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Useful results

Notations:
For u € H™(Q), let
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lullmy = (£ [ 1D°u@)Pde) ™ = (3 ID%ullae) "
|a|<m la|<m

o 1/2 o 1/2
ey = ( 30 | 1D u(@) dz) = ( X 10%uli)

Thm. (Poincaré’s Inequality for Hj(Q2))
Let €2 be an open and bounded set in R"™. Then there is a positive constant
C = C() such that, for all u € H}(2), we have Poincaré inequality:

Jull720) < ClIVUll?2(q)-

Corollary: Let m > 0 be a positive integer, and let {2 be an open and
bounded set in R". Then for u € H{*(2), we have

[ull3200) < CaC™ Y I1D%ull32(0)

laj=m

C,, =constant, and C' is the constant from the previous theorem.

Corollary: (same assumptions on 2). |u|gm(g) is a norm on H{*(Q),
equivalent to the norm ||u|| gm(q).

Thm. Let Q be a bounded connected open set in R™, with sufficiently
regular boundary. Then we have for v € H!(Q), such that [, u(z)dz =0,

|ul?20y < PQ)||Vul|720)-

More generally, we have for u € H' ()
1 2
ey < POVl + ] [ wle)ds]

Corollary: |u|giq) = ||Vullz2(e) is a norm equivalent with the norm
||lulzr1(q) on the sub-space V; (closed in H'(£2)) defined by:

Vo={ue H(Q): /Qu(x)da::()}.
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Corollary: Let 2 be a bounded connected open set in R", with suf-
ficiently regular boundary I'. Suppose I' = I'y U I'y with length (area) of
'y > 0. Let

Vi, = {u € H'(Q) : ulp, = 0}.
Then Vi, is a closed sub-space of H'(2) and |u|g1(q) = || Vul|2(n) is a norm
equivalent with the norm ||u||41(o) on the sub-space Vr,.

Remark:

(i) Suppose that € is a bounded connected open set in R™ which is “very
regular” (' = 052 is a n — 1 dimensional manifold of class C* and (2 locally
on one side of T'). For u € H*(Q), let

lulffs @y = IVuls@y + [ fule/ZdT,
where u|r is the trace of uw on I'. Then there is a constant C' > 0 such that

[ullar@) < Cllullm @).r;

for all u € H'(Q). Therefore, ||u||g1(q)r is a norm equivalent to ||u||g1(q) on
H'(Q).

(ii) Let Vp = {u € HY(Q), frudl = O}. ThenVr is a closed subspace of
H'(€), and |u|g1 (o) is a norm equivalent to ||ul| g1 () on Vi.

Corollary: Let €2 an open and bounded domain, with Lipschitz-continuous
boundary I' = 0€2. Then there is a positive constant C such that

llulr|lz2@y < Cllulla1 @)

Corollary: Over the space H§(Q), ||Aul|i2@) is a norm, equivalent to
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