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Abstract

We present a numerical method for the solution of the Stofeatéons that handles both interfacial discontinuities
and geometrically irregular flow domains. The methodii€nt, easy to implement, second order accurate and yields
discretely divergence free velocities. We discretize tipgagions using an embedded approach on a uniform MAC-
grid employing virtual nodes at interfaces and boundarieterfaces and boundaries are represented with a hybrid
Lagrangiafievel set method. We rewrite the Stokes equations as thresdPoequations and use the techniques
developed in Bedrossian et al. (2010} fo impose jump and boundary conditions. We also use a finesBo
equation to enforce a discrete divergence-free conditiésth.four linear systems involved are symmetric positive
definite with three of the four having the standard 5-poinplaae stencil everywhere. Numerical results indicate
second order accuracy it for both velocities and pressure.

Key words: Stokes flow, creeping flow, Virtual Node Algorithms, interéaproblems, flow in irregular domains,
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1. Introduction

We consider the Stokes equations for two-phase, highipusincompressible flow in irregular domains:

V.o=pAu-Vp=—f, xeQ\T (1)
V-u=0, xeQ\T (2)
ux) = a(x), x e oQ 3)
[ul(x) =0, xeTl (4)
[c-n](x) =f, xeT (5)

Herepis the pressurey = (u, V) is the fluid velocityo = u (g—g + S—QT)—pI is the fluid stresd; is the interface between

the two phased, is the body force density arfdlis the force per unit length supported on the interface betwibe
two phases (e.g. surface tension). The interfaisegenerally a codimension one closed curve that divideddheain
into an interior regior2~ and an exterior regioR* such tha = Q- U Q* UT (see figurel(a). We letn denote the
outward unit normal t@~ at a pointx € I and definey](x) := v (X) — v (X) = limg: V(X + €n) — lim o+ V(X — €Nn)
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as the “jump” of the quantity across the interfacE. Unless otherwise stated, we assume the curvasdoQ are
smooth.

@) (b) (©)

Figure 1: (a) Interfac& separating the two fluid domaigs" (exterior) and™ (interior): Q = QT U Q™ UT. (b) The
unit vectorsn andr. (c) Irregular domairf2. The vectorsn(1) andt(1) are the outward normal and the positively
oriented tangent vectors 6£) at the pointx(2).

With these concerns in mind, we introduce a second orderalirtode method for approximating the two-phase
Stokes equations with irregular embedded interfaces anddaries on a uniform Cartesian MAC-grid. We use
regular grids because it simplifies the implementationmitsrstraightforward numerical linear algebra and actseve
higher order accuracy ih™. Our approach uses duplicated Cartesian grid cells aloagntierface to introduce
additional “virtual” nodes that accurately account for kek of regularity. We formulate the Stokes problem as three
Poisson equations with jump conditions to allow us to legeraur previous work in1]. This can only be done for
the case of continuous viscosity in the two phases. The stagpof variables on the MAC-grid requires separate
Poisson discretizations for each variable. We also solvead Hoisson equation over the pressure grid to enforce a
discrete divergence free condition yielding a total of fBoisson solves per Stokes solve. The interface is repezsent
by Lagrangian particles for straightforward interface extion, however the techniques ity fequire a level set
representation of interfaces and boundaries. We providetaad for transforming the Lagrangian interface into a
level set defined over a “doubly-fine” grid that contains eatkhe staggered grids. This ensures that the discrete
interface conditions are enforced consistently for thggtaed variables. In all but the final Poisson equation, our
approach yields the standard 5-poirftelience stencil away from embedded boundaries (notablyawesthe standard
5-point stencilacross the interface between the phases). Numerical experimedlitsaite second order accuracyLiti
for both velocities and pressure.

2. Existing Methods

Our method is second order ltf° for both embedded boundary conditions on irregular flow domand for
embedded interfacial discontinuities in two-phase flowsisTis achieved with relatively simplistic linear algebra
demands. Specifically, all linear systems are symmetridtipedefinite and have discrete stencils equal to that
of the standard 5-point Laplacian discretization almostrgwhere. Furthermore, our approach yields discretely
divergence free velocities. Although many researchers lkdaveloped embedded methods for the Stokes equations
with interfacial discontinuities and irregular domainsir @pproach is the first to support this feature set. In our
discussion of existing approaches, we will focus only on edated (or immersed) methods that avoid unstructured
meshing when addressing boundary and interface condiibingegular geometric boundaries.

Embedded techniques use a computational domain that senplympasses rather than geometrically adheres to
the irregular domain. A good review of embedded methodsviergby Lew et al in 2]. They point out that these
technigues originated with the papers of Harlow and We3thiid Charles Peskid]. Peskin developed the immersed
boundary method (IBM) to simulate blood flow in the he#&it§, 7, 8], but it has also been applied to many other
problems. A summary of the development of the immersed baynaethod and its applications can be founddp [
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Despite its vast popularity and considerable ease of imgieation, the IBM sfiers from its use of regularized delta
functions to represent singular forces acting on integadéhis renders the method first order accurate and implies
that the physical characteristics of the flow near the iat@al boundaries are not accurately captured. Singulaeor
acting on the interface impose discontinuities in the presghe velocities and their derivatives which the IBM may
fail to accurately resolvelld]. However, for stficiently smooth problems in which the interfaces are thickead

of infinitesimally thin the IBM can achieve second order aecy [11, 12]. Adaptive versions of the IBM were
developed in13] to enhance convergence over coarse grids but the resulkesstittonly first order accurate. Another
deficiency of the IBM is poor conservation of volume near thiteiiface. The seriousness of this problem, especially
for the simulation of blood flow in the heart, motivated theelepment of a better volume conserving version of the
IBM in [ 14).

Many methods were designed to improve the order of accuradyeooriginal IBM. The Immersed Interface
Method (1IM) is perhaps the most popular example of this. Tiewas first developed for elliptic equations with
interfacial discontinuities][5] and later applied to Stokes flowif]. The IIM achieves second (and higher) order
accuracy by capturing interfacial discontinuities in tmegsure, the velocities and their derivatives in a sharperan
The 1IM has been used in many fluid flow problems includingrifatee and rigid boundary problem&(, 17, 18,

19, 20, 21], Hele-Shaw flow 22] and also problems in which the viscosity is discontinuooss the interfaces
[23]. Arbitrarily high orders of accuracy have been achieved p5. The method is considerably morefitttult

to implement than the IBM and most applications are in twacepdimensions as a result. However, researchers
have applied the IIM to three dimensional flov&§]. For more about the 1IM, we refer the reader to a review of its
applications in 27].

A limitation of the 1IM is the lack of symmetry in discretidans arising from problems with discontinuous co-
efficients. This imposes an obstacle on the overall speed of thethods since fast linear solvers such as conjugate
gradients and Fast Fourier Transforms cannot be used. Howeghould be noted that the IIM can yield symmet-
ric matrices for continuous viscosity Stokes flow. One médttimt is capable of always guaranteeing a symmetric
discretization is the Ghost Fluid Method (GFM). Initiallp@lied to the Poisson equation with interfacial jumps and
variable coéicients P8], the GFM was also used to simulate multiphase incompriestidw [29]. Unfortunately, the
GFM is only capable of achieving first order results for ifdee problems.

Some of the first embedded methods were fictitious domain adstby Hyman 30] and Saul'ev B1]. The
fictitious domain approach has been used with incompressilaiterials in a number of work8%, 33, 34, 35, 36,

37, 38, 39, 40]. These approaches embed the irregular geometry in a mogdisiic domain for which fast solvers
exist (e.g. Fast Fourier Transforms). The calculationkithe fictitious material in the complement of the domain of
interest. A forcing term (often from a Lagrange multipli&s)used to maintain boundary conditions at the irregular
geometry. Although these techniques naturally allow fidicient solution procedures, they depend on a smooth
solution across the embedded domain geometry for optingairacy, which is not typically possible.

The extended finite element method (XFEM) and related agpemin the finite element literature also make
use of geometry embedded in regular elements. Althouglinatly developed for crack-based field discontinuities
in elasticity problems, these techniques are also usedemthedded problems in irregular domains. Daux et al.
first showed that these techniques can naturally captureddell Neumann boundary conditiodd,[42]. These
approaches are equivalent to the variational cut cell ntetfcAlmgren et al. in #3]. Enforcement of Dirichlet
constraints is more flicult with variational cut cell approache44, 2] and typically involves a Lagrange multiplier
or stabilization. Dolbow and Devan recently investigatee tonvergence of such approaches with incompressible
materials and point out that much analysis in this contaexiaias to be completedt§]. Despite the lack of thorough
analysis, such XFEM approaches appear to be very accurdtbae been used in many applications involving
incompressible materials in irregular domains,[47, 48, 49, 50].

There are also many finitefeerence (FDM) and finite volume methods (FVM) that utilize gniform grid cells.
Many of these methods have been developed in the contextafipressible flow. For example, Aimgren et al. use
cut uniform bilinear cells to solve the Poisson equatiorpf@ssures in incompressible flow calculatiofidg [ Marelle
et al. use collocated grids and define sub cell interface anddary geometry in cut cells via level sefd]. Ng et
al. also use level set descriptions of the irregular domaghachieve second order accuracy fhfor incompressible
flows [52]. The approach of Batty and Bridson is similar, but not asieaie p3]. Cut cell FDM and FVM have also
been developed for incompressible and nearly incompressiastic materials. Bijelonja et al. use cut cell FVM to
enforce incompressibility more accurately than is typgicaten with FEM 54]. Beirao da Veiga et al. use polygonal
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FVM cells to avoid remeshing with irregular domairis5]. Barton et al. 6] and Hill et al. [57] use cut cells with
Eulerian elastiplastic flows.

3. Reformulation of the Stokes Equations: Poisson

Our method is designed to leverage the advances in a receet pya Bedrossian et al]. We facilitate this by
formulating our discretization in terms of three Poissonapns. We will first cover the derivation of these Poisson
equations from the two-phase Stokes equations in irregialarains {). Solutionsu and p may have discontinuities
across the interface [16]. We therefore first consider each subdom@inandQ™ separately to avoid complications
associated with these discontinuities. Taking the divergeof both sides of equatiod)(and noting tha¥V - u = 0
from incompressibility, we get the following Poisson edoat

V-(uAu-Vp+f)=0 = Ap=V-f, xeQ\T (6)

Again, this divergence is rigorously defined for all poirts Q on either side of the interfac& € Q\T' = Q™ U Q%)
but not for pointsx on the interface. After solving this Poisson equation fer pinessurgy, we can solve another two
Poisson equations for the velocity componangndv using the solution fop:

Ap=V-f, xe Q\T (7)
pAuU=py - f;, x€e Q\T (8)
HAV = py— fo, xe Q\T. (9)

Here, f; and f; are the horizontal and vertical components of the body fderesity fieldf. These equations hold on
the interior of the domain and away from the interface. Wetrtherefore derive boundary and interface conditions
in terms of the body forcefsand the interfacial forcel to solve these equations in practice.

3.1. Interface Conditions

We assume that all fluids have the same viscqsitin this case, the discontinuities i v and p are decoupled
from each otherZ3] and the three Poisson equations above can truly be solpediagely. Letx(4,t) be an arbitrary
parametrization of the curdé@ We can express the jump conditionuinv andp in terms of the force per unit length
of the parametrization parameterWe will useF(4, t) to denote this parameterization dependent force deriityall
that the jump in a quantitw at a pointx of the interface is expressed as:

[W] (X) := W (X) =W (X) = lime_o-W(X + en) — lim_g:W(X — en) (20)

wheren is the outward unit normal a~ at the pointx. If we let r denote the positively oriented unit tangent to the
interfacel” at the pointx, then

n = (cosb, sind)
(11)
7 = (- sing, cosh),

whered is the positively oriented angle betweanand thex axis (see Figurel(b)). The normal and tangential
components of the force densi4, t) are then:

Fn(2,t) := F(4,1) - n(4,1)
(12)
F:(A,1) :== F(4, 1) - 7(a, 1).



We can use these conventions to express the jump conditroms/op [10, 20, 58]:
-1

X
[P B) = Fold.) | 57 (13)
[u(x(1.) = 0 (14)
MK ) = 0 (15)
[0p] 0 x|\ 1ox |
e = 7 (Fao| 5] )| (16)
M -1
u % (x(4,1) = F.(1,1) SinHHZ—i(l a7
M o] -1
/1 g—‘r: (XL, 1) = Fo(L 1) cosﬂ”g—j : (18)

Despite the explicit appearance of the parametrizationtfonx(4, t), the jumps defined above are independent of the
chosen parametrization in the sense thak(if t) also parametrizek, then all the jumps above are the same at each
pointX(4,t) = x(4,1).

3.2. Irregular Domain Boundary Conditions

We must also know appropriate boundary conditionsufov and p to solve Poisson equationg){ (8) and Q)
in practice. We will assume that Dirichlet velocity condits are know odQ. Thus for allx € dQ we will have
u(x) = U(x) andv(x) = V(x) for some functiondJ(x) andV(x) defined only ovebQ. Letx(1) be a parameterization
of 9Q, let n(1) be the unit outward normal vector &2 at the pointx(1) and letr(1) be the unit tangential vector to
0Q at that same point (see Figutéc)). The Neumann boundary conditions for the pressure are then

Vp-n=f~n—2—w for x € 0Q), (29)
T

wherew = vy — Uy is the fluid vorticity andw/0t = Vw - 7 is the tangential component of the gradientuddtx € Q.

4. Description of Numerical Method

The method couples a discrete Lagrangian representatitreahterface I(y) with a background Eulerian rep-
resentation of fluid velocities and pressures. The Lageangiterface moves with the local fluid velocity and the
temporal discretization is explicit. The fluid variableg stored on a staggered MAC grig to facilitate enforce-
ment of a discrete divergence-free condition. We use theudliNode Algorithm (VNA) 1] to solve the Poisson
interface problems?), (8) and @) over the respective sub-grids in the MAC grid. The integfe&crepresented with
Lagrangian particles and interfacial forces are naturddlfined at the particle locations. However, the VNA was
designed for a level set representation of the interfacengéy and jump conditions. We provide a procedure for
defining a level set representation of the interface gegnaatd boundary conditions from the Lagrangian particles.
The overall procedure for advancing one time step is:

1. Compute the level set and transfer jump conditions fragrLigrangian interfack,; details in Sectiod.1

2. Use VNA to solveAp = V - f with interface conditions1(3,16) and Neumann boundary conditiori®); details

in Section4.2

. Use VNA to solveuAu = —py + f; with interface conditionsi(4,17); details in Sectiond.2and4.3

. Use VNA to solveuAv = —p, + f, with interface conditions1(5,18); details in Sectiond.2and4.3

. Project the velocity field = (u, v) to enforce the divergence-free condition; details in bact.4

. Interpolate velocities from the MAC grid to the Lagrangiaterface and forward Euler update particle posi-
tions.

o0k~ W

In the last step, th& andy components of the velocity on a given interface ngdare interpolated from the andv
velocities respectively determined in steps 4 and 5. Thermlation is done using the conventions presented]in [
for defining quantities on the interface.
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4.1. Computation of the Level Set fromTy,

TN
N

Q+

h/2{

Figure 2: The level set is defined on a doubly-fine grid with &lls per direction (on the left). The valueswére
stored on the blue nodes (triangles pointing to the righ8 Malues ofr are stored on the red nodes (triangles pointing
upwards) and the values pfare stored on the green nodes (circles). The duplicationddésand cells required by the
method of [L] is done for theu, v andp grids separately. The doubly-fine level set grid ensurestiiese duplications
are done in a consistent manner.

A Lagrangian representation of the interface is convenfenttomputing interfacial forces and also for dis-
cretizing the motion of the interface. We represent therdiscinterface, with a sequence of points where
i €{0,1,2,...M-1}. The points are connected by segments and form a closed fwevalso support multiple
closed curves) dividing the domain into the discrete iotesind exterior domain€, and<; respectively (see Fig-
ures2 and3). In order to use the VNA, we need to define a level set over tA€Nrid that corresponds withp,.
Let N denote the number of MAC grid cells per dimension andlbe the length of a cell edge (we assurandy
edges have the same length, see Figlirélhe level set is defined on the nodes of a doubly-fine grith @ x 2N
cells per direction (see Figu®d. We use the doubly-fine grid because it naturally defineseretie level set on the
u, v and p subgrids. An alternative is to compute a level set witltells per dimension on each of the respective
subgrids, however such a choice would complicate the atEwa@mputation ofp, and py needed for thes andv
Poisson solves (see Sectiér8for a more detailed discussion of these issues). The levéd semputed as a signed
distance function on the nodes of cells interseclipgNodes that are not incident on a cell interseclip@re set to a
positive or negative constant depending on whether the isadsideQ;, or Q, respectively. The computation of the
narrow band level set is negligible compared to the timertakesolve the linear systems with the VNA.



/ Fh

f

@ (b) ©

/
ol 1

Figure 3: Figure (a) shows the original discrete Lagrangmerfacel'y, with nodesx; (blue circles). Figure (b)
shows the subdivideb,. The added nodes) are indicated with smaller light blue circles. Nodes ardeatuntil

all segments of’, are shorter than the cell width/2 of the doubly-fine grid. Figure (c) shows the Lagrangian
approximatiori, of the discrete interfacE, which is generated by the level set computed figmThe black circles
denote the positions at whidh crosses the edges of each cut cell. The dom@jnandQ;’ are defined from the level
set and .. The Lagrangian curve, is used in the VNA {] for quadrature purposes and interface conditions must be
transferred front', (where they are naturally defined)fo.

In order to simplify the process of determining which intex segments ifi, intersect which grid cell edges, we
first ensure that each segment on the interface is smallertiigacell widthh/2 of the doubly-fine grid. This can be
done by adding nodes to subdivide its segments (see Fig@)e This is only for the computation of nodal level set
values; the computation of the interfacial forces uses thggnal set of segments;,. We will denote this subdivided
discrete interface ds,. This subdivision simplifies the determination of which Bbyfine grid cells intersect which
segments if,. We also perturb the nodésof I'y, to prevent them from falling directly on the edges of any ¢(sdle
figure 4). Specifically, for a giverk;, we determine which cell in the doubly-fine grid contains\We then clamp
this node toward the cell center in a dimension by dimensishibn until it is at least as far as some tolerambe
away from the edges of the cell (typically we use= 1€%). Once the nodes are perturbed, we can unambiguously
determine which segmentsii intersect which edges in the doubly-fine grid. Cell edgesiowgven number of times
are considered to be uncut. All possible cases are illgstriat Figures. In order to avoid ambiguities, cases (4) and
(7) require special treatment. We treat case (4) as a sulbtasese (3) and also case (7) as a subcase of case (6).
For example, consider Figu@ In case (4) the noda is within a small tolerance of the segméd?®, P is in the
lower-left cell andQ is in the upper-right cell. Here, we automatically consige@gesAC andAB as intersecting edge
PQ. Otherwise if nod& is suficiently far from edgePQ we explicitly compute intersections between ed§g and
edgesAC, AB, AE andAD to determine if we are in case (5) or case (3).



Figure 4: The picture on the left shows a piece of the interfacwith three (circled) nodes lying too close to the
edges of the cells they fall into. The picture on the rightvehithe perturbation applied to these nodes. The shaded
regions depict the thresholds used for determining if a net@o close to a grid cell edge. Note that the size of these
regions is exaggerated for ease of visualization. In pradtiey are set to have a width proportionate®.

Once we have determined which subdivided interface segniehi, intersect which grid cell edges, we compute
the exact distance G, for all grid nodes incident on a cut cell. That is, for all griddes with at least one of its four
incident cells cut by a segment ifs, we compute the analytic distance from that node to eacheo§élgments that
intersect any of its incident cells and define the minimunhagiistance from the grid nodelfq. We set the distance
to be a large positive constant for all grid nodes not indidena cut cell. Finally, we determine the sign of the level
set values depending on whether or not the nodes they comedp are inside or outside, (see figure7). This is
done with a flood-fill approach. The lower left node of the damisdefined to be outside the domain, we then sweep
through the nodes in a dimension-by-dimension fashion. Sitne of the next node in the sweep is the same as the
previous node if the edge connecting them is crossed an envehar of times, otherwise it is given the opposite sign.

? P o | N o\
o—o o | o © o
“»ooe 0 @ ) © ™ ®)

Figure 5: The eight cases to be considered when determinimghveell edges are cut by a given segment of the
discrete interfacé’},. Cases (4) and (7) happen when a segment intersects fosirsgellitaneously by crossing a
corner node (shown as small red circles in the picture).

Figure 6: A case which requires special attention on the satitell collision detection.
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Figure 7: The level set values are exact at the green nodash(whlong to cells which are crossed by the interface
I'y; these cells are shaded in green on the picture). The letehhees are set to a large positive constant on the red
nodes (which belong t@;) and to a large negative constant on the blue nodes (whicmgebQ,)

4.2. Computation of Jump Conditions at the Level Set Zero Isocontour

The VNA requires a description of the jump conditions alomg émbedded interface. Itféiges to define these
conditions at the center of each segment on a cell-wise bggga approximation to the zero isocontour of the level
set. We call this additional Lagrangian cuivg T, is an approximation to the zero isocontour of the level se (s
Figure3). It is determined by connecting points on the doubly-find gell edges where the level set interpolates to
zero. The VNA use$}, for quadrature purposes and the accuracy required in theititefiof the jump conditions is
related to this. Unfortunately, the jump and boundary ctiows needed for equationg)( (8) and Q) are naturally
defined at the nodes of the original Lagrangian interfacéVe provide a procedure to transfer these conditions from
the Lagrangian nodes &f, to the centers of the segmentsian(see Figure).

g
/ P
X; R
.
.

Ck

h/2 Xit+1 i T,

(@ (b)

Figure 8: Setting the jump conditions. (a): In the VNA, thenju conditions (Equationsl8-18)) must be defined at
the centers of the segments on the cell-wise Lagrangiarogippation to the zero isocontour of the level set. These
cell-wise segment centers are shown in light-green larmggesi above. The black smaller circles represent points
were the level set interpolates to zero for cut cells (thasatp define the cell-wise Lagrangian approximation to
the zero-isocontour). Figure (b): Jump conditions arenadljucomputed at the nodes of the discrete interfacEy,

and then transferred to the poimgthrough the points,. Each pointpy lies at the center of thE, segment on the
doubly-fine cut celt,. The jump ay is computed by linearly interpolating the values at the sog@ndx;,;. Note
that the above separation between the level set generamthtref"h and the discrete interfadg, is exaggerated for
illustrative purposes.



Recall that we denote the points on the ends of the segmeitits icurvel', asx; withi = 0,1,...,M - 1. If
there arem doubly-fine grid cells cut by the zero isocontour of the Ieegllet? = {pg, p1, - - ., Pm-1} denote the set of
segment centers dry, (see Figured). Assume we have computed the jump conditions at the primts,. For each
k=0,1,...,m-1, letX be the point o'}, closest tq (see Figured). We linearly interpolate the jump condition at
Xy from the values at the ends of the segment to which it beloRigis. condition is then defined to be the jumppat

In the VNA [1], we impose the jump conditions over each cut cglbn theu grid in an integral average sense:

f ~ [u()] dS:f _a'(x)ds (20)
c‘”nl‘h c'lJth
f ~ [Vu(x) - n] dS:f ~ bY(x)ds (22)
cIL'th C|unrh

whereg'n [ is the portion off}, on thel-th cut cell ") of theu grid, a“(x) is the jump inu(x) andb"(x) is the jump
in the normal derivative ofi(x). Similar expressions fov{x)] and [p(x)] enforce the jumps om and p respectively
on the cut cells of their grids. Ldt, denote the length of the segmentigfon the doubly-fine cut cetl,. We can
approximate the integrals of the jump conditions using thieies at the segment centesgpl) andb(pk)) and the
segment lengthd_():

[, atads~ 3 aoL 22
G'Ny e
qu _ b(dS~ > b(pIL (23)

where the sum takes into account only the doubly-fine cgi¥ghich intersect the cety'.

4.3. Construction of Vp

The VNA uses duplicated grid cells along the interface tooehtice additional nodal degrees of freedom. These
degrees of freedom allow for the more accurate solution®fisson interface problems. The MAC grid structure
we employ therefore requires this duplication proceduresach of theu, v and p subgrids. See Figur&0 for
an illustration of this process. The duplication must beedona manner that coordinates duplication of the three
subgrids. Specifically, the, vandp degrees of freedom interact through the right hand sidest@rfoisson equations
for u andv (wherep, and p, respectively appear). Therefore the duplication procasst mdmit a procedure for the
computation of the respective component¥ pfon each of the duplicated grids foandv. This is complicated by the
use of virtualp degrees of freedom in tHép stencils on cut cells. Fortunately, we will show here thatdlefinition
of the level set over the doubly-fine grid admits a consistieipiication and subsequevip transfer procedure.

The duplication procedure we advocate is trivially defingdnheriting the doubly-fine level set to each of e
v and p subgrids. We first define the Lagrangian zero isocontour emtiubly-fine grid {,) as described in section
4.2 This gives a piecewise linear approximation to the zeroastour over each cut cell in the doubly-fine grid.
Then, for each subgrid we define the Lagranagian cell-wipecximation to the zero isocontour as the union of the
piecewise linear approximations over the four grid cellthie doubly-fine grid that are contained in the subgrid (see
Figure9 for illustration). Also, au, v or p cell is considered cut (and then subsequently duplicatedyi of its four
sub doubly-fine grid cells are cut. Note that this is a slighfifferent criteria than that used in the original VNA.
There, a grid cell was considered cut if any of its four nodaeél set values were offtiering sign.
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Figure 9: Inheriting the Lagrangian zero isocontour from ttoubly-fine grid. The image depicts the definition of
the piecewise linear approximation to the zero isocontaer o, v and p grid cells. For each case, the grid cell is
considered cut if any of the four sub grid cells are augrid cells are shown in blue with triangular nodes pointing
to the right, thev grid cells are show in red with triangular nodes pointing apte and the grid cells are shown in
green with circular nodes.

The staggering of the variables on the MAC grid naturallyilates a second order centered finitéfelience
stencil for p, at eachu degree of freedom and fq, at eachv degree of freedom. Not coincidentally, these are
precisely the source terms needed in the Poisson equationgihdv respectively. Unfortunately, these stencils are
not always well defined for interfacialandv degrees of freedom. For example consider the left subfiguFégiure
10. Here, a centered filerence computation gix at the ghosti node (drawn as a large blue triangle pointing to the
right) is not possible because there isjdegree of to the left.

Fortunately, the VNA requires only cell-wise averages @f tight had side terms of the Poisson equations (see
section 4 in [] for more details). Notably we will never explicitly reqeicomponents o p at ghostu andv nodes
like the one node highlighted in the left subfigure in Figlife The required cell-wise averages are:

Px = f pxdx and Py = f pydx.
N cyNQY:

Here,cx andc, are cells in the duplicated andv grids respectivelyc, N Qp is the intersection of the fluid domain
with ¢, (similar for ¢, N €;7). Note that these regions are non-trivial for cells in the@lahated grids that intersect
the interface. That is, these regions correspond to cug.c8lh example of such a cut cell is shown incident to the
enlargedu node in left subfigure of Figurg0. While we do not have p degree of freedom to the left of this node, we
do have enough information to compuigover the cut cell. Specifically, we have enough informatmaetermine
a piecewise bilinear approximation movercy, N €. Note that there is @ cell (cp) containing regiorex N Q in
Figure 10. This implies that we can approximapeas bilinear over the required region. In general, there lvaliat
most twop cells overlapping ang,NQF or ¢, NQ; region and we can always use this to generate a piecewiaeduili
approximation tgp wherever needed.

The piecewise bilinear representationpo:

Np
pe) = > pINP(X). (24)
i=1

Here we assume there are a totaNpfnodes on the duplicatgolgrid. The functionNip(x) is the piecewise bilinear
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interpolating function centered at th¢h pressure node. The derivativespivith respect tak andy are:

Np Np
Px = Z PN’ and py = Z PN, (25)
i=1 i=1

The cell-wise average®{ andpy) of px and p, can then be computed exactly as if. [This is easily done because

the integrands in
NP NP

s = NP B = NP
Px = fcmﬁ Z piN;dx and Py = Z pPiN/, dx

i=1 &N 21
are piecewise bilinear. That is, we need only integrate admer polynomial inx andy over the polygonal cut cell
regionscy N Qp andcy N Q. As shown in ], integrals of this type can be computed exactly with mirlioust.

AcaT—r r '

O--- @ 4».‘_19-»»4» q4>04>
A
,,,,Q,,,, @ By ‘-A‘Q-»» ><._<".,,, »-_A‘,-»»»
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R O R Oneepmee 0o
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Figure 10: A typical case where the computatiorvefis not trivial. The colored nodes in figure (a) are eitheruatt
(shown with an extra border outline) or material nodes ofuheand p grids associated witke, while the colored
nodes on figure (b) are the equivalent onestiyr The large blue triangle corresponds to a virtual node orfhe
grid. The original node is shown enlarged on the righ2jp Notice that simple methods such as centeréiédinces
cannot be used to compupg numerically on the node on tie; side since there is npnode of, on its left. Note
that we highlight the cells, andc, as well as the regiog, N Q; in the image at the left to aid in the discussion from
sectiord.3.

4.4. Projection Onto Divergence-free Space

When we use the Poisson formulation (equatid®)safid @)) for the discretization ofi andv, we get second
order (inL*) accurate velocities. However, they do not in general fyatisliscrete divergence free condition. While
any consistent approximation of the divergence will cogeeo zero under refinement with theandv we generate
from the Poisson equations, it is often advantageous ta@nfo discrete divergence free condition. We satisfy this
divergence free condition via projection and our numergsgleriments suggest that this process does not degrade the
L* accuracy.

The divergence free condition is defined over each cell parede centered grid. For evep/node (including
virtual p nodes created in the duplication procedure), we defingtbentered grid cell@p) to consist of the four
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surrounding sub cells in the doubly-fine grid (see Figlie These cells are also duplicated whenevergmade at
its center is virtual. We enforce the following conditiortsaél p-centered grid cell€ .
Ny

Ny
f V-udx:f (ux+vy)dx:f uiNi‘fX+ZviNi‘fy
Cpnﬂﬁ Cmeﬁ Cpnﬂﬁ 1 i—1

HereNy is the number of nodes (including virtual nodes) on drgrid andN, is the number of nodes on tlvggrid.
Note that this defines a linear set of constraints oruthadv degrees of freedom. If we defineto be the vector of
all nodalu andv unknowns:

dx = 0. (26)

w:(\l“/') 27)

then we can symbolically represent the linear constrameguationsZ6) asDw = 0. The limited support of the
bilinear functionsN; implies thatD is a sparse matrix (see Figutd). Since we denoted the number pfnodes
(including virtual nodes) abl,, thenD e RN->*(Ne*Nv) - Note that the evaluation of the entriesrmust be done using
the cut-cell integration of low order polynomials over pgpbys as discussed in sectidr8. The projection of thev
obtained by solving the discrete equatio@sdnd ©) can then be performed as:

1. SolveDD'p = Dw, wherep € RN\e
2. w«w-DTp.

The linear systendD'p = Dw is symmetric positive definite and can be solved with the ugale gradient method.

Figure 11: The stencil of the matriX for the divergence-free projection algorithm proposedines only the colored
nodes on the figures above (blue triangles pointing to tha age nodes of tha grid; red triangles pointing up are
nodes of thev grid). Far away from the interface (left figure), the stemzicompasses a maximum of 12 points (6
from theu grid and 6 from thev grid). For cut cells, feweun andv values are necessary to represent the stencil (figure
on the right).

5. Numerical Examples

We will now discuss a number of numerical tests we used to dsirete that our method is capable of achieving
second order accuracy If° for u, v andp. First we will define the precise notion of order of converggethat we
use and discuss how we compute it tpr and p, then we will present our discretization and convergensalte for
interfacial elastic and surface tension forces as well ablpms in irregular domains.

5.1. Convergence Measure

Denote the number of MAC grid cells per directiondisDenote the numerical approximation to a fialgac(X, y)
asun(x,y). Letey be the exact error afy in theL* norm. Then, if the method isth order accurate:

en = [lun — Uexaclloo < Ch' (28)
13



for some constar® with h o< 1/N being the cell width. Hence:

luon — Unlleo < [lUan = Uexactloo + llUN — Uexactloo

< C(hy, + L)

=C’ L + i
T \eny TN 29)
1/1
= C’W (E + 1)
7 1
=C W

where all constants were incorporated 0. Taking the log, on both sides of the equation above and defining
a=log;,C"”, we get:
109 lluon — Unlle < @—r10g;o N. (30)

In other words, the negative of the slope of the plot of jgigin — Unll. Versus log, N is the order of convergence of
the method on the&* norm. We used this procedure to compute the order of conmeegeof the results below.

5.2. Details About the Convergence Measures of u, v, pand I

Since the velocities and the pressure are not always cantsyidiferentiable across the interfakg special care
needs to be taken when computing interpolation errors fegdlguantities defined on grids withfdrent resolutions.
In what follows, we compute the interpolation errors for theantityq = u/v/p at the MAC grid withN cells per
direction by sweeping through the material nodes ofdhegrid (virtual nodes are not considered) and comparing
them with the values at the nodes of tipg grid at the same Cartesian positions. However, the mateojaies of
these nodes on the two considered grids might not be assdaiath the discrete regior@ and<, , or with the
regionsQ, andQ;/2 respectively. Such nodes are then not taken into accouriteocanvergence measure since they
represent values of the quantiyon different sides of the interface on each grid. The maximuiierdince between
the compared values of; andgyy is taken to be the interpolation error on th® norm for the quantity on the grid
with N cells per direction.

The interpolation error for the discrete interfaégsandI',» on theL*norm is taken to be the maximum distance
between the segmentsB6f and the segments of,».

5.3. Elastic Interface Discretization

Our discretization of interfacial forces is very standaund We briefly cover it here for completeness. xét,t)
be a parametrization of the interfaEe We assume that the range.bfs [0, L], whereLg is the equilibrium length
of the elastic interface. This equilibrium lendth is defined such that all elastic forces vanish at all points ibfts
configuration is a circle of radiu®, = 2r/Ly. The elastic force density (per unit length of the paraméYett a given
pointx(4,t) € T is given by the equation:

0
F(L.1) = 2= (T(A.H7(L.Y) (31)

wheret(4,1) is the unit vector tangential to the interface at the pa{itt):

(L t) = / ‘ H (32)

andT (4, t) is the tension at that point:
T(A,1) = «(2) (H H ) (33)
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The function«(1) determines the elastic properties at each point of thefate. Here we will take(1) to be a
constant. The interface is discretely represented Withodes and we compute the force dens&ityn each node;

of I', as:
OX [5)4 Xis1 — X
Tirm =2 2 = = 7 34
iz (fu)m/z/ OAllivrz Xz = Xill (34
[IXi+2 — Xill
Tiv2 = K% (35)
and
Tiv1/2Tiv12 — Tic1/2Tic1y2
F - 36
| = (36)
with Al = Lo/M. Here the subscript+ 1/2 refers to the point at the center of the segment which cdsitlee nodes
x; andx;,1. We divide the force densitydg) by || 2||. = k=Xl 15 define the jump conditions:
; 2A1
= F 37
I = Xicall + X = il (37)

For all elastic interface tests we use a rectangular perainain |1, 1]x[-1, 1] with an initial elliptical interface
of semi-major radius. = 0.7 and semi-minor radius = 0.4 centered at the domain origintat 0. The ellipse is
given uniform elasticity constart= 10. The viscosity of the fluid is set jo= 1 (uniformly). For a MAC grid with
N cells per direction, the interface is represented With- N/2 segments. The nodes of the interface are positioned
initially according to the expression:
Xi = (acos#;, bsing;), (38)

whered, = 27i/N, = 4ni/N fori = 1,2,...,N/2. This choice of the parametrization of the interface essw@wach

of its segments has length betweeBH2and 45h at all times of the simulation. The linear systems for thespuee
and for the velocities are solved using multigrid. The tirtepsvasAt = 52 = 20/N2. We verified the order of
convergence for the pressure, for the velocities and foptsitions of interface nodds, according to the.™ norm

at the timest; = 0.1, t; = 0.2, t3 = 0.3 andt; = 0.4. Also, we checked how the total interface volume change
AVy, = (interface volume at tim8 — (interface volume at timeé = 0) converged to zero as the grid was refined and
the order of convergence of the maximum and minimum disehetween the interfadg, and the origin of the
rectangular domain (these distances are denoted bel®y28NndRmi, respectively). The numbers of grid cells per
direction used on the convergence test were 64, 128 256. As shown on the tables below, all the results obtained
are second order accurate for all these quantities:

t1 =01 t, =02
Quantity | Order of convergence Quantity | Order of convergence
u 244 u 2.30
v 231 Y 2.20
p 274 p 201
Iy 2.63 I'n 2.24
Rmax 210 Rmax 2.05
Rmin 176 in 1.95
AVy 2.05 AVy, 201
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t3=0.3 ty =04
Quantity | Order of convergence Quantity | Order of convergence
u 222 u 2.24
% 2.26 v 215
p 2.23 p 2.23
Iy 211 Iy 2.10
Rmax 2.02 Rmax 2.02
Rmin 198 Rimin 199
AVh 201 AVh 201

-1 0.5 s} 05 1 -1 0.5 [s} 05 1

(a) £0.0 (b) t=0.1

(©) t=0.2 (d) t=0.3
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Figure 12: Configuration of the interfadg at different times. The pressure values are also shown usifeyetit
tones of gray, with a color table on the right. Dark regiongehawer pressure; brighter regions have higher pressure.

5.4. SQurface Tension

Let x(s, t) be the parameterization of the interface with respectdleagth. The surface tension force density (per
unit interface length) at a given poir(s, t) € " is:

fi(s,t) = 20% (39)

where agairr(s,t) is the unit vector tangential to the interface at the pr(stt) ando is the surface tension constant
of the interfacd". Since we are using the interface arclength as our paraatiotn, we have:

-+

The surface tension force density and the jump conditioasher same in this case:

T2 T2 xe X1 = Xill + IIXi — Xiall

fl = 20 — ,
AS 2

(41)

Here, 7i,1/2 is the same as in equatioB4). Note that the surface tension force densBg)(is always normal to
the interface. Because of this, the only discontinuous tiyagrcross the interface is the pressure (the velocities ar
continuously diferentiable across it).

For all elastic interface tests we use a rectangular peridoinain 1, 1] x [-1, 1] with an elliptical interface of
semi-major radiug = 0.7 and semi-minor radius = 0.4 centered at the domain origintat 0. The fluid viscosity is
again set tou = 1, the surface tension constantis= 10. We use the same number of interface nodes as in the elastic
interface examplesM = N/2 segments. The nodes of the interface are positionedliyitia in the elastic interface
case. Also the time step is agaih= 5h? = 20/N?.

We verified the order of convergence for the pressure, fovéfacities and for the positions of the interface nodes
of I's according to thee™ norm at the time$; = 0.1, t; = 0.2, t3 = 0.3 andt; = 0.4. Also, we again checked the
the order of convergence of the total interface volume chang, towards zero as the grid was refined and the order
of convergences dRyax andRyin. The numbers of MAC grid cells per direction used on the coymece tests were
N = 64,128 256. As shown on the tables below, all the results obtainedsacond order accurate for all of these
quantities:
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tp =01 t; =02
Quantity | Order of convergence Quantity | Order of convergence
u 225 u 1.90
% 2.05 v 1.84
p 175 p 179
Ty 2.06 T 195
Rmax 224 Rmax 195
Rmin 1.96 Rimin 1.96
AVh 1.83 AVy, 1.90
t3 =0.3 t4 =04
Quantity | Order of convergence Quantity | Order of convergence
u 1.99 u 2.05
% 2.06 % 212
p 1.92 p 2.05
Iy 2.37 Iy 2.10
Rmax 193 Rmax 195
Rimin 197 in 1.97
AVy 191 AVh 192

1
50 50
40 40
0.5

30 30
- 20 - 20
10 0 10

0 o
-10 0.5 -10
20 20
R 30 o, -30

1 0.5 o 0.5 i 1 0.5 0 0.5 1
x x
(a) =0.0 (b) t=0.1
1

50 50
40 40
30 0 30
20 20
10 o 10

0 0
10 05 -10
20 20
30 . 30

1 0.5 o 0.5 1 1 0.5 0 0.5 1
x x
(c) t=0.2 (d) =0.3
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Figure 13: Configuration of the interfadg at different times. The pressure values are also shown usifeyatit
tones of gray, with a color table on the right. Dark regiongehawer pressure; brighter regions have higher pressure.
Compare these results with the ones of figle

5.5. Irregular Domain

We also demonstrate second order convergence with thevioliarregular domain problem. Consider two con-
centric circles with radiR; = 0.3 andR; = 0.8 respectively with a Stokesian fluid in between having \8dyq: = 1.
The inner cylinder rotates counterclockwise with angukepeity w; = 2 and the outer circle rotates counterclock-
wise with angular velocityv, = 1. We used the valugs = 40, 80, 16Q 320,640 for the MAC grid resolutions. The
convergence rates afandv are given on the table below.

Quantity | Order of convergence
u 216
% 211

In order to visualize the fluid motion, we divided the fluid damimin two halvesx > 0 andx < 0. Marker particles
were placed at these two domains and allowed to be advectbdheifluid using Forward Euler. The figures below
shows the position of these marker particles &edent time steps:

1 0.5 0 0.5 1 1 0.5 0 0.5 1

(a) £0.0 (b) t=1.0
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05 L

() t=2.0 () t=3.0

(e) t=5.0 (f) t=10.0

6. Conclusion and future work

We have presented arffieient and easy to implement second order accurate methachvsbives the Stokes
equations with immersed interfaces and geometricallgita domains. The assumed spatial uniformity of the fluid
viscosity permits a reduction of the problem to solving ¢hirrdependent Poisson equations for the velocities and the
pressure. This task can be optimally performed using faistsBo solvers such as multigrid. An additional Poisson
equation can then be solved to enforce a discrete divergieeeecondition for the velocities without sacrificing
second order accuracy. The linear system associated with @fathese Poisson equations is symmetric positive
definite. Examples with elastic interfaces and surfaceidensere presented as well as flow of a single fluid in the
region separating two rotating concentric cylinders. ABults obtained have shown second order accuracy.

It is the intention of the authors to extend the presentedhaustto allow for the solution of the Stokes equations
with interfaces when the fluids involved havdfdrent viscosities. Diiculties arising from the coupling of the jump
conditions across the contact interfac2d] jwill then need to be taken into account.
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