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Abstract: For lowbdimensional systems, (i.e. 2D and, to a certain extent, 1D) it is
proved that meanbbeld theory can provide an asymptotic guideline to the phase struc-
ture of actual systems. In particular, for attractive pair interactions that are sufbciently
Ospead outO according to an exponential (Yukawa) potential it is shown that the energy,
free energy and, in particular, the block magnetization (as debPned on scales that are large
compared with the lattice spacing but small compared to the range of the interaction) will
only take on values near to those predicted by the associated meanbbeld theory. While
this applies for systems in all dimensions, the significant applications aré fer2

where it is shown: (a) If the meanbbeld theory has a discontinuous phase transition
featuring the breaking of a discrete symmetry then this sort of transition will occur in
the actual system. Prominent examples include the twobdimengiead state Potts
model. (b) If the meanbbeld theory has a discontinuous transition accompanied by the
breaking of a continuous symmetry, the thermodynamic discontinuity is preserved even
if the symmetry breaking is forbidden in the actual system. E.g. the twobdimensional
0 (3) nematic liquid crystal. Further it is demonstrated that meanbbeld behavior in the
vicinity of the magnetic transition for layered Ising and XY systems also occurs in
actual layered systems (with spreadbout interactions) even if genuine magnetic ordering
is precluded.

1. Introduction

Meanbbeld theory has traditionally proved to be a reliable guide for predicting, on a
coarse level, the behavior in realistic systems. In particular, the location and order of a
phase transition may be conbdently b if not always accurately b ascertained for a given
system by performing the associated meanbbeld calculation. In recent years some math-
ematical underpinnings for these trends have been providej3h(with some ideas

therein dating back ta2[l]). Specifically, the tendency for discontinuous transitions in
OrealisticO systems was, to a certain extent, elucidated by a comparison to meanbbelc
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theory. The results of2] may be summarized, roughly, as follows:4fis the Ham-
iltonian for an nearest neighbor attractive (ferromagnetic) spinDsysteff and the
associated meanbpeld theory has a discontinuous transition at temg&jatilmen, for
large dimensions, the actual model has a discontinuous transition at (a normalized) tem-
peraturel; — Tmr asd — oo. Further, asi — oo, the observable characteristics of
the system, e.g. latent heat, response functions, etc. approach the corresponding charac-
teristics predicted by the meanbbeld theory. The nearest neighbor assum@jovas |
to ensure the condition aéflection positivity; d > 3 was required for the convergence
of certain ¢Dspace) integrals and, furthér,! <« 1 was used as a small parameter. In
[3], the larged condition was relaxed by the consideration of exponentially decaying
interactions but the conditio#h > 3 was still required.

In this note, the obvious step of combining reRection positivity techniquescwith
tour methods will be taken. Thus, at least for models with (exponentially) spreadbout
interactions, this allows the extensions of the resultRiarfd3]to d = 2 b and, in a
weak sense, eventb= 1. In particular, at the foundation of this note, is the result that at
lengthBscales that are OlargeO P but still small compared with the range of the interaction
b the average value of the order parameter is asymptotically close to that predicted by
meanbbeld theory. Foremost, this will be used to demonstrate that in a variety of 2D
models with discontinuous transition in their associated meanbbeld theories, there is
an actual discontinuous transition provided that the range parameter of the interaction
is sufpciently large. It is remarked that this statement includes 2D models where the
breaking of a continuous symmetry, usually associated with an ordered low temperature
phase, is necessarily absent. Of course if a discrete symmetry is broken, a magnetized
phase is supported ih= 2 and several of the better known transitions of this sort will
be discussed as well. As a pertinent example it is established (but not for the brst time,
cf. the discussion below) that a 2D, threebstate Potts model has a brst order transition.

As for one dimension, since the range of the interaction is ultimately Pnite, there
will be no transitions of any sort. Still, the results concerning the various observables b
and the associated thermodynamic potentials B apply. Explicitly, in the vicirilymf
there is some sort of pseudobtransition even though all thermodynamic quantities are
analytic. While this result is of certain modest ¥sthetic appeal, it is also pertinent to the
study oflayered systems.

An idealized layered system isdddimensional system that is extendednits in

thed + 1St direction; the physically relevant cases concéra: 1 andd = 2. While
systems of this sort were an important showcase for scaling theory and the renormaliza-
tion group (see e.g2f] and, especially,47] and references therein) it seems that till
[10], an honest meanbbeld theory for systems of this sort had never been derived. In the
reference 10], (see also17]) an issue of seminal importance concerned the transition
temperature in the layer. For certain systems, e.g. Ising and XY, (where the spins are
unit vectors im = 1 andn = 2 dimensions respectively and the ordinary dot product is
used to debne the interaction) the transition temperature was found to deviate from the
d + 1bdimensional bulk temperature by an amawgiten by

2
T
7] ~ <7 (1.1)
where the constant is system specibc, but explicitly computable, and the asymptotic
symbol pertains to the limit. >> 1. The result in Eq.X4.1) was required to understand
the thinning of*He layers in the vicinity of the bulk superfRuid transition temperature as
observed in the coldbtemperature experiments of Garcia, Chen and cobwidsHe]s |
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It would seem that the implicit assumption (or philosophy) behind the analysis is
that at the shifted temperature, the layered system actually undergoes a magneticbtype
transition. This is false in twobdimensions for XY systems and patently false:for
onebdimensional system. However, the overall magnetic D or superuid D properties of
the layer are not, as it turns out, quite so relevant as the free energy per particle within
the layer as compared to that of the bulk. For layered systems, by and large, the script
follows that which was described above: For a sufbciently spreadbout interaction, there
is indeed a local ordering that is governed by meanbbeld theory and the free energetics
b which is imminently associated with this local ordering D is accurately described by
the layered meanbbeld theory. Thus, it can be claimed, the meanbbeld understanding of
the layer thinning has some mathematical justibcation in the context of more realistic
systems.

It should be emphasized that there is B among others B one severe limitation to this
work: The entire approach is contour based and the relevant estimates are enacted via
reflection positivity. Hence, to the authorOs knowledge, this limits us to attractive pair
interactions with only one mechanism for spreading out the interaction, namely using
the Yukawa (exponential) coupling. (Precise definitions follow in the next section.)

By effective contrast: Recently B concurrent with théring of the present work b a

proof of 15t order transitions for somg > 3Dstate Potts models ih> 2 has been
announced18]. In this approach, which bears certain similarities to the present one,
contour estimates are performed with PirogovbSinai based methods. Thus, while the
work in [18] is ostensibly limited to a single model and, also, a single method to spreadb
out the interaction, the technique is inherently more Rexible. Indeed it seems, albeit with
tremendous labor, that these methods might be adapted to a wider variety of interactions
and be used to analyze any number of meanbbeldbtype phase transitions associated witk
the breakdown of discrete symmetries.

Let us close this section brst, with an informal survey of various results that will be
established and then an organizational outline. To start off: for models of a particular
type with range parameter— >> 1, it will be shown that on large blocks the spatially
averaged magnetization must, with high probability, be close to a value predicted by
the associated meanbbeld theory. Energy, free energy and other thermodynamic quan-
tities follow suit and the result holds in all dimensions. Thus, if the meanbbeld theory
has a transition at soni&,r there is evidently some sort of transitionblike behavior in
the spreadbout system even if all thermodynamic quantities are analytie/as ifh
or known to be smooth and with no actual magnetic transition like the star@lard
spinbsystems i = 2.

In d > 2 the above considerations allow the proof of brst order magnetic transi-
tions in models with discrete symmetries, in particular the Potts modelg for 3
and the cubic models for > 4. For systems such as tli&(n) nematic models with
continuous symmetries and brst order transitions«{for 2) in the meanbpeld theory,
the thermodynamic component of the transition, if nothing else, will persigtin2,
especiallyd = 2. These transitions will be accompanied by a discontinuity in the local
magnetization notwithstanding that other considerations may rule out the possibility of
a global magnetization. Models without any particular symmetry can also be treated and
a particular example of a tertiary alloy will be discussed.

1 In addition, one can augment or replace the exponential interaction with interactions that decay as a power
of the distance; this was a mechanism employedjridr treating lower dimensional systems. However, in
the unreformed opinion of the author, power law potentials effectively change the dimension of the system
and, in any case, cannot be construed as a Pnite range interactions.
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Finally, layered Ising and XY systems will be treated. A meanbbpeld transition tem-
perature, related to the minimal eigenvalue of a certain 1D Laplacian has been calculated
in [10] for these systems. By standard methods, it will be shown that this is an upper
bound on the actual critical temperature and in the Ising case, forjarget is asymp-
totically a lower bound. More importantly, for both systems it will be proved that the
free energy of the actual system is close to that predicted by meanbbeld theory.

The remainder of this paper will be organized as follows: In S&dbrst the bPniteb
dimensional (OrealisticO) models under consideration will be debned in generality along
with some necessary formalism and working notation. Then there will be a subsect.
devoted to meanbbpeld theory. This will start with some concise definitions and then,
within the context of the theory, a definition of (scenario for) a gene?koitder tran-
sition. In Subsect2.3 layered systems will be described in some limited generality B
sufbcient to discuss the results derivedlifif[ At this point, enough notation will have
been established so that by S&;twe are ready for precise statements of theorems. In
Sect.3, all theorems stated will all be of general nature. The main result will be that
if a meanbbeld model has a geneﬁ&drder scenario then the corresponding Orealis-
ticO system will also have this transitign> 2 provided that the range parameter is
sufpciently large. A series of propositions and corollaries then follow which cover, in
general terms, all items in the above summary. Sei.devoted to statements about
the specibc systems mentioned above. Seistfor proofs. Subsect$.1 and5.2 will
be devoted to statements that concern magnetics and energetics respectively; the latter
can be omitted without too much loss of continuity. In Subse&proofs of the main
general results will be provided and, in Subsécd.all results concerning specibc sys-
tems will be established. Finally, Subsegt will consist of a brief appendix devoted
to some elementary properties of the meanbpeld theory formalism.

2. Definitions and Setup

Here we will Px notation, debne brieRy a working version of meanbpeld theory and
provide an abbreviated description of layered systems.

2.1. Background. The basic setup will be pretty much the same as2in(énd [3]).

In particular, we will be discussing spinbsystems where the spin variables reside in a
compact, which is a subset of a PniteDdimensional vector sfigcthat is endowed

with a positive definite inner product- - —). Spin variables, generically denoted by
ans, are distributed according to someriori measure denoted layp(—). The formal
Hamiltonian onZ? is given by

_}[:Z‘]i’~/(si -S;), (2.2)
iJ

where each pair of sites is counted once andJfhe > 0. It may, on occasion, be
desirable to add aexternal field to the interaction. Thus, b € Eqg we may add to
—ps{the term); (b - s;). However unless the external beld represents a parameter of
the model that we wish to actively vary, the Peld term will be implicitly incorporated
into the singlebspin measure. This work will be exclusively concerned with the so called
Yukawa interactions for which theJ; ; are given by

Jij = K (uye Hi=il, (2.2)
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Hereu > 0 is the Yukawa parameter B to be considered small B and unless otherwise
speciPedK (1) is chosen so that_, . ; J; ; = 1. Finite volume Gibbs states and their
inPniteBvolume limits are debned in the standard fashion. Here, for reasons that may
already be clear, there will be a vested interestinidal measures. In this context, with
interactions ranging well beyond nearest neighbor, the convention that will be used, for
any given rectangulak c Z, is to periodically repeat the spin conbguration and count

all the interactions between spins Anand the image spins iA¢ as dictated by the
contents of Eqs.2.1)P@.2). The Gibbs measures for such Obnite volumeO spin conbg-
urationss, at inverse temperatuggusing the toroidal extensidii, will be denoted by

ag T, thatis to say

Ollg"]l‘A (SA) X e_ﬁ}[A(SA), (23)

where#, (sp) denotes the extended periodic interaction as described above. For most
purposes, tori with all linear dimensions the same will be sufpcient and the correspond-
ing measures, for tori of scale, will be denoted byrg T, . The normalization constant

for the weights in Eq.4.3) b the partition function B will be denoted By g or Z; g

as appropriate. For additional notational continuity, S&&pct. 1.2.

2.2. Mean—field theory. Meanbpeld theory for a Hamiltonian of the form E& 1) is
defined as follows: If 8 denotes the usual temperature parameteragdConv(2), the

free energy function is debned to be%ﬂ(m, m) — S(m) which are, respectively, the
energy and entropy terms. The latter will be discussed momentarily, the former will be
denoted by—%ﬂmz. This combination of energy and entropy will be denotediyim),

the actual meanbbpeld free energy is debned by minimizjs{g:):

. _ 1,
Fvr(B) = meégg:m)@ﬁ(m) = meclgrﬁm) - [Eﬂm +S(m)]. (2.4)

The entropy is debned, intrinsically, by

S(m) = hier]g [G(h) — (m, h)], (2.5)
Q

wheree¢® = Jo ao(ds)et™m.

The entropy is concave which makes the overall combinatidry®i) an interesting
playoff between a convex and concave piece. We denot&pthe set of minimizing
magnetizations. It is not difPcult to see i} is nonbempty and, obviously, conbned
to the set

o = {m € CoNM(Q)|S(m) > —oo}, (2.6)

where the entropy is Pnite. Various convexity/continuity properties will be discussed in
a brief appendix; for all intents and purposes we may restrict attention to the interior of
6o on which®,,(8) is a continuous function.

In meanbbpeld theory, brst order transitions come about due to an exchange of min-
ima. The structure of meanbpeld theory is analytically simple enough so that for brst
order transitions, the following scenario would seem to be generic:

Definition 2.1. Generic MF first order scenario:
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(i) At some value of the temperature parameter, B, a degeneracy in the minima
of ® BIF (m) has occurred. Namely there are two non-empty sets, My and My in
Conv(2) that are separated such that MﬂtMF = M; U Mj;. (These sets need not
themselves be connected.)

(i) Forall¢ > Osufficiently small, there is an interval [ B, B with Bi™ € (B1, Br1),
and separated sets M| and M| such that

(&) M; C My and My; C Myy.

(b) At B = B1, My contains all the minimizers of ® g(m) and similarly for My at
B = Bi1. In particular, at B = By, ©p,(m) > Fmr(Br) + ¢ forallm € My,
and similarly, for Mj at B = Byj.

(c) Eachm € MjUMy ifand only if for some B € [B1, B11] Pg(m)—Fur(B) <

(d) Adopting, temporarily, notation for the ¢ dependence of the items described in
(a) and (b), then, as ¢ |, 0, we have Mg — M (in the sense ﬁ;>oM§ = M)
and Mij; — My while [B5, B5,1 — {B"F).

Remark 1. It does not seem possible, armed with only the unadorned definitions of this
section, to prove a general theorem to the effect that all meanbbeld brst order transitions
follow the generic scenario. On the other hand, it is difpcult to imagine a meanbbeld
theory of the above type describing a Prst order transition that isf this kind. Indeed,

as we shall see in the proofs for specibc systems, very little is used about the actual
systems beyond the occurrence of the brst order transition itself. Notwithstanding, some
small knowledge of\ in the vicinity of g; is inevitably required and therefore one is
forced into a case-by-case analysis. Fortunately, much of the difpcult work along these
lines has already been performed 2end3].

Remark 2. Itis further remarked that in the above definition, the temperature parameter
has been chosen as the driving parameter for the simple reason that temperature driven
transitions are more dramatic and hence better known. In meanbbeld theory, a brst order
transition can occur with the variation of other coupling parameters and, with obvious
adjustments of notation, a brst order scenario can be debned accordingly. Indeed, later
on, there will be occasion to use tfied driven version of the above brst order scenario.

2.3. Layered systems. As mentioned earlier, a general meanbbeld approach for layered
systems has been initiated ifif. Of course (as discussed ih{]) such systems have
been analyzed in the physics literature. But ultimately these analyses rely on indepen-
dent notions of scaling B all of which turn out to be true. However, as an upshot, they
lack in quantitative predictive power (e.g. the coefbcient in the shift of the transition
temperature for critical layered systems). It should be mentioned that the wakiin [
pertains to the analysis of a particular experimental setbup and thus, as far as generalities
are concerned, is only of a preliminary nature. Hence, for present purposes, we will be
content to discuss an abbreviated version of some ultimate Ogeneral theoryO for layered
systems. In particular, it will be ensured by bat that the formulation of layered systems
bts immediately into the existing framework. The results herein will be sufpbcient to
vindicate the calculations contained ihd] and, it should be mentioned, this was the
initial motivation for the current work.

The starting point ig. copies ofZ¢ which should be regarded, in a natural fashion,
as a subset df?*1. For physical applications, one would usually takequal one or
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Bg(m) A s Tr.\“"

\\/’

T — TMF
Ba(m) T=T,

Pa(m)

Conv(Q?)

Fig. 1. First order scenario for the 3Dstate Potts model: The spacgy be taken as the vertices of an
equilateral triangle. Fop < BI'f = 4log 2 the unique global minimizer is = 0 which atg}"® becomes

degenerate with three secondary minima located a distangaatﬂng the axes of the triangle. These three
points represent the s&1;;, the setM; is simply the origin. Insert shows the meanbbeld free energy as a
function of the scalar magnetization concentrated along one of these axes (going offbaxis only increases the
free energy). The generic Prst order scenario follows easily from analytic considerati@hsTdfgdorem4.1
establishes a brst order transition in the 2D version of this model with Yukawa couplings at small mass

two. At each site of this lattice, there will be are 2, the position of which will be
denoted by a Greek superscript to specify the layer and a Latin subscript to denote the
position inZ?. Thus, in certain generality, one may write

8
—H = D IS8, (2.7)
i,jezd
1<o,6<L
Normally, the interaction in Eq2(7) does not connect the top and bottom of the layer;

i.e. there istor anL, + 15t layer which gets identibed with the brst layer.
For meanBbeld study, the (Pnite subsetZ6fpecome the complete graph if
sites, that is eacl?ii‘?‘}‘S becomes independent band j and gets scaled by 1
J
o8 o8

The («, §) dependence therefore represents a coupling between layers each of which
acts as a meanbbeld system. The simplest nonbtrivial model, namely

1, fa=5§
0 =1y, ifla—8=1 (2.9)
0; otherwise

already captures most of the essential features (which will be discussed below). For the
purposes of this note, it will be assumed tblﬁf is of the form

= 0o’ (2.10)
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whereJ; ; () is of the Yukawa form that is in Eq2(2) and Q%% is a symmetric, positive
definite matrix. The motivation for the above restriction ® more generality is certainly
possible B will be clear from the following proposition the proof of which is immediate
and will be presented immediately.

Proposition 2.2. For single spin—space S2 (which is a subset of a finite—dimensional vec-
tor space with positive definite inner product) consider the layered model with Jia}-’s =

Ji,j () Q%8 where Ji,j (1) is of the Yukawa form (or any other reflection positive pair
interaction) and Q is positive definite. Then the interaction for the layered system as
described by the Hamiltonian in Eq. (2.7) is reflection positive with respect to all the stan-
dard 7.2 reflections in planes between sites (i.e. in those {1, . .., L} x Z¢~Y hyper—plane
segments with normals orthogonal to the layering direction).

Proof. The idea is to write the model as a reRection positive modél®from which
the result follows immediately. To this end, the spinBspace wifthand if S andG
are OspinsO @ with S = (s1, ...s") andG = (g!, ...g") we debne

(SoG) =D 0% g (2.11)

o,d

It is now is enough to demonstrate th@to -) is a positive definite inner product on
QL. To see this, we simply write, for arfy ¢ QF, the relevant expressiolS o S) =
2w Q*%%(s* - s%). Since the original inner product d is positive definite, we may
expresgs® - s’) = > Anc®c® with 4, > 0 and the demonstration is completed, by an

n-n

exchange of the summations, and by noting the positivit@ of O

Remark 3. It is remarked that the above sort of grouping is a device that has been
employed before, e.g. ir2P] B albeit with some extra restrictions. In addition it is
noted, without proof, that nonbmeanbbeld interactiona the chain can be immedi-
ately incorporated into the above formalism by declaring this to be part of the OsingleD
spin measureO @@”. Indeed, this will form the basis for some analyses of quantum
spinbsystems in a future publication.

The layered systems of interest hg@®f the form in Eq. 2.9) and the generalization
that Q%% = y, if |« — 8| = £ with 1 < ¢ < L and it may be assumed, for simplic-
ity, that eachy, > 0. It is reemphasized that in the layering direction, the coupling is
not to be periodically continued. The interaction matrix may be rewritten in the form
0=00+2)1+yA, with

y=> v (2.12)
£

andA, the form of a generalized 1D Laplacian. The eigenvalues of this Laplacian are
of the form—A;/, where

1 k+1
Ay = — 2y¢[1—costm | —— 2.13
k VZ@) vl ”(L+1)] (2.13)
with ¥ = 0,1,...L — 1 and, under most circumstancé$,= k. Notice, then that
the matrixQ is positive definite if and only if 1 4", 2y, cos®©D™ . 0 for all k; a

condition that shall be henceforth assumed.lgdenote the magnitude of the smallest
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eigenvalue. Then, as was shown 1@ there is a magnetic transition in the meanbbpeld
layered systems. Indeed, in the Ising system, at temperature parameters greater than that
given by

Bl =L+2y —yio ™, (2.14)
themagnetization profile is notbtrivial and satisPes the meanbbeld equation

Mo = @NNBI(L+ 2)mg + v Aymq]), (2.15)

wherem, magnetization is on th&th layer. The situation for the XYPmodel is similar
with

1 _
5<L>>(Y =5 +2y —yko) 1 (2.16)

and the magnetization proble satisfying

 LBLA+2Y)mg +y Ayma))
~ o(BLL+ 2 me +y Ayme])

(2.17)

my

where thel Os are modiPed Bessel functions. It may be presumed that under most cir-
cumstances, the smallest eigenvalue corresponks=t®. (A sufpbcient condition, for
largeL, is that only a bnite number ¢f0s are nonbzero and thais large compared to

all the others.) Under these (and perhaps other) restrictions, one may compute

21 5
Ao A ?; Z yel©. (2.18)
2

Itis noted, by a variety of arguments, that the ObulkO transition temperature is simply the
L — oo limit of the formulas in Eqs.4.149D@.16). Thus, there is a shift in the transition
temperature which, written in reduced form, is given by

Gl ¢l

BY 1=vBhe

~yB Mo (2.19)

and similarly for the XY, where the approximate statement is, e.gLfarge under

the assumption that EqR.(L8 is valid. This is a quantitative version of the qualitative
results for the temperature shift found in the aforementioned physics papers. So far b
at the level of Egs.2.149D@.16 b this is exact only in the context of the meanbbeld
theory. Later, in Theorem.6 we shall see that these formulas are of some pertinence to
the actual systems (with Yukawa style interactions).
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3. Statement of Results

While all the results of this note concerning phase transitions pert&ifi with d > 2,
most of the results of interest are conbned to the 2D cases. Indeed, as mentioned in the
Introduction, essentially all of these results can be proved by other methdds i8.
Moreover, for cases of transitions associated with the breaking of continuous symmetries,
some of the results, e.g. concerning local observables, are trivial since these symmetries
are also broken in the actual systems whlen 3. Nonetheless, only small additional
effort is required foud > 3 so the extra generality will be retained.

The main general result of this note is

Main Theorem. Let 7 denote a Yukawa Hamiltonian of the form described in Egs. (2.1)—
(2.2) on Z% with d > 2 and suppose that the associated mean—field theory has a Generic
First Order Scenario at temperature parameter B}™. Then, for ju sufficiently small, the
d—dimensional system also has a first order transition at a parameter B, which is near
BIE. In particular; the transition becomes asymptotically close to its mean—field descrip-
tion in the sense that (1) By — B and (2) on both sides of the transition, the block
magnetizations averaged over block regions of scale £o, where £Lg is large compared
with unity but small compared with u=* can only take on values assymptotically close
to the permitted values that are predicted by mean—field theory.

In the cases where certain phases of the model may be characterizeld-diyra
symmetry, We have

Proposition 3.1. Let H denote a d-dimensional Yukawa Hamiltonian of the form
described in Eqs. (2.1)—~(2.2) with d > 2 and suppose that the model has a “discrete
symmetry” meaning that there is a group, A, of linear maps {A : Q@ — Q|A € A} which
are measure preserving bijections and are also isometric (with respect to the inner prod-
uct). Further suppose, in the context of the associated mean—field theory, that Mg may

be decomposed into k (with k finite) disjoint separated convex sets Mg = UI;:1M ()

such that A acts transitively on (M, ..., M®Y. Then, for all . sufficiently small, the
model exhibits (as many as) k distinct phases characterized by global magnetizations
close to the values in M9, In particular, under these conditions, in any shift invariant
ergodic Gibbs state derived from this interaction, the magnetization is in the vicinity of
one of these sets.

In many cases of interest, the brst order phase transition may be from a symmetric
state into a phase of broken symmetry B sometimes described as a transition featuring
thespontaneous breaking of symmetry. For these cases, and certain generalizations, we
have

Theorem 3.2. Let # denote a d—dimensional Yukawa Hamiltonian of the form described
in Egs. (2.)—(2.2) with d > 2. Suppose that the associated mean—field theory has a
Generic First Order Scenario at some B} and that there is a symmetry group A for the
model of the sort described in Proposition 3.1 Here is is supposed that Mgre = MUM;
with M and My separated and each the union of disjoint separated convex sets,
eg. M; = {Ml(l), . Ml(k’ )}, on which A acts transitively and that this description
holds, for the sets M; and My, throughout the range [By, Br1]. Then, for all ju suffi-
ciently small, at a value of B near B, the model exhibits (as many as) k; +ky distinct

phases, k; of them characterized by global magnetizations close to the values in M;j ) ,
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etc. Furthermore, throughout the above mentioned range of B, in any shift invariant
ergodic Gibbs state derived from this interaction, the magnetization is in the vicinity of
one of the above mentioned sets.

Moreover, and of greater substance: For general, MﬂtMF = M7 U My under “only”
the hypotheses that for everymy € My and my; € My,

2
pm i

2 2
myp =2 my+

forsome Ax > O, then the model, in fact, has a Generic First Order Scenario. Thus if the
detailed structure of My and My is as described in the first paragraph, all of the above
conclusions hold along with the obvious necessity that this transition is accompanied
by a discontinuity in the energy density. Moreover the gap that is not much smaller than
(but perhaps larger than) A«.

Finally, in cases of a system with degeneracies whiciargelated by symmetry,
the following result for thephase diagram will be established:

Theorem 3.3. Let Hdenote a d—dimensional Yukawa Hamiltonian of the form described
in Egs. (2.1)—~(2.2). Suppose that at parameter B, in the associated mean—field theory Mg
consists of k > 1 (non—trivial) interior points {m1, . .. my} of €q which, considered as
elements of Eq, are linearly independent. If b € Eq, we may consider the Hamiltonian
augmented by the external field b as described subsequent to Eq. (2.1):

— BH— —BH+ D (b-s)). (3.1)

Then, for any pair p and q, 1 < p < q < k, there is a one—parameter family of
fields bf’q, where —1 < A < +1 with sup, ||bf’q|| — 0as u — O such that for some
A € (=1, +1) there is coexistence between two phases with magnetizations near my, and
my respectively. Furthermore for all & € [—1, +1] at the level of block observables, (on

regions that are large compared with unity but small compared with 1Y) all the other
values of magnetizations are suppressed with high probability.

Remark 4. Itis remarked that in the context of spinbsystems, linear independence of the
spinbstates and/or the constituent seMpfw isnotacommon occurrence inthe systems

that are usually studied. Indeed for a splnDsystem there is a physidach, perhaps, is
endowed with QinternalO symmetries that are natural to the problem at hand. The dimen-
sion of @ may be vastly smaller than the actual or effective number of spinDstates, but
this is where the symmetries come into play. As a consequence of these symmetries,
often enough, it is sufbcient to align the external beld with the desired state to select this
state among all others related by symmetry. Then, even for weak belds, this will alter
the nature phase diagram and the associated transitions. Well known examples include
the gDstate Potts model and thBcubic model where, in the beldbBtemperature plane,
generic brst order scenarios can be established with phase transitions at nonbzero peld
which are markedly different from those in zero beld. However, these sorts of systems
b which do not satisfy the linear independence hypotheses of Th&bBdmt com-
pensate by having a sufbcient degree of internal symmetry b seem difbcult to classify
under a general principle. Thus, while it is clear that many particular results on inBbeld
transitions can be established with the present methods, here, for the sake of brevity, we
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shall refrain from any specibc claims. Indeed the Potts model in an externabield
analyzed in 8] which, it seems, required a certain degree of effort.

In the context of this work, the pertinent cases for TheoBeBareparticle systems
where the different spinBstates represent different particle types. There is ndaictual
the problem and thus one has to be constructed. Geometrically the simplest b and in a
certain sense the most realistic B possibility is mutually orthogonal sta&éswheren
corresponds to the number of species, along with some nonbdiagonal interaction. Here,
of course, the external Pelds represent activities for the various species (albeit with the
Euclidean notion of inner product, which is presumably not the same as the inner product
debning the particleDparticle interactions). Under these circumstances it is most plau-
sible that degenerate minima @z, now representing excesses of various species, will
indeed end up linearly independent.

4. Results for Specific Systems

In this section, specibc examples will be provided for the various phenomena alluded to
previously. Foremost:

e Discrete spin—systems with symmetry. The best known example is thgstate
Potts model where, as is often the convention, eachsgpéntaken to point to a vertex
of a(¢ — 1)bdimensional hypertetrahedron and the inner product is debPned by the usual
Euclidean dot product. Heneg - s; is essentially given by a Kronecker delta. On the
basis of Propositio3.1 and Theoren8.2 along with some analysis of the meanbbpeld
theory (most of which was done ig]) the following is established:

Theorem 4.1. Consider the g—state Potts version of the Hamiltonian described in
Egs. (2.1)—~(2.2) on Z% with d > 2 and with g > 3. Then for w1 large, there is a
first order transition at some fB; featuring (at least one) high temperature state with
small or vanishing magnetization and (at least) q low temperature states characterized
by substantial magnetization in the different hypertetrahedral directions. Furthermore,
this transition is accompanied by a discontinuity in the energy density. For 8 > p;, the
high temperature state disappears while the low temperature states persist, while for
B < Bs, the low temperature phases are not present. Finally, the value of B; as well as
the free energy, magnetization and energy density at and beyond fB; are (at least in some
neighborhood of B;) uniformly close to the appropriate mean—field formulas, e.g. as
appear in [34].

Less well known but also of interest are théic models in which each spij points
to the face of ambdimensional cube and one again employs the usual Euclidean inner
product. Here the result is

Theorem 4.2. Consider the r—cubic version of the Hamiltonian described in Egs. (2.1)—
(2.2 onZ4 withd > 2 andwithr > 4. Then for =2 large, there is afirst order transition
at some B;, which features coexistence between 2r low temperature states and a high
temperature state and a discontinuity in the energy density. The properties of these states
are similar, after appropriate modifications, to those described for the Potts model in
the statement of Theorem 4.1

e Phase coexistence in models without symmetry. The vast majority of realistic lattice
gasses fall into this category P there is no anticipation of symmetries as there would be
in a spinbsystem. Indeed, under these auspices, the range of possible models and their
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possible modes of behavior is so vast that the general situation is overwhelming. Thus
we shall be content with a single example which, in the opinion of the author, could not
easily be treated by other methods. Consider, then, a tertiary alloy D a lattice gas with
three species, b andc. It is assumed that each sités occupied by one of the three
species; thus we have the variabl;ésr;l’? andn; each in{0, 1} with n{ + nf’ +nf = 1.1t

will be stipulated that each species has a pair interaction with strefigths/, > J. B

so that species andc will be suppressed, more heavily the latter. As OcompensationO
there will be repulsion between specieandb and an attraction betweénandc. The
(formal) Hamiltonian for the model is therefore given by

—ﬁH—Z[ St JP i + I i — Kt + KPSainSl. (4.0

In the above, the notation for couplings has been debned so that &lQk@nd Os are
nonbnegative. Here, we have the following:

Theorem 4.3. Consider the Hamiltonian defined in Eq. (4.1) with couplings given by
the Yukawa form in Eq. (2.2) without the specific normalization condition. Let J, denote
the sum J, = 3 ; Jol and similarly for Jp, ..., Kpc. Let us express J, = J + Dy,
Jp = J + Dpand J. = J. Then the following holdsfor all p sufficiently small: For J
sufficiently large, K p, Kpe comparatively (sufficiently) small and D, Dy, (sufficiently)
smaller still, there is a point K* = (K7, K}.) — both components positive — such that
the Hamiltonian augmented with various (natural) activities exhibits phase coexistences
between pairs among three types of phases at certain values of the activities. The three
phase types are characterized by dominance of one of the species over the other two.
Furthermore, as @ — O, the requisite activities for coexistence tend to zero.

e Low temperature behavior for low—D models with continuous symmetry. Here
we shall state the formal results for models wit{n) symmetry; see the paragraph
following the proof of Corollarys.2for further discussion.

Theorem 4.4. Consider the standard O (n) spin—system with n > 2, i.e. each s; is an
n—dimensional unit vector and the inner product is the usual Euclidean dot product with
the Yukawa interaction (Egs. (2.1)~(2.2)) ind > 1. Let B ~ BY¥ = n. Then, for all n
sufficiently small, there is a scale £o (which tends to infinity as u — 0) such that on
any compact interval of temperatures, the spatially averaged magnetization at this scale
(cf. Eq. (5.1)) is, with high probability, uniformly close to myp(B8)0, where ¥ is an n—
dimensional unit vector and myr is a solution of the mean—field equation m = m, (fm),
where my, (h) is the scalar magnetization function:

+1 hx 1— x2 d
m, (h) = f L ( : ) 2 o (42)
f—l ehx (1 — xZ)de

Moreover the energy and free energy per spin is uniformly close to the appropriate
mean—field formula.

The O (n) nematic models are most easily described in the context ab(lnee spinb
systems with the pair interaction between spins at saeslj replaced bys; -s ) Note
that forn = 2 thisis, for all intents and purposes, equivalent to an XY sme)system but
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not so forn > 3 which will henceforth be assumed. For a variety of reasons (not all of
which are understood by the author) this is always presented via the traceless matrices

KP4 = gPg@ _ }31>,q7 (4.3)
n

wheres'?) denotes th@th componentof a® (n) spin. Then, the pair interaction between
the spins at siteisand; is given by T(K; K ;). In any case the device of using symmetric
traceless x n matrices with this notion of inner product and with@priori measure
given by the pullback from the unit spherel®f has the advantage that it constitutes
the ingredients for &ona fide meanbpeld theory. Since this meanbpeld theory was the
subject of a good deal of analysis & [the relevant results will be summarized brieRy:

(a) Forallg, the minimizingK are orthogonally equivalent to a diagonal matrix of the

form
. 1 1
K = a(p)diagl, ————, ..., — 1, (4.4)
n—1 n—1
wherex is a solution of the meanbbeld equation
1 pnx? 21582 1
A= Jo AT (P w4 (4.5)

fol eBr % (1 — xz)%adx

with g/ = (1 — %),B. Indeed alllocal minima of the free energy function have this
property.
(b) There is 88" such that for8 < ", ®g(K) is minimized byK = 0 while for
B > B, ®g(K) is minimized by a nonbtriviak as described in (a) with some
AB) = A(BT) =1 > 0.

Thus we see a standard meanbpeld type of brst order transition featuring coexistence
of states with differing energy that is accompanied by the breaking of a continuous
symmetry. Here we shall prove:

Theorem 4.5. Consider an O (n) nematic spin—systemind > 2withn > 3as described
above (spins K; are n x n symmetric traceless matrices, the inner product given by
Tr(K;K ;) and ag the pullback of Haar measure on the unit n—dimensional sphere; or
the simpler description with the usual unit n—dimensional spins and the pair interactions
defined by the square of the Euclidean dot product) with couplings as given in Eq. (2.2).
Then, for all p sufficiently small, there is a B; (i) with By — B such that at B (at
least) two states coexist; one, a high—temperature state where the energy is small and
the other where the energy is substantial. Moreover, in the latter there is a scale £,
where £g > 1if w1 is large such that within blocks of this scale, the spatially averaged
nematic—spin variable is, with high probability, of the form in Eq. (4.4) or an orthogonal
transformation thereof. In the high temperature state, and for all B < p; the spatial
average at scale £g is close to zero. For B > B, on any compact interval, there is a [Lo
such that for all u < o the statement concerning the low temperature state holds for

B > B

e Low temperature results for the layered Ising and XY models. Here some pre-
liminary results for the layered systems are presented. More general results for the
continuous spin models especially in dimension greater than two are possible but are
not of immediate physical relevance and so will be omitted.
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Theorem 4.6. Consider layered Ising and XY on Z¢ x {1, ...L} as described by the
interactions in Egs. (2.10 and (2.1)—(2.2), where Q is as described just priorto Eq. (2.12)
with each yy non—-negative. Then for 8 less than the formulas given in Egs. (2.14) and
(2.16 respectively, the magnetization vanishes. Moreover, for all w sufficiently small,
there is a scale Lo (which can tend to infinity as  — 0) such that on any compact
interval of temperatures, the block averaged magnetization profiles, free energies and
energies are uniformly close to those given by the appropriate mean—field formulas.
Finally, in the case of the Ising version, the global magnetization profile agrees closely
with the block magnetization as just described.

5. Proofs

5.1. General properties: magnetics. Most of the results stated in Se&are a direct
consequence of the following:

Lemma 5.1. Consider the spin—system defined by the interaction in Eq. (2.1) with cou-
plings as in Eq. (2.2) at interaction parameter | defined on the d—dimensional toroidal
lattice. For an integer Lo, let Ay, denote a cube of side length Lo and let

1
— ; 5.1
my, Al Z S; (5.1)

iEA[O
denote the block magnetization of Ay, and let us assume for simplicity that the linear
dimension of the torus, L, is of the form L = 254o. Let m € ConM), and if A > Oisa

real number let N'a (m) denote the neighborhood ball of radius A about m. Let ]K%PA] (m)
denote the event

KiP (m) = {mgo € Na(m)).

Then there is an € = € (Lo, |u, A) with the explicit bound
_ 1.2 2
€ <€ = PwA+ ZﬂA +culoBo’,

where c is a uniform constant of order unity and

w = supgm|m € Conv(2)} (5.2)
such that as L — o0,
— [¢o] —(@}8 (m)— Fue (B—) ¢4
lim Ay, (]KNA (m)) <e B 0, (5.3)
where, in the above
Na . /
o = inf @ . 5.4
p (m) m'eNa(m) p(m) (5-4)
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Proof. By the standard chessboard estimates,

i [Zl %
ZF G m))
oy (KNS ) < | L : (5.5)
zL!
L.

where ZL’ﬂ(K.[/f/OA] (m)) is the partition function which is constrained so that in each
translate ofA,, by a vector with integer multiples df as components, the translate

of the eveniK%}’A] (m) occurs. (Arguments of this sort are found in the classic papers on
ref3ection positivity. All relevant results for this work can be foundi@]{ the interested
reader is also referred to the recent revidjwyhere these sorts of arguments and some
new extensions are well explained. Within the above two reviews, all the necessary refer-

ences can be found.) Therefore let us seek upper bounds along the lines 8 L’

on the constrained partition function and lower bounds of the foram "veL! on the full
partition function. A proof of the latter can be found in the beginning of Theorem 1.1 in
[2] although other versions of this result are part of the classic literature on the subject;
see, e.g. the boolBP] Sect. 11.13 D 11.14. In any case, we have that

-1
i/lé > o~ FmrtsL (5.6)
with g a constant.

Turning to the necessary upper bound, let us begin with an estimate of the energetic
contribution to the partition function under the above mentioned constraints. In partic-
ular, we will show that under this constraint, the total energy is approximafcélslm2
times the volume. (Fortunately, it turns out, the ensuing estimate does not depend on the
details of how the constraints are satisped. Moreover the bounds are nearly optimal in
the sense that a similar derivation produces a lower bound which does not differ by too
much.) Consider two blocks, which are appropriate translate's,pfthat are labeled
V, andV, respectively. Let us debne the average coupling

Joa =13 0|2 2 i (5.7)

i€V,
./EVq

For generid € V,, j € V,, we may writeJ; ; = J, ,(1+«; ), however, it is clear that
under the conditioptp < 1, thex; ; are small. Indeed since no two pointslip differ
by more than the order @t B and similarly for points ifr, B from Eq. 2.2), itis easily
seen that

ki, ;| < 2culo, (5.8)

wherec depends on dimension B but notpandg B and the two is for convenience. Thus
if m, andm, (which satisfy the criterion for the eveft,? (m)) are the magnetizations
in their respective blocks, then

D Jii(sios) = AP Tpgmp -mg) + Jpg D i j(si-8))- (5.9)
i€V ieVy
JEVy J€Vq
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The rightmost term in Eq5(9) is relatively small and, further, the quantity:, - m,)
may be replaced by:? for any s € N, (m) at cost of only a small additional error.
Thus, all in all B for anyiz € Na(m) D

Z Ji j(8i -8)) < Jp.glAol[i? + 2Aw + A% + 2cpulow?]

i€V,
J€EVy

o, 2
= Jp gl Mgyl + Ee]. (5.10)

It has been assumed that# ¢; a similarbminded argument with corresponding
results may be obtained for the OdiagonalO terms B or these may be neglected altogethe
in the smallu limit. In any case, summing Eq5(10 over all pairs, (and noting the
normalization condition on the; ; described after Eq2(2) the anticipated estimate
for the energetics has been obtained.

Let us turn to the entropic considerations. Since each cube in the torus acts indepen-
dently, the term to be estimated is simply the appropriately constraigiecheasure of
the spinBconPgurations ty,. It is claimed that there is some® € A, (m) such that

[ [T deo)ilimgernomy] < 51l (5.11)

JE€M

The derivation is as follows (assuming that the left-hand side is not trivial): Since, con-
ditionally with probability onem,, € AN (m), then the average afi,,, denoted by

m? is also inNj (m). Let Ay, n;, denote the normalized measure corresponding to the
constrained product measure. Then, by JensenOs inequality,

/ dA gy p eI > elhiolhm®), (5.12)

[ doots)eXr M= g ap o]
jEA(’,O

= [T deoGpImgeraom]- (5.13)
J€Mg

The desired result is obtained by relaxing the constraint on the left and seeking the
supremum over. It is noted that in the preceding, some mild use has been made of
the fact that\a (m) is a convex set. If it happens that this neighborhood intersects the
complement of Conif2) the restricted set is still convex. (Or we may stay with the
full set and rely on the fact that the measure provides no weight to the complement of
Conv(2) and that outside of Cori®), the free energy is inPnite.)

To within the stated error tolerances, the upper boundg@(KEf/oA](m)) as it now
stands picks a particular point.i, (m) to evaluatebg. Obviously, this may be replaced
with the worst case (perhaps limiting) scenaria

As an immediate corollary, we rule out the possibility of any nonbmeanbbpeld like
magnetizations and extend this latter statement to nonbtoroidal states.
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Corollary 5.2. Let B,(B) denote the set of magnetizations such that ®g(m) is within n
of Fmr(B) and let By, denote the event that my is in the complementary set, i.e. that
the block magnetization in Ay, corresponds to a mean—field free energy which is further
than n from any minimizer. Then, with apologies for the 3, there is a K (n) such that for
all ulo sufficiently small, if L — oo along power of two multiples of Lo,

lim a, . (Bie),3y) < K (e~ ", (5.14)

Further, if ag(—) denotes any shift-invariant infinite—volume Gibbs state correspond-
ing to the Hamiltonian in Egs. (2.1) — (2.2), then there is a § that tends to zero with the
right-hand side of Eq. (5.14) such that

aﬂ(B[go]’%) < 4. (5.15)

Moreover, if B ranges over a bounded set, then for a given n, the above holds uniformly
for any fixed pair (i, £o) — provided ulg is sufficiently small.

Proof. Once we establish the result in E§.14), the one in Eq.%.19 is a direct appli-
cation of Theorem 2.5 ing] in the special case of only one OgoodO event. First let us
prove this for Pxe@. Form € E3,, let us Pnd &\, such that

(l) NAm (I’)’l) N En == @,
(2) 6O(EO’ M, Am) <n.

The ability to achieve the former relies on the continuitydgf (see the Appendix) and
the latter already relies qun¢g sufbciently small. By compactness, only a Pnite number,
K (n) of these are needed and the result follows immediately

As for the unlform|ty, let us divide the bounded setasbs (convenlently thought of
as an interval) into pieces each of size no more thgnwhere Aﬂ(x) < n. Notice
that the free energy at amy € Conv2) cannot change by more than this small amount
asp varies over the piece. Thus, there is ample space between the unlorﬂ);(mms
and the union of th@3,7Os items (1) and (2) above can be modibed accordingly and the
result holds throughout the piece. Since the estimate inE&i4)(depends only on the
number,K, of sets used, the maximum can be chosen.

Remark 5. There has not been any attempt to provide an optimal scheme for the rate
of convergence both here and in the second corollary below. Indeed, it is obvious that
the estimates are grossly inefpcient. For example, it is clear that the principal contribu-
tion to an inequality of the form in Eq5(14) should come only from the edge &%,.

This could be existentially rectibPed by a modibcation of the second condition to allow
bigger neighborhoods in regions far away from the minimizer and/or using the large
value. However, the upshot would still be existential so nothing practical would have
been gained. Indeed, better estimates, if actually required, can always be obtained in the
context of speciPc models where the particular®gim) can be brought into play.

The second corollary, namely that as the range of the interaction tends to inpPnity,
the free energy converges Eyr, is also immediately available. It should be remarked
that many cases of interest are covered by Theorem 11.14.1 in the Békfhich is in
turn based onZ9)). Indeed, results of this sort date back to the work of Kac in the early
19600s.
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Corollary 5.3. Consider a spin—system on 7 with interactions as described in
Eqgs. (2.1)«(2.2). Let F,,(B) denote the free energy: limp_, Zi{g“ = ¢ FuB) Then
lim,—o0 Fu.(B) = Fmr(B). Further, if B ranges over a bounded set, the convergence is
uniform.

Proof. The lower bound o1¥;, g is already in place. Allowing\, £o, € = €(A, u, £o),

etc. to denote their previous meanings (with fewer restrictionsx letenote the num-

ber of neighborhoods required to cover the whole space. Then, by chessboard estimates
(see, in particular the Osubadditivity lemmaO, Lemma 64)iwg have

1 |TL|
Zrp < [[m % e”MFf)} , (5.16)

and the result follows prst by taking — oo and thenu — 0 which allowstg — oo,

taking care of thekBterm so the\ (and hence also the < ¢g error) can go to zero.
Uniformity is established as was done at the end of Coroba2yMost of the above has
harmless8 dependencies; the interesting term, involving Kie depends om through

A, and can be uniformly bounded over the whole range: The term is dispensed with by
considering worst case (i) possibilities. O

Discussion/Examples. The above results are disquieting, at least at brst glance, since the
conclusion is that imny system with spreadbout interactions, the local magnetization
will (more or less) only take on values permitted by meanbpbeld theory. Let us consider
the implications in two principal classes of examples: General onebdimensional sys-
tems and 2D systems with continuous symmetries. Needless to say, in both cases, the
commonly studied meanbbeld models have phase transitions that are associated with
the singular behavior of the magnetic order parameter. This behavior is obviously not
possible in a onebdimensional system with Yukawa interactions. (In particular, such
interactions are known to satisfy DobrushinOs criterion for complete analyggjty [
Notwithstanding, the above tells us that at least locally, but not too locally at length
scales 1« ¢ < {g <« p~1, a oneBdimensional system wifipear to have undergone

a phase transition at around a temperatyie (o< [81F]171). So, e.g. in cases of mag-
netic symmetry breaking, ond@ < Twg, there must be large patches of ordered phase
each approximately magnetized according to meanbbeld theory but, overall, canceling
out. A similar picture holds for phase transitions that are not associated with symmetry
breaking e.g. that have am(8) (perhaps with a nonbmagnetic interpretation) under-
going interesting OdiscontinuousPlikeO local behavior at temperatures Bygurid

is remarked that while it is obvious that something along the lines of the above must
happen ag" — 0, it is now seen, in the large range limit, that this behavior initiates at
aroundZyr and occurs in an understandable and controllable fashion. Indeed, it should
be mentioned that for the Ising modé] [and the standard (2) & O(3) Heisenberg
models B], results along these lines have been obtained previously. However in these
instances some particulars of the&n) with n = 1, 2, 3 were exploited and, moreover,

a sustained effort was required.

Let us now turn to some interesting 2D cases, namely magnetic systems b such as
O(n) systems witm > 2 D that have continuous symmetries. On general principles
[19,26] and generally provable by the methods ], the symmetry cannot be broken;
that is to say in an inPnitebvolume state, the magnetization will vanish. So in these
circumstances, it would appear, the situation is on par with the general onebdimensional
systems. However, there are two outstanding exceptions. (1) Cases where the meanbpeld
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model enjoys @iscontinuous transition accompanied by a (discontinuous) breaking of
the continuous symmetry. Here we will Pnd that the discontinuity persists at the local
level signaling a 3 order transition, i.e. phase coexistence. However, at the global level,
or even at the level of very largeDscale behavior there is no breakdown of the symme-
try. (2) The specibc case of the 2DBXY @(2)) model, has a phase transition, the
Kosterlitz Thouless transition1f,22] with the low temperature phase featuring power

law decay of correlations. It is not hard to show, via correlation inequalities, that this
must also be the case for the meanbpeld like version; the question of whether or not this
transition actually occurs in the vicinity @iyr is under investigation.

5.2. Further properties: energetics. Till now, our attention has been focused on the
block observables,, (and their translates) and, as the range of the interaction gets
large, we have seen that these concentrate near the values of the magnetization that are
dictated by the corresponding meanbpbeld theory. A similar result for the energy is a
more ambitious endeavor since, ultimately, the magnetization observables are strictly
local whereas the energy observables are more diffuse. In particular, the results of this
subsection will be of a more technical nature B e.g. some additional hypotheses con-
cerning the meanbpeld theory will be required. In fact, not all of this section is strictly
necessary when the free energy minima are simply isolated points, which is often enough
the case. Indeed, under these circumstances, the magnetization simply drags the energy
along with it and a part of the labour of this subsection is rendered unnecessary. There-
fore, for some, this section may be read lightly without much loss of continuity.

The central result of the subsection amounts to a statement that the actgall]
systems must have OenergeticsO close to values corresponding to minima or near minima
of ®g. The developments will come about in two stages: The Prst argument goes via
quasilocal energy observables, which holds in full generality.

The second part of the argument involves the energy density itself which, if there
is coexistence, will requiré > 2. The latter is, of course, an absolute necessity since,
in d = 1, the energy is continuous and therefore, when the meanbbeld theory has a
discontinuity, the actual systemil/ take on intermediate values. This is brought about
by combinations of spatially separated regions which themselves have nearly sharp
OallowedO values but are uncorrelated. By contrast, fer2 the above mentioned
guasilocal energies maintain a coherence and, as a consequence, the global energy is
always near some value corresponding to a minimizer or near minimizeg oT his
necessitates, above = 1, energy discontinuities/coexistences in the actual smallb
systems whenever they are exhibited in the corresponding meanbpeld theory.

Let us start with some hypotheses on the energetics corresponding to filg skt
minimizers fordg (m):

Definition 5.4. Regular Energy Hypothesis: Let ® g(m) denote a mean—field free energy
Sfunction and B, (B) denote the set of magnetizations such that ®g(m) is less than
Fme(B) +n. Then the mean—field theory is said to satisfy the Regular Energy Hypothesis
if for all (sufficiently small) n there is a §(n) with §(n) — Oas n — O0and an R —which
does not depend on n such that E,(B) may be expressed as the union of R separated
sets

(]
[l

")
¢ (5.17)

R
n:U
r=1

with the properties:
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(i) Eachm € &y ") has energy (o m?) that is within 8 of some fixed E, and

(i) The sets :,(7) are decreasing (so the limiting set is either empty or of constant
energy Ey).

Remark 6. It is noted that the numbeR, of such sets is allowed to shrink with(this

is already within the technical leeway of the definition) but not allowed to grow B and
especially not without bound. Basically these sets should be thought of as neighbor-
hoods of certain sets of constant energy that minimize the free energy function at or near
temperature parameter equalgoFurther, it is underscored that the valugsneed not

themselves be separated, just the magnetizations within thE%éthat these energies
represent. Finally, concurrent with the Generic First Order Scenario, it seems that in
all practical circumstances, the Regular Energy Hypothesis holds. However, in contrast
to the former, it may well be possible to cook up a model where these hypotheses are
violated.

Certain Mild Restrictions. Here we shall perform exercises on two scales: the Idgal,
which is small compared with ~ and the quasilocal; which will be large compared

with 1. It will be convenient (not strictly necessary) to assume thas a multiple

of £p and, even more so, that the lattice sizes a power of two multiple of botliy and

£1. Moreover, in contrast to the magnetic results where no specibc details were required
concerning how:£o — 0, here some mild constraints will come into play; in particular,

it will be necessary to ensure thigtdoes not go into inPnity too fast relative &g. The
restriction is indeed mild and is easily satisbet ifs any superlinear power arig any
sublinear power of:~1. In the forthcoming, often without specifics, all of the above
will be referred to as théfild Restrictions.

Definition 5.5. Consider a spin—system described by Eqs. (2.1)—(2.2) and suppose that
the corresponding mean—field theory satisfies the Regular Energy Hypothesis. Let £o and
€1 be two length—scales satisfying, if appropriate, the Mild Restrictions. Let my, denote,
as previously, the block average magnetization in Ay,. For a of the form (integer vec-
tor)x Lo, let Ay, (a) denote the translation of Ay, and my,(a) the block magnetization in
Agg(a). Let 6 > Qand n, etc. denote previous meanings. The block Ay, is said to satisfy
the Thouroughgood condition of type r (which is actually the (0, n, r )-Thouroughgood
condition) if

(1) For all a such that Agy(a) C Ay, meg(a) € EY .
(2) The Thouroughgood block energy defined by

Z Ji j(si-sj)

t/EAg

‘E
a= |A Ny

satisfies |'E.| — |Ee,| < 0.

It noted that if®g(m) is minimized by isolated points (angis sufbciently small
while 6 is nottoo small) then condition (2) is trivially satisped by condition (1). Condi-
tion (2) becomes interesting when there is a continuum of minimizing magnetizations
which are all of the same OlengthO.

Proposition 5.6. Consider an interaction of the type described in Egs. (2.1)—(2.2) and
suppose that the corresponding ®g satisfies the Regular Energy Hypothesis. Then, for
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any (small) n there is a 0 with 0(n) tending to zero such that as for all w1t and ¢,
L1 sufficiently large satisfying certain Mild Restrictions, the spins in Ay, satisfy the
(0, 3n; r)-Thouroughgood condition for at least one value of r with probability tending
to one.

Proof. Let us begin by ruling out the possibility of not satisfying criterion (1). This can
come about in two ways: First, one of the subbloskg(a) can satisfy the analogue of
Biee1,3; (Meaning thatng, ¢ E3,(B)). Here we may use Eg5(14 and overbcount the
location. TheMild Condition will force

01 d d
|:—i| K(me ™ — 0
Lo

asu — 0. Next there is the possibility that all subblocks are in good shape magnetically
but there are specimens that have differtiphenotype. This, by necessity, will result

in a mismatched neighboring pair. Such a possibility can be demonstrated as unlikely
by a standard chessboard estimate: Suppose that there are two (particular) neighboring
blocks with respective block magnetizationsign)and E(gsn) with s # r. Rel3ecting this

event till the torus is covered, it is found that in one direction (along the direction of the
pair) there is a dashed pattern and this dash gets extended into th&dothéybdirec-

tions B stripes, plates, etc. Let us denote the constrained partition function on the torus
Tz by Z1 4(r, s). For some bxed\Dscale, the entropy & g(r, s) can be estimated

along the lines of Eqs5(11)D6.13 resulting in a factor of

o~ - T
[[Ger]lo ie%[s(mr)"'s(ms)"'fl]ill | ,

whereS(m,), S(m;) are meanbbeld entropies representative of theE%gtand Egn

note that the entropy cannot vary much in these sets B tfvehich depend om) are
the appropriate analogs of tlk&(n) that has appeared before ands a tolerable error
b vanishes with. Let us turn to the energetics @f g(r, s).
Let r and sdenote the sublattice of blocks covered by the two types of events. Fol-
lowing Egs. 6.7)D6.10 we may write

D Jijlsios) ~ AP D Tpgmy m)=|Ae|? D (mp- D Tpgmg)  (5.18)
i,J P9 p q

with formal acknowledgment of the small debt from the brst step to be made later on.
Let us look at the inner summand in the last term B with Bxé3l and suppose that
p € 1. The terms wherg € r may be replaced, as an upper bound,%iym +8) b

essentiallyn?. Adding and subtracting a OfavorableO term, namglyfor ¢ < s we
arrive at

1 2
(mp : Z Jp,qmq) = mgﬂfi" +48) + (mp ' Z Jp,q[mq - mp]) (519)
q b q€S

When this gets (multiplied byAgo|2 and) summed ovep < r the £.Btype term will
be half what is expected for an energetic contribution becauséalf of the lattice.
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Performing the same routinejif € sand putting additional required factors;ﬁ)fand%
yields

1 1 1
Eﬂzji,j(si 8j) < §|‘Er| + §|‘Es| tex| AL

i,j

—-,3|Ae0| 2D Tpg(my —my)? (5.20)

pell
qeS

with €2 another tolerable error term which also accounts for the neglect in5ELf) (
The Pnal term cannot be diminished. The minimal squared distance between any pair

magnetizations with one @(’) and the other |rE(s) will be denoted byf—zj V. s with
7). s strictly positive by the Regular Energy Hypothesis. It is noted that as 0, then
|AL| 7Y Ag,l? times the sum of the, , tends to} D let us denote a (uniform) lower
bound, valid for allu sufbciently small, by; we have arrived at

Z1 5, )Y/ Tt < [[G 160 eI+ G 180" ¢ 31 +S(me)) 63] x e tok Vs (5.21)

with all previously discussed errors amalgamated into thedznAkide from terms that

are close to unity, the term above in the large square bracket is identiPed as a negative
exponent of the meanbpbeld free energy which, e.g. according t&.By.i¢ canceled

by the denominator in the chessboard estimate.

Thus the probability of a particular mismatched neighboring pair of (otherwise
decent) subblock magnetizations is bounded by a quantity that is exponentially small
with rateoc |Ag,|. Accounting for all possible locations and all possible types of mis-
matches multiplies this by a constant (which dependR andd) times| A, |/|Ag,| SO,
overall, is actually more heavily suppressed than the situation where one of the blocks
had a Obad magnetizationO. In any case, it may be declared that criterion (1) is satisbed
with high probability.

Let us turn to criterion (2). As may already be obvious, a central reason for the stip-
ulationfp <« u~! « ¢1 is that the total energy of most spinsAn, is accounted for by
the pairings with other spins in,,. Indeed, this reasoning only breaks down for sites
that are a distance of ordgr ! from the edge; let us denote

Qu. L) = > Jij. (5.22)

iEAzl
jeAE1

thenitis not hard to show, ji¢; — cowith x — 0, thatlu=1¢4~1171Q (i, £1) tends to

a debnitive constant. So, Ietumj )j( " denote the event that the spinsAp satisfy, for

energyz,, the Thouroughgood criterion (1) bz criterion (2), let us perform another

chessbhoard estimate. Let us usg ﬂ(IB%E[B_( )) to denote the constrained partition func-
tion; itis clear that the entropy is, more or le[§B;, |S(m,) but the energetic contribution

is no more thaf| Z,| — 0 + |Ag, |~ 1Q(u l1) - zﬂa) +¢€4]|T | D all terms understood to

be appearing in the exponent b with téfeterm representing a bound on the largest con-
ceivable energetic contribution to the conbguration coming from interactions between
spins in differing blocks. Canceling, as before, the meanbpeld free energy term from
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numerator and denominator, taking the appropriate power, nafyfelyT; |, we arrive
at the estimate fow, (]B%(l)\(z)) of e~10=¢s1 for yet anothe ; ; and the proposition is
proved. O

Remark 7. In essence, the above proposition already tells us that in Rasel, the

actual system will have energy close to the meanbbeld value. If the meanbbeld theory
is sufbciently regular (and let us not pause to axiomatize the concept) it would seem
that except at points of a discontinuity, the layge! system will follow the meanbbpeld
theory. However, in isolation, this result is not all that illuminating B especially if one
considers that so far, there has been no stipulation that weoaiie d = 1. Indeed,

let us assume that the meanbbpeld theory has a discontinuous transition in the energy
at somep; and that the actual system is at some neagtbyhen, in order to ensure

that the minimizers on the other side of the transition are excluded Egmsmaller

and smallemOs have to be chosenfs— g;. This in turn necessitates increasingly
larger values ofc 1 in order to bring the results of Propositi&né into play. Thus a
nonbuniform type of convergence will transpire in the vicinity of a meanbpeld transition
temperature B a result which, after a moments thought, one always anticipates, even in
d = 1. Our next result, which dePnitively requirés> 2, shows that, under reasonable
hypotheses, systems with a large enough range parameter are (uniformly) close to
energy corresponding to a nearbminimizer of the meanbbeld theory. This, of course,
allows us to keep bxed at the OexpenceO of multiple possibilities for the energy.

Proposition 5.7. Consider a spin—system on Z with d > 2 that is described by the
interaction in Egs. (2.1)—(2.2) and suppose that at temperature parameter B, the asso-
ciated mean—field theory satisfies the Regular Energy Hypothesis. Then, for all u suffi-
ciently small, there is an n and a §(1)) and a set of infinite—volume Gibbs states emerging
from the oy, such that with probability one, the energy density in any configuration is

within § of a value ,, r = 1,2, ... R associated with u3) Moreover, if the hypotheses
hold with a uniform bound on the separations between the various sets a3rn while B

ranges over a compact set, then with n and 5 fixed (and n sufficiently small) the result
holds uniformly for all . below some minimal value.

Proof. For a system of the type described abovejlet O and letd(n) denote the
quantity described in Propositidné. If R = 1, the argument is somewhat simpler but

in any case, let us employ an argument appropriate te 2. It is observed that if two
distinct OblocksO P translates\ef by lattice vectors with components (integef)

b are of different Thouroughgood energy type, then these blocks are separated by a
closeds«bconnected contour consisting of nonBThouroughgood blocks or Thourough-
good blocks that interface with a Thouroughgood block of a different energy type. The
former sort of contour element was, manifestly, estimated in the previous proposition.
As we shall see, so has most of what is needed for the latter. Indeed, supposing that the
two energy types are ands, let us neglect all aspects of the interface event save for
the fact that there is a row @f /¢o boxes which are translates af;, that have their

magnetization |rE(r) and this row faces a similar opposing row with magnetizations in

:(3“,]) When all this gets reRected to cover the torus, the constrained partition function is
exactlyZ; g(r, s). This time, our estimate will be
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200471
(Z, %20 p(r, )] T2l

whichisatremendous b albeit not unexpected B enhancement of the previous runthrough.
Thus it is claimed that with high probability, dfy, most blocks are situated exterior
to contours. In particular, let us denote Bythe estimate for contour elements b the
probability that a given block belongs to a contour of lengtis bounded above by a
constant times*. Then, it is not difbcult to show that iff is any appreciable number
(perhaps not too large but certainly in excess of unity) the probability that a fraction
larger thany H of all blocks reside inside or on contours tends to zero exponentially at
an estimated rate that is a (sublinear) power of the volume. Since results of this sort are
well known and the subject of many works in specibc systems, let us proceed with a
terse, highly nonboptimal derivation.
Let us suppose that we desibh?[LZIl]d or more nonbexterior boxes. We shall say
that contours which have betwe®rand ZI' elements have done theirare if they pro-
duce at Ieas%Hz?[LZIl]d such boxes. Starting dt= 1 and proceeding along powers
of 2, itis clear that if none of the groupings have done their share, the event has failed.
Let us start (and end) with afOs that satisfy > Tg = [L(Il]“o, whereag > 0
is to be determined below. There simply are no such contours with probability greater
than 1— bl[LZIl]dz?TO, whereb; is a constant of order unity. So it is fairly safe to
assume that none of these have done their sharel'®erthat are smaller, let us go to
a block lattice with cell size of e.g.7&1, and focusing on a sublattice of'2;, ask
if any OsiteO in this part of the cell belongs to a contour of size befiveen 2. If
yes, we surrender the whole cell and relax the criterion of OshareO accordingly. Still this
requiresT ~* H19[L¢; 19 successes out of a totalafl LT~ trials with a probability
bounded byr'2 H,” for each success; the latter is estimated by chessboard methods.
In the aboveaOsHOs etc. are of order unity wifth, numerically large ifH is large.
The upshot, for a faishare at scales betwe€eh and 2" is an upper estimate of the form

TazgT-1 caT ™19 HaL¢
( Hs )

with all constants of order unity and bofit; and Hz large if H is large. Clearly the
above gets out of hand if we 18t get too large but we shall cut off when the above
approximately matches our preliminary estimate B which determines theTgalker

all otherT except, perhaps, for the very pbrst few, this will be small due t@tterm and
the cased” ~ 1 can rely on large? or (which essentially amounts to the same thing)
can be done by hand.

With the vast majority of blocks in the exterior of contours, it is indeed the case that
the energy content is close % for somer B here another estimate usi@gu, £1) is
employed. Finally it is noted that all estimates in this and the previous proposition stem
from the initial estimate in the prst few lines of Propositmi for which uniformity
was established in CorollaB.2 All subsequent rates, bounds, etc. depend trivially on

the separations between tﬁérn)és B which have been deemed to have a minimal value

By, 6 and various other parameters can be determined by a worst case scenario on a
bounded interval 0BOs. O

Corollary 5.8. Consider a spin—system satisfying the hypotheses of Proposition 5.7.
Then the conclusion of this proposition holds, perhaps with a slight adjustment of §, in
every shift invariant ergodic measure which is a Gibbs state for the interaction.
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Proof. The desired result is, almost, an immediate application of Theorem 2.5 and
Corollary 2.6 in p] save for the fact that here (and in various other places through-
out this work) the relevant OgoodO events do not quite satisfy their hypotheses in cases
where there are multiple types of goodness. However this can be circumvented by the
construction of a superblock: Let us introduce one more length sgabéth £, > ¢1.
In contrast to the previous;, this length will not be tied te:. or any other parameters.
On the contrary, it is envisioned th&t — oo with all other quantities bPxed. However
it will be assumed, for connivance, thiatand L are related td» by powers of two.

Consider the superblock event, debPned\gp that all but a fraction* of the tiling
A, Dsized subblocks satisfy the Thouroughgood condition fosdlwe value ofr. If
this event is denoted by (9*), arguments along the lines of those in Proposition
show that

7]

oy, (1) < e AT (5.23)

for some positive powep and X positive onced* is an appreciable multiple of the
estimate in the Pnal line of Propositiérb.

Now letag denote any ergodic Gibbs state corresponding to the specibPed Hamiltonian
and suppose that the energy densitypf o4 is not within the appropriaté of any z,..
Then, with high probability, thegbenergy per site of a sufbciently large block (g,
with £, sufpciently large) is also outside of the anticipated range. In light of the estimate
in Eq. 6.23 this is not permitted by the above mentioned theorendjin [O

Corollary 5.9. For spin—systems satisfying the above hypotheses, there is an n’ 2, 3n
such that in any shift invariant ergodic Gibbs state, in almost every configuration the

magnetization is in Cony E;r,)) for some r.

Proof. The result follows immediately from the preceding (and continuitybg). In-
deed, in this case, the superblock construction can proceed without the benebt of the
intermediate scale. O

Remark 8. For some systems, e.g. whefy consists only of isolated points, the above is
in essence the Pnal result. But in others, e.gQlie)Dsystems, this corollary basically
provides no information.

It is not difpcult to imagine that, with the insertion of some further energy hypothe-
ses, we would be in position to directly establish discontinuous transitions in the energy
density for OrealO systems/in- 2 whenever such transitions occur in the meanbbeld
theory. However, the necessary hypotheses turn out to be slightly nebulous in appear-
ance. Hence we will follow the alternate route of tracking the magnetizations B which
in any case are closely tied to the energies B and the results of this subsection will be
utilized in a supporting r™le.

5.3. Proofs of main results.

Proof of Main Theorem. With what has so far been established, we are in prime position
to apply the classic result of Koteck and Shlosman, which provides a sufbcient con-
dition for the occurrence of a*order transition. For completeness, let us summarize
the hypotheses o8] Theorem 4 (which have been abbreviated by limiting attention to
circumstances where the relevant numerical parameters are small quantities).
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Consider a spinDBsystem @H, d > 2 belonging to a certain class which includes
that debned by/in Eq. 2.1)D@.2) and suppose there are evedtsand A;; debned
on the blockA g, and an interval of inverse temperatupy, 8771 such that for certain
small numbersiy, az, b1 andb, and some.g, the following holds for inbnitely many
LOs that are larger thap:

(i) Forallg € [Br, Birl, oy, (A7 UA[]) < b1
(II) The |im/3_>ﬁ[ Oy, (A;) = 1—a;.
(III) The |im/3_>ﬁ” a[ﬁ,TL (Arp) = 1—ao.
(iv) Forall g8 € [B1, B11], if Tj(Ar) denotes the event; translated to the lattice site
j, then for ally, Uy, (zj(Ap) N Afp) < bo.

Then there is &8; € (B, Brr) such that a8 = B;, there are at least two coexisting
Gibbs states corresponding:to denoted byr; andaj’ that are distinguished by

af (AD = 1—c:af/ (A = 1—c, (5.24)

wherec is small if theaOs anélOs are small.

It is clear that for a Generic First Order Scenario, we may utilize the events
A; = {my, € My} and similarly forA;;. Using the hypothesis of the scenario and
Lemmabs.1, items (i) D (iii) are satisbed; let us turn to (iv).

For the latter, we shall adapt some previous notatiori: & Z¢, let mg,(j) denote
the average magnetizationin(A ¢,) B thusr; (A;y) is the even{mg,(j) € M;}. Now
let us dePne a siteto be good if my,(i) € M; UM;; and otherwiseéad. It is prst
noted thatA; N A;; = ¢ (and similarly for the translations) since by hypothebig,
andM;, are separated. Thus there are two types of good sites. Now suppose that the
origin is of type | and; is of type Il, i.e. the evenfi; N ;(A;;); let us consider the
connected component of type | good sites of the origin. We will use the convention that a
boundary site is outside the cluster with a neighbor in the cluster. A boundary site could,
ostensibly, be a bad site or a site of type Il. However, we use the condiign 1 and
the obvious fact that for any lattice vec&r

. A . w
Imeo(j + &) —myo(j)] < rEs (5.25)
0

wherew is as big as a spin can get. As a consequence, $ifycandM;; are sepa-
rated, if¢g is large enough, the boundary of any region of type | sites must actually be
bad sites. We thus have certainrours and contour events B which will typically be
denoted byy; these are, technicallypconnected contours, that is to say neighbors and
nextbnearest neighbors are considered connected. It is further remarked that there are
actually two types of contours possible depending on Owho is separated from whomO
plus the possibility of a contour that winds the torus (an SSWCbcontour) all of which
can be accounted for by doubling the estimate obtained bypaivri inbnite sum over
contours. Let us focus on the more pertinent issues:

Foremost, the events that the individual contour elements (the sitdsepresent are
actually debned on the larger scéjeand, even using ref3ection positivity methods, it is
not possible to obtain a tractable Peierlsbtype estimate without a bit of coursebgraining.
Thus, let us formally consider the lattidg ,,, whose OsitesO consist of the disjoint
blocks that are appropriate translates\of. If y denotes a microscopiebconnected
contour (or any path) we may associate a cludtes: Q(y), on Ty /¢, representing
the blocks of scalég that were visited by . Notice thatl" may itself be only vaguely
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contourblike but, at any rate, it isdconnected object. Now jf € T/, denotes a
(block) site, the probability thgt belongs to a course grained contour element is exactly
the probability that some site in the block is bad. This, in term, may be bounded by
the volume of the block times the estimate on the right side of £44). Let us use

ec = ec({o, 1, n) to denote this small quantity.

A secondary (minor) obstruction occurs for a block contour event associated with a
I". Indeed we cannot use chessboard methods:@nblockbelement since the relevant
events inkbneighboring blocks may be entangled. However, disjoint sublatticEgon
may be considered such that the blocks on each sublattice are dew@d®eiyhbors in
their own sublattice. I/ = 2 there are four such sublattices, in general itdisThus,
Pnally, for each (admissible) clustEr let |T'| denote the maximum of the number of
blocks of " which reside on the various sublattices.

The argument can now be bnished along standard lines. The block contour event
where the cluster is of siz& must be within the distance of the orderof the block
containing or the block at the origin. The number of such clusters is therefore bounded
by A(d) N*@ (DN with all constants Pnite and the necessary Odouble countingO folded
into these constants. Therefore, debning

'y = {3 y of bad sites separating 0 frohwith |Q(y)| = N} (5.26)
we have
ayy (Tn) < AN%Nel. (5.27)

Summing fromN = 1 the result is small it¢ is small and, under the hypotheses
concerningo, i, etc. condition (iv) has been veribeda

Proof of Proposition 3.1. This is, in essence, thend corollary to Propositions.7
(Corollary 5.9). First, since the set&/() are convex and separated then small neigh-
borhoods of these sets b large enough to contain the apprdEHé@ are convex and
separated. Thus the magnetization is always in one of these neighborhoods and there
is at least one Gibbs state of the specibed form. But now, due to the invariance of the
interaction, if there is a Gibbs state associated with one aftHe, then there is a Gibbs

state for all the others as well.o

Proof of Theorem 3.2. Under the hypotheses off a Generic First Order Scenario, the
result is established by the Main Theorem (which proves a transition betWeemd

M D like states) and Propositi@nl which establishes the nature of the Gibbs states.
Alternatively, with the hypothesis of an energy gap betwégnand M;;, a Generic
First Order Scenario is readily established. Let us start by Pndéag\&hich is small
compared to all separations between the varMéQ; explicitly that thesmPneighbor-
hoods of these sets are still separated. Next, let us debnevhith is small enough so
that E, (8;™) is contained in the union of these neighborhoods. Notice that there is an
unambiguous! (8"F), similarly for 71 and also for the various offshoots from tMaJ’

The quantity will debne both the temperature scale and, for all intents and purposes the
(threex) n. Let[B;, B11] be the symmetric interval abog}™ that has, to be depnitive,

Kk = o”(Br1 — Br) (5.28)
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(and notice that this necessarily implies thdtg;; — p1) < B (m; — m;)? for any
my € My). Finally 3y will satisfy

1811 —Bi

3
T2

Ag (5.29)
so, except for the possibility of some terrible anomaly in the sizes ohﬁjeirw[ﬁyp, n
andx are comparable. Now debne

M= ] &5, (5.30)
BelB1.Bi1]

and similarly forM,,. Let us demonstrate thafl; U M, is contained ing, D here
repeated use will be made of the identity (m) = ® g (m) — %(ﬂ/ — B"Yym?. Suppose
thatm ¢ E.(B;™). Then, forg € [Br, Bi1],

1
®p(m) = Fur(B™) ++ S (B — Bym?
1 1
> Fur(B) — 518" — Bla? + i — ST = Blm?
1 ) 1
> Fur(B) = 5(B11 = Bno? +& = Fur(B) + Sk, (5.31)

and since, certainly, 8 < %wz(ﬂ” — B1), it is clear thatn ¢ EZ3,(8). Notice that
this also implies that there is a separaidd andM; which in turn consist ok; and,
respectivelyk;; subsets associated with they ),

Let us see that the hypotheses of faenario are satisped. Item (i) is our starting
premise. Items (iia) and (iic) have been constructed with the identiPcation witB
¢. Item (iid) is an obvious consequence of continuity. We are left with item (iib) which
is to show that aB = B;;, the setM;; contains all the minimizers in the strong sense
that Fiur (B1) falls below®g,, (mr) — 3n for all m; € M;. And we will need the cor-
responding statement fdiyr (87). This follows from an argument similar to the above.
Letm; € M;. Thenform;; € M;; C Myy,

1
gy (m1) =Py, (my1) = P (m) = D (1 )+ 5 (Bri = fr) (mf —m]). (5.32)

Now @ gur (my7) = Fue (™) and @ gur (m ) cannot be lower. Meanwhile{mfl -

m?) > [2/BI]A; obviously all the minimizers are iv[;; and moreover, the gap is

at least 3. A similar argument holds at the other end of the interval and the proof of a
Prst order transition is complete. The remainder of the statements follow from the brst
portion of the proof and/or are automatico

Proof of Theorem 3.3. Without loss of generality the treatment shall be conbned to the
case wherei; andm are the preferred approximate magnetizations destined for coexis-
tence. Armed with Lemm#&.1and its corollary, most of the proof amounts to an exercise

in linear algebra and analysis. First, by the GrammbSchmidt procedure (using the inner
product dePned by the interaction in E8.1)) let us consider an orthonormal set of
pelds starting witth; andb, covering the span ofi; andmo with, say,b1 « m1. The
successive beldsg, . . . by are now orthogonal ter1 andmy, thus their addition to the
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Hamiltonian as described in the statement of this theorem hardly effects the free energy
function in the vicinity of these points. . )
The strategy will be to prst use these last 2 belds to suppress the OunwantedO

states and then emplafy andb, in tandem to enhance one 1, mo} at the expense
of the other. First let denote a small quantity and consider ti@neighborhoods af ;
which will be denoted byV. (m ;) and which may be assumed to be disjoint from one

another. Ultimately the applied external peaég’,z, will be small depending o and
we need not search outsidelof V. (m ;) for a minimizer of the augmented free energy
function. Indeed, letting* denote the minimal surplus outside these regions:

inf{®g(m)|m € [U,-Mjg]"} = Fue(B) + 9, (5.33)

it is obviously sufpcient thaﬂbi’znz stay bounded by a constant timése.qg.? /4w

where, it is recalledy is the limiting size of the magnetization in all ©f. Let us start
with the construction of the Osuppressor PeldsO; for convenience we shall work with the

Peldsh; o b; that satisfy(b; - m;) = 1. Letc > 1 denote a constant and let us dePne
coefbcientys, ... v, ¥; = 1 and, sayys = 1 such that

yi=vimjbj)=1+c|> yi(by-mj). (5.34)
l<j

Finally let H = Zj yjISj. It is claimed, for allj > 3 that for anym € N (m ) the
effect of (H - m) is pretty much of the order unity. Indeed, writing= m ; + ém,

(H-m) = (H-8m)+y;+ > yi(be - m)), (5.35)
l<j

where terms of the fornum ; - by) with ¢ > j are absent due to orthogonality. Thus, it
is clear, we now haveH -m;) > 1 — ¢||H||>.

Now, for). e [—1, +1], consider the Pelbh 2(1) = A(b1—y2b2), Wherey, is dePned
along the lines of the aboyeOs:

y2 = ya(ba - mp) = 1 +|(b1 - my)|. (5.36)

Obviously if A = 1, then(by2(1) - m1) = 1 and, as is seefiby 2(1) - mp) < —1,
(b1.2(—1)-m1) = —1while(b1,2(1)-m2) > 1.Nowlete1, £2 > Owithe1 > &2 (withthe

¢Os to be speciped with a bit more precision below) and consider
bi’z = —e1H +e2b1 2(2). Form € N (m1), usingm = my + 8m1, we have

(m - bi’z) = £2(b1,2(0) - m1) + £2(b1.2(2) - m1) — e1(H - Smy), (5.37)

and we see that, at least fgfj near one, the second term can be neglected relative to
the brst. Similarly, if we allows 1 small compared withe, the third term may be
designated as OunimportantO. Of course the same considerationsapply/if(m>).
Meanwhile, ifm is in N (m ;) with j > 3, then

(m - by?) = —e1[(H - m)] + e2(b12(1) - m), (5.38)

so the brst term is a negative number of order unity timeand, relative to this, the
second term may be neglected due to the stipulation concerning the relative sizes of the
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¢0s. Thusiitis clear that the magnitude of the terms emerging\ftams), . . . NV (my)

are always much larger than those from magnetizations insider1) and NV (m2)

and, according to the sign of the interaction, these 2 regions are ruled out as can-
didates for the minimizer of the free energy function. Thus the minimum occurs in
Nc(m1) U Nc(m2) and it must be the case that the minimizer switches locations for
somei € (—1, +1).

Thus for the interaction given by g+ 3", (bi’2 - s;) it is clear that the associated
meanbpeld theory has a Generic First Order Scenario D albeit Peld driven; seeRemark
following Definition 2.1 Indeed, for Pxed smay}, and(e1, £2) chosen accordingly, it
follows from continuity (cf. Theoren®.1]) there is at least ongur = Ame(e1, €2)
with Ame € (—1, +1), where the minimum o\, (m1) coincides with the minimum in
N¢(m2). To debnéVl; andM;; we restrict to the subsets &f_ (m1) and N (m2) such
that hypothesis (iic) is satisPed and then (iia), (iib) and (iid) are easily satisPed. The
remains of this proof now follow from the Main Theoremn

5.4. Proofs for specific systems. Let us start with the standard discrete symmetry mag-
netic transitions:

Proof of Theorems 4.1 and 4.2. These systems (as well as a host of others) may be
treated together since, in fact, the principal results pertaining to the nature, location
etc. of the brst order transition are just an application of TheoB8 (The secondary
result, namely that the high/low temperature states OdisappearO on the appropriate side
of B, is also, in fact a fairly general feature of these sorts of systems but not really worth
abstractifying.

Let us start with some basic facts about the meanbbeld theory which are well known
and/or readily derived (and anyway proved #, [Sect. 4.2 and Sect. 4.3 ). Foremost,
for ¢ > 3 andr > 4 there is indeed a brst order transition in the meanbbeld theory; the
temperature parameter will in all cases be denotef!By In both cases the degenerate
minima consist of singleton positive magnetization states which are proportional to the
values that the spins themselves take as well as a state of zero magnetization. These
obviously enact the symmetries of the relevant groups and, needless to say are convex
sets. The energy gap is manifest and in addition, it is worth noting that the aforemen-
tioned 8 is the only point of degeneracy between states of differing energy. Thus we
apply Theoren8.2

As for the Odisappearance of statesO, this follows from elementary considerations.
In particular, in the real system, the energy is a monotone function (and so a.e. well
debned). Thus, fo < 8; there cannot be any states with large magnetization b since
that would imply the existence of a substantial energy B and similarly Wheng,
there cannot be states with small magnetization.

On to the asymmetric situation: To prove the content of Theoteit is, by and
large, sufpbcient to establish a triple point in the context of the meanbpeld theory. The
claim, for the meanbpeld theory, is best summarized irefglow and will be proved
as a separate lemma.

Lemma 5.10. Consider the mean—field theory associated with the Hamiltonian 4.1
which leads to the mean—field free energy function

1 2 2 1 2
EJa”a — Eanb — EJCnC — Kpenpne + Kgpngny
+n,logn, +nplogn;, +n.logn,, (5.39)

Qy(na,np,ne) = —
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Fig. 2. Phase diagram for an asymmetric 3bstate model

where ng + np + n. = 1 and J stands for all the couplmgs Using the notations D,

Dy, and J as described, the following holds for all J > J where J is large (but not
unreasonably so):

1. Forall D, and Dy, > Oand for all K 4 and Kpe. > Owith the K ’s small compared to
J there are three local minima, at least one of which is the global minimum, that are
characterized by an abundance of the species a, b and c respectively. These minima
will correspondingly be denoted by A, B and C and when they actually minimize
they represent the phases. Any other local minima of ®jy are substantially higher.

2. Forfixed D, and Dy, suﬁ‘ictently small compared to J and (Dy — Dyp) small compared
to D, there is a finite K such that for K > Kap, and Ky sufficiently small, the
A-phase is the minimizer. By contrast, for small values of K 5, the B-phase will be
prevalent once Ky, is sufficiently large.

3. With D, and Dy, as above, for all K,p < K, there is a transitional point at some
value of Kpc, where the A and C minima are degenerate. Pertinently, this holds even
in the B phase. Furthermore, these points form a “transitional curve” which cuts
through the B—phase. The terminal point of this curve in the B—phase is the point
K*.

Proof of Lemma 5.10. Let us start with the situatio®, = --- = K, = 0 D i.e. the

q = 3Dstate Potts model B within excess of somé to be described later. The claim

is that there are three minimizers, identical under permutation, with one large and two

small populations. While this is of course well known, the forthcoming analysis will

demonstrate that these solutions are stable and persistent. Moreover, other local minima

(if any) will have substantially higher free energy and/or represent unphysical states.
The starting point is, of course, the meanbbeld equation:

nge MM = ppe™ " = poeIM = A, (5.40)

wherea is a Lagrange multiplier adjusted so thgt+n, +n. = 1. Alook at the function
xe~'* clearly indicates that for < (Je)~1, there are two solutions to(x)e*™ = 1
which, for obvious reasons will be denoted &) and B(1). Note thats()) is strictly
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increasing ofi0, (Je)~1] while B(1) is strictly decreasing. The objective, at the level of
thegbstate Potts model, is to Pnd the value sfich thai{g — 1)s + B = 1. That such a
value exists is obvious; as— 0, B — oo while for the maximum value, = (Je) 1,
B = s =1/J b can be assumed to be way too small. So, by Obringing upO the value of
A, we certainly arrive at a Prst solution; the claim is that.fan excess of some value
J this is (far and away) the only possibility.

Direct computation yields

(g —Ds B

1-Js JB -1
where the overdot denotes differentiation with respect toildgor¢g = 2 it may be
directly veribed that this is negative but not fpr> 3. However, thiss negative till

gJsB > B+ (g — 1)s. Now the latter necessarily implies/s B > B, i.e. /s is already
of order unity. But then so ig B; indeed, under the previously mentioned condition,

B+ (g—LDs = (5.41)

1 _1
Jh=Jse /5 > Ze¢7q, (5.42)
q
thence
g _1 -1
J1 = JBe < —e 1 (5.43)
q

To summarize: Fov in excess of somd D not terribly large D there is no hope of a
second solution t® + (¢ — 1)s = 1 because by the time the derivativeR®# (¢ — 1)s
gets around to being positive, &l0s andOs are Ohopelessly smallO, namely of order
J~L. The only other possibility for minima are two (or morBptype solutions. How-
ever, under these circumstances, it has been shown that the free energy is substantially
lowered if, keeping all otherOs bxed, two bigs are exchanged for a small and a (bigger)
big; cf. the proof of Lemma 4.4, especially item (i), &].[

It is clear that the above analysis all goes through with different diagonal couplings,
e.g.J, > Jp > J.. Let us proceed with the full problem. While we will not use ttvat
is small compared withi until later, it is conceptually easier to proceed in this vein. The
full equations now read

g™ 10 K o= Kt g=Kicte _ o= Ineg=Kocmr 5 (5.44)

we are seeking solutions of the form Otwo small one bigO. First off, let us note that there
are some restrictions on For example, the third equation certainly requires (Je) 1

and further, foi. comparable to this number, it is easily seen that if there were a solution,

it would have (forK .y, Kpe < J) ng +ny, + ne of the orderJ —1. So we shall restrict
attention to, sayj. less tharkg = « (Je) ! with some suitably chosenof order unity

but less than one and proceed.

Itis not hard to see that there is indeed a unique solution once the big item is specibed.
Suppose, for example, thisig. Let us write a facsimile of the brst equation, namely
Nge JaNagKamy — 3 'which debnes a functiaM, (). It so happens that this is dePned
on all of[0, co) but not so forV..(n;,) given from the third equatiowV,e ~/eNe g Kver = |
However, fori < ko, the quantitys;, can safely climb up to the order df-* which, as
we shall see, is more than ample range. From the middle equation, we can now debne a
function

Anp) = nbe*\/bnbe+KubNa("b)e*Kchc(”h)7 (5.45)
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and we now wish to solvéd = A. Clearly N, (0) = 0 while, asn, tends to the order of
J~1, the right-hand side will exceexd. (Ignoring the aid from the*X«Na() | N does
not get any bigger thad—1 so A can certainly get almost all the way up tde)~1.)
Thus, for allx of interest there is a solution, (1), n, (1), n.(1). To see that it is unique
(at least for the values df that are of interest) we can simply take the derivative:

d 1
—logA(np) = — — Jp + Kap N, — KpeN.. (5.46)
dnp np

Now N, is increasing but so (unfortunately) .. However, in order fork, N, =
K2.(N-* — J.)~1 to be comparable with, * — Jj, it is obvious thai, * andJ, must
themselves be comparable which patsn well excess of Ag. Notwithstanding, even
whenn, ~ J~1, N.(np) is still small compared witty =1, and hence given the rest of
the range ofy;, the negative portion of the derivative is not substantial enough to pull
the function down below Ag. Item 1 has essentially been proved: Having established,
e.g. fora dominance oveb andc the existence of unambiguoug(i), n, (1) andn. (1),

an argument similar to th&,, = K,. = 0 case shows the existence of a unique
such thati, + n, + n, = 1. Similarly for the other orderings. Thus, in the region of
parameters described, we now have our three well debPned Ofree endrgigs®sg j
and®c y associated with these three (well separated) local minima. At least one of these
functions will represent the actuajyr and all of them are substantially lower than any
other value ofby outside the vicinity of the minima.

Items 2 and 3 are actually not so difpcult in light of what has already been estab-
lished. Indeed, it is observed that the derivatives of the various free energy functions with
respect to the couplings admit simple expressions due to the fact that they are already
functions evaluated at local minima. For example let us examing expressed in the
form of Eq. 6.10 with n. formally eliminated in terms af, andn,. Then

o 0P 0 0 ol
A gy (A) + | S| s | 2 (5.47)
0K 4p ong |p 0Kap onp Ja 0Kap

where the subscripts and arguments of A for various quantities emphasize that the asso-

ciated functions should be evaluated at the portions, @ndn;, (andn, = 1—n, —np)

which produce the Abstate. However here the relevant partial derivatives vanish because

we have a local minimum. Hend&ba j/9 K, is simply ngn;, B as evaluated in the

ADstate. These derivative arguments will greatly facilitate the proof of all that remains.
More pertinent than the above equation is that

odcy
0Kp,

with a formally identical expression for the same derivative®gfy and®a y but with

the right-hand side given by the product of #@s evaluated in the appropriate states. It
is noted that for allK,,;,, K. of relevancen;(A)n.(A) < np(B)ne(B), ny(C)n (C).

For K, = 0, itis clear that untiK,;, has become substantial the ADphase is domihant.
For K,, small, it is clear that onc& . gets large enough, thé& and ®g minima

will exchange. Thus, in the vicinity of the origin of thé-space quadrant, the vertical

= —np(CO)ne(C) (5.48)

1 In the absence of additional analysis/analytics, the current argument may represent an unmentioned B
and somewhat nonbtrivial requirement: For laigeve haves(J) ~ e~/ and since the perturbations must
always couple to a subdominant species in order forki@s to have impact without themselves becoming
unreasonably large it is actually required ttiate’ be somewhat small.
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axis is enveloped by the Abphase while most of the horizontal axis (and its immediate
neighborhood) is dominated by the Bbphase. This is item 2.

As foritem 3, let us start on the vertical axis at a point in the Abphase. Now, we simply
compare the derivative in Egs.48 with the counterpart derivative @ : Under the
restrictions in the statement of this theorem, the former is always larger in magnitude
than the latter. Thus, iD, has been arranged to be suitably small, it is inevitable that
&¢ will Ocatch upO and once it has done so, it will always Ostay aheadO. This debnes a
transitional point which, it is reiterated, may or may not happen within the region of the
Bbphase. The fact that these points form a curve follows from an elementary argument
using (compactness and) the implicit function theorem.

Proof of Theorem 4.3. Taking$2 to be the standard positive basis vector&as long

as thek Os are not comparable ko (which is anyway required later) the interaction
describes a positive definite inner product. Under the conditions of Lefkhtdet us
assume, for bxed Os, that th& Os are adjusted so that the meanBbeld theory is at the
point K*. The occupation vectors corresponding toahé andC phases are manifestly
seen to be linearly independent B regarded as vect$#hand are well separated in
(Conu)) since each of the vectors has a dominant component. All the conditions of
Theorem3.3are satisbed; the result followso

Proof of Theorem 4.4. Of course much of the statement of this theorem amounts to a
statement about the meanbbeld theory and this system is well characterized. A brief run
through will be provided for completenesswife 2, B the unit sphere imlbdimensions

b obvious symmetry considerations redueonsiderations to scalar problems. Thus,
e.g. the functiomn, (k) is given by Eq. 4.2) and once computations are performed, all
guantities can be promoted to vectors. Ustnigp favor of m, (see Propositio.12in

the Appendix subsection) the expression for the free energy may be written

dp = —%fm? —log G(h) +mh, (5.49)

where all terms involving: are now understood to meap (k). Then®’, = [h— Bm]m’

and noting thain’ is strictly positive, for all intents and purposes, its presence can be
ignored. We are, of course, running through a derivation of the meanbpeld equation and
so far everything is, more or less, general. The specificgfomproblem is thatu, (h)

is a strictly convex function[3,28]. Now it turns out that lim_.g M = 1 with

Bc = n. Strict concavity gives us that for positive S.m,(h) < h so thatifg < B,

the free energy is raised by makiagoositive, i.e.m(8) = 0. Conversely, if8 > B,
raisingh away from zero will lower the free energy which continues until the meanbpeld
equation is satisbed. The solution is demonstrably unique by the concavity property and
obviously a minimum. The comparison with the actual spinbsystems is a direct con-
sequence of Lemm&.1 and Corollary5.3, the claims concerning the energy follow
from Propositiorb.7; due to the continuous nature of the transition, the Regular Energy
Hypothesis is obvious with = 1 and, bPnally, the statement concerning the free energy
is exactly Corollary5.3to Lemma5.1. O

Proof of Theorem 4.5. Practically all of what is needed is contained in the second (sub-
stantial) half of Theorer8.2 The appropriateZ,, sets are neighborhoods of the origin
and the orbit of\)Fdiag 1, —nTll] under the action of the fulD (n) group. These sets

are obviously separated in magnetization and energy. Of course the origin is a singleton
P convex B so the OOmagneticO portions of Thadactually apply which is the
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entirety of the claim concerning the high temperature phase. Of course, the low temper-
ature portion ofv 1 is not a convex set. Thus while (at least in the matrix version) the
block magnet|zat|ons on block scalgappear like the meanbbeld minimizers, there is

no reason to expect this sort of coherence on larger scales. A global cooperative effect
requires additional ingredients which are present in 3 but most depnitively absent
ind=2. O

Proof of Theorem 4.6. The meanbbeld bound for these systems is actually standard fare:
For the Ising system, it follows from an adaptation of a general result to this effect by
Sokal B3]. For nBcomponent spins, with any nonbnegative it was shown in 2]

that the following inequality holds for > 2:

(sP) A ZJ,, (sP)an +h, (5.50)

where the superscripigre denote the brst component afid) o , denotes the thermal
average in system (with certain boundary conditions) at external P&lgointing in

the direction of the Prst component. In point of fact, this also holda ferl b at least

for h = 0 B where it is the Simon inequalit3]] in slightly disguised form. Since it is

well known forn = 1 and known §] for n = 2 how to provide the appropriate bound-

ary conditions for producing the spontaneous magnetization, we might as well take the
inequality as it stands with = 1 or 2,h = 0 andA — oo replacing thermal averages

of spin components by spontaneous magnetizations. In the present context, this reads

my < EQC"me, (5.51)
n

wherem,, (with m, > 0) denotes the spontaneous magnetization inithéayer. The
result now follows pretty easily if we multiply by, and sum ovew (cf. [10] for a more
detailed derivation along these lines). All the rest of the claims now follow from previous
theorems. For small, the block magnetizations are (uniformly on compact intervals of
temperature) close to a solution of the meanbbeld equation by Propésttiand its
corollary. Free energetics and energetics follow from CorolaBand Propositios.7
(where we may use = 1 because the transition is continuous) and observe that the
Regular Energy Hypothesis satisPed. O

5.5. Appendix: Continuity properties of ®g(m). Here are some properties of the free
energy function that have been alluded to, or explicitly used in the text. The starting
point will be to trim away the inessential portionsief and evere2, which will later

save us the trouble of numerous provisos.Dgtdenote the set

Dq = {h € Eq|(s - h) = constant w.p.L (5.52)

ObviouslyDg, is a subspace dig and it is seen, after a moments thought, that the
nonbtrivial vectors ifdg, are precisely the ones that are of no interest to the problem at
hand. The price of keepiny, is that relative topologies must be employed and many
statements must be made modulo vector®gn Thus, without loss of generality, we
restrict attention to the essential subspace and, without much apology, continue with the
notations2, Eq, etc. But, for future reference it is now noted that

(s-h) =0constantw.p.:5 h = 0. (5.53)
The principal result of this section is the continuity®f:
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Theorem 5.11. Let 2, Eq and ag be as described with the stipulation in Eq. (5.53) and
let €q denote the set where the entropy is not —oo. Then the free energy function,

Ddp(m) = —%ﬁmz —(b-m)— S(m), (5.54)

is continuous on Int(6€q).

As a starting point, fom € Eq, let us debne the entropy functional
lmh)

— p(mh)=G(h)

v, =

The object is to maximiz&,,. Obviously%y, is the set wherd,, is bounded; it is not
hard to see that, ¢ Conv2). Forh € Eg, let us use the notatiof+-); for expectation

in the tilted measure and debngh) (= (s);) to be the average magnetization in this
measure. InZ] it was proved (Lemma 3.1) thatit € Int(%g), then3h € Eg such that
m(h) = m. Here let us prove that thisis unique.

Proposition 5.12. Let 2, Eq, ag and 6o be as described, with the stipulation in
Eq. (5.53. Let m € Eq satisfy m(h) = m for some h € Eq. Then, in fact, m € € and
the h is unique.

Proof. The fact thath € ¥ was proved in2] Lemma 3.1 B but also follows from the
argument below which, in fact, is almost exactly the proof of Theorem 2 9.ifr{ any
case, we have, from the abovebmentioned lemnig that2 maximizes¥y,,. Suppose
that/ also satisPes = m(h). Then

(m-h) ,(m-[h—h1) ,G(h) G(h) .
e e e ~ e Th—
Wy (h) = = U, (h) e th=hD

oG () G (h) o e o(sTh=hD) gy
. emlh=h) _ . s B
= W, (h) ———— < W, (W) ®ih=mD =) — gy _(p), (5.56)
<es-[h—h]>il

where the inequality is JensenOs. Evidentljso maximizes the functional. Moreover,
since the Jensen inequality has saturated,z — &]) is a.s. a constant according to the
tilted measure and hence accordingo Evidentlys = h agPa.s. O

The above proposition allows the definition of an inverse funchion) debned, at
least, on Rafm). The next result shows thhtis continuous:

Proposition 5.13. Let 2, Eq, ag and 6o be as described, with the stipulation in
Eq. (5.53. Then Ran(m) = Int(6q) wherein the inverse map h is continuous.

Proof. This follows from standard convexity arguments. For example, § Ran(im)

and it is assumed, with no loss of generality (although, perhaps, some elegance) that by
linear transformation the problem has been reducetbtimensional Euclidean with
standard inner product then the derivative is, explicitly,

admy

ohyp

= (Sasp)n — (Sa)n{Sp)n, (5.57)
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whereh = h(m). However, the object in Eq5(57) is exactly the covariance matrix of
the Oarray®in the tilted measure. In general this is positive semibdefinite but due to
the stipulation in Eq.%.53), it is positive definite. Hence the inverse function is itself
differentiable and, moreover, any point in a sufpciently small neighborhoed a#n

be reached bli. Now by [2] Lemma 3.1 we have that It¥g) € Ranm) C % but the
latter argument tells us that ;) D Ranm). O

As an obvious corollary:

Proof of Theorem 5.11. Clearly, it is only necessary to establish continuity Sgfn).
However, we may now express

S(m) = G(h(m)) — (m - h(m)), (5.58)

and the continuity of both portions follows from the continuityhgfz). 0O
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