HEAT KERNEL AND MODULI SPACES

KEFENG LIU

1. Introduction and Notations

In this paper we describe a proof of the formulas of Witten [W1], [W2]
about the symplectic volumes and the intersection numbers of the moduli
spaces of principal bundles on a compact Riemann surface. It is known that
these formulas give all the information needed for the Verlinde formula.
The main idea of the proof is to use the heat kernel on compact Lie groups,
in a way very similar to the heat kernel proof of the Atiyah-Singer index
formula and the Atiyah-Bott fixed point formula. The Reidemeister torsion
comes into the picture, through a beautiful observation of Witten, as the
symplectic volume of the moduli space. It plays the role similar to that
played by the Ray-Singer torsion in the path-integral computations on the
space of connections.

The basic idea is as follows. Consider a smooth map between two compact
smooth manifolds f : M — N. Let H(t,x,x0) be the heat kernel of the
Laplace-Beltrami operator on N with x( a fixed regular value of f. Because
of the basic properties of the heat kernel, we know that for any continuous
function a(y) on M, when ¢ goes to zero,

/ a(y)H(t, f(y), z0)dy = / a(y)H(t, f(y),z0)dy + O(e/Y)
M J=Y(Bs(z0))

where B is a ball of radius § around x, that is, the integral is localized to
the neighborhood of f~!(xg).

On the other hand let {¢;(x)} be the orthonormal basis of the eigenvectors
of the Laplace-Beltrami operator on N, then H(t,z,xg) has an expression

H(t,,m0) = Y ™V ;(x)9;(x0)
J

where —)\; is the eigenvalue of ¢;(x). So we have

/ () H(t, ) 20)dy 0 = 3 eM6,6a0) [ alwos(Fw)ds (0)
f=1(Bs(zo)) ; M

This simple formula about heat kernel, which is just a general Poisson
summation formula, can be viewed as a generalized version of the modular
transformation formula for the classical theta-functions. The method in this
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paper to prove the formulas of Witten about moduli spaces will be based on
this simple fact. We believe that such method should have more applications.
For example, when IV is noncompact, we can easily derive a similar formula
to (0), which, applied to the moment map, gives the nonabelian localization
formula in symplectic geometry.

Now we fix some notations to be used in this paper. Let G be a semi-
simple simply connected compact Lie group, G be its Lie algebra. Let T be
a maximal torus in G and 7 be its Lie algebra. Let A € 7* be the root
system of the complexification of the Lie algebra of G, G, with respect to
7. Fix a Weyl chamber C C 7 and let AT be the set of positive roots. Let
IT ={a1, - ,q}, I = dim7 be a fundamental system of A. The Killing
form induces a biinvariant metric < -,- > on G, this will be the biinvariant
metric to be used in this paper. We identify 7 with 7* under which for any
A € T*, there is a unique element H) € 7 such that < Hy, H >= \(H) for

any H e T.

Introduce

v = 72 A, HY = 72 H
TS TR T s
ant let
l
r= QWZZng ={H €T;expH =¢}
j=1
and
I={XeT"; \T) e2nZ}.

Put

Po={Xel, <X\a; >>0,1<j<1}
as the dominant integral weights.
Define \; € 7% by < iy af >= 0ij, 1 <14,j <1, then

l l
I= ZZ)\j, and P, = {ij)\j; mj > 0,m; € Z}.
j=1 Jj=1
There is a one-one correspondence between P, and the equivalence classes
of irreducible representations of G. For A € Py, we let x) and respectively
dy be the character and dimension of the irreducible representation corre-
sponding to A. Let e be the identity element in G, then one has

<A+p,a>
< p, o>

v =d = [
acAt
where p = 33 At @
Next let us recall some basic facts about the biinvariant differential oper-
ators on G. Let U denote the universal enveloping algebra of G, and Z(U)
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be its center. Then any element D in Z(U) gives us a biinvariant differntial
operator on G. Given any irreducible representation V of G, by Schur’s
lemma, we know that the induced action of D on V, commuting with the
action of GG, is a multiplication by a scalar, that is

Dv=ppANv, veV
where pp is a polynomial. We record the following lemma ([Fe], Theorem
10.4) for reference.

Lemma 1. If CY (7)) is the space of Weyl group invariant polynomials
on the Lie algebra T and CG(Q) the AdG invariant polynomials on G, then
these two spaces are isomorphic and

pp: Z({U) — CV(T) ~C9(G)
18 an isomorphism. O
In fact pp is a polynomial in A + p. For example, if Xy,---,X,, is an
orthonormal basis for G, then C = X7 + -+ X2 € Z(U) is the Casimir
element. The polynomial p.()) is given by

pe(X) = [Ix+ pl? —[lol”
where the norm is induced by the Killing form.

2. Witten’s Formulas

Let S be a compact Riemann surface of genus g > 1 and o € S be a fixed
point. Let S =S — D where D is a small disc with center o. Let 95 be the
boundary of S. We take an element ¢ € T, let Z. be the centralizer of ¢ in
G and

O, ={zcx™ 2 € G}y ~G/Z,
be the conjugacy class containing c. Let Q!(S,ad P) be the space of smooth

G-valued one forms on S which vanish on 9S. Define a two form on Q! (S, ad P)
by ([AB], [Ch1], [J], [W])

w(a,b):1/8<a,b> (1)

472

where a, b € Q1(S,ad P).
Consider the following map

f: G¥=GxG- - xG—G

g
flyi, 21, Ygr 2g) = Hyjzjyflzfl-
j=1
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For ¢ = u € Z(G), the center of G, let M, = f~'(u)/G which is the moduli
space of flat principal G-bundles on S with fixed holonomy u € G around
0S. Here G acts on f~'(u) as follows. Let v be the action of G on G?9
given by

W(x)(ylv 21y 5 Yg Zg) = (,Iy156_1, e ,ngm_l).
Then  induces an action on f~!(u). Note that Z(G) acts trivially on G29.
Let w, be the natural symplectic form on M, induced by (1). From now
on we will assume that u is a regular value of f, that is M, is a smooth
compact manifold. Then the first formula we are about to prove is

Formula 1.

w Vol(G _ u?
[ oo ) s 5 i
u (27‘-) AePy d/\
Where #Z(G) denotes the number of elements in Z(G). ]
Witten used the notation

M = 207D
d
More generally let us take a generic element ¢ € 7', then Z, = T and
O, ~ G/T. Let M. = f~Y(c)/Z. be the moduli space of principal G-bundles
with fixed holonomy in 6, around 9S. Let w, be the natural symplectic form
on M, induced by (1). Still we assume that c is a regular value of f, therefore
M is a smooth compact manifold. Let C' € 7 be such that exp C = ¢, then

we have

Formula 2.

/ e = | ’(C)|#Z(G)VOKG)QQ_1 xale™)

= ' 29—1
. (2m)dImMeyo)(T) Y
where |j(c)| is the absolute value of

j(e) = H (eﬁa(c)ﬂ _ e—ﬁa(c)ﬁ). 0

aceAt

The next formula gives us the intersection number of certain characteristic
classes on M, = f~!(u)/G with u € Z(G). Note that for suitably chosen
u, M, is a smooth compact manifold of dimension dim G(2g — 2).

Let f~'(u) — M, be the principal G/Z(G) bundle. The G-equivariant
cohomology of f~!(u) is isomorphic to the ordinary cohomology of M.,.
Here we take cohomology with rational coefficient.

Given any Ad-invariant homogeneous polynomial p € CW(T) ~ CY(G) C
H*(BG) of degree 2m. Let 270 € Q%(f~!(u)) ® G be the curvature of the
principal bundle f~!(u) — M,. Then p(v/—1Q) € H*(M,) is one of the
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generators in H*(M,). Let |A™| be the number of elements on A™, then
we have

Formula 3. If 2m < |A™|(2g — 2), then
)

/ (VI = #2(G) G %222”%1 (A+p). O

dnn G
(27T )\EP+ >\

The condition on the degree of p is for the convergence of the infinite sum.
In fact, given any polynomial p € CW(T), let us write

A= (e olG)

29—2
(27T)dimG] )

Then we have the following formula:

—1
/ p(\/jlﬁ)ew“ = Alimc_,ulimt_,0+ Z XA(ci )p(A+ p)efpc()‘)t_

2g—1
xep.
This formula is very similar to the one in [Liu], Lemma 6.
When the degree of p is big, the following fomula tells us that the above
integral vanishes.

Formula 4. Assume ¢! = exp H, is such that H. € T does not lie in the
lattice %F. Then for any homogegeous polynomial p € CW(T) with p = 0
for A+ p singular, we have

lim,_,q+ Z e HpA+ ple PNt =0, O
AEPy
In particular, Formula 4 tells us that, if the degree of the polynomial p in
Formula 3 satifies 2m > |A1|(2g — 2), and u is as in Formula 4, then

IMCEEE

All of the above formulas can be generalized to the case when the group
G is not simply connected. This will be discussed in the last section of this
paper.

Note that Formulas 3 and 4 give us a lot of information about the inter-
section numbers on M,,. In particular, Formula 3 contains the information
needed for the Verlinde formula. In fact, let A(T'M,) be the A-calss of
TM,, then

ATM,) =1+ p1(V=19) + pa(vV=10) +
where p; € CW(7) is a homogeneous polynomial of dgree 2j. It is easy to
see that, for any integer k, Formulas 3 and 4 contain all the information of
the integral
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/ A(T M)k

Combine with the Atiyah-Singer index formula, this gives the dimension of
the nonabelian theta-functions on M,,. We refer to [Sz|, (see also [Mo]), for
the discussion about the equivalence of this formula to the Verlinde formula

for G = SU(n).
3. Heat Kernel and the Proof of Formula 4

Let A be the Laplace-Beltrami operator with respect to the biinvariant
metric < -,- > on G. One knows that A = —C. Consider, for x,y € G,

H(t,z,y) = Y daxaley e PV,
AEPL

Then H(t,z,y) satisfies the following [U]

a)
0
7H(ta z, y) = AxH(ta xz, y)a

ot

b)

lim, o+ /G H(t, x.y)(y)dy = Vol(G) f ()

where dy is the volume element corresponding to the biinvariant metric,

and f is any continuous function on G. Therefore VOll( G)H (t,z,y) is the

standard heat kernel on G. Recall that for y = u € Z(G), one has

dx xa(zu™h) = xal@)xa(u™),
so we have, for u € Z(G),

H(t,z,u) = Z (@) xa(u™t)e PO,
APy

Before the start of the proofs of the formulas in §2, we first compute the
integral of the pull-back of the heat kernel on G by f:

H(t, f(h),z)dvol
G29

where h = (y1, 21, ,Yq, 29) € G?9 and dvol is the product volume element
on G?9. Obviously we only need to compute the 2g-iterated integrals like

g g
/ .. / X)\(:c_l H yjzjyjlzjl) H dydej
G G j=1 j=1

where dy;, dz; denote the volume element on G induced by the Killing form.
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Recall the standard formulas in the representation theory of compact Lie
groups which follow from the orthogonal relations ([BD], pp 84):

/G L

and
|t = 5w

from which we get

g
_ _ Vol(G _
/(;2 (@ [T wsziv; 'y Hd jdzj = (g_) xalz ).
g .
J=1
We summarize this as a lemma.

Lemma 2. The following formula holds

—1
H(t, f(1),2)dvol = Vol(G)2 37 X220 i g
e AP, d

Next we want to prove Formula 4, the vanishing theorem. This is just a
simple application of the Poisson summation formula. Let ¢ be such that
¢! = exp H, with H. not in the lattice 5-I' = 22:1 ZHg, . Consider the
series

Z(t,Ho) = > pA+p)xalc e P!
AEPL

where p € CW(T) is a homogeneous polynomial.
By using the Weyl character formula we can rewrite Z(t, H.) as

e||p|\2

Z(t, H, Z S e(w)p(A + p)e MRV TR ORI o),
)\EP+ weWw

Let #W denote the number of elements in the Weyl group W. We get

el
€ Al 2t v/ =Tw(A+p) (He
Z(t, H,) = 5D E Z p(\ + p)e”IAHeIlPte (Atp)(He)
)\GI’wEW
llplI*t
© Yo~ NPtV =IA(w(He))
T 2 2w ¢
#Wj )\GIwGW

where w acts on H. € 7 by adjoint action through the identification W ~
N(T)/T. Here N(T) denotes the normalizer of T
Consider the Fourier transform F'(H) of
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F(X) = P(\)e NPtV =TAGw(He))
Here by definition

. 1
F(H) = ——— [ F\)e VAg)
(H) (2m)i/2 /7—* (Ve
It is easy to carry out this integration which gives

I

F(H) = R(t, H — w(H,))e allH-w(He)
where R(t, H—w(H,)) is a polynomial in (H —w(H,)) and \1[ By applying
the Poisson summation formula, we get

elloll’t

A H—w(H,
20 He) = ey Do D clw) Rl H —w(H)e #IHI,

HelrweW

By our assumption, H. does not belong to the lattice %F, so for H €
+T, H — w(H,) is never zero. Therefore when t — 07, the left hand side
exponentially goes to zero. This proves Formula 4.

4. The Proofs of Formulas 1, 2 and 3

Now we start to prove Formula 1. We will assume that v € Z(G) is a
regular value of f, therefore M, is a smooth compact manifold.
JFrom Sect. 1 we know that, when t — 07,

H(t, f(h),u)dvol = / H(t, f(h),u)dvol + O(e~0/%)
G2 ~H(Bs)

where Bs C G is a ball of radius ¢ around wu.
The following local calculation is basically due to [Fo]. Given a point
a € f~1(u), we can choose local coordinate around a by using

(a,0) € f7H(u) x Ng == f~(By)
where N, is the fiber at a of the normal bundle in G*9 to f~!(u). By using
exponential map, we will identify b to the tangent vector in N,. Then the
volume element dvol at (a,b) becomes

dvol = J(a, b)dvol,dvoly
where dvol, and dvol, are respectively the induced Riemannian volume ele-
ments of f~!(u) and N at (a,b), and J(a,b) with J(a,0) = 1 is the Jacobian
of the coordinate change.
In this coordinate h = (a,b), and

1£(h) = wll* = [|[df (@) O)I* + O(][blI*)
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from which we get

__ VOUG) (@) w) o)) /4t
H(t, f(h),u) = me (14 0()).

So the integral has the asymptotics

/ dvola/ %@e*m[df(a)](b)||2+0(||b|\3))/4t(1+0(t))J(a7b)dvolb'
acf~1(u) N, (47Tt) 1ma;/2

By changing variable b — 1/tb, carrying out the standard Gaussian integral
and letting ¢ go to zero, we get

/ %@e—(\\[df(a)](b)HQO(Hb\I3))/4t(1 + O())J(a, b)dvoly
N, (47Tt) 1maG/2

= Vol(G)det™2df* (a)df (a)|, -
Here let {t1, - ,t,} be a basis for the orthogonal complement of the kernel
of df(a) : G* — G, [Kerdf(a)]* ~ G, then

[t1 A Aty
[df (@)](t1) A -+ A fdf (a)](tn)]
where |t; A --- A t,| denotes absolute value of the determinant | < ¢;,¢; > |

and G2 is the direct sum of 2¢ copies of the Lie algebra G.
Therefore we have

det~2df* (a)df (a)|y, =

lim; o+ H(t, f(h),u)dvol = Vol(G) / det_%df*(a)df(a)\Nadvolu.
G29 a€f~1(u)

On the other hand, since the volume of the orbit of -, the induced con-
jugate action, through a € f~!(u) is given by

Vol(G) | 1.,
et (@)
where, for a basis {s1, - ,sp} of G,
det @)y (o)) = PNV Al

Note that the action of Z(G) on f~1(u) is trivial. Now it is easy to reduce
the integral over f~!(u) to M, = f~1(u)/G. We get

B B Vol(G)?
/a o 8 @@ dvola = S /Mu dv

where dv, is the measure on M, defined by the following property: for any
basis {ry, - ,ry} of TeM,
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dvy(riN---Ary) =

[ri A Ary Ady(a)](s1) A Aldy(a)](sp) Atr A Aty
51 A= Aspll[df (@)](t1) A - Adf (a)](En)] '
We summarize the above calculations as

Lemma 3 We have the following integral formula

1(G)?
lim,_, o+ /G?sz H(t, f(h),u)dvol = \;)Z((G)) /M dvy,

where dv,, is defined as above. O

Now let us understand dv,. At a € f~*(u), we have the following chain
complex,

C,:0¢Tgu¥ g .

Here we have identified the tangent bundles of the G’s with their Lie algebras
by using left translations. Note that C, is the deformation complex of the
flat principal G-bundle on S with fixed holonomy v € G around o. On
each term in C,, there is the natural measure induced by < -,- >. Note
that, H°(C,) = H*(C,) = 0 and H'(C,) ~ T,M,. Let us denote by 7(C,)
the torsion of C,. This is the Reidemeister torsion of the bundle ad P.
We consider 7(C,) as a norm on det H'(C,) ~ detT,M,. On the other
hand, from its definition dv, can also be viewed as a norm on T, M,. The
following combinatorics lemma is due to Witten [W] and was first applied
in this situation in [Fo].

Lemma 4. Let 2N = dim M, then

N
wy,
dv, = 7(Cq) = (27T)QN—N! . O

Remark: Zhang outlined to me a very simple proof of Lemma 4. In fact
7(C,) is the Reidemeister metric on det H'(C,) ([BZ], [Fa]) which is equal
to the L?-metric on any compact even dimensional manifold. In our case,
the L%-metric on det H'(C,) ~ detT, M, is the same as the symplectic
volume. Zhang used Ray-Singer metric, but by the Ray-Singer-Cheeger-
Muller theorem, we know that this is the same as the Reidemeister metric.
In fact both Lemma 4 and Lemma 4c below are simple consequences of the
duality result in [Mi].

For completeness, here we sketch the proof of Witten. The first equality is
basically the definition of the torsion for the complex C, [Fo]. For the second
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equality, we consider the standard cell decomposition of S given by the 4g-
sided polygons which gives the well-known description of the fundemental
group of S. It has one 0-cell, one 2-cell and 2g 1-cells. The complex C, is
precisely the “lattice model” of the gauge theory of a flat principal G-bundle
on S ([Fo], pp 41). Note that 7(C,) is invariant under subdivision of the
cell decomposition. The dual cell decomposition gives us a dual complex
C! to C4. Poincare duality induces a natural skew-symmetric pairing on the
complex D, = C, & C! which is compatible with both the differentials and
the natural measures on each term in D,. Therefore, since H'(C,) ~ T, M.,
it induc! ! ! es a skew-symmetric pairing

T, M, xT, M, — R

which is precisely the natural symplectic form 472w, on M, ([W], (4.16) to
(4.28)). So one has ([W], (4.28))

N Wy
Since 7(D,) = 7(Co)7(CL) = 7(Ca)?, we get

INWa

We thus have obtained the following equality which is exactly Formula 1,

VolG J20-2 xa(u™h)
(2m)dime dig—l '

| e =gz
u AEP,
Note that here we have assumed G is simply connected and u € Z(G) is a
regular point of f.
Now let us prove Formula 2. Since c¢ is a generic element, the centralizer
of ¢, Z. =T. The integral we will consider is

H(t, f(h),c)dvol.
G29

Lemma 2 gives us its value as the infinite sum, we now consider its localiza-
tion to f~!(c) when t goes to zero.
Similar to the proof of Formula 1, we can easily get

lithOJr/ H(t, f(h),c)dvol = Vol(G)/ det*%df*(a)df(a)]]vadvola
G2 acf~1(c)
where dvol, is the induced Riemannian volume element on f~!(c).

Note that f~!(c) is only invariant under the action of Z. = T. Let . be
the restriction of the conjugate action v to Z.. Since the volume of the orbit
of 7. through a is

Vol(T')

5G]
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where, for a basis {s1,---s;} of Z, =T,

dye(a)l(s1) A= A dre(a)](se)]
‘81 VANERRIVA Sl‘ '

So in the same way we can reduce the integral on the right hand side to

dot? v (a)dre(a)] = |

#2(G)

where dv, is a measure on M., such that for a basis {ry,--- ,rg} of ToM,,

/ det= df* (a)df (a) x, dvol, = Vol(G) i) / dv,
acf~1(c) M.

dve(ri A -+ Arg)

_ |ri A A Aldye(a)](s1) A= Aldye(a)](s) Atr A= Aty
[s1 A= Asi[[df (a)](t) A - A [df (a)](En)]
Here {t1,--- ,t,} still denote a basis of the orthogonal complement to Ker df (a).

From the above definition, we see that dv. can be considered as a norm on
det Ty M. Similar to Lemma 3, we can get

Lemma 5. We have

: Vol(T)
lim; g+ -~ H(t, f(h),c)dvol = Vol(G) 27(C) /MC dve. O

Now let us understand dv, which will be related to the symplectic volume
on M.. Let Z. denote the Lie algebra of Z.. We consider the following
chain complex at a € f~!(c),

cc:0-2%gw%g o

This complex is the “lattice model” associated to the cell decomposition
of the pair (S,0S). Here we still identify the tangent bundle of G with G
by using left translations. Note that by definition [Fo] we have similarly
7(CS) = dve.

The complex associated to the Poincare dual complex of C¢ is given ex-
plicitly by the following
ce 0%9@929@%@0#—9 —0

where T.0. is the fiber at ¢ of the tangent bundle of the orbit ©. ~ G /T of
c in G under the conjugate action . It is identified with Z:-, the orthogonal
complement of Z. in G, through left translation by ¢~!. The 7, an extension
of v, is the conjugate action of G on G x ©,. given by

Yo(z) (1, 2g3y) = (™ wzgr oy

and the fy is the map from G?9 x O, to G given by
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g
follyrs -+ zg9)) =y [T wszwy toi
j=1

It is easy to see that M, ~ f;'(e)/G.

Note that C' is the “lattice model” complex associated to the cell decom-
position of S which gives the standard description of the fundemental group
of S. It has one 0-cell, one 2-cell and 2g 4+ 1 1-cells. One of the 1-cells is the
boundary circle 0S. We need to associate O, to S (cf. [W], [Fo]).

We have the following exact sequence

0—-C —-C'—K.,—0
where K, is the complex
0—>Zchlch@c—>0—>0.

In fact K. is precisely the chain complex associated to the boundary circle
0S [W]. Note that our complexes are dual to those of Witten’s in [W], and
the same as those in [Fo].

As in the derivation of the Weyl integral formula ([BT], pp 162), we easily
find that the torsion of K, is [W]

7(Ke) = |det(Ad(c™") = I)] = |j(c)|*.

So we get
7(C5) = T(CHT(Ke) = 7(C5)i ().
Note that
HO(C5) = H?(C5) = HO(CY') = H*(C{') =0
and

H'(CE) ~ HY(CY) ~ TuM..
We consider the complex D, = C¢ & CS. The Poincare duality induces
a natural skew-symmetric pairing on D, which is compatible with both
the differentials and the natural measures of D.. Therefore it induces the
symplectic structure on M.. Following Witten’s argument ([W], (4.105)),
in the same way as in the proof of Lemma 4, we get

wK
7(De) = (2m)** 25 = 7(CO)j ()]

where 2K denotes the dimension of M.. Here we have used the equality
7(D.) = 7(C5)T(CE). Let us summarize the above discussions as a lemma.

Lemma 4c. We have the following equalities:

U.)K
dvelj(o)l = 7(Cli(o)] = 2m)* 5. O
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Remark: As Zhang explained to me, his simple proof of Lemma 4 ap-
plies to this case, and CS, CS’ correspond to the complexes with different
boundary, absolute and relative, conditions. The term 7(K.) is precisely
the Reidemeister metric of the boundary ([Lu], Theorem 5.9). See also [Mi],
Theorem 2 and the discussion in [RS], Sect. 3.

By putting this together with the formula in Lemma 2, we get

R R LG

_| ,(C)|#Z(G)V01(G)29*1 xale ™)
— O o dimMevol(7) 2T

which is precisely Formula 2.

Now let us compare Formula 1 and Formula 2. Let C, H? € 7 be such
that uexp C' = ¢ and u = exp H., we assume C, H? lie in the closure of the
fixed Weyl chamber C C 7. When c is very near u in T = Z., one knows
that f~!(c) is diffeomorphic to f~!(u). Therefore M. is a fiber bundle over
M, with fiber G/T ~ G/Z.. Let us write this as

AEPL

T M. — M,.

Then one has the standard relation of symplectic forms

We = T wy + Ve

where v, is a two form on M, which, when restricted to the fiber G/Z. ~
G/T, is the standard symplectic form. In fact, a simple application of the
local model theorem for symplectic manifold to the fibration f~!(u) — M,
gives us ([Ch], [Chl], [D], [J])

ve =< C,Q > 46,
where, for X, Y € G, 6. is given by ([BGV], §7.5)

1
be(XY) = —5- < C[X.Y]>.

For the geometric meaning of v, in terms of loop group, see [Ch].

This gives us
/ eve _/ evum, el
(& u

where 7, is the integration along a generic fiber of 7. By comparing Formula
1 and Formula 2, it is easy to see that one must have

Lemma 6.

e’ Vol(G/T)
. ==+ . .
j(e) (Qﬂ)dun (G/T)
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Here Vol(G/T) = Vol(G)/Vol(T) is the Riemannian volume of G/T. The
sign £+ will be fixed later.
Let us briefly explain the geometric reason for Lemma 6. First we know

that the symplectic volume of G/Z. ~ G/T with symplectic form 6. is
([BGV], Lemma 7.32)

be — Vo \/?1a(0)
/G/Zce —Vol(GyT) [ Y2l

acAt 2

It is easy to see that the leading term of the integral m.e”c is given by the
symplectic volume of the fiber, that is, we have

v-1a(C)

mee =Vol(G/T) [] =

aEAT
where the --- are those terms involving higher order terms in a(C'). From
Formula 2, we get the following identity:

Vol(G/T) H la( )/ et 4
aEAT v

Z(G)Vol(G)?~!
~ il JVol( Y bl

(G 1
(2 )d1mMLV01

29 1 :
)\EP

Let m(c) = [[oear V—1a(C). Since v € Z(G), we know that, when c
goes to u, each o(C') should go to zero which implies that

m(c)
j(e)
which is equivalent to Lemma 6.

Now we are ready to prove Formula 3. We will actually show that in
fact Formula 3 follows from Formulas 1 and 2 in the same way as the
above discussion. First let 27§ be the curvature of the principal bundle
7 f1(u) — M,. The following formula which was first shown to me by
Chang [Ch] can be viewed as a family version of the Duistermaat-Heckman
integral formula, or more generally a family version of the equivariant local-
ization formula ([BGV], Theorem 7.33).

e Sew £(w)e<wC 2> -
[Toea+ (—V-1a(Q))

Here the Weyl group W acts on C' € 7 by the the adjoint action, through the
identification N(T')/T ~ W. A similar formula is derived in [KS], Proposi-
tion 5.3.

Let {Hy,---, H;} be an orthonormal basis of 7, write C = z1Hy + -+ - +
xHy € T. We use (x1,---,x;) as the coordinate of C' € 7. Given a W-
invariant homogeneous polynomial on 7, p(z1,---,2;) € CV(T) ~ CY(G)

=+1 (2)

lim, .,

Ty
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of degree 2m. Let the differential operator p(a%l, cee %) act on both sides

of Formula 2 with respect to C' € 7. Note that

0 0
—_— e — % Ve Q « Ve
oxy’ ’8$l)7r c p(2)me

which follows from the above formula (3) (or [V], Proposition 10). On the
other hand, from the Weyl character formula, we have

p(

Z E(w)e—ﬁw(k+p)(C+H8 ’
weW

jle)xale™) =
which gives
8 a . —1 m . —1
e g @xale )l = (=1)"p(A+ p)li(e)xale™)]:
X1 Xy

Now let ¢ — u again, from Formula 2 and Lemma 6 we get

(

Vol(G) > ~ xa(u)

- A+Dp).
(Qw)dlm/vlu N digfl p(A+7p)

[ e =21z
u €Py

The overall sign + is fixed by taking p = 1 and noting that, as the limits of
the heat kernel, both sides should be positive. This proves Formula 3.

In the above discussion we did not pay attention to the convergence. But
it is easy to see that our proof actually gives the following formula:

~1
/ e“ip(v—1Q) = Alime_, lim; o+ Z X/\Q(gc_l )p()\ + p)e PNt
u )\EP+ d/\
where
Vol(G)%9~2

A=#2(G) (Qﬂ)dim/\/lu

as defined in §2.
4. Nonsimply Connected Groups.

Finally we consider the case when G is compact and semisimple, but not
necessarily simply connected. For simplicity we only discuss the proof of
Formula 1, the other formulas can be proved in completely the same way.

Let 71 (G) denote the fundemental group of G which, since G is semisim-
ple, is finite. Let G’ be the universal covering of G. Let H'(t,y,x) be the
heat kernel of G’, then the heat kernel on G is given by

1
5 Y, H(ty2)

Hty2) = oo e
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where the z,y on the left hand side are correspondingly the lifts onto G’ of
z,y € G. Here the reason that we divide by (#m1(G))? is due to that fact
that H'(t,y, ) is not normalized, it should be divided by the volume of G'.

Consider f : G* — G and M/, = f~'(u)/G where f is the same as
in the simply connected case and u € Z(G) is a regular value of f. Let
f: G — G be alift of f. Since Vol(G') = #m1(G)Vol(G), by using
Lemma 2 we get

(471 (G)]% H(t, f(h),u)dvol

G?9

Z H'(t, f(h),yu)dvol

G/2g

#7?1

€7r1
_ VOI(G, 29 Z Z xa(( 1 fpc(/\)t
2 1
(#m( )) ~vemi(G) AePy d -

_ Vol(G")* xa(u™) PV
#m1(G) d29t

)\EPJ,.
Here we have used the fact that

daxa((yw) ™) = xalw (™)

D

yem(G)
is zero except when Y is trivial, in which case it is equal to #m(G). On
the other hand when ¢t — 07, the same method as in the simply connected
case gives us

and that

_ Vol(G)? /
lim,_, H(t, f(h),u)dvol = 7(Cq
dim M’ VOI(G)2/ w!
= (2w “ eru
e @)
where w), is the induced symplectic form on M/, from the w in (1), and C,

is the the same complex as in Lemma 4. By putting the above two formulas
together, we get

w! #Z(G) VO] 29 9 X)\ 1
/;e _#M(G)[(% dlmG A; 29 1

The other formulas can be extended to the non-simply connected case in the
same way.
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We note that, for G = SU(2), a proof of Formula 3 was announced in [JK]. Their
method is completely different from the one used in this paper.
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