LAYERED PERCOLATION ON THE COMPLETE GRAPH

LINCOLN CHAYES AND S. ALEX SMITH

ABSTRACT. We present a generalized (multitype) version of percolation on the complete graph,
in which we divide the vertices of the graph into a fixed number of sets (called layers) and perform
percolation where the probability of {u, v} being in our edge set depends on the respective layers
of u and v. Many results analogous to usual percolation on the complete graph are determined.
In addition, we determine the exponential rate function for the probability that a giant component
occupies a fixed fraction of the graph, while all other components are small. We also determine
the exponential rate function for the probability that a particular exploration process on the ran-
dom graph will discover a certain fraction of vertices in each layer, without encountering a giant
component.

1. INTRODUCTION

The principle object of study in this paper is a generalized version of the Erdés-Reényi random
graph. The generalization is that instead of percolation occuring homogenously throughout the
graph, we divide the graph into “layers”, and perform percolation which depends on the layers
of the involved vertices. For an examination of equivalent results on the non-layered complete
graph, and for motivating methodology — such as it exists — we point the reader to [2].

For the purposes of this paper, we define a layered set to be a set in which each element v has
an associated integer, which we designate by layer(v). We similarly define a layered graph to
be a graph whose vertex set is a layered set. Since we think of layer(v) as having something to
do with the position of v, we will freely use language such as “v is in the i layer” to mean that
layer(v) = . If S is a layered set, we let Sy = {v € S : layer(v) = ¢} be the set of elements of
S in layer £. If GG is a layered graph with vertex set V', we let GG; be the subgraph of G restricted
to V4.

We will typically use L to indicate the number of layers in a graph and we will use the hat
symbol (") to indicate vectors of such length. If 7} is such a vector, we will let || be the ! norm
on 7). If S is a set or a graph, we let |.S| be the number of elements or vertices in .S, respectively.
We will let (S) be the vector of dimension L whose £ component is |Sy|. We will also use the
componentwise partial ordering on vectors, so (for example) 77 > 0 will mean that /) € (0, c0)”.
If v is a vertex in a graph G, we will let C'(v) = C¢(v) be the component of G containing v.

We now introduce the main model of the paper: Let L € N and 7 € N be given, and consider
the layered vertex set

VYV ={k):1<{<L1<k<np}, (1.1)
where layer((ﬁ, k:)) = (. Then given probabilities (p;;); je{1,..,z} With p;; = pj; for all i and
J, let & be the (random) edge set so that each edge {u, v} appears (or not) in & independently,
and P({u,v} € &) = Player(u) layer(v)» SO that the probability that an edge exists between given
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vertices in layers ¢ and j is p;;. In this paper we will restrict ourselves to the case in which
the number of vertices in each layer scales proportionally to the number of vertices in every other
layer; so let us for the remainder of the paper take 7 = (| p17], ..., |prn|) for some p € (0, 00)"
and n > 0. Additionally, let us take A = («;;) to be a symmetric, non-negative, irreducible L x L
matrix, and let p;; = Oé# We will generally consider L and A to be fixed throughout the paper and
therefore we designate the resulting random graph by ¢(n, p) and the corresponding probability
measure by P, ; — although we will allow n and p to be implicit when it is clear from context.

We let E), ; indicate expectation with respect to P, 5.

2. MAIN RESULTS

We will start with a mean field approach, which will give us quick insight into the size of giant
components in ¢ (n, p). Intuitively, the probability of a vertex v € 7 not being in a “large”
component of ¢ (n, p) is approximately the probability that none of v’s neighbors are in “large”
components in ¢ (n, p) restricted to ¥\ {v}. If v is in layer k, then the number of neighbors
of v in layer i is distributed like Bin([ﬁmj — ik, %), which converges to Poisson(a;xp;) as
n — oo. Thus letting the random vector 6 be the fraction of sites in each layer of ¢ (n, p) which
belong to “large” components, we expect

L o0 AN — i B
1— b ~ H Z (i) e YikPi (16, o
L A J! T '
= j=

Pleasantly, this intuition is correct and, moreover, (2.1 simplifies to

L
O =1 —exp (— > aikﬁiéi> , (22)
1=1

which leads us to the main theorem of the paper:

Theorem 2.1. Let é(r, n, p) be the (random) fraction of sites in each layer of 4 (n, p) which are
in components of size greater than r. Then there exists a 0 (p) so that

lim lim 6(en,n,p) = 6*(p) (2.3)

e—0n—oo

almost surely. Furthermore, é*(ﬁ) is the maximum solution to the system of equations given by

There may be some question as to what Theorem [2.1| means by the maximum solution, since
we are using only a partial ordering on [0, co)”. It turns out that what we mean is “the nonzero
solution if there is one, and zero otherwise”. To wit:

Lemma 2.2. The system of equations given by (2.2) has a maximal solution in R for all p > 0,
which is either zero or strictly positive. This maximal solution is an increasing function of p. If a
strictly positive solution to [2.2) exists, it is unique.

We will say that  is a supercritical density if 6*(p) is nonzero, a subcritical density if there
is a neighborhood of / in (0, 00)” on which 6* is zero, and a critical density otherwise. In order
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to characterize these three regions of density further, we introduce a susceptibility matrix, whose
17th entry is the expected number of edges from a vertex in layer ¢ to vertices in layer j (up to
O(1/n) corrections):

apr oipr o aippi
1Pz Qu2p2 - Qapp2

By=| . S (2.4)
aripr  op2prL o QLLpL

We then have:

Lemma 2.3. Let ko(p) be the maximal eigenvalue of B,. Then p is subcritical if ko(p) < 1,
critical if ko(p) = 1, and supercritical if ko(p) > 1.

Lemma has a quite intuitive interpretation: Let 7) be the (strictly positive, as per Perron-
Frobenius) eigenvector of B corresponding to xo(p). Then if we taken aset #* C ¥ with (#) ~
7, the expected number of neighbors of # in each layer of ¥ (n, p) is approximately xq(p)7.
Thus if ko(p) < 1, we expect any exploration process of ¢4 (n, p) to die off at an exponential rate.
Conversely, if ko(p) > 1 we expect that the exploration will survive with positive probability
— unless the process grows to the point where these approximations are no longer valid. In
Section 4] we will use this idea to prove:

Theorem 2.4. Let L, A, and p > 0 be given. Let ¢ > 0 be given with |¢| = 1, and for each n let
v be a random vertex of 4 (n, p), independent from &, with P, ; (layer(v) = i) = ¢;. Then if p is
subcritical,

lim B, ,[(C(v))] = (I-B,) ‘e (2.5)
If p is critical then
lim E, ;[|C(v)|] = oo, (2.6)
but
lim P, ;(|C(v)| > en) =0 (2.7)

for all e > 0. If p is supercritical then there is some € > 0 such that
liminf P, 5(|C(v)| > en) > 0. (2.8)
n—oo
Note that although we state the theorem in a general form, for this paper we will always take

v to be a uniformly chosen vertex of ¢ (n, p), and thus will take ¢ = p/||.
To state the next theorem, we let S be the entropy function given by

L
S(n,p) = Z(Pk log pr. — ik Log e — (Pr — k) log (P — M), (2.9)
k=1
and let
L L
E(7) =Y ik log (1 —e 2o a““’”) : (2.10)
k=1

With these, we can calculate the large deviation rate of large components existing in ¢ (n, j):



4 L. CHAYES AND S.A. SMITH

Theorem 2.5. Let L, A, and p be given, and for each n let v be a random vertex of 4 (n, p)
chosen by any distribution desired which is independent from &. Also let - C [],]0, ps] be a set
of densities which is open in [ [,[0, p;]. Then

lim ~ log P, 5 (;<C(v>> € ﬂ) = sup [S(7, p) + E(7) — 7 A(p — )] - (2.11)

n—eon nes
We are also interested in the rate of ¢ (n, p) not having large components:
Theorem 2.6. Let L, A, and p > 0 be given. Also define the continuous function
L fad Ai ~ A L ~ . A . ., .
W(p) = Yo [pi log ,% — % (pi —pF) (1+ >oim ozijpj)} if p is supercritical @12
otherwise

where for p supercritical, p* is the unique critical density such that (1 — Bs+)(p — p*) = 0. Then
if S, is the event that all components in 4 (p,n) are of size smaller than r, we have

1 1
lim lim ~log P (S;) = lim lim —log Py 5(Sen) (2.13)
r—00 n—oo N, e—0n—oo N

= U (p). (2.14)

Moreover, the convergence is uniform for p bounded above.

As a kind of combination of Theorem and Theorem we find the exponential rate of 4
taking a specified value:

Theorem 2.7. Let L, A, and p > 0 be given, and let . C [[,[0, p;] be a set of densities open
in [ 1,0, p;]. Then

1 .
lim lim logP<9(en,n,/3) € Y) = sup [S(ﬁ,ﬁ)+E(ﬁ)+\Il(ﬁ—ﬁ)—ﬁTA(ﬁ—ﬁ)]. (2.15)

e—0n—oon =4
Finally, we demonstrate that the giant component is unique:

Theorem 2.8. Let L, A, p > 0, and 6 > 0 be given. Let Q¢ be the event that 4 (n, p) has two or
more components of size at least en. Then

1
limsup — log P, 5 (Qe
n

n—oo

d(en,n, p) € |5, 1]L> <0. (2.16)

Thus the giant component is unique with exponential probability.

Proof of Lemma[2.2] 'We start by proving uniqueness of the nonzero solution, and are thus inter-
ested in studying fixed points of the transformation 7" : RY — R’ given by

L
Ti(f) = 1 —exp (- > aik,am}) . (2.17)
=1

We claim that 7" has a maximal fixed point. To see this we let b= (1,1,...,1), noting that this is
an upper bound on 7. Since T’ is order preserving and 0O is a fixed point of 7', we have that T’ (k) (b)
is decreasing in k£ and bounded below by 0, and thus converges. Moreover, since ' is continuous,
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¢ = limp—_.00 7™ (b) must be a fixed point. Again using that T preserves order, & < 7' (b) for
all k and fixed points a, and therefore ¢ is a maximal fixed point of T.

Since 0 is clearly a fixed point of T, we must have é > 0. Supposing that ¢ # 0, we note
that p > 0 and A irreducible means that all nonzero fixed points of T in [0, 00)” must be strictly
positive. Then consider 7'(ét), and notice that with & > 0, T'(¢t) is a strictly concave function
of ¢ in each component. Since 0 and ¢ are fixed points of T, this means that T (¢t) > ¢t for all
t € (0,1). Furthermore, if @ # ¢ is given with 0 < a < ¢, we can pick tg € (0,1) so that étp < a
and ¢;tg = a; for some j. Then T(éto) < T(a) but Tj(éto) > a; (by the strict concavity), so @
cannot be a fixed point. This proves the uniqueness of nonzero solution to in [0, 00)%, if one
exists.

To show that the maximal solution is increasing as a function of p, we let Rand S be copies
of T with p = p® and p = p@ respectively, where 0 < p) < 5. Then R(a) < S(a)
for all a. In particular, we must have limy_,, R¥(b) < limj_o, S¥(b). Since these limits are
the respective maximal fixed points of R and S, we have that the maximal fixed point of T is
increasing in p. 0

We also note (without proof) that the ordering of the fixed points is strict.

Proof of Lemma Let 7" be defined as in the proof of Lemma [2.2] and note
T(0) =B,0+0(10). (2.18)

where O(|0]?) is negative for > 0. Since A is irreducible, B must be as well. Then by the
Perron-Frobenius theorem we know that all eigenvalues of B/T) — which are also eigenvalues of
B, — are bounded in magnitude by ro(p), and B}; has a eigenvector 7) corresponding to xo(p)
with 7 > 0. Because the O (|0]?) term is negative, we have T'(c/)) < cro(p) for all ¢ > 0. Then
if ko(p) < 1, for any 6 > 0 we can find a ¢ > 0 so that ¢ij > 6 and ¢); = 6; for some i. By the
monotonicity of T,

T(0) < Ty(en) < i = 6;, (2.19)
which shows 0 is not a fixed point of 7. On the other hand, if x(p) > 1 then T'(cf)) > cij for
small c. Thus since T is increasing, continuous, and bounded by (1, 1,...,1), it has a nonzero

fixed point in (0, 1)%.
Having established that 7" has a positive fixed point if and only if ko(p) > 1, the results follow
from rq(p) being continuous and strictly increasing on (0, co0)”. O

3. ALL SITES CONNECTED
The goal of this section is to prove Theorem[2.5]and the following:

Theorem 3.1. Let L and A be given, and let K,, be the event that 4 (n,p) has m or fewer
components. Then for each m > 1 and p > 0,

1
lim - log P s(Kn) = Z(5). (3.1)

n—oo
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and the convergence is uniform for p bounded above and bounded away from zero.

Notice that if m is chosen to be 1, Theorem gives the exponential rate of ¥(n, p) being
connected.

In order to prove Theorem (3.1} we will convert the problem into an equivalent problem for
directed graphs. To this end, for all vertex sets %7 and #/, and all directed edge sets & , let
F(% W, & ) be the event that for every vertex in %/ there is a path of (strictly) positive length

in & to a vertex in #'.

Lemma 3.2. Let vertex sets % and W', and (py)vew uw be given with ),y po = 1. Let
(Wy)vew be i.id. random elements of % \J W with

P(wy = u) = pu. (3.2)
Then let & be the random edge set & = {(v,wy) :v € X}. Then
P [F(@/Wé‘a)} =Y . (3.3)
veEW

Proof. Given our construction of £ (in which each vertex has an outgoing edge), we have that
F(u,W.E)=F(U\W,W,E). (3.4)

Indeed, in the left hand event each vertex in % is either directly connected to %, or is indirectly
connected to # through % \ #'. Thus we may assume without loss of generality that %/ and #
are disjoint. We will proceed by induction on |7 |; the size of # is unimportant. The case with
|% | = 1 is trivial, so we assume that the lemma holds for |% | < N, and take |% | = N + 1. Let
u € 7%, and note that if w, = wu then F(% 8 & ) does not occur. On the other hand — that is,
if w, # u— we let

, {wu ifw, =u , (3.5)

“o = wy  otherwise
for each v € % \ {u}, and let & = {(v,w!) : v € % \ {u}}. Then every path in & which
does not start or end with u has a naturally corresponding path in &”: simply remove all instances
of u from the path. By this correspondence, we see that F(% \{u}, #,& ) occurs if and only
it £(%, 7, @5) occurs. We note further that in the case w, € # we have P(w] € #') =

Py + Zye”/// py forv € 42/"\ {u}.
Thus we have

PF(w,7,&)| = (Z py>P [P\ {u}, 7,8 |wu € ¥]

yeW

+ ( > py>P [F(% \{u}, #,&") |wa € %\ {u}|. (3.6)
yew \{u}
Since (wy,)yea\ {u} are i.i.d. once wy, is conditioned upon, our induction assumption gives that

P [F(% \{u}, #, &) |wn = y} - { %;%f’//p” EZ g Z\ o 6D
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Substituting these into (3.6) gives the result for |%| = N + 1, and completes the inductive step
of the proof. U

Lemma 3.3. Let L, A, and p > 0 be given, and let & be the random directed edge set on vertex
set ¥ so that each directed edge (u,v) appears (or not) in & independently with P((u,v) €

=,

& ) = Player(u) layer(v)- Lhen, letting P, 5 be the probability measure associated with é_a: we have
.1 2 — o~
lim ~logP,,, [F(”//, {v},g)] —2(p) (3.8)

for allv € V. Moreover, if p is bounded above and bounded away from zero, the convergence is
uniform.

Proof. We will prove the lemma by showing

1/n
)

Tim P, [F(%, {v},f)]l/n = lim Py [F("//, 7/,3)} (3.9)

noting that the event on the right hand side is the event that each vertex in " has an outgoing
edge in E.

First, note that since F (”// , 7/,67” ) is increasing in %, in the sense that F' (”// ,7/,@5) C
F(V,%,&) whenever # C % . In particular, we have

P, [F(%, {fu},f)} <P,; [F(“//,“//,égﬂ . (3.10)

To get a lower bound, we let Z be a subset of & gotten by discarding all but one outgoing
edge (randomly selected) from each vertex. Then let I@() =P, [ !F ("f/ ,V, 63)] , and note that

since F/(¥,{v}, &) is an increasing event with respect to &, we have
P [F(”I/,{v},éﬂ > P [F(V,{v},ﬁ)} . 3.11)

We also note that under the measure P, the set .Z contains exactly one outgoing edge for each
vertex, and that if we let

bij = lim P {(m,y) € .Z for some y € ”//J} (3.12)
n—oo
where © € ¥;, we have
bij > agjpye it Ak, (3.13)

Specifically, if the probability of z having an edge in & toa given layer is uniformly bounded
away from zero, the probability of = having such an edge in . is also uniformly bounded away
from zero.

We will now use induction on L to show that
P [F(”f/, {u},j)} = ¢/n+ O(1/n?), (3.14)

for some constant ¢ > 0 depending on L, A, and p. If L = 1, this is a straightforward application
of Lemma [3.2] We then assume that (3.14) holds for L < M and take L = M + 1. Assume
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without loss of generality that v is not in layer M + 1 and apply Lemma [3.2]to conclude

P

M
F </7/M+1, U v, j/>] =1- b(M+1)(M+1) + 0(1). (3.15)

i=1
Here the fact that A is irreducible (and ﬁ > () implies that 1 = barg1ym1) > 0. Next, if
F (”I/M+1, Uf\il v, j) occurs, we let .#’ be a copy of .# Z in which the edges terminating in

Yni+1 are remapped to edges terminating in Ui:1 ¥; 4 la the proof of Lemma n The rates of
connections in .%’ are given by (bi;), where by; = bij+biar41)bj(ar41) ford, j < M. Once again
A being irreducible implies (b j) must be as well. Thus we may use our inductive assumption to
prove that holds for all L.

Now using and taking limits we have

~11/n S 11/n
lim P, , [F(v/, {v}, g)] > lim P, [F(”//, v, 5)} : (3.16)
n—oo n—oo
which proves (3.9); and since nonzero b;; are uniformly bounded away from zero for p bounded
above and bounded away from zero, we have uniform convergence. The lemma now follows from
recalling

L i\ LPin] i
Py [F(7.7,6)| = H < -T1(-=%) ) (3.17)

=1
and taking limits. O

We will also use Lemma 3.2 from [2]], which we reproduce here (with slightly modified nota-
tion):
Lemma 3.4. For a collection of vertices W = {1,...,n} with an associated set of edge proba-
bilities (pi)1<k<i<n, let 4 be the inhomogeneous undirected random graph over W' . Similarly,

let & denote the inhomogeneous directed graph with the restriction that the two possible (di-
rected) edges between k and | occur independently, each with probability py;. Letting &, be the

edge set of &, we have P(¥ is connected) = P(F(w \ {1},{1}, é_"'g))

Proof of Theorem[3.1] For a vertex set #, let &% (%) be the complete set of edges on #/. We
then note for n > m

U {4 (n,p) UET(H) is connected } (3.18)
WY
|V |=m
and thus
Py (Kp) = M sup P, (9(n,p)U&ET (W) is connected) . (3.19)
WY
|7 |=m

Moreover, since the vertices are a priori interchangeable within a given layer, we need only
consider a finite number of 7 in the supremum. Thus we will have proved the theorem once
we have shown that + log P, (¥ (n, p) U &1 (#) is connected) converges uniformly to =(p)
uniformly, for p bounded above and bounded away from zero. Thus let us fix .¥ C ¥ with
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|| = m, and let v € .. Since adding an edge (a, b) to ¥ (n, p) is equivalent to setting pop = 1,
and since F(¥ \ {v},{v},§ UET(S)) = F(¥ \ #,.,&) - where 7 is the full set of
directed edges on . — Lemma [3.4]shows that

P, (9(n,p) U &T(F) is connected) = P, , [F(% \ S, (53)} . (3.20)

Then we note

F(v,7.8)=F(V\ .78 F(7, 7, E). (3.21)

and point out that events on the right hand side are independent. Since the rightmost event occurs
with (uniform) probability of order unity and the event on the left hand side is bounded between
F(¥,{n},&) and F(¥,¥,&), we can use Lemmato conclude

lim %log P, ; [F(”// \ S, é)} = =(p). (3.22)

n—oQ

Since this holds for all choices of ., and the convergence is uniform, we use (3.20) and (3.19)
to finish the proof. O

Corollary 3.5. Let m > 1 and p9) be given. Then,

1
g log Pn,ﬁ<Km) < E(ﬁ) + 0(1>7 (3.23)

where the o(1) term is uniformly bounded for (1/n, ..., 1/n) < p < pO. Furthermore, if m = 1
then the o(1) term is uniformly bounded for 0 < p < p(0).

Proof. We first note that the lower bound on p is chosen to guarantee that each layer has at least
one vertex. For m > 1, this guarantees that no vertices are strictly isolated. For m = 1 such a
restriction is unnecessary — indeed, the existence of vertices which are almost surely isolated will
cause the left hand side of (3.23) to be negative infinity. Thus for the remainder of the proof we
assume that each vertex has at least one potential neighbor.

Following the proof of Theorem [3.1]up to around (3.19), we get

1 1
—log P s(Km) =0(1) + sup —log P, (¥4 (n,p)U &Y (#) is connected) , (3.24)
' e

where o(1) is independent of 5. Then taking .# as in the proof of Theorem 3.1} we have by (3.21))

A . N L B L _% LﬁmJ)LﬁknJ
P [F (%\y,y, 5)} < O(n) kl;[l (1 1;[1 (1 . ) : (3.25)

where the O(n)™ term comes from P,, ; [F (7,7, & )} — here we have used the assumption that

each vertex has at least one potential neighbor — and the remainder of the right hand side comes
from bounding the event F’ (”// , L E ) by F (”// ,V, @5) and using (3.17). The result then follows
by applying (3.20) and taking limits. O
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Proof of Theorem2.5] We note that for all 7 with 0 < 7) < p we have

Pos((C(v)) = lin]) = ﬁ <L > (K1) H ( azg)[ﬁmJ(ijnJ—LﬁjnJ) . (3.26)

[9in

Thus for a lower bound we note that for each 7} € . we have ~lnn] € & for sufficiently large
n — following from .% open. Thus for each 7) € . we use (3.26)) and Theorem [3.1]to get

hmlnf — logP .p (i(C(v)} € :7) > S(H,p) +20H) —7TA(p — 7). (3.27)

n—oo

For an upper bound, note that (C(v)) can take only polynomially many values, and thus

P <;<0(v)> € y) =™ sup P, ;((C(v)) = |ijn]). (3.28)

Hes

Now using (3.26)) and Corollary [3.5] we get an upper bound which matches (3.27). This proves
the Theorem. U

4. LOCALLY A TREE

The goal of this section is to prove Theorem [2.4] which we shall do by bounding (in a manner
of speaking) ¥(n, p) between random layered trees, which is essentially a flushing out of the
ideas following Lemma [2.3] To do this we introduce a random tree which locally resembles
4 (n, p), and will prove a lemma similar to Theorem on the tree. Let ¢ > 0 be given with
|¢| = 1, and let 7 (n, 1) be a random layered tree constructed so that its root r is in layer j
with probability ¢;; and so that each vertex w € .7;(n,7) has a random, independent number of
children, distributed as Bin ([7;n], %) in each of layers j = 1,..., L. Then we have:

Lemma 4.1. Let 1} > 0 be given. If 1} is subcritical, then 7 (n, 1) is almost surely finite, and
E[(7 (n,7))] = (1-By)~'é (4.1)

for all n, and
lim lim E[(T (1, 7)1 7 (<] = (1 - By)~'é (4.2)

Jj—00 n—00

If ) is critical then T (n,1n) is almost surely finite for all n and
lim lim P(|9(n,n)] <j)=1 (4.3)

Jj—00 N—00

E[|7;

(n,7)
for all i,n. Finally, if 1) is supercritical then P( A
zerofor alli,n.

but
} 4.4)
TL

= oo) is uniformly bounded away from

The majority — if not the entirety — of Lemma [4.1] exists as general knowledge in the literature
(see, for example [1]], and references therein). For this reason we will attempt to be succinct in
our proof.
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Proof. To prove @.1)), we let Y (n, 1), k) be the set of vertices in .7 (n, 7)) which are distance k
from the root. Then

E[(Y(n,0,k+1)) [ (Y(n,7, k)] =By(Y(n, 7, k)). (4.5)
Thus we find

E[(F(n,0))] =) Be (4.6)
k=0

Since all eigenvalues of B are bounded by k(7)) in magnitude, if xo(77) < 1 then >~.7 Bk
(I — B(7))~!, which gives us @.I). On the other hand, if k(7)) = 1 then the sum is non-
convergent. Moreover, since By is irreducible, we have @.4).

Recalling once more that Bin(|an |, %) converges in distribution to a Poisson(ab) as n tends

to infinity, (Y (n,#, k)) converges in distribution to a random vector Z(}, k) as n — oo, and
Z(n, k) satisfies E[Z(n, k)] = B%é. Then for all &, using the dominated convergence theorem
followed by the monotone convergence theorem, we have

lim lim B (Y (n,9, k)1 70,5)<5] = Bje 4.7)

j—oon K

if 7) is subcritical. To prove (#.2)), we note that

lim lim E[(7(n,2))1|7(nn<;] = lim lim ZE (D kN 7 mny<i],  (4.8)

Jj—00 N—00 Jj—00 N—00
=0

and use dominated and monotone convergence to move the limits inside the sum on the right hand
side.

From ([@.3) we also have that E[(Y (n,7), k))] is uniformly bounded as k — oo if ro(7)) < 1.
In particular if 7} is not supercritical, then for almost every instance of (Y (n, 7, -)) there is some
r such that [(Y(n,7,k))| < r for infinitely many k. Since zero is an absorbing state and
P((Y(n,9,k+1)) = 0| (Y (n,7, k)) = a) > 0forall @, we must have that limj_o (Y (n,9, k)) =
0. Thus 7 (n,7) is almost surely finite if 7 is not supercritical. Since the same argument holds
for Z (i), k), we also have @3).

To prove the final statement of the lemma, we fix an ¢ and assume for the remainder of the
proof that 7 is supercritical. We also assume without loss of generality that r € Z;(n,n). We
then define a distance function d(u, v) on .7;(n, 1) to be the number of vertices in .7;(n, 77) on the
(unique) path — which lies in the full tree — from u to v, minus 1. Let X (n, 7, k) be the number
of vertices v € Z;(n, 1) for which d(v,r) = k. By the construction of 7 (n,n), if v € F;(n,n)
then the random variable

’{u € Z;(n,n) : uis adescendant of v, d(u,v) = 1}‘ 4.9)

is an i.i.d. copy of X (n,7, 1), which means that X (n, 7, -) is a branching process. Additionally,
since Y o0 o X (n, 7, k) = |Z5(n, )|, we have that " j E[X (n,1), k)] = co. Then writing
X(n7ﬁ7k‘)

X k+1)= Y ¢V, (4.10)
j=1
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where Céj;?k) are i.i.d. copies of ¢, 5 4 X(n,7,1), we see in particular that £[(, 5] > 1. More-
over, (,; converges in distribution to some (5 With E[(s 5] > 1 as n — oco. Then we can
find a {7’7 with £ [C;] > 1 so that C% is stochastically dominated by ¢, ; for sufficiently large n.
Using standard proofs about the non-convergence of branching processes shows that a branching
process X'(7), ) constructed from C% diverges with positive probability. Thus for large n

P(|Zi(n, )| = 00) > P(klim X(n, i, k) = oo) > P(klim X'(3, k:)) >0, (@11
—00 —0
which shows that P(|.7;(n,7))| = co) is bounded away from 0 uniformly in 7. O

Proof of Theorem[2.4) We now introduce an exploration process on ¢(n, ). Let vy be a vertex
in %(n, ), and let (0) = {vo}. Then for each ¢ let €'(t) = |J}_, #(i) and construct Z(t + 1)
from A(t) and € (t) as follows: if A(t) = (), then Z(t + 1) = ). Otherwise let v; be an element
of A(t) chosen by any mechanism so desired, and let

Bt+1)=Bt)U{ug E(t): (u,v;)isanedgein ¥ (n,p)} \ {v+}. (4.12)

Here #(t) should be thought of as the set of vertices on the boundary of the exploration process,
and %'(t) as the set of all vertices seen so far. Then at time ¢ we explore vertex v, which moves
it to the interior and moves its previously unseen neighbors to the boundary. Let ¢ = inf{¢ :
A(t) =0}. Then o = |C(v)| and C(v) = € (o).

Let Z; be the “exploration process” on .7 (n, 7)) corresponding to Z.

We note that if j is the layer of v; then (Z(t 4 1)), is distributed like

(4 1)i £ (B0 + Bin (o] ~ (1)), °2) @.13)
whereas "
(D5(t +1)); < (D5 (t))s + Bin (mmJ, #) . (4.14)

In particular, (Z(t)) is stochastically dominated by (Z;(t)). Moreover, letting ¢ = min; p; > 0
and € > 0 be fixed, we have that (%(t)) stochastically dominates (Z(;_);(t)) for t < inf{t :
|€'(t)| > cen}. This means that we can couple .7 (n, (1 — €)p), 4(n, p), and 7 (n, p) so that

|7 (n, (1 —€)p)| A cen < |C(v)] (4.15)
and
(C(v)) < (T (n,p)). (4.16)
In order to use Lemmaf.1] we use to get
[T (n, (1 = €)p) 1| 7(mp)<j < |C(v)] 4.17)

for j < cen. Taking expectations and limits, and applying (4.2), we find
114 .
[[I-B(1-ep)] ¢ < lim E,;[|C(v)]]. (4.18)
Taking € to zero gives (2.6)) if / is critical; or
(L= By) el < lim B, ,[|C(v)]]- (4.19)

if p is subcritical. Applying {@.1)) to (@.16) gives
Enp[(C(0)] < (I-By)~'e (4.20)
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for all n, which proves (2.5). Furthermore, combining (4.16) and (.3) gives (2.7). Finally, if
p is supercritical, we can choose e small enough so that (1 — €)p is also supercritical. Then
P(]7(n,(1 — €)p)| = o0) is uniformly bounded away from zero, and thus gives us
(2.8). O

Corollary 4.2. Let p > 0 subcritical be given. If v is a uniformly chosen vertex from 4 (n, p) and
b= lim, oo By 5[(C(v))], we have

. L
b, = ,07} + pi Zaijbj. “4.21)
19| =
Proof. From (Z.3) we have b = (I — B} 5)” 1.2 Multiplying both sides of this by (I — B;) and

ol
expanding gives the result. O

Corollary f.2] can be thought of as a statement about the stationary distribution of an explo-
ration process on ¢ (n, ). Suppose we have a process on ¢ (n, p) which visits a vertex v; at every
step according to the rules:

(1) vgyq is uniformly chosen amongst the unvisited neighbors of v, if there are any.
(2) w41 is chosen uniformly amongst all unvisited vertices of ¢4 (n, p) otherwise.
Then we could reasonably expect that layer(v;) would have an approximate stationary distribu-

tion for t < n. If we let d be this stationary distribution, so that P(layer(v;) = 1) =~ d;, we
expect

4= o Z picijd; (4.22)

where v is distributed according to the stationary dlstrlbutlon. As we see, this is just a normalized

version of {.21).

5. NON-PERCOLATING SUPERCRITICALITY

5.1 Overview.

In order to prove Theorems & (as well as Theorem [2.1)) we will have to consider certain
paths in density parameter space; roughly speaking, these represent progress in the reduction of
the density by the extraction of existing components. In this subsection, we will first define the
relevant sorts of paths and introduce a cost function for motion along these paths. Our primary
result of this section — Theorem [5.2] - relates the large deviation rate of density reduction to the
optimal cost among all paths which connect the densities. We shall turn to some preliminary
definitions that will culminate in a statement of Theorem [5.2] - after which we can conclude this
overview.

Let I : (0,00) + (0,00)% denote a path in density parameter space. Of exclusive interest
will be assents, which are Lipschitz continuous paths emanating from the origin and which are
nondecreacing in all components and increasing in at least one component. For convenience, we
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shall parameterize the assents in such a way that |I'()] = ¢ for all ¢ > 0. Finally, we denote by
(1) the set of assents that pass through the point 7).
For 4,¢ > 0 with |§| = 1, let us define

L ~
1/ . Yi
X ('y,t):mf{aze((),l]: g - Sl} (5.1)
i Tt t2§:1 Q575

where, for historical reasons we have adhered to the inverse rather than the object. Further, we
define ¢ by

bi(4,t) = it 5.2

w1 XTHE ) + 5 i >y
If  is finite, then |¢)| = ¢ and these quantities represent a density/average cluster pairing with
zﬁ the density and x# corresponding to the average sizes, in each layer, of a cluster attached to a
uniformly selected site. On the other hand, if ¢ is too large, 1[} is a critical density and 4 represents
the limiting (or critical) ratio of the average cluster sizes. This is summarized in the following:

Lemma 5.1. If v is a vertex chosen uniformly at random from ¥ then

X(3.t) = lim B 5. 0 [[C()]] (5.3)
with both sides infinity lf@ is critical. Further, for all 7y and t for which @Z?(‘y, t) is subcritical.
B g [(C(v))] .
im = 4. (5.4)
e Em[,@,t) “C(U)”

Finally, for critical @@, 4 is precisely the maximum eigenvector of B b

Proof. Note that for any choice of 4 and ¢ we have from the definition of @Z?(‘y, t) that
L
KI - Bg,(w)ﬁk =4 = i(5,0) D iy = Aix (3, 1)- (5.5)
j=1
Thus if ¢ (4, t) is subcritical, (2Z.3) gives us both (3.3) and (54). If 1(9, t) is critical then (33) is

given by (2.6) or (2.8)), respectively while (5.5) with y~! = 0 implies the final statement. O

In light of the above, we may associate with each point on an ascending path the critical
or subcritical density ¥ (I (¢)/[I”(t)],|T'(¢)]); although due to our normalization this simplifies

to (1" (t),t). We next set

L
€(,0) =D Ailog i — 4T A, (5.6)
i=1
and on the basis of £ and 1[1 we define a free-energy like object for assents:
b
H(f.a.8) = [ (£(E0.00) - (0.0 0).0)) dr (57)

Most often, we will be interested in maximizing H over paths with fixed endpoints I'(a), T'(b),
which will be clear from context and suppressed from our notation.
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Finally, let C(1), C®) ... be the components of ¥ (n, p) in a random size-biased order. Then
for0 <n < p,let

Y (p, ), <3k: Z — an],|CD| < rvi < k:) (5.8)

Put simply, Y (p, 7,7, n) is the probablhty that, starting with the system at parameter p if we
pluck out components at random we arrive at the system with parameter 7 (and do so without
ever having selected a component of size larger than 7).

We are now in a position to state the following, which is the central object of this section:

Theorem 5.2. Let p and 1) be given with p > f} > 0. Then

lim lim —log Y(p,0,7r,n) = hm lim —logT(ﬁ i,en,n) = sup H(T, |4, 1p). (5.9)
r—00 N—00 e—0n—oo n f‘eﬁ(ﬁ)ﬂy(ﬁ)

Moreover, the convergence is uniform for p bounded above.

Theoremhas an interpretation that is not without appeal. Assume that |I'(a) — I'(b)| < 1 so
that we may envision the integrand for a minimizing path of H (f, a,b) as essentially constant.
The cost in (5.7) is now seen as [['(b) —I'(a)] times the probability — measured on the exponential
scale — of observing the system at parameter zﬁ if the actual system has parameter I'. Then, 1& is
chosen so that in a typical selection of its clusters, the size ratio is such that, typlcally, when these
clusters are selected, the density decreases in the (desired) direction of F( ) — I‘(b).

We now proceed with the overview: In the next subsection, we will present a variety of results
which concern the distribution of cluster sizes in these systems and in Subsection [5.3| these will
be assembled into a proof of Theorem [5.2] In Subsection [5.4] we will study the H—functional
in its own right. In particular, we will define paths called natural assents which characterize the
maximizers of the cost—functional. Subsection [5.5] noted for its brevity, will contain the proofs
of Theorems 2.6 & [2.7] as well as Theorem 2.1}

5.2 Cluster Distributions.

Lemma 5.3. Let A, L, and p) be given, and for each p, let p(k, p,n) = P, ;((C(v)) = k),
0

and a p(l;:, p) such thatfor all ﬁ < p0),

p(k, p, - c
eXp( Z 1/\p2 > ((;; ))Sexp (C(k|2/n)+|ﬁ|n>, (5.10)

where the lower bound holds only for k< pn. In this bound, ,12:12 /pi is considered to be zero

if both k; and p; are zero, and p(/%, Dy n)/p(l%, p) is considered to be one if both p(l;:, p,n) and
p(k, p) are zero. Furthermore, for all p,7 > 0,

p(A7p) _ ’72‘ H ('?ie_ Zle Cxij(ﬁj—ﬁj)> ) (511)
p(k, ) 1Pl 7 \ i
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Proof. Recall that ¥ is the vertex set of % (n, ) and let # C ¥ with (#') = k so that

(];‘ N ) . L 1 Oélj kl([ﬁjnj_if]) . —pATAI;'+O(|’;:|2/n) 512

g ’p’n_l_[(_F) =¢ (5.12)
2,7=1

is the probability that % is disconnected from ¥\ # in ¢ (n, p). Note that the error here is

uniformly bounded for p bounded above. Let (s;5)1<i<j<z, be given and let T" be a tree on #

which has s;; edges between %} and #; for each i and j. Then if v is a vertex uniformly chosen

from ¥, we have

k . N
P(T spans O(v)) = (ko) ] (%)™ 6.13)
> iz lpin] 1<i<j<L "
where by ‘spans’ we means that 7" and C(v) have the same vertex set, and the edge set of 7" is
contained in that of C'(v). Additionally, we have } 3, ;< sij = |k| — 1, s0

P(C(v) = T|T spans C(v)) = [H <1 — f) ] H <1 — 71)

i=1 1<i<j<L
(5.14)

= exp [0 <|]2:|2/n>} (5.15)

whenever P(T spans C'(v)) > 0. We note that this error term is independent of p.

Now let N (k, (si;)) be the number of trees on k layered vertices that have s;; edges between
layers ¢ and j for each ¢ and j. We define

f(k) = HLHk' > Nk, (sip)) [T - (5.16)
EU (i) Sy sg=lbl -1 1sisj<l

Thus we have

p(l%,f),n):exp[ (\k:| /n>+0 1/(|pn|) }(Hk:') WHOP,;J) (5.17)

’p|n|k| i=1

where the O(1/(|p|n)) is non-negative, and comes from replacing >_,| p;n] with |p|n in the de-
Lﬁinﬂ

For a lower bound, we bound this same term below by (p;n ) i exp(— O(l%f /(pin))). Now defin-

ing p(k, p) = limp—oo p(k, p,n), we get both (5.10) and (5.11). Note that without knowing

N(k, (si7)), we cannot be more specific about p(k, p). O

nominator. For an upper bound, we expand the binomials and bound above by ( [)m)kZ

Now define

A (i) = {: V" [0,00)| D hou(k) =} (5.18)
k

M (7)) = {Me//(ﬁ)‘ﬂ(l%) — 0 for |k| >r}. (5.19)
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This brings us to

Lemma 5.4. Given § > 0, there exists a ¢ > 0 so that for all 1™, 7?) with 3(V) < 72,
6 < 7| < 17P)| < 1/6, and |7 — 7 V| sufficiently small, all i € A4 (7 — n) en) for
some €, and any function 7)(k) with iV < (k) < 7@,

. k,n(k),n . . . . 1
> (k) log w < cfy® — M) (e + 7% — A + ) . (5.20)

. p(k,7®) n
Also, glven p( ) > p() > 0, there exists a c so that for all i), #® with p() < H(1) < {2) < /3(?)
71 — 7| sufficiently small, all p € A4 (7? — 3D en) for some €, and any function 7(k)

with ﬁ( ) < ﬁ(k) 72,
A 12:, h(k ;N . .
Sl log 2EIID 1) 5 ) _ o) (e+12® =) . (521)
- p(k,7®)

Note that the difference in the requirements of the first and second half of the lemma is that in the
first half we require that 7} be bonded away from zero in magnitude, whereas in the second half
we require that 7) be bounded away from zero in all components.

Proof. Using (5.10) and the fact that 1(k) = 0 for |k| > en, we have that

(1) . ke n(k ) 1
e Z;m i % < 3 () log PELEL ) <E+H”hz>’ (5.22)

2

where ¢’ is the ¢ in (5.10). Then using (5.11)) we have

S (3 — V) log (
77

i

Combining (5.22)) and (5.23) gives the result. O

Lemma 5.5. Let p,4 be given with p,5 > 0 componentwise and |y| = 1. Then we have

sup Z ’u(]%) log p(/%, ﬁ) Z@ /1«(2)

: =00 ) 5.24
22 = €3, 5) — €G3 10))- 5.24)
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Proof. To reduce clutter, let us write ¢ in place of @@(ﬁ, |p|). Then using (5.11)) to rewrite p(l%, )
in terms of p(k, 1)), we have

- 51,7, )
p(k, p) Zgﬂ p(k,lb) > (l)
log N Pl e ) 1 i
2 uh s =5 -2 T
. L ) A L
3 ulk) > ki [log 2 =S ay(p — ) | |- 5:29)
i i=1 i j=1

Due to the requirement that 3 ksu(k) = 4 for each i € .# (%), the second sum on the right hand
side evaluates to £(¥, p) — &(¥,1). Thus it remains to be proved that

() ()
su k)lo |p|p( - ¢
ue/ﬁ@);“() ¢ (k)

which we shall do in two parts. We start by showing that the supremum is at least zero.

=0, (5.26)

We recall that 1[1 is either subcritical or critical. In the former case we take u(l%) = %,
e K
in which case (5.4) shows that € .Z (). Then using || = |p|, we have
L7 o) /
k) 3o p(l)
3 (k) log o, (5.27)
. (k)
For the critical case, let € be given and define
; ky(1—€)p
ve(k) = pk, (1~ €)p) (5.28)

> lp(Z, (1= €)d)”

and note that (5.4) gives that lim. o) ; kve(k) = 4. Thus for small ¢ we can pick a uniformly

bounded (k) that is o(1) as e — 0 such that >l + 56(/;:))12:%(/%) = 4. Then defining
pte = (14 6c)ve, we have that p € .# (7). Furthermore,

- D) S e
Zuek ue(k§M +Zue

p(k, )
p(k, (1= )
Using (5.11)) we can see that the summand on the right hand side is uniformly O(e)|k|pc(k), so

recalling that ) _; |k|ue(k) = 1 and taking limits, we get

log (5.29)

> SOPNIAGIN
lim Z“G (k)1 ue(k:) = 0. (5.30)

Thus we’ve shown that the supremum in (5.26) is at least zero for all 4 and p.
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To show that the supremum is at most zero, we will drop the ||£|| < 1 term and show
Z}u M <0. (5.31)
u(k)
For all i (whether in .# (%) or not). To do this, we fix u and consider
; ; v(k)
flt) = 1 —t)u(k) +tv(k)| log = < (5.32)
(t Ekj (1= ) + ) og =25 s
where v(k) = p(k, ) >kl /). Then noting that i (k) => v(k), we find
d, . . . p(k)
I = ij (k) = v ()] log |14+ (1= )" : ,%)] , (533)

in which each summand is non-negative for all ¢ € [0,1]. Thus f is increasing on the inter-
val [0, 1], and a quick check confirms that f(0) is the left hand side of (5.31)) while f(1) is the
right hand side. This proves (5.31)), which finishes the proof of (5.26), which finishes the proof
of the lemma. O

For the proof of Theorem we will need to introduce a discrete version of .Z (9,7). Let
M (b, r) be the set of sequences indexed by elements of N” \ {0} given by

M(b,r) = {(ml%)l%eNL\{o} : ZI%mk = lA);m,; = 0 for |k| > r}. (5.34)
k

We are then in need of a bound on the size of M:
Lemma 5.6. [M (b, r)| = exp (o (n% (log n)2) )
Llog|M (b, r)| = o(1).

Proof. We will prove this by instead bounding the size of the larger set
Q(n) = {(m)jenen oy = D 1klmy, < n}, (5.35)
k
which does not depend on 7 at all. Let .J; = {k € NF : 27 < |k| < 271}, and let w(a,b) =

Hl% e N ‘k‘ = a}| = (a+b 1) We then note that for each (m;) € Q(n), we must have
che]j m;, < n277 forall j. Thus we have

Q) <] > w(a, |J5) (5.36)

H w(|n277],1J5]). (5.37)
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We next note that w(a,b) < (1 + a/b)’(1 + b/a)?, and from this we get the useful bound
w(a,b) < (2emy/mg)™2, where m; = max(a,b) and my = min(a,b). This allows us to
estimate |.J;| < ¢z,2/(“+1) and so

, 3
w(|n277],1J;]) < n0(n752) (5.38)
forj =0,...,[logyn|. Combined with (5.37), this gives us the result. O

5.3 The Rate for Y.

Proof of Theorem|[5.2] We will prove this by getting an upper and lower bound, although we
will only show the upper bound explicitly. The proof of the upper bound requires a bit of boot
strapping, and the first half of the process is to show that for any § > 0 there is a ¢ = ¢(7)) so that

og X (52,10, en,n) < Bl [o(1) + el + (66,7®) — €3, G/ 1D))] 639

forall p > 7® > () with || > § and sufficiently small 5 = /(®) — (1), where the o(1) term
is uniformly bounded for 77(), 7() in this domain, and tends to zero as n tends to infinity and e
tends to zero.

We begin by setting b = |71 | —[/)n, and noting that the event upon which Y is based oc-

curs if and only if there is some (m;,) € M (b, en) so that exactly my, of cH,c@ . c&Xm)
have (C)) = k. Thus we have
- (2o my)! .
Y(p,hen,n) = Y Hmk' TTp (k2™ = 0(AD,n)™] . (5.40)
(m,;)EM(leen

where the O(|4|) term is strictly bounded in magnitude by |§|. Now let (m;) € M (b, en) be
chosen to maximize the summand. Since Lemma [5.6|gives us | M (3, en)| < ello() we have

where the o(n) term is uniformly bounded in /(!), (%), and € as n — co. Now dividing by n and
using Stirling’s approximation, we get that there exists a u S/ (%b, en) with

5O O(A1).0) 5 (7
logT(p,n,en n) < |y]o( +Zu O}E‘(;L)’n) 2 ) (5.42)

Note that the dangerous looking [ m; ! in (5.41)) does not cause us trouble — because it is in the
denominator — and the o(1) term is still uniformly bounded. For the equivalent step in the lower
bound, one would use the fact that (m;) € M (b, r) to bound the error. Now applying (5.20) from
Lemma 5.4 with § = min(|7|,1/|p]), we get
1 . A . . o pk,p) Y nld)
—log T(p, i en,n) < [3lo(1) + clil(e+ 5] +1/n) + 3 _ (k) log T)é (5.43)
- [
k
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for some ¢ depending only on ¢. By scaling . by a factor of n/ |b| we can apply Lemma and
use the continuity of £ — which covers the O(1/n) gap between 4 and b/|b| — to get (5.39).

We next note that if all components (discovered in the Y process) in ¢ (n, p) are of size smaller
that en, then for every = € (|7|, |p|) there must be at least one & so that

k
(18] = z)n < 310D < (|p] — 2)n + en. (5.44)
i=1
Moreover, P(|C¥)| = 1) is uniformly (in j, for 5 bounded above) bounded away from zero for
all i and so we have for any given collection of integers m1,...,m; € [|7in], |pnl] ﬂthere exist

corresponding ki, . .., k; so that S-¥ |C®)| = m, for each ¢ with probability e/©(). Thus for
all j the independence of edges in ¥ (n, p) lets us write
j—1
Y(p, i), en,n) < J[OUesm)+0(en)] sup ] T(,a““%ﬁ(i), en, n) (5.45)
p=p)>..>pO = j—g

where the e©(1°6™) term — which comes from the number of choices for each () — is uniformly

bounded for p bounded above. We note at this point that each Y term has a trivial upper bound
of 1, and so — in preparation for the application of (5.39) — we will discard terms on the right
hand side of (5.45) for which |5(Y)| < §. Furthermore, to simplify notation, let us consider only
p for which |p| > ¢ at the moment. Then, because T discretizes the p terms, the supremum
can be considered to be taken over a finite set, and thus there is a specific choice of (ﬁ(i)) which
achieves the supremum. Thus with

. 1 .
f(p,n,m,n) = - log Y(p,1,7,n), (5.46)

we have for all €, n, j the existence of a partition ) = p(© < ... < p) = p with |pD| =
|71l V& + £ (1] — [4] V §) such that

j—1
,n,en,n) < jo(l) + ) 50 enn). .
F(p.en,m) < jo(1) + > £(5Y, 5%, en,n) (5.47)
i=0
Interpolating by straight lines, is is clear that (p (@) | i =0,...7) defines an assent restricted to

the interval [|7)| V 6, | p|] which we denote by I’ (remembering that I depends on ¢, n, and 7). Let
tU) = || v 6 + ;i (1] — 7] v §) We now apply (5.39) to the right hand side of (5.47) to get

i1 (t+D) GOy .
f(psiye,n) < jo(1) +O(1/7) + (|p] — Inlvéiz:[( 0 Rt U ),r(thZ)))

pard !pl 71| v 6)
- ,t“)> , (5.48
5( j(\ﬁ\—!n\W) v J(IPI—IUIW) 049

IThe range we are actually interested in is [|LAn]], |LAn]|]. but the floors seem to distract from the presented idea.
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where both error terms are uniformly bounded for p bounded above. It is noted that the substantive
term in is perfectly well defined, e.g. Ik (t(j 7i+1)) — Ty (t(j’i)) vanishes if and only if the
the k™ component of the corresponding v vanishes — thence no difficulty with interpretation of
logs.
We next claim that, for all intents and purposes, the “substantive” term is just H (T, |7 V
8, |p|). This is not quite exact since if ¢(I”, ¢) is subcritical, at time ¢ it will change a bit
over the course of [t t(+1)] However, in these circumstance, the change in ¢ is (at most)
proportional to the change in  itself and/or the change in x ~! — which in turn is bounded by the
change in ¢. Moreover, the object of proportion for the k™ component is the k™ component itself
which again alleviates any concerns about the singularities associated with logarithms. On this
basis it is seen that, in the course of each increment, the error incurred by replacing the appropriate
term in by the integration of £ (I, I") —£(I”, ) along the corresponding portion of the path
is, in fact, bounded by a uniform constant times (1) _ 40Gi+1)  We thus have
f(p, 1, en,n) < jo(1) + O(1/j) + H(T, [7] V 6, [p]) (5.49)
where the additional small error terms have been incorporated into the O(1/5) term. Obviously
we may replace H(T',|7)| V 6, |p|) by the supremum over available I" and, allowing j to be a
considered as a function of € and n, we can replace both error terms with a single o(1) term
which tends to zero uniformly — for p bounded above — as € tends to zero and n tends to infinity.
Furthermore, it is straightforward to see that the maximal difference between H (T, |7}| V4, |5|) and
H(L, |A],]p|) is uniformly bounded — that is, for all 7}, 5, and assents I" — by an O() correction,

for small §. Since we may retroactively declare ¢ to have been picked as small as desired — after
which we may take € to be small and n large, we find

1 . 5 1A |
—log Y (p,7),en,n) < o(1) + ~ sup H(T,|n|,p]), (5.50)
" Pe? (MNP (7)

where the o(1) term converges uniformly to zero as ¢ — 0 and n — oo.
The opposite bound, namely

L1og X (p,,r,m) > 0(1) +  sup H(T, |7, 1p1), (5.51)

n ez (3)N2(p)
where the o(1) term tends to zero uniformly as r,n — oo, is derived by the similar methods.
First, an analog opposite bound of the form in (5.39) is derived for small |9| — although due to
the weaker lower bound of Lemma the bound only holds uniformly for 7(!) larger that § in
all components. Then, at the point of we can simply pick any particular assent from 7} V
(0,...,0) to p and place the points 5 along this path. The rest of the argument is identical with
the final step being an optimization over assents, and using brute force to traverse the distance
from 7V (9,...,d) to7n. O

5.4 Natural Assents.

Consider an assent, f(t) which starts at the origin and goes at least some distance into the
supercritical region. Then (since at least one component increases) there is a unique ¢* such that
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fort < t*, f(t) is subcritical while for ¢ > t*, it is supercritical. To define a natural assent, we
shall treat separately the subcritical and super critical behaviors. Starting with the former, it is
stipulated that

(1) = [I_Bm)}_ i

(5.52)

[1 _ Bf(t)} (1)

at least for I # 0. (As is not hard to see, if we actually wish to start the assent at the origin,
an initial direction must also be specified.) Notice that (5.52)) implies (c.f. (5.1) — (5.4)) that
@(f" , f‘) — T (while, of course, the associated average cluster size ratios, is proportional to ).
In the limit as ¢ 1 ¢* we find that I tends to the limiting size ratio associated with the critical
density. Denoting these objects by 4. and z,@c respectively (so that 4. is the maximum eigenvector
of Bzﬁc) we define, for t > t* I/ = He — with I"=0-ie.

D(t) = e + (t = *)Ae- (5.53)

Lemma 5.7. Let p® > p(D) > 0 be given, and let T' € @(ﬁ(l)) N 9”(;3(2)) be an assent such
that

H(T, |pW]1p]) = sup H(®,|pM],157)). (5.54)

de2(pM)N2(p2)

Then there is some ¢ with Z{;l ¢ = 0 such that T'+¢ is a natural assent restricted to [16W],1p2)]].

Proof. Let us abbreviate a = |p™")| and b = |p(?)|. Itis first noted that for any assent I" connecting
1) to 5@ the portion of H consisting of f; ¢ (f’ ,I') is a constant ¢ which depends only on pb

and 5(?) and hence need not be further discussed. Our first goal is to establish lower bounds on the
2
all available choices of assents, I'; = const. We claim that in all other circumstances, the speeds
are, componentwise, uniformly bounded below (recalling once more that our parameterization
gives assents whose total speed is always one). We adopt the notation I’ = 4 and, subtracting
and adding ) , 4; log 4;, it is seen that the remains of the integrand (after the —4; log 4; term) are
non-singular, with non—singular derivatives as any particular 4; — 0. However the “principal”
term is concave with a singular derivative (x — log ;) which, as we shall see, does not permit
any component of 4; to get too small. Indeed, let ; be non—trivial and suppose there is a set of
size At, on which 4; does not exceed some ¢ with ¢ < 1. Let us find another portion of the path
where ~y; exceeds, half the total required rate of assent:

speed. Of course it may be the case that p;”" = ,62(-1) for one or more values of ¢ in which case, in

~(2) _ A(1)
N Lp;" —p;
W= 2 b—a

Here we may have to assume that At is not too large which, obviously, we may do without loss
of generality. Denoting the two sets by b and s (big and small) we may consider the canonical
map from b to s and by this means, replacing ¥;|, with (1 — ¢)%;|;, we can increase 7;|s by an
amount of order €. The gain from this transfer, by consideration of the principal part along the
set s, is of the order |¢loge|. Meanwhile the “losses” from the other parts of the functional on
both s and b are bounded above by a constant times ¢ for all ¢ sufficiently small. Of course in
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addition, we must now recalibrate to unit speed but this causes changes in the above effects which
are also only of the order of €. Thus, along a minimizer for any ¢ in which ﬁl( ) A(l) > 0, we
may conclude that there is an g > 0 — which will depend on [)(2) and p(Y) — such that 4; > go for
a.e.t.

With the above in hand, we may now add a perturbation to the minimizing assent secure in the
knowledge that, for sufficiently small perturbation, the resultant function is indeed an assent. The
natural procedure is to derive Euler-Lagrange equations but, unfortunately, there is no a priori
guarantee that all required partial derivatives exist. For this reason we deviate from the usual
method at the point where an integration by parts would normally be performed.

Let g : (0,00)" +— R” be a Lipschitz continuous function with g(a) = §(b) = 0 and
ZZ-LZI g(t) = 0fort € (a,b). Then for all sufficiently small , we may write

A b ~ ~ ~
H(F + 6§, a,b) = ¢ — / € ((F+69) (1), D((F + 69 (9),1) ) dr. (5.55)

Now suppose that 4, > 0 are given with |§[ = 1. We recall that x L(4,t) and 9 (4,t) are
defined in such a way that either |4(%,t)] = ¢ or )2_ (’y, t) = 0. Using this, we have

L
g(;)/v 1/1(’% t)) =-1+ X_l('% t) + Z PAYz log 1/12(':)/7 t)v (5.56)
i=1

but we here we encounter our first problem with differentiability. Let 7} be given with Zle N =
0. Thert while %¢(& + 07, t)|5=0 and %Xfl(’y + 01, t)|s5=0 are well defined in the region
where |¢)| # t and the region where ! > 0, the limiting values may not agree on the boundary.
Nevertheless, a careful calculation shows that the discontinuities in the derivative arising from
the last two terms in (5.56) cancel each other exactly, yielding

(3+ondG+onn)|  =¢(ad@Gn). (5.57)

0
a6 5—0

For brevity, let us for the remained of the proof write (¢ t) for ¢(I'(t),t). Then by combin-
ing (3:34) and (5.57), we see that any I" which maximizes H (I, a, b) must have

/:5 (g’(t),tﬁ(t)) dt = 0. (5.58)

Since this must hold for all Lipschitz § with §(a) = g(b) = 0 and Zle gi(t) = 0, we can take
gi(t) = —g;(t) = g(t) and conclude

b
/ g()[(logwl Zam ) (logwj Zagkwk )]dtzo (5.59)

for every Lipschitz function g w1th g(a) = g(b) = 0. Thus the dlfference in the integrand must
be constant almost everywhere, meaning that there must exist some d and f(¢) such that

log 4 (t) Z athi(t) = di + f(t) (5.60)
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for almost every ¢, for each .

Since it will clean up the proof without making a substantial difference, let us suppose that
holds for every ¢, instead of merely almost every ¢. We then claim (the proof of which shall be
postponed) that if T(fc) is defined for Z critical or subcritical with

L
Ty(2) =log i — »  cupikp, (5.61)
k=1
then 7" is invertible and 7! is increasing. Thus if ¢y is chosen so that 1[}(150) is critical, we must
have that f(t) < f(to) — and thus 9 (¢) < 9)(to) — for all t. Furthermore, if ¢(¢) is subcritical,
we have t = |i)(t)| < [¢)(to)| < to. From this we conclude that if £* = inf{t : ¢(¢) is critical},
then ¢ (t) is critical and constant for ¢ > ¢*. Furthermore, since |¢(t)| = t for t < t*, we must
have that f is increasing, and thus 1/1( ) is increasing in all components. Thus RS Lipschitz
continuous.
Since ) is Lipschitz continuous, it is almost everywhere differentiable. Then differentiating
both sides of and multiplying by 5 (t), we get

1= By | 0/(0) = 7' @©)b(0). (5.62)

-1 N
Multiplying both sides by [I - By ( t)] and recalling that % |(t)] = 1fort < t*, we get

[I _ BM} 0
}PBWJlﬁw‘

d -
TV = (5.63)

for t < ¢*. From (5.4), we see that the right hand side of (5.63) is equal to I"'(¢) for some natural
assent I'. Integrating gives that I'(t) + ¢ = 4)(t) for ¢ < t*, for some ¢. From (5.60) we can see
that I/(¢) is continuous, and since t)(t) is constant for ¢ > t*, we have that I () is the maximum
eigenvector of B ., for ¢ > ¢*. Combined with the fact that (5.63) shows that t)(¢) restricted to
t < t* is a natural assent, this gives us the desired result. U

Proof that T given by (5.61)) is invertible and T~ is increasing. We first show that 7" is invert-
ible. Let a and b be given with a subcritical or critical and 7'(a¢) = b. Then for any &, we can
write &; = (1 — §;)a;. Doing this, we find that 7'(z) = b if and only if

5 =1—¢ Sion @ijid; (5.64)

Since a is not supercritical, Lemma [2.2]tells us that all solutions to (5.64) are bounded by zero;
and thus T( ) = b implies > a. S1m1lar1y, if Z is a subcritical or critical solution to T( ) = b,
we must also have a > 2. Thus T is injective from the set of subcritical and critical densities,
and is thus invertible over this domain.

To see that 71 is increasing, let us define F by

A~

Fy() = Pt iim st (5.65)
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and note that 7~ (9) = F(°)(0). (Indeed, 7' (fj) must be the minimal fixed point of F'. Since
F' is order preserving and bounded below by zero, this m1n1ma1 fixed point must be Frloo )(O).)
Since F (+) is increasing as a function of §, we see that T-tis increasing. (|

5.5 Main Proofs.

Proof of Theorem[2.6] Given any p, let IO 1@ . bea sequence of assents with

lim H(P@,0,[p) = sup H(T,0,|)). (5.66)
e ez (p)

Then since I'(® are bounded functions with bounded derivatives on a compact space, by standard
equicontinuity arguments the sequence '@ must have a convergent subsequence, and we denote
the limit of this subsequence to be [. Then by continuity and propertles inherited from the
sequence, I is an assent passing through p which maximizes H (F 0,]p]). By Lemma [5 . and
the fact that I" emanates from the origin, I’ must be a natural assent. Then integrating shows that
the right hand side of (5.9) with 77 = 0 is ¥(p) (although at this point we have not shown that
the choice of p* is unique). In addition, Theorem gives uniform convergence for p bounded
above.

To prove the uniqueness of p* and the continuity of W(5), we consider the transformation T
given by

& o pi
1;(n) = — (5.67)
L+ 37 aig(ps — )

We claim that 7'(%) (0) converges to the minimal positive solution to
(I=By)(p—n) = 0. (5.68)

Indeed, 7" is increasing (and 7°(0) > 0), and solutions to (5.68) are exactly the fixed points of 7.
Since the eigenvalues of (I — Bj) are strictly positive for 7} subcritical, the minimal solution
to (5.68) cannot be subcritical if p is supercritical. Since we have already seen the existence of
a critical solution to (5.68) if p is supercritical, this must be the minimal solution, and thus must
be unique. Additionally, we see that for small € the subcritical density (1 — €)p* is below the
fixed point of T for any sufficiently small perturbation of p (that is, we fix p* and slightly perturb
the p used in T'). By this we see that 5* is continuous as a function of p, and therefore W(p) is a
continuous function. O

Proof of Theorem[2.7] Let B, be the event that all components in ¢ (n, p) are of size r or bigger,
and recall that S, is the event that all components in ¢ (n, p) are of size smaller than . Then for
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all H with 0 < /) < p,

P (é<en,n, 5) = imm)
- ()

i=1

pin(pjn—mn;n)
),, PITIT(5.69)

L
Py i(Ben) P p—7(Sen) H ( _ %y

n

i,j=1

where the error term comes from rounding (and is uniformly bounded). Following the proof of
Theorem we note that for each 9 € . we have % |7n| € 7 for sufficiently large n. We will
also use that for m > |p|/e, we have K1 C B, C K,,. Now for a lower bound we fixa7n € ./
with 77 > 0, combining Theorem [3.1] Theorem 2.6] and direct calculation gives

1 A 1
lim inf lim inf * log P <e<e, np) == an> > S0, )+ Z() + B(p— i) — 1TAG — 7).

e—0 n—oo N n
R (5.70)
For an upper bound, since (en, n, p) can take only polynomially many values, we have
A A 1
P(0(en,n, p) € &) = ™ sup P (G(Gn,n,ﬁ) = Lﬁnj) . (5.71)
neS n

Note also that for any nonzero 7}, we have
P(0(e,n, p) =HV (1/n,...,1/n)) = e®WP(b(e,n, p) = i), (5.72)

which stems from the entropy considerations balancing out the cost of adding an edge (although
we would be willing to accept any sub-exponential correction). Thus using Corollary [3.5] we
may replace the P, ;(Be,) term in (5.69) with a uniform upper bound of exp(nZ(7) + o(n)).
Furthermore, using Theorem we may replace the P, ;_4(Se,) term with a uniform bound
of exp(o(n) + n¥(p — 7)), in which the o(n) term requires us to first take n — oo followed
by e — 0.

Thus from (5.69) and we have

1 .
- log P(0(e,n, p) € ) <o(1) + ?2}; (S(,p) + E(A) + ¥(p— 1) — AT A(p—H)]. (5.73)
n

Taking n — oo, followed by ¢ — 0, we get the desired upper bound, and prove the result. g
Proof of Theorem2.1] By Theorem we will have proved Theorem [2.1]if we can show that
(i, p) + () + W (p — ) — 7T A(p —7) (5.74)

is maximized only when 7);/p; = () for all 4. The easiest way to see this is to use an idea
mentioned in [2] following Theorem 2.1: Dropping the ¥ term and taking exponentials, we find

oS (.5 +E@) AT A(p—)]
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Well known results regarding binomials give us that the right hand side is exponentially small
~ L ~
unless % ~ 1 — e 2i=1%5"  which is to say that 7);/p; must satisfy (2.2) for all i. We can
also get this result by maximizing S(), p) + Z(4, p) — HT A(p — 7)) directly, and we note that the
maximum is zero (as, indeed, it must be). If p is critical or subcritical, this finishes the proof,
since W(p) = 0 and Lemmam shows that 6*(p) = 0. For p supercritical, the result follows by
noting that W(p) < 0, while ¥(p — 7)) = 0 for 7; = p;07(p) — that is to say, only the maximal
solution to (2.2) maximizes (5.74). O

6. THE FINAL STAGE

We finish this note with a proof of Theorem [2.8] which requires one additional preliminary
lemma:

Lemma 6.1. Let IC, be the event that all components of 4 (n, p) are of size at least en, and recall
that K1 is the event that 4 (n, p) is connected. Then for all pV) and p® with p® > p(1) > 0
and sufficiently small € > 0,

1
lim sup sup —log P, ; (Kf ’ ICG) < 0. (6.1)
n—00 pipM<p<p N

Proof. Given vertex sets 2 ,% C 7/, let Km’ ,- Tepresent the event that & (n, p) has m or fewer
components when restricted to 2", and let 2~ <+ % represent the event that there are no edge
between vertices of 2" and % in ¢4(n, p). Then with m = |p|/€, we have

K.NKSC U [(,sz%w»“//\;z%) &Km‘ﬂ&Km{,y\d}, 6.2)
A V|| >en, |V \ o | >en
and so
P, 5 (K. NKS) < 2™ sup <L‘:’i"J> Py s (Km| ) Pos(Kum | e T A=)
P ( 1) il e pii| e U?an 7/)( ‘Q{) 7P( }Y/\EQ{)

(6.3)
where &/ C ¥ is a set with (/) = |fin]. Since the “cost” of moving a vertex from < to
¥\ < (or the reverse direction) is at most polynomial, we can add the requirement that both 7jn
and | pn| — |n] are bounded below by (1,...,1) without altering the error term. By applying
Corollary (and immediately dropping the added requirement on 7)), we have

L .
Pus(KeNKS) <™ sup (Ufi”J)eﬁ(ﬁ)+5(ﬁ—ﬁ)—(ﬁ—ﬁ)TAﬁ‘ 6.4)
il >elp—ilze—p \L7in]
From this and Theorem [3.1] if we let
L Siieiny

R R 1—e" AT 42
h(%) = Ailog 5 + 577 A%, (6.5)
i=1 ¢
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we get (using uniform convergence)

. 1 . L .
limsup ~ sup  —log P 5(KY|Kc2) < sup h(f) + h(p — 7)) — h(p). (6.6)
n=oo pp<p<p® T pip D <p<p?

Al Zen, =] Zen

By writing &; =t ZiLzl a1, and g; = tZiL:1 a;jpj, we find

d |1 . PN R
i [ e+ 1Ga(p = ) = hie)|
1 .. 14e" N 14 e%i7¥ .. 14eY
TP [“ e L T
i—

A brief calculation shows that 2% is strictly increasing on (0, 00), and so shows that

h(tn) + h(t(p — 1)) — h(tp) is decreasing in ¢ for any applicable choice of 7. Then by taking

t — 0, we find

h() + h(p— 1) = h(p) < 9(0) + g(p = 1) — 9(p)- (6.8)

Lo o\oa
where ¢g(y) = Zle 4, log w As a final step, we differentiate with respect to a, which

yields
A . o g — pre)”
dor (9(0) +g(p—1) — 9(p)) (Or — Z)n
Thus g(7) + g(p — 1) — g(p) is increasing as ay, — 00, but a brief examination shows
lim 9(1) +9(p—1n) —g(p) = 0. (6.10)
Q11,022 X[, =70

Combined with (6.8)), this means that h(7}) + h(p — 1) — h(p) < 0 for all applicable p and 7.

(6.9)

Since h is continuous and we are working on a compact set, this proves the lemma. U
Proof of Theorem From the independence of edges in ¢ (n, p), we have
~ . 1
Pn,,[) <Qe ‘ 9(6n7n7p) = nl.n”J) = Pn,ﬁ (Kf ‘ K:e) . (611)
The result then follows from Lemma[6.11 O
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