PO)IVulEa) + | [ wadde]

Corollary: |u|g1(q) = ||[Vul|12(q) is a norm equivalent with the norm [|u|| g1 () on the sub-space
Vo (closed in H'(£2)) defined by:

Vo={uec H(Q): /Qu(:c)da::O}.

Corollary: Let 2 be a bounded connected open set in R™, with sufficiently regular boundary
I". Suppose I' = I'; UT'y with length (area) of I'y > 0. Let
Vr, = {u e HY(Q) : ulp, = 0}.

Then Vr, is a closed sub-space of H'(Q) and |u|gy1(q) = [Vul|12(q) is a norm equivalent with the
norm |[jul| g1 (q) on the sub-space Vr,.



Remark:
(i) Suppose that €2 is a bounded connected open set in R"™ which is “very regular” (I" = 0% is
a n — 1 dimensional manifold of class C* and € locally on one side of I'). For u € H(Q), let

[l o = Vel By + [ fulear

where u|r is the trace of w on I'. Then there is a constant C' > 0 such that

ull @) < Cllullm@),rs
for all u € H*(Q). Therefore, |l 1 (q),r is @ norm equivalent to |lu|| g1y on H(Q).
(ii) Let Vp = {u € HY(Q), [pudl = 0}. ThenVr is a closed subspace of H'(£2), and [u| (@) 18

a norm equivalent to |lu|| g1(q) on V.

Corollary: Let 2 an open and bounded domain, with Lipschitz-continuous boundary I" = 02.
Then there is a positive constant C such that

[ulrllz2@ry < Cllullgg)-
Corollary: Over the space H§(Q), | Aul|2(q) is a norm, equivalent to [|ul| g2 (q)-
e For s a real number, then u € H*(R") if
(1+¢*)*a e L*(R"), £€R"

(with @ the Fourier transform of u).
We furnish H*(R") with the norm

fulle= ([ @+ I lace) Pag)

For s = m a non-negative integer, the space H*(R") coincides with the usual space H™(R").
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e Thm: For u € H'(Q), with T' = 9Q of dimension n — 1 and piecewise of class C!, we can
define u|p (the trace of u on T') as an element of H/?(T).

Thm: For every ug € HY/?(I'), there is a u € H'(Q) such that u|r = ug.

Note: For such set I, we can give a definition of H'/?(T") (with the aid of local maps defining
I', see Lions-Magenes, Necas, Dautray-Lions, etc).

We also have another version of the Trace theorem:

Thm: Assume  is bounded and T' = 99 of class C!. Then there exists a bounded linear

operator
T:HYQ) — L*(I)

such that

(i) Tu=ulr ifue HY(Q)NC(Q)

(i)

[TullL2ry < Cllullgr(a),

for each u € H'(2), with constant C' depending only on §.



