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Diego C. Asŝencio∗,a, Joseph M. Teranb

a University of California, Los Angeles, Department of Physics and Astronomy
430 Portola, Physics and Astronomy Building

Los Angeles, CA 90095
b University of California, Los Angeles, Department of Mathematics

520 Portola Plaza, Math Sciences Building 6363
Los Angeles, CA 90095

Abstract

We present a numerical method for the solution of the Stokes equations that handles both interfacial discontinuities
and geometrically irregular flow domains. The method is efficient, easy to implement, second order accurate and yields
discretely divergence free velocities. We discretize the equations using an embedded approach on a uniform MAC-
grid employing virtual nodes at interfaces and boundaries.Interfaces and boundaries are represented with a hybrid
Lagrangian/level set method. We rewrite the Stokes equations as three Poisson equations and use the techniques
developed in Bedrossian et al. (2010) [1] to impose jump and boundary conditions. We also use a final Poisson
equation to enforce a discrete divergence-free condition.All four linear systems involved are symmetric positive
definite with three of the four having the standard 5-point Laplace stencil everywhere. Numerical results indicate
second order accuracy inL∞ for both velocities and pressure.

Key words: Stokes flow, creeping flow, Virtual Node Algorithms, interface problems, flow in irregular domains,
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1. Introduction

We consider the Stokes equations for two-phase, highly viscous incompressible flow in irregular domains:

∇ · σ = µ∆u − ∇p = −f , x ∈ Ω \ Γ (1)

∇ · u = 0, x ∈ Ω \ Γ (2)

u(x) = a(x), x ∈ ∂Ω (3)

[u](x) = 0, x ∈ Γ (4)

[σ · n](x) = f i, x ∈ Γ (5)

Herep is the pressure,u = (u, v) is the fluid velocity,σ = µ
(

∂u
∂x +

∂u
∂x

T
)

−pI is the fluid stress,Γ is the interface between

the two phases,f is the body force density andf i is the force per unit length supported on the interface between the
two phases (e.g. surface tension). The interfaceΓ is generally a codimension one closed curve that divides thedomain
into an interior regionΩ− and an exterior regionΩ+ such thatΩ = Ω− ∪Ω+ ∪ Γ (see figure1(a)). We letn denote the
outward unit normal toΩ− at a pointx ∈ Γ and define [v](x) ≔ v+(x) − v−(x) = limǫ→0+v(x + ǫn) − limǫ→0+v(x − ǫn)
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as the “jump” of the quantityv across the interfaceΓ. Unless otherwise stated, we assume the curvesΓ and∂Ω are
smooth.

(a) (b) (c)

Figure 1: (a) InterfaceΓ separating the two fluid domainsΩ+ (exterior) andΩ− (interior):Ω = Ω+ ∪ Ω− ∪ Γ. (b) The
unit vectorsn andτ. (c) Irregular domainΩ. The vectorsn(λ) andτ(λ) are the outward normal and the positively
oriented tangent vectors of∂Ω at the pointx(λ).

With these concerns in mind, we introduce a second order virtual node method for approximating the two-phase
Stokes equations with irregular embedded interfaces and boundaries on a uniform Cartesian MAC-grid. We use
regular grids because it simplifies the implementation, permits straightforward numerical linear algebra and achieves
higher order accuracy inL∞. Our approach uses duplicated Cartesian grid cells along the interface to introduce
additional “virtual” nodes that accurately account for thelack of regularity. We formulate the Stokes problem as three
Poisson equations with jump conditions to allow us to leverage our previous work in [1]. This can only be done for
the case of continuous viscosity in the two phases. The staggering of variables on the MAC-grid requires separate
Poisson discretizations for each variable. We also solve a final Poisson equation over the pressure grid to enforce a
discrete divergence free condition yielding a total of fourPoisson solves per Stokes solve. The interface is represented
by Lagrangian particles for straightforward interface advection, however the techniques in [1] require a level set
representation of interfaces and boundaries. We provide a method for transforming the Lagrangian interface into a
level set defined over a “doubly-fine” grid that contains eachof the staggered grids. This ensures that the discrete
interface conditions are enforced consistently for the staggered variables. In all but the final Poisson equation, our
approach yields the standard 5-point difference stencil away from embedded boundaries (notably, we have the standard
5-point stencilacross the interface between the phases). Numerical experiments indicate second order accuracy inL∞

for both velocities and pressure.

2. Existing Methods

Our method is second order inL∞ for both embedded boundary conditions on irregular flow domains and for
embedded interfacial discontinuities in two-phase flows. This is achieved with relatively simplistic linear algebra
demands. Specifically, all linear systems are symmetric positive definite and have discrete stencils equal to that
of the standard 5-point Laplacian discretization almost everywhere. Furthermore, our approach yields discretely
divergence free velocities. Although many researchers have developed embedded methods for the Stokes equations
with interfacial discontinuities and irregular domains, our approach is the first to support this feature set. In our
discussion of existing approaches, we will focus only on embedded (or immersed) methods that avoid unstructured
meshing when addressing boundary and interface conditionsat irregular geometric boundaries.

Embedded techniques use a computational domain that simplyencompasses rather than geometrically adheres to
the irregular domain. A good review of embedded methods is given by Lew et al in [2]. They point out that these
techniques originated with the papers of Harlow and Welch [3] and Charles Peskin [4]. Peskin developed the immersed
boundary method (IBM) to simulate blood flow in the heart [5, 6, 7, 8], but it has also been applied to many other
problems. A summary of the development of the immersed boundary method and its applications can be found in [9].
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Despite its vast popularity and considerable ease of implementation, the IBM suffers from its use of regularized delta
functions to represent singular forces acting on interfaces. This renders the method first order accurate and implies
that the physical characteristics of the flow near the interfacial boundaries are not accurately captured. Singular forces
acting on the interface impose discontinuities in the pressure, the velocities and their derivatives which the IBM may
fail to accurately resolve [10]. However, for sufficiently smooth problems in which the interfaces are thick instead
of infinitesimally thin the IBM can achieve second order accuracy [11, 12]. Adaptive versions of the IBM were
developed in [13] to enhance convergence over coarse grids but the results were still only first order accurate. Another
deficiency of the IBM is poor conservation of volume near the interface. The seriousness of this problem, especially
for the simulation of blood flow in the heart, motivated the development of a better volume conserving version of the
IBM in [ 14].

Many methods were designed to improve the order of accuracy of the original IBM. The Immersed Interface
Method (IIM) is perhaps the most popular example of this. TheIIM was first developed for elliptic equations with
interfacial discontinuities [15] and later applied to Stokes flow [16]. The IIM achieves second (and higher) order
accuracy by capturing interfacial discontinuities in the pressure, the velocities and their derivatives in a sharp manner.
The IIM has been used in many fluid flow problems including interface and rigid boundary problems [10, 17, 18,
19, 20, 21], Hele-Shaw flow [22] and also problems in which the viscosity is discontinuous across the interfaces
[23]. Arbitrarily high orders of accuracy have been achieved [24, 25]. The method is considerably more difficult
to implement than the IBM and most applications are in two space dimensions as a result. However, researchers
have applied the IIM to three dimensional flows [26]. For more about the IIM, we refer the reader to a review of its
applications in [27].

A limitation of the IIM is the lack of symmetry in discretizations arising from problems with discontinuous co-
efficients. This imposes an obstacle on the overall speed of these methods since fast linear solvers such as conjugate
gradients and Fast Fourier Transforms cannot be used. However, it should be noted that the IIM can yield symmet-
ric matrices for continuous viscosity Stokes flow. One method that is capable of always guaranteeing a symmetric
discretization is the Ghost Fluid Method (GFM). Initially applied to the Poisson equation with interfacial jumps and
variable coefficients [28], the GFM was also used to simulate multiphase incompressible flow [29]. Unfortunately, the
GFM is only capable of achieving first order results for interface problems.

Some of the first embedded methods were fictitious domain methods by Hyman [30] and Saul’ev [31]. The
fictitious domain approach has been used with incompressible materials in a number of works [32, 33, 34, 35, 36,
37, 38, 39, 40]. These approaches embed the irregular geometry in a more simplistic domain for which fast solvers
exist (e.g. Fast Fourier Transforms). The calculations include fictitious material in the complement of the domain of
interest. A forcing term (often from a Lagrange multiplier)is used to maintain boundary conditions at the irregular
geometry. Although these techniques naturally allow for efficient solution procedures, they depend on a smooth
solution across the embedded domain geometry for optimal accuracy, which is not typically possible.

The extended finite element method (XFEM) and related approaches in the finite element literature also make
use of geometry embedded in regular elements. Although originally developed for crack-based field discontinuities
in elasticity problems, these techniques are also used withembedded problems in irregular domains. Daux et al.
first showed that these techniques can naturally capture embedded Neumann boundary conditions [41, 42]. These
approaches are equivalent to the variational cut cell method of Almgren et al. in [43]. Enforcement of Dirichlet
constraints is more difficult with variational cut cell approaches [44, 2] and typically involves a Lagrange multiplier
or stabilization. Dolbow and Devan recently investigated the convergence of such approaches with incompressible
materials and point out that much analysis in this context remains to be completed [45]. Despite the lack of thorough
analysis, such XFEM approaches appear to be very accurate and have been used in many applications involving
incompressible materials in irregular domains [46, 47, 48, 49, 50].

There are also many finite difference (FDM) and finite volume methods (FVM) that utilize cutuniform grid cells.
Many of these methods have been developed in the context of incompressible flow. For example, Almgren et al. use
cut uniform bilinear cells to solve the Poisson equation forpressures in incompressible flow calculations [43]. Marelle
et al. use collocated grids and define sub cell interface and boundary geometry in cut cells via level sets [51]. Ng et
al. also use level set descriptions of the irregular domain and achieve second order accuracy inL∞ for incompressible
flows [52]. The approach of Batty and Bridson is similar, but not as accurate [53]. Cut cell FDM and FVM have also
been developed for incompressible and nearly incompressible elastic materials. Bijelonja et al. use cut cell FVM to
enforce incompressibility more accurately than is typically seen with FEM [54]. Beirão da Veiga et al. use polygonal
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FVM cells to avoid remeshing with irregular domains [55]. Barton et al. [56] and Hill et al. [57] use cut cells with
Eulerian elastic/plastic flows.

3. Reformulation of the Stokes Equations: Poisson

Our method is designed to leverage the advances in a recent paper by Bedrossian et al [1]. We facilitate this by
formulating our discretization in terms of three Poisson equations. We will first cover the derivation of these Poisson
equations from the two-phase Stokes equations in irregulardomains (1). Solutionsu andp may have discontinuities
across the interfaceΓ [16]. We therefore first consider each subdomainΩ+ andΩ− separately to avoid complications
associated with these discontinuities. Taking the divergence of both sides of equation (1) and noting that∇ · u = 0
from incompressibility, we get the following Poisson equation:

∇ · (µ∆u − ∇p + f ) = 0 =⇒ ∆p = ∇ · f , x ∈ Ω \ Γ (6)

Again, this divergence is rigorously defined for all pointsx ∈ Ω on either side of the interface (x ∈ Ω \ Γ = Ω− ∪Ω+)
but not for pointsx on the interface. After solving this Poisson equation for the pressurep, we can solve another two
Poisson equations for the velocity componentsu andv using the solution forp:

∆p = ∇ · f , x ∈ Ω \ Γ (7)

µ∆u = px − f1, x ∈ Ω \ Γ (8)

µ∆v = py − f2, x ∈ Ω \ Γ. (9)

Here, f1 and f2 are the horizontal and vertical components of the body forcedensity fieldf . These equations hold on
the interior of the domain and away from the interface. We must therefore derive boundary and interface conditions
in terms of the body forcesf and the interfacial forcesf i to solve these equations in practice.

3.1. Interface Conditions

We assume that all fluids have the same viscosityµ. In this case, the discontinuities inu, v and p are decoupled
from each other [23] and the three Poisson equations above can truly be solved separately. Letx(λ, t) be an arbitrary
parametrization of the curveΓ. We can express the jump conditions inu, v andp in terms of the force per unit length
of the parametrization parameterλ. We will useF(λ, t) to denote this parameterization dependent force density.Recall
that the jump in a quantityw at a pointx of the interface is expressed as:

[w] (x) ≔ w+(x) − w−(x) = limǫ→0+w(x + ǫn) − limǫ→0+w(x − ǫn) (10)

wheren is the outward unit normal ofΩ− at the pointx. If we let τ denote the positively oriented unit tangent to the
interfaceΓ at the pointx, then

n = (cosθ, sinθ)

τ = (− sinθ, cosθ),
(11)

whereθ is the positively oriented angle betweenn and thex axis (see Figure1(b)). The normal and tangential
components of the force densityF(λ, t) are then:

Fn(λ, t) := F(λ, t) · n(λ, t)

Fτ(λ, t) := F(λ, t) · τ(λ, t).
(12)
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We can use these conventions to express the jump conditions on u, v, p [10, 20, 58]:

[p](x(λ, t)) = Fn(λ, t)
∥

∥

∥

∥

∥

∂x
∂λ

∥

∥

∥

∥

∥

−1

(13)

[u](x(λ, t)) = 0 (14)

[v](x(λ, t)) = 0 (15)

[

∂p
∂n

]

(x(λ, t)) =
∂

∂λ

(

Fτ(λ, t)
∥

∥

∥

∥

∥

∂x
∂λ

∥

∥

∥

∥

∥

−1) ∥
∥

∥

∥

∥

∂x
∂λ

∥

∥

∥

∥

∥

−1

(16)

µ

[

∂u
∂n

]

(x(λ, t)) = Fτ(λ, t) sinθ
∥

∥

∥

∥

∥

∂x
∂λ

∥

∥

∥

∥

∥

−1

(17)

µ

[

∂v
∂n

]

(x(λ, t)) = −Fτ(λ, t) cosθ
∥

∥

∥

∥

∥

∂x
∂λ

∥

∥

∥

∥

∥

−1

, (18)

Despite the explicit appearance of the parametrization functionx(λ, t), the jumps defined above are independent of the
chosen parametrization in the sense that, ifx̃(λ̃, t) also parametrizesΓ, then all the jumps above are the same at each
point x̃(λ̃, t) = x(λ, t).

3.2. Irregular Domain Boundary Conditions
We must also know appropriate boundary conditions foru, v and p to solve Poisson equations (7), (8) and (9)

in practice. We will assume that Dirichlet velocity conditions are know on∂Ω. Thus for allx ∈ ∂Ω we will have
u(x) = U(x) andv(x) = V(x) for some functionsU(x) andV(x) defined only over∂Ω. Let x(λ) be a parameterization
of ∂Ω, let n(λ) be the unit outward normal vector to∂Ω at the pointx(λ) and letτ(λ) be the unit tangential vector to
∂Ω at that same point (see Figure1(c)). The Neumann boundary conditions for the pressure are then:

∇p · n = f · n −
∂ω

∂τ
for x ∈ ∂Ω, (19)

whereω = vy −ux is the fluid vorticity and∂ω/∂τ = ∇ω · τ is the tangential component of the gradient ofω atx ∈ ∂Ω.

4. Description of Numerical Method

The method couples a discrete Lagrangian representation ofthe interface (Γh) with a background Eulerian rep-
resentation of fluid velocities and pressures. The Lagrangian interface moves with the local fluid velocity and the
temporal discretization is explicit. The fluid variables are stored on a staggered MAC grid [59] to facilitate enforce-
ment of a discrete divergence-free condition. We use the Virtual Node Algorithm (VNA) [1] to solve the Poisson
interface problems (7), (8) and (9) over the respective sub-grids in the MAC grid. The interface is represented with
Lagrangian particles and interfacial forces are naturallydefined at the particle locations. However, the VNA was
designed for a level set representation of the interface geometry and jump conditions. We provide a procedure for
defining a level set representation of the interface geometry and boundary conditions from the Lagrangian particles.
The overall procedure for advancing one time step is:

1. Compute the level set and transfer jump conditions from the Lagrangian interfaceΓh; details in Section4.1
2. Use VNA to solve∆p = ∇ · f with interface conditions (13,16) and Neumann boundary conditions (19); details

in Section4.2
3. Use VNA to solveµ∆u = −px + f1 with interface conditions (14,17); details in Sections4.2and4.3
4. Use VNA to solveµ∆v = −py + f2 with interface conditions (15,18); details in Sections4.2and4.3
5. Project the velocity fieldu = (u, v) to enforce the divergence-free condition; details in Section 4.4
6. Interpolate velocities from the MAC grid to the Lagrangian interface and forward Euler update particle posi-

tions.

In the last step, thex andy components of the velocity on a given interface nodexi are interpolated from theu andv
velocities respectively determined in steps 4 and 5. This interpolation is done using the conventions presented in [1]
for defining quantities on the interface.
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4.1. Computation of the Level Set from Γh

Figure 2: The level set is defined on a doubly-fine grid with 2N cells per direction (on the left). The values ofu are
stored on the blue nodes (triangles pointing to the right), the values ofv are stored on the red nodes (triangles pointing
upwards) and the values ofp are stored on the green nodes (circles). The duplication of nodes and cells required by the
method of [1] is done for theu, v andp grids separately. The doubly-fine level set grid ensures that these duplications
are done in a consistent manner.

A Lagrangian representation of the interface is convenientfor computing interfacial forces and also for dis-
cretizing the motion of the interface. We represent the discrete interfaceΓh with a sequence of pointsxi where
i ∈ {0,1,2, . . .M − 1}. The points are connected by segments and form a closed curve(we also support multiple
closed curves) dividing the domain into the discrete interior and exterior domainsΩ−h andΩ+h respectively (see Fig-
ures2 and3). In order to use the VNA, we need to define a level set over the MAC grid that corresponds withΓh.
Let N denote the number of MAC grid cells per dimension and leth be the length of a cell edge (we assumex andy
edges have the same length, see Figure2). The level set is defined on the nodes of a doubly-fine grid with 2N × 2N
cells per direction (see Figure2). We use the doubly-fine grid because it naturally defines a discrete level set on the
u, v and p subgrids. An alternative is to compute a level set withN cells per dimension on each of the respective
subgrids, however such a choice would complicate the accurate computation ofpx and py needed for theu andv
Poisson solves (see Section4.3 for a more detailed discussion of these issues). The level set is computed as a signed
distance function on the nodes of cells intersectingΓh. Nodes that are not incident on a cell intersectingΓh are set to a
positive or negative constant depending on whether the nodeis insideΩ+h orΩ−h respectively. The computation of the
narrow band level set is negligible compared to the time taken to solve the linear systems with the VNA.
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(a) (b) (c)

Figure 3: Figure (a) shows the original discrete LagrangianinterfaceΓh with nodesxi (blue circles). Figure (b)
shows the subdivided̃Γh. The added nodes (x̃i) are indicated with smaller light blue circles. Nodes are added until
all segments of̃Γh are shorter than the cell widthh/2 of the doubly-fine grid. Figure (c) shows the Lagrangian
approximation̂Γh of the discrete interfaceΓh which is generated by the level set computed fromΓh. The black circles
denote the positions at whicĥΓh crosses the edges of each cut cell. The domainsΩ−h andΩ+h are defined from the level
set and̂Γh. The Lagrangian curvêΓh is used in the VNA [1] for quadrature purposes and interface conditions must be
transferred fromΓh (where they are naturally defined) toΓ̂h.

In order to simplify the process of determining which interface segments inΓh intersect which grid cell edges, we
first ensure that each segment on the interface is smaller than the cell widthh/2 of the doubly-fine grid. This can be
done by adding nodes̃xi to subdivide its segments (see Figure3). This is only for the computation of nodal level set
values; the computation of the interfacial forces uses the original set of segmentsΓh. We will denote this subdivided
discrete interface as̃Γh. This subdivision simplifies the determination of which doubly-fine grid cells intersect which
segments inΓh. We also perturb the nodesx̃i of Γ̃h to prevent them from falling directly on the edges of any cell(see
figure 4). Specifically, for a giveñxi, we determine which cell in the doubly-fine grid contains it.We then clamp
this node toward the cell center in a dimension by dimension fashion until it is at least as far as some toleranceαh
away from the edges of the cell (typically we useα = 1e−6). Once the nodes are perturbed, we can unambiguously
determine which segments inΓ̃h intersect which edges in the doubly-fine grid. Cell edges cutan even number of times
are considered to be uncut. All possible cases are illustrated in Figure5. In order to avoid ambiguities, cases (4) and
(7) require special treatment. We treat case (4) as a subcaseof case (3) and also case (7) as a subcase of case (6).
For example, consider Figure6. In case (4) the nodeA is within a small tolerance of the segmentPQ, P is in the
lower-left cell andQ is in the upper-right cell. Here, we automatically consideredgesAC andAB as intersecting edge
PQ. Otherwise if nodeA is sufficiently far from edgePQ we explicitly compute intersections between edgePQ and
edgesAC, AB, AE andAD to determine if we are in case (5) or case (3).
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Figure 4: The picture on the left shows a piece of the interface Γ̃h with three (circled) nodes lying too close to the
edges of the cells they fall into. The picture on the right shows the perturbation applied to these nodes. The shaded
regions depict the thresholds used for determining if a nodeis too close to a grid cell edge. Note that the size of these
regions is exaggerated for ease of visualization. In practice they are set to have a width proportionate toh/2.

Once we have determined which subdivided interface segments in Γ̃h intersect which grid cell edges, we compute
the exact distance tõΓh for all grid nodes incident on a cut cell. That is, for all gridnodes with at least one of its four
incident cells cut by a segment iñΓh, we compute the analytic distance from that node to each of the segments that
intersect any of its incident cells and define the minimum as the distance from the grid node toΓ̃h. We set the distance
to be a large positive constant for all grid nodes not incident on a cut cell. Finally, we determine the sign of the level
set values depending on whether or not the nodes they correspond to are inside or outsidẽΓh (see figure7). This is
done with a flood-fill approach. The lower left node of the domain is defined to be outside the domain, we then sweep
through the nodes in a dimension-by-dimension fashion. Thesign of the next node in the sweep is the same as the
previous node if the edge connecting them is crossed an even number of times, otherwise it is given the opposite sign.

Figure 5: The eight cases to be considered when determining which cell edges are cut by a given segment of the
discrete interfacẽΓh. Cases (4) and (7) happen when a segment intersects four cells simultaneously by crossing a
corner node (shown as small red circles in the picture).

Figure 6: A case which requires special attention on the segment-cell collision detection.
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Figure 7: The level set values are exact at the green nodes (which belong to cells which are crossed by the interface
Γ̃h; these cells are shaded in green on the picture). The level set values are set to a large positive constant on the red
nodes (which belong toΩ+h ) and to a large negative constant on the blue nodes (which belong toΩ−h )

4.2. Computation of Jump Conditions at the Level Set Zero Isocontour

The VNA requires a description of the jump conditions along the embedded interface. It suffices to define these
conditions at the center of each segment on a cell-wise Lagrangian approximation to the zero isocontour of the level
set. We call this additional Lagrangian curveΓ̂h. Γ̂h is an approximation to the zero isocontour of the level set (see
Figure3). It is determined by connecting points on the doubly-fine grid cell edges where the level set interpolates to
zero. The VNA useŝΓh for quadrature purposes and the accuracy required in the definition of the jump conditions is
related to this. Unfortunately, the jump and boundary conditions needed for equations (7), (8) and (9) are naturally
defined at the nodes of the original Lagrangian interfaceΓh. We provide a procedure to transfer these conditions from
the Lagrangian nodes ofΓh to the centers of the segments onΓ̂h (see Figure8).

(a) (b)

Figure 8: Setting the jump conditions. (a): In the VNA, the jump conditions (Equations (13-18)) must be defined at
the centers of the segments on the cell-wise Lagrangian approximation to the zero isocontour of the level set. These
cell-wise segment centers are shown in light-green large circles above. The black smaller circles represent points
were the level set interpolates to zero for cut cells (these points define the cell-wise Lagrangian approximation to
the zero-isocontour). Figure (b): Jump conditions are naturally computed at the nodesxi of the discrete interfaceΓh

and then transferred to the pointspk through the pointŝxk. Each pointpk lies at the center of thêΓh segment on the
doubly-fine cut cellck. The jump at̂xk is computed by linearly interpolating the values at the nodes xi andxi+1. Note
that the above separation between the level set generated interfaceΓ̂h and the discrete interfaceΓh is exaggerated for
illustrative purposes.
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Recall that we denote the points on the ends of the segments inthe curveΓh asxi with i = 0,1, . . . ,M − 1. If
there arem doubly-fine grid cells cut by the zero isocontour of the levelset, letP = {p0,p1, . . . ,pm−1} denote the set of
segment centers on̂Γh (see Figure8). Assume we have computed the jump conditions at the pointsxi of Γh. For each
k = 0,1, . . . ,m − 1, let x̂k be the point onΓh closest topk (see Figure8). We linearly interpolate the jump condition at
x̂k from the values at the ends of the segment to which it belongs.This condition is then defined to be the jump atpk.

In the VNA [1], we impose the jump conditions over each cut cellcu
l on theu grid in an integral average sense:

∫

cu
l ∩Γ̂h

[u(x)] dS =
∫

cu
l ∩Γ̂h

au(x)dS (20)

∫

cu
l ∩Γ̂h

[∇u(x) · n] dS =
∫

cu
l ∩Γ̂h

bu(x)dS (21)

wherecu
l ∩ Γ̂h is the portion ofΓ̂h on thel-th cut cell (cu

l ) of theu grid, au(x) is the jump inu(x) andbu(x) is the jump
in the normal derivative ofu(x). Similar expressions for [v(x)] and [p(x)] enforce the jumps onv and p respectively
on the cut cells of their grids. LetLk denote the length of the segment ofΓ̂h on the doubly-fine cut cellck. We can
approximate the integrals of the jump conditions using the values at the segment centers (a(pk) andb(pk)) and the
segment lengths (Lk):

∫

cu
l ∩Γ̂h

a(x)dS≈
∑

ck∩cu
l

a(pk)Lk (22)

∫

cu
l ∩Γ̂h

b(x)dS≈
∑

ck∩cu
l

b(pk)Lk, (23)

where the sum takes into account only the doubly-fine cellsck which intersect the cellcu
l .

4.3. Construction of ∇p

The VNA uses duplicated grid cells along the interface to introduce additional nodal degrees of freedom. These
degrees of freedom allow for the more accurate solution of the Poisson interface problems. The MAC grid structure
we employ therefore requires this duplication procedure oneach of theu, v and p subgrids. See Figure10 for
an illustration of this process. The duplication must be done in a manner that coordinates duplication of the three
subgrids. Specifically, theu, v andp degrees of freedom interact through the right hand side terms in Poisson equations
for u andv (wherepx andpy respectively appear). Therefore the duplication process must admit a procedure for the
computation of the respective components of∇p on each of the duplicated grids foru andv. This is complicated by the
use of virtualp degrees of freedom in the∇p stencils on cut cells. Fortunately, we will show here that the definition
of the level set over the doubly-fine grid admits a consistentduplication and subsequent∇p transfer procedure.

The duplication procedure we advocate is trivially defined by inheriting the doubly-fine level set to each of theu,
v andp subgrids. We first define the Lagrangian zero isocontour on the doubly-fine grid (̂Γh) as described in section
4.2. This gives a piecewise linear approximation to the zero isocontour over each cut cell in the doubly-fine grid.
Then, for each subgrid we define the Lagranagian cell-wise approximation to the zero isocontour as the union of the
piecewise linear approximations over the four grid cells inthe doubly-fine grid that are contained in the subgrid (see
Figure9 for illustration). Also, au, v or p cell is considered cut (and then subsequently duplicated) if any of its four
sub doubly-fine grid cells are cut. Note that this is a slightly different criteria than that used in the original VNA.
There, a grid cell was considered cut if any of its four nodal level set values were of differing sign.
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Figure 9: Inheriting the Lagrangian zero isocontour from the doubly-fine grid. The image depicts the definition of
the piecewise linear approximation to the zero isocontour over u, v and p grid cells. For each case, the grid cell is
considered cut if any of the four sub grid cells are cut.u grid cells are shown in blue with triangular nodes pointing
to the right, thev grid cells are show in red with triangular nodes pointing upwards and thep grid cells are shown in
green with circular nodes.

The staggering of the variables on the MAC grid naturally facilitates a second order centered finite difference
stencil for px at eachu degree of freedom and forpy at eachv degree of freedom. Not coincidentally, these are
precisely the source terms needed in the Poisson equations for u andv respectively. Unfortunately, these stencils are
not always well defined for interfacialu andv degrees of freedom. For example consider the left subfigure in Figure
10. Here, a centered difference computation ofpx at the ghostu node (drawn as a large blue triangle pointing to the
right) is not possible because there is nop degree of to the left.

Fortunately, the VNA requires only cell-wise averages of the right had side terms of the Poisson equations (see
section 4 in [1] for more details). Notably we will never explicitly require components of∇p at ghostu andv nodes
like the one node highlighted in the left subfigure in Figure10. The required cell-wise averages are:

px =

∫

cx∩Ω
±
h

pxdx and py =

∫

cy∩Ω
±
h

pydx.

Here,cx andcy are cells in the duplicatedu andv grids respectively.cx ∩ Ω
±
h is the intersection of the fluid domain

with cx (similar for cy ∩ Ω
±
h ). Note that these regions are non-trivial for cells in the duplicated grids that intersect

the interface. That is, these regions correspond to cut cells. An example of such a cut cell is shown incident to the
enlargedu node in left subfigure of Figure10. While we do not have ap degree of freedom to the left of this node, we
do have enough information to computepx over the cut cell. Specifically, we have enough information to determine
a piecewise bilinear approximation top over cx ∩ Ω

−
h . Note that there is ap cell (cp) containing regioncx ∩ Ω

−
h in

Figure10. This implies that we can approximatep as bilinear over the required region. In general, there willbe at
most twop cells overlapping anycx∩Ω

±
h or cy∩Ω

±
h region and we can always use this to generate a piecewise bilinear

approximation top wherever needed.
The piecewise bilinear representation ofp is:

p(x) =
Np
∑

i=1

piN
p
i (x). (24)

Here we assume there are a total ofNp nodes on the duplicatedp grid. The functionN p
i (x) is the piecewise bilinear
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interpolating function centered at thei-th pressure node. The derivatives ofp with respect tox andy are:

px =

Np
∑

i=1

piN
p
i,x and py =

Np
∑

i=1

piN
p
i,y (25)

The cell-wise averages (px andpy) of px andpy can then be computed exactly as in [1]. This is easily done because
the integrands in

px =

∫

cx∩Ω
±
h

Np
∑

i=1

piN
p
i,xdx and py =

∫

cy∩Ω
±
h

Np
∑

i=1

piN
p
i,ydx

are piecewise bilinear. That is, we need only integrate a loworder polynomial inx andy over the polygonal cut cell
regionscx ∩Ω

±
h andcy ∩Ω

±
h . As shown in [1], integrals of this type can be computed exactly with minimal cost.

(a) (b)

Figure 10: A typical case where the computation of∇p is not trivial. The colored nodes in figure (a) are either virtual
(shown with an extra border outline) or material nodes of theu, v and p grids associated withΩ−h , while the colored
nodes on figure (b) are the equivalent ones forΩ+h . The large blue triangle corresponds to a virtual node on theΩ−h u
grid. The original node is shown enlarged on the right inΩ+h . Notice that simple methods such as centered differences
cannot be used to computepx numerically on the node on theΩ−h side since there is nop node ofΩ−h on its left. Note
that we highlight the cellscx andcp as well as the regioncx ∩Ω

−
h in the image at the left to aid in the discussion from

section4.3.

4.4. Projection Onto Divergence-free Space
When we use the Poisson formulation (equations (8) and (9)) for the discretization ofu andv, we get second

order (inL∞) accurate velocities. However, they do not in general satisfy a discrete divergence free condition. While
any consistent approximation of the divergence will converge to zero under refinement with theu andv we generate
from the Poisson equations, it is often advantageous to enforce a discrete divergence free condition. We satisfy this
divergence free condition via projection and our numericalexperiments suggest that this process does not degrade the
L∞ accuracy.

The divergence free condition is defined over each cell in ap-node centered grid. For everyp node (including
virtual p nodes created in the duplication procedure), we define thep-centered grid cell (Cp) to consist of the four
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surrounding sub cells in the doubly-fine grid (see Figure11). These cells are also duplicated whenever thep node at
its center is virtual. We enforce the following conditions at all p-centered grid cellsCp:

∫

Cp∩Ω
±
h

∇ · u dx =
∫

Cp∩Ω
±
h

(ux + vy) dx =
∫

Cp∩Ω
±
h

















Nu
∑

i=1

uiN
u
i,x +

Nv
∑

i=1

viN
v
i,y

















dx = 0. (26)

HereNu is the number of nodes (including virtual nodes) on theu grid andNv is the number of nodes on thev grid.
Note that this defines a linear set of constraints on theu andv degrees of freedom. If we definew to be the vector of
all nodalu andv unknowns:

w =
(

u
v

)

(27)

then we can symbolically represent the linear constraints in equations (26) asDw = 0. The limited support of the
bilinear functionsNi implies thatD is a sparse matrix (see Figure11). Since we denoted the number ofp nodes
(including virtual nodes) asNp, thenD ∈ RNp×(Nu+Nv). Note that the evaluation of the entries inD must be done using
the cut-cell integration of low order polynomials over polygons as discussed in section4.3. The projection of thew
obtained by solving the discrete equations (8) and (9) can then be performed as:

1. SolveDDT p̂ = Dw, wherep̂ ∈ RNp

2. w← w − DT p̂.

The linear systemDDT p̂ = Dw is symmetric positive definite and can be solved with the conjugate gradient method.

Figure 11: The stencil of the matrixD for the divergence-free projection algorithm proposed involves only the colored
nodes on the figures above (blue triangles pointing to the right are nodes of theu grid; red triangles pointing up are
nodes of thev grid). Far away from the interface (left figure), the stencilencompasses a maximum of 12 points (6
from theu grid and 6 from thev grid). For cut cells, feweru andv values are necessary to represent the stencil (figure
on the right).

5. Numerical Examples

We will now discuss a number of numerical tests we used to demonstrate that our method is capable of achieving
second order accuracy inL∞ for u, v and p. First we will define the precise notion of order of convergence that we
use and discuss how we compute it foru, v andp, then we will present our discretization and convergence results for
interfacial elastic and surface tension forces as well as problems in irregular domains.

5.1. Convergence Measure

Denote the number of MAC grid cells per direction asN. Denote the numerical approximation to a fielduexact(x, y)
asuN(x, y). Let eN be the exact error ofuN in theL∞ norm. Then, if the method isr-th order accurate:

eN = ‖uN − uexact‖∞ ≤ Chr (28)
13



for some constantC with h ∝ 1/N being the cell width. Hence:

‖u2N − uN‖∞ ≤ ‖u2N − uexact‖∞ + ‖uN − uexact‖∞

≤ C(hr
2N + hr

N)

= C′
(

1
(2N)r

+
1

Nr

)

= C′
1

Nr

(

1
2r
+ 1

)

= C′′
1

Nr

(29)

where all constants were incorporated intoC′′. Taking the log10 on both sides of the equation above and defining
a = log10 C′′, we get:

log10 ‖u2N − uN‖∞ ≤ a − r log10 N. (30)

In other words, the negative of the slope of the plot of log10 ‖u2N − uN‖∞ versus log10 N is the order of convergence of
the method on theL∞ norm. We used this procedure to compute the order of convergences of the results below.

5.2. Details About the Convergence Measures of u, v, p and Γ

Since the velocities and the pressure are not always continuously differentiable across the interfaceΓ̂h, special care
needs to be taken when computing interpolation errors for these quantities defined on grids with different resolutions.
In what follows, we compute the interpolation errors for thequantityq = u/v/p at the MAC grid withN cells per
direction by sweeping through the material nodes of theqN grid (virtual nodes are not considered) and comparing
them with the values at the nodes of theq2N grid at the same Cartesian positions. However, the materialcopies of
these nodes on the two considered grids might not be associated with the discrete regionsΩ+h andΩ+h/2 or with the
regionsΩ−h andΩ−h/2 respectively. Such nodes are then not taken into account on the convergence measure since they
represent values of the quantityq on different sides of the interface on each grid. The maximum difference between
the compared values ofqN andq2N is taken to be the interpolation error on theL∞ norm for the quantityq on the grid
with N cells per direction.

The interpolation error for the discrete interfacesΓh andΓh/2 on theL∞norm is taken to be the maximum distance
between the segments ofΓh and the segments ofΓh/2.

5.3. Elastic Interface Discretization

Our discretization of interfacial forces is very standard but we briefly cover it here for completeness. Letx(λ, t)
be a parametrization of the interfaceΓ. We assume that the range ofλ is [0, L0], whereL0 is the equilibrium length
of the elastic interface. This equilibrium lengthL0 is defined such that all elastic forces vanish at all points ofΓ if its
configuration is a circle of radiusR0 = 2π/L0. The elastic force density (per unit length of the parameterλ) at a given
point x(λ, t) ∈ Γ is given by the equation:

F(λ, t) =
∂

∂λ
(T (λ, t)τ(λ, t)) (31)

whereτ(λ, t) is the unit vector tangential to the interface at the pointx(λ, t):

τ(λ, t) =
∂x
∂λ

/
∥

∥

∥

∥

∥

∂x
∂λ

∥

∥

∥

∥

∥

(32)

andT (λ, t) is the tension at that point:

T (λ, t) = κ(λ)

(
∥

∥

∥

∥

∥

∂x
∂λ

∥

∥

∥

∥

∥

− 1

)

. (33)
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The functionκ(λ) determines the elastic properties at each point of the interface. Here we will takeκ(λ) to be a
constant. The interface is discretely represented withM nodes and we compute the force densityFi on each nodexi

of Γh as:

τi+1/2 =

(

∂x
∂λ

)

i+1/2

/
∥

∥

∥

∥

∥

∂x
∂λ

∥

∥

∥

∥

∥

i+1/2
=

xi+1 − xi

‖xi+1 − xi‖
, (34)

Ti+1/2 = κ
‖xi+1 − xi‖

∆λ
(35)

and

Fi =
Ti+1/2τi+1/2 − Ti−1/2τi−1/2

∆λ
(36)

with ∆λ = L0/M. Here the subscripti + 1/2 refers to the point at the center of the segment which connects the nodes
xi andxi+1. We divide the force density (36) by

∥

∥

∥

∂x
∂λ

∥

∥

∥

i
=
‖xi−xi−1‖+‖xi+1−xi‖

2∆λ to define the jump conditions:

f i
i =

2∆λ
‖xi − xi−1‖ + ‖xi+1 − xi‖

Fi. (37)

For all elastic interface tests we use a rectangular periodic domain [−1,1]×[−1,1] with an initial elliptical interface
of semi-major radiusa = 0.7 and semi-minor radiusb = 0.4 centered at the domain origin att = 0. The ellipse is
given uniform elasticity constantκ = 10. The viscosity of the fluid is set toµ = 1 (uniformly). For a MAC grid with
N cells per direction, the interface is represented withM = N/2 segments. The nodes of the interface are positioned
initially according to the expression:

xi = (a cosθi, b sinθi), (38)

whereθi = 2πi/Nb = 4πi/N for i = 1,2, . . . ,N/2. This choice of the parametrization of the interface ensures each
of its segments has length between 2.5h and 4.5h at all times of the simulation. The linear systems for the pressure
and for the velocities are solved using multigrid. The time step was∆t = 5h2 = 20/N2. We verified the order of
convergence for the pressure, for the velocities and for thepositions of interface nodesΓh according to theL∞ norm
at the timest1 = 0.1, t1 = 0.2, t3 = 0.3 andt4 = 0.4. Also, we checked how the total interface volume change
∆Vh = (interface volume at timet) − (interface volume at timet = 0) converged to zero as the grid was refined and
the order of convergence of the maximum and minimum distances between the interfaceΓh and the origin of the
rectangular domain (these distances are denoted below asRmax andRmin respectively). The numbers of grid cells per
direction used on the convergence test wereN = 64,128,256. As shown on the tables below, all the results obtained
are second order accurate for all these quantities:

t1 = 0.1
Quantity Order of convergence

u 2.44
v 2.31
p 2.74
Γh 2.63

Rmax 2.10
Rmin 1.76
∆Vh 2.05

t2 = 0.2
Quantity Order of convergence

u 2.30
v 2.20
p 2.01
Γh 2.24

Rmax 2.05
Rmin 1.95
∆Vh 2.01
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t3 = 0.3
Quantity Order of convergence

u 2.22
v 2.26
p 2.23
Γh 2.11

Rmax 2.02
Rmin 1.98
∆Vh 2.01

t4 = 0.4
Quantity Order of convergence

u 2.24
v 2.15
p 2.23
Γh 2.10

Rmax 2.02
Rmin 1.99
∆Vh 2.01

(a) t=0.0 (b) t=0.1

(c) t=0.2 (d) t=0.3
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(e) t=0.4

Figure 12: Configuration of the interfaceΓh at different times. The pressure values are also shown using different
tones of gray, with a color table on the right. Dark regions have lower pressure; brighter regions have higher pressure.

5.4. Surface Tension

Let x(s, t) be the parameterization of the interface with respect to arclength. The surface tension force density (per
unit interface length) at a given pointx(s, t) ∈ Γ is:

f i(s, t) = 2σ
∂τ(s, t)
∂s

(39)

where againτ(s, t) is the unit vector tangential to the interface at the pointx(s, t) andσ is the surface tension constant
of the interfaceΓ. Since we are using the interface arclength as our paramertization, we have:

∥

∥

∥

∥

∥

∂x
∂s

∥

∥

∥

∥

∥

= 1, (40)

The surface tension force density and the jump conditions are the same in this case:

f i
i = 2σ

τi+1/2 − τi−1/2

∆s
, ∆s =

‖xi+1 − xi‖ + ‖xi − xi−1‖

2
. (41)

Here,τi+1/2 is the same as in equation (34). Note that the surface tension force density (39) is always normal to
the interface. Because of this, the only discontinuous quantity across the interface is the pressure (the velocities are
continuously differentiable across it).

For all elastic interface tests we use a rectangular periodic domain [−1,1] × [−1,1] with an elliptical interface of
semi-major radiusa = 0.7 and semi-minor radiusb = 0.4 centered at the domain origin att = 0. The fluid viscosity is
again set toµ = 1, the surface tension constant isσ = 10. We use the same number of interface nodes as in the elastic
interface examples:M = N/2 segments. The nodes of the interface are positioned initially as in the elastic interface
case. Also the time step is again∆t = 5h2 = 20/N2.

We verified the order of convergence for the pressure, for thevelocities and for the positions of the interface nodes
of Γh according to theL∞ norm at the timest1 = 0.1, t1 = 0.2, t3 = 0.3 andt4 = 0.4. Also, we again checked the
the order of convergence of the total interface volume change∆Vh towards zero as the grid was refined and the order
of convergences ofRmax andRmin. The numbers of MAC grid cells per direction used on the convergence tests were
N = 64,128,256. As shown on the tables below, all the results obtained are second order accurate for all of these
quantities:
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t1 = 0.1
Quantity Order of convergence

u 2.25
v 2.05
p 1.75
Γh 2.06

Rmax 2.24
Rmin 1.96
∆Vh 1.83

t2 = 0.2
Quantity Order of convergence

u 1.90
v 1.84
p 1.79
Γh 1.95

Rmax 1.95
Rmin 1.96
∆Vh 1.90

t3 = 0.3
Quantity Order of convergence

u 1.99
v 2.06
p 1.92
Γh 2.37

Rmax 1.93
Rmin 1.97
∆Vh 1.91

t4 = 0.4
Quantity Order of convergence

u 2.05
v 2.12
p 2.05
Γh 2.10

Rmax 1.95
Rmin 1.97
∆Vh 1.92

(a) t=0.0 (b) t=0.1

(c) t=0.2 (d) t=0.3
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(e) t=0.4

Figure 13: Configuration of the interfaceΓh at different times. The pressure values are also shown using different
tones of gray, with a color table on the right. Dark regions have lower pressure; brighter regions have higher pressure.
Compare these results with the ones of figure12.

5.5. Irregular Domain

We also demonstrate second order convergence with the following irregular domain problem. Consider two con-
centric circles with radiiR1 = 0.3 andR2 = 0.8 respectively with a Stokesian fluid in between having viscosity µ = 1.
The inner cylinder rotates counterclockwise with angular velocityω1 = 2 and the outer circle rotates counterclock-
wise with angular velocityω2 = 1. We used the valuesN = 40,80,160,320,640 for the MAC grid resolutions. The
convergence rates ofu andv are given on the table below.

Quantity Order of convergence
u 2.16
v 2.11

In order to visualize the fluid motion, we divided the fluid domain in two halves:x > 0 andx < 0. Marker particles
were placed at these two domains and allowed to be advected with the fluid using Forward Euler. The figures below
shows the position of these marker particles at different time steps:

(a) t=0.0 (b) t=1.0
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(c) t=2.0 (d) t=3.0

(e) t=5.0 (f) t=10.0

6. Conclusion and future work

We have presented an efficient and easy to implement second order accurate method which solves the Stokes
equations with immersed interfaces and geometrically irregular domains. The assumed spatial uniformity of the fluid
viscosity permits a reduction of the problem to solving three independent Poisson equations for the velocities and the
pressure. This task can be optimally performed using fast Poisson solvers such as multigrid. An additional Poisson
equation can then be solved to enforce a discrete divergencefree condition for the velocities without sacrificing
second order accuracy. The linear system associated with each of these Poisson equations is symmetric positive
definite. Examples with elastic interfaces and surface tension were presented as well as flow of a single fluid in the
region separating two rotating concentric cylinders. All results obtained have shown second order accuracy.

It is the intention of the authors to extend the presented methods to allow for the solution of the Stokes equations
with interfaces when the fluids involved have different viscosities. Difficulties arising from the coupling of the jump
conditions across the contact interfaces [23] will then need to be taken into account.
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