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Abstract

We study a discrete optimization problem introduced by Babai, Frankl, Kutin, and Stefankovi¢
(2001), which provides bounds on degrees of polynomials with p-adically controlled behavior.
Such polynomials are of particular interest because they furnish bounds on the size of set systems
satisfying Frankl-Wilson-type conditions modulo prime powers, with lower degree polynomials
providing better bounds. We elucidate the asymptotic structure of solutions to the optimization
problem, and we also provide an improved method for finding solutions in certain circumstances.

1 Introduction
This note examines the function D(s, k) defined by Babai, Frankl, Kutin, and Stefankovic [1] as

D(s, k) = ;I,lg,}é mfin degf,

where p runs over the primes, B can be any union of s cosets of the additive subgroup p*Z of
Z, a runs through Z ~ B, and f runs through the polynomials in Q[z] that p-adically separate
a from B, i.e., polynomials with the property that v, (f(a)) < v, (f(b)) for all b € B, where
vp (b) is the p-adic valuation of b. D(s,k) is employed in [1] to obtain bounds on the size of set
systems which satisfy Frankl-Wilson-type conditions modulo prime powers, i.e., families of subsets
of {1,2,...,n} wherein the cardinalities of pairwise intersections in the family are all congruent
to s residues modulo p¥ and the cardinalities of the subsets themselves are incongruent to these s
residues modulo p*. The authors of [1], following the method of [2], show that that a polynomial in
n of degree D(s, k) is an upper bound on the number of subsets in any such family. Furthermore,
[1] develops tight log-asymptotic bounds on D(s, k) in terms of s and k.

In this note, we analyze the structure of D(s, k) and shed some light on an open problem posed
in [1] by finding a method for computing D(s, k) which is especially efficient when s is very large
compared to k. In Sections 2 and 3, we establish notations and formulate D(s, k) as the maximum
value of a discrete multi-variable function. Section 4 culminates in Proposition 4, which greatly
narrows the domain over which we need to search for this maximum. Then in Section 5, we prove the
main result of this note, Theorem 9, which shows that D(s, k) is asymptotically a quasi-polynomial
in s whose leading term is invariably k‘i—z, Section 6 closes with a brief commentary on how the
results of this paper can be used to simplify the calculation of D(s, k).
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2 Notation

Throughout this work, N will denote the nonnegative integers and k a positive integer. Boldface
letters a will denote k-tuples (aq,...,ar) unless noted otherwise. For m < n, we identify the
m-tuple (ai,...,any) with the n-tuple (ay,...,an,0,0,...,0).

An m-tuple a = (ay,...,an) in {0,1}"™ is identified with the set {z € {1,2,...,m} : a, = 1}.
Thus mina is the lowest 7 such that a; = 1 and maxa is the highest j such that a; = 1. Under this
identification, ) = (0, ...,0), which is also denoted by 0. Similarly, the k-tuple (1,...,1) is identified
with {1,2, ..., k}, which shall also be denoted by 1. In the same manner, {j} = (0,...,0,1,0,...,0),
the k-tuple whose jth entry is 1 and whose other entries are all zero.

The weight of an m-tuple a € Q™ is a; + -+ + ay,, and is denoted briefly by |a|. For tuples
a € {0,1}", our identification of tuples with sets makes |a| the cardinality of the set a. If i is a

k-tuple of integers, then s' is shorthand for 311 352 -sk.

3 Definitions

In [1], it is shown that D(s, k) is equal to the solution of a discrete optimization problem. We shall
work with this alternative definition of D(s, k), which we shall develop in this section.
For s € Q% and 1 < j < k, we recursively define

e[S

For r,s € Q* and 1 < j < k, we recursively define

4 ( _7«]+Zz r,s) <1—j‘> (2)

:Ké&( (1—)J+1—Ze (1—3), 3)

Furthermore, we define

which is in {%, ,%} if s € ZF, and note that
lj(s) =1;(a(s),s) (4)
for all j. We also define
k
L(s)=> ti(s)s;,
i=1
and
k
L(r,s) = Z& (r,s)s;, (5)
i=1
so we have
L(s)=L(q(s),s) (6)

For s € N, we define

D(s,k) = max L(s),
sENF |s|=s

and we note that this definition coincides with Definition 2.3 of [1].



4 Uniformity Results

In Proposition 4 of this section, we prove that maximizers of L (s) are asymptotically uniform, in
particular, that a maximizer s = (s1,...,sy) has |s, — s,| < 2k! for all ,y. This result is based on
a careful analysis of the structure of L (s) in the following three lemmas.

Lemma 1. Suppose that r € QF. For each i € {0,1}k, suppose that j1 < jo < --- < jy are the
elements of the set with which i is identified, and define

1= (-8) (-2 (%),

where the product is interpreted as 1 if i is a singleton set or the empty set. Then

§ : i
CiS Tmini-

ic{0,1}*
i£0

Proof. In view of (5) and since

k
{iefot cigof=||{icfoy i=1},
t=1
with our identification of tuples of different lengths specified above, it suffices to prove that

Stgt I‘ S E Cls Tmin i,
ic{0,1}*
ir=1

which will follow from '
b (r,s) =1+ Z Ci+{t}sl7amini (8)
ie{0,1}¢1
140
if we multiply by s; and re-index. We prove (8) by induction on t.
The t = 1 case is transparent, since the sum becomes empty. We expand out the definition (1)
of 4; (r,s) using the induction hypothesis:

i J
by (r,8) =1 + Zs] r;+ Z Cit{4}S Tmini (1 — t>

ie{0,1}971
i£0

=7+ Z < ) 8515 + Z Z Cit+{j} (1 - i) Si—i_{j}rmini-

J=lic{o,1}71
i£0

For each value of j in the outer sum of the double sum, the tuple i+ {j} occurring within the inner
sum runs over all j-tuples of weight greater than one with kth coordinate equal to 1. When we



identify all these with (¢ — 1)-tuples in the usual way, we get all the (¢ — 1)-tuples of weight greater
than 1, so

j=1 ie{0,1}'7!
li|>1
max i max i
=r+ Z G ( - ) Slrmini + Z G <1 - > Slrmlnl
ic{0,1}* ie{0,1}t7?
lij=1 li[>1
max i
=1+ Z Ci <1 - ) Slrmml
ie{0,1}!7!
i£0
Now note that ¢; (1 — %) in the last sum is the same as c¢; 43, so that (8) is proved. O

Lemma 2. Let k > 2, and let the coefficients ¢; be as defined in Lemma 1. Suppose that i € {0, 1}k
with i # 0, and that j € {1,2,...,k} with i; = 0. Then cii(;y > 2(1?—1) and furthermore, if

J > maxi or j <mini, then ¢y > %

Proof. If 7 < mini, then

J G
Ay = <1 B mini> G 2 E’

and similarly, if 7 > maxi, then

max i Gi
Cit{j} = 1-— i ci > %

Ifig =14 =1for s <t with i541 =t540=---=1%-1 =0and s < j <t then
(-0, (-0
J t J J
Git+{j} = 1_s ¢ = 7 s Gj. 9)
t j 7
Now

o =1) )y W (e

y—T y—x y—T
S

is decreasing in z and increasing in y, so the fraction in (9) is minimized when Sis maximized

and when & is minimized. For any given value of j, this occurs when s = j — 1 and t = j + 1.
Substituting these two values into the above equation and noting that j < t < k yields the desired
inequality
Ci
G0 2 30— 1); =
Lemma 3. Ifs € Z%, and 1 < j < k, then q¢; (s +k!{j}) = ¢ (s) and £; (s +k!{j}) = 4 (s)
(mod &) for alli € {1,2,...,k}.

Proof. Let t = s + k!{j}; we will prove by induction on i that ¢; (t) = ¢; (s) and ¢; (t) = ¢; (s)
(mod %) for all i € {1,2,...,k}. The conclusions clearly follow for all i < j since ¢; (s) and ¥; (s)
do not depend on the jth coordinate of s when ¢ < j.

Q.



Assume that ¢ > j and that g, (t) = g3, (s) and £ (t) = ¢ (s) (mod ) for all h < . Exam-
ining (3), we can see that ¢; (s) is determined solely by the residues of 15161 (s),2s905 (8),...,(i —
1)si—14;—1 (s) modulo i, and similarly for ¢; (t). However, by our induction hypothesis and the fact
that t = s+ k!{j}, we have 1s14; (s) = 1t14; (t),..., (i —1)si—14;—1 (s) = (i — 1)t;—14;—1 (t) modulo
i, so we have g; (s) = ¢; (t).

Since

i—1
Ci(s) = qi(s) + > _ Ln(s)sn <1 — f;) :
h=1
and

i—1
GO =0+ bon(1-7).
h=1

by (4) and (2), the fact that ¢ (t) = ¢5 (s) (mod %) for all h < i, along with ¢; (t) = ¢; (s) and
t = s+ k!{j}, also shows us that ¢; (t) = ¢; (s) (mod ). O

Proposition 4. Suppose that s € N*¥ and 1 < x,y < k such that s, — s, > 2k!. Then

L(s+ EYz} —kYy}) > L(s).

Proof. We assume k > 2 henceforth, since the hypotheses cannot be fulfilled otherwise. Let t =
s + k{z} — k{y}. We shall to show that L (t) > L (s), or equivalently by (6), that L (q(t),t) >
L(q(s),s). By Lemma 3, q (t) = q(s). Denote this k-tuple by r, which satisfies % <r; <1 for all
j. Thus it is sufficient to show that L (r,t) > L (r,s). By Lemma 1, this amounts to showing that

Z it rmini > Z CiSI’I“mmi,
ie{0,1}" ie{0,1}"
i£0 i£0
where the coefficients ¢; are the positive rationals as defined in that lemma. If i has i, =i, = 0,
then t! = s', and if i has i, = 1 and iy = 0, then t! > si, with equality only if sj = 0 for some j # x
such that i; = 1. In particular tlet = ty > Sy = st#}, Thus

E : i § : i
Cit Tmini > CiS T'mini,

ie{0,1}* ie{0,1}*
i#0,iy =0 i7#0,iy =0

and so it suffices for us to show that

i i
E Cit Tmini = E CiS Tmini,

ic{0,1}* i{0,1}*
iy=1 iy=1

or equivalently, that

Z Ci(t _S)rmlnl > Z S _t 7"minia

ie{o, 1}* ie{0,1}*
Tp=ty=1 1x=0,iy=1

which we shall show by showing that for any i € {0, 1}k with i, =i, = 0, we have

gitizyl _ git{zuh Hyh _ i+l

Cit{ay} Tmin(id{z,y}) = Cit{y} (S Tmin(i+{y})-



The last inequality is equivalent to

Citfoy)S (52 + KD (sy — k) = 528y] Trmin(i {rgh) = i3S 15y — (Sy — D] Tin(it o)

which in turn is equivalent to

[K1(sy = 52) = (K)] i (o) Tmin(i-4rd) = K138 Tanin(it )

Since s, — s; > 2k! by hypothesis, it will suffice to show that

KlCit (o g} Pmin(i{z,y}) 2 Cit{y} Tmin(i+{y})- (10)
If z < min (i + {y}), then by Lemma 2, we know that ¢;i(y,} > ci+]§y}’ so it will suffice to show

that

(k - 1)!rmin(i+{m,y}) > Tmin(i+{y})"

Since Tmin(i+{r,y)) = % and Tyin(it{y)) < 1, it suffices to show that (k — 1)! > z, which follows
because x < min (i+ {y}) < k. On the other hand, if x > min (i+ {y}), then by Lemma 2, we
Cit{y

know that ciy (s, > 22?—1})’ so to show (10), it suffices to show that

klrminGit (zg) 2 206 = DlminGi{y));

and since min(i + {z,y}) = min(i + {y}), it suffices to show that k! > 2(k — 1), which is clearly
true. O

Corollary 5. If s € N, s € N¥ with |s| = s, and L (s) = D(s, k), then ’sx - %’ < 2k! for all x.

Proof. If for some z, }sm — %| > 2k!, then there is some s, such that [s, — s,| > 2k!, and we could
use Proposition 4 to find some s’ with L(s") > L(s), so we cannot have L(s) = D(s, k). O

Remark 6. By a more delicate analysis, we can prove the stronger result that if [s| = s, s > 8k®k!,
and L (s) = D(s, k), then |s, — sy| < 4k for all z,y. Since this fact is not needed here, the proof
has been omitted for brevity.

5 Asymptotic Form of D(s, k)

In Theorem 9, we prove that D(s, k) asymptotically becomes equal to a quasi-polynomial. Some
preliminary calculations needed to prove this are gathered in Lemma 7. Proposition 8 contains the
main idea of the section: if s is a k-tuple with |s| = s such that D(s, k) = L (s) and s is sufficiently
large, then s + k!1 will be a k-tuple with |s + k!1| = s + kk! such that D(s + kk!, k) = L (s + k!1).
This leads directly to the main result in Theorem 9.

Lemma 7. Leta € ZF and B € Q with |a;| < B for alli. Then g(u) = L (a+ uk!1) is a polynomial
of degree k in Q[u] with k!lg(u) € Z[u]. If we write g(u) = go + g1u + - - -+ gpu®, then g = (k¥ 1,
and |go| + |g1| + -+ + |gr| < =1+ (k! + B+ 1)~
Proof. By Lemma 3, we note that q (a + uk!1) = q (a) for all u € N. Therefore, by (6) and Lemma
1, we have
g(u) = L (a+uk!l)
=L(a+uk!l,q(a))
= Z ci(a+ uk!1) guini (a),

ic{0,1}*
i£0



where ¢; is as defined in Lemma 1. Thus g(u) is a polynomial of degree k in Q[u] with leading
coefficient ¢q(klu)¥qi(a). We can calculate that ¢; = 7 from the definition of ¢; in Lemma 1, and
can see from (3) that ¢i(a) = 1 for any a € N*. So the leading term of g(u) is (k!)*~'u*. Recall
that ¢; (a) is always an integer divided by j. From the definition of ¢; in Lemma 1, it is then clear
that k!cigmini (2) is an integer. So klga(u) € Z[u].

Now we find an upper bound on the sum of the absolute values of the coefficients of g(u). Since

g(u) = Z ci(a + uk!1) guini (a),
ie{0,1}*
i

for each t € {0,1,...,k}, the coefficient of u! in g(u) is

> cigmni(a) Y al(kl)

ie{0,1}* je{o,1}*
i£0) _ici
ljI=li]—t

Since ¢; < 1 for all i (see the definition in Lemma 1), ¢; (a) <1 for all i (see (3)), and |a;| < B for
all 7, the magnitude of the coefficient of u! in g(u) is at most

S OY Bilgyi= ¥ <|i|>Bit(k!)t

ie{0,1}*je{0,1}* ie{0,1}*
i) jCi i£0

=TIt
_ hzkjl (:) (’Z) B ()

Thus the sum of the absolute values of the coefficients in ga(u) is at most

EE Q) -E QL (oo

t=0 h=1 h=1 t=0
k
k
= k! + B)"
() )
h=1

=1+ (kK'+B+1)k O

Proposition 8. There exist ay, ..., a1 € N¥ with |a,| = o for all o such that if s > §(4k!)k+2,

then D(s, k) = L (as + 521), where § is the reduction modulo kk! of s.

Proof. For each o € {0,1,...,kk! — 1}, let A(o) denote the collection of a € ZF with |a] = o and
la; — a;| < 2k! for all distinct 4 and j. Note that A(o) is finite and that if a € A(o) then —2k! <
a; < 3k! for all . For any o € {0,1,...,kk! — 1} and v > 2, let B(o,u) = {a+uk!l:a € A(o)},
which is precisely the subset of N* consisting of those s with |s| = o + ukk! and |s; — s;| < 2k! for
all distinct 4, j. We have insisted upon u > 2 in the definition to insure that no k-tuple in B(o,u)
has negative components. Proposition 4 implies that

D(o + ukk!, k) = erg?x )L(s)
s ou

= max L(a+ uk!l)
acA(o)



for o € {0,1,...,kk! — 1} and u > 2. For each a € N*, we define
ga(u) = L (a+ uk!l), (11)
which is a polynomial in Q[u] whose properties are detailed in Lemma 7, and for which

D(o + ukk!, k) = Ienj(x)ga(u)
a g

for o € {0,1,...,kk! — 1} and u > 2.

Since A(o) is a finite collection of k-tuples, the corresponding collection {ga: a € A(o)} of
polynomials is also finite, so there exists some a, € A(c) and M, € N such that for all a € A(0),
we have ga, (1) > ga(u) for all u > My, i.e., ga, dominates all other polynomials in {g, : a € A(0)}.
Thus, for u > My, D(o + ukk!, k) = ga,(u). Note that it is possible that two a € A(o) produce
the same polynomial, so a, may not be uniquely determined. Since there are only finitely many
values of o, there is a uniform bound M such that if o € {0,1,...,kk! — 1} and u > M, then
D(o + ukk!, k) = ga, (u). So if s > kk!M, and if we use s to denote the reduction modulo kk! of s,

then ~ ~
S§— S s§— S
D(S, k) = fa; <k;k;'> =1L <as + L 1) .

We will now find an explicit value of M (in terms of k) for which the above statement is
true. Suppose that o € {0,1,...,kk! — 1}, and recall that a, € A(co) is chosen so that ga,(u)
asymptotically dominates all other polynomials in {g, : a € A(c)}. Let a be any other element of
A(o) such that ga(u) # ga, (u). Let h(u) = ga, (u) — ga(u), let d be the degree of h(u), and write
h(u) = hqu® 4 - 4 hyu + hg. Clearly hq > 0 because ga, (u) eventually dominates ga(u). For all
w > (|hg_1| + -+ + |h1] + |ho|)/ha, we shall have h(u) > 0, i.e., ga,(u) > ga(u). By Lemma 7,
the sum of the magnitudes of the coefficients of ga(u) is less than (4k!)* since |a;| < 3k! for all i.
The same may be said of the coefficients of ga_ (1), so the sum of the magnitudes of the coefficients
of h(u) is less than 2(4k!)*. Lemma 7 also tells us that k!ga(u) and k!ga, (u) are in Z[u], so the
leading coefficient of h(u) is at least . Thus (|hg—1|+ -+ |h1|+|hol)/ha < 2k!(4k1)*. So if we set
M = $(4k!)**1 we will have ga, () —ga(u) = h(u) > 0 for u > M. Thus for s > kk!M = %(41{:!)’”2,
we have D(s, k) = L (as + *°1). O

Theorem 9. There exist polynomials fo(s), ..., feki—1(s) in Q[s] such that D(s,k) = fs(s) for all
s> %(4/€!)k+2, where § denotes the reduction modulo kk! of s. Fach f,(s) has leading term ﬁsk,
and if k > 2, the polynomials fo, ..., fixi—1 are not all identical.

Proof. Let aj,...,agp—1 be as given by Proposition 8. For each o € {0,1,...,kk! — 1}, we define
f-(s) = L (a, + £21), so that D(s, k) = fs(s) for all s > &(4k!)**2. By Lemma 7, L (a, + uk!1)

is a polynomial in Q[u] with leading term (k!)*~'u*, so f,(s) is a polynomial in Q[s] with leading
term ﬁsk.
Now suppose k > 2 and that fo(s), f1(s),..., frk—1(s) are identical in order to show a contra-

diction. In this case D(s,k) = fo(s) for s > E(4k!)*2. Write fo(s) = Zf:o ck(;) where (3) is
the binomial coefficient polynomial W (with (3) = 1). Let A be the finite difference
operator, which takes a polynomial f(s) to f(s+1)— f(s). It is not hard to show that A(]s) = (jfl)
if 7 > 0, and that A(J) = 0. Thus ¢; = (A¥fo)(s). Now fo(s) = D(s, k), so that fo(s) is integer-
valued for integral s > %(4k!)k+2, and so (AF fy)(s) must also be integer-valued for these s, i.e., cx
must be an integer. So the leading coefficient of fy(s) is % with ¢, an integer, which contradicts

the fact already established that the leading coefficient is ﬁ O



Remark 10. By carefully tracking the terms of degree s*~! in the expansion of L(ay, + 5721), it is
possible to show that the next-to-leading term of each polynomial f,(s) in the above theorem is

ﬁskil when k£ > 2. We omit the proof for brevity. Terms of degree k — 2 may differ among

Fo(8)s -+ furi—1(s), e.g., when k = 2, we have fo(s) = 5 + s, fi(s) = fa(s) = % +5— &, and
2
fa(s) =5 +s— 1.

6 Computation of D(s, k)

By Corollary 5, if s € N with s = [s| and L(s) = D(s, k), then |s; — 7| < 2k! for all 4. Thus we can
find those s satisfying L(s) = D(s, k) by comparing the values of L(s) for all s € N¥ satisfying this
uniformity condition. Our set of candidates contains at most (4k!)* elements, so this method will
take at most (4k!)¥ computations of L(s). For s large compared to k, this is significantly better

than the exhaustive search method described in [1], which takes roughly (S};k) computations of

L(s).
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