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1 (20 points) Compute the matrix representation [T}g of the linear transformation

T:R? = R? with mapping T(z,9) = (z —y,22 +y)

with respect to the ordered bases 5 = {(1,0),(0,1)} and v = {(-1,1), (1,0)}.

Solution: First compute T'(3):

Now, we write each of those vectors as linear combinations in ~:

We write these coefficients vertically as the columns of our matrix:

T(1,0) = (1—0,2(1) +0) = (1,2) and T(0,1) = (0—1,2(0) + 1) = (-1,1).

(1,2) =2(-1,1) + 3(1,0) and (-1,1) = 1(-1,1) + 0(1,0).

M= o)

2 (20 points) Define W = {f € P3(R)|f’(0) = 0}

a Prove that W is a subspace of P3(R).

Solution: Take f,g € W and k € R. By linearity of derivatives,
(f +kg)'(0) = f'(0) + kg'(0) =0+ k0 = 0.

Thus f + kg € W, and we have proved the subspace criterion.

b Find a basis for W (and prove that it is a basis).

Solution: To find the generic element of W, we start with the generic element of P3(R) and apply
the constraints. Define f(x) = a + bz + cx? + dz3. If f € W, then

0= f'(0) = (b+2cx + 3dz?)|pm0 = b

Thus
W = {a+cx?® +dz*: a,c,d € R}.

Let 8 = {1,22, 2%}. Clearly this is a spanning set — given f € W,
f=a+cx? +da® =a(l) 4 c(2?) + d(z?).

Since 1, 22, 23 all have different degrees, they must be linearly independent. So f3 is indeed a basis.




3 (20 points) Let V be a vector space over R. Let u,v, and w be distinct vectors in V. Prove that {u,v,w}
is linearly independent if and only if {u + v,u 4+ w, v + w} is linearly independent.

Solution:
Assume {u, v, w} are linearly independent. Given the linear combination

alu+v) + b(u + w) + c(v+w) =0, (1)
we can rearrange this into the combination
(a+bdu+(a+c)v+ (b+c)w=0.

Since {u,v,w} are linearly independent, the coefficients all must equal 0:

a + b =0
a + ¢ =0
b + ¢ =0
Solving this system, we get a = b = ¢ = 0, so (1) must be a trivial combination. Thus

{u+v,u+ w,v+ w} are linearly independent.

Assume {z = u+v, y = v+ w, z = v + w} are linearly independent. Given the
linear combination
au~+bv+cw =0 (2)

we can write u = 3 (z+y—2z), v = 3(¢+2z—y), w = 1(y+ z — x), and rearrange the combination

ag(z+y—2)+bz(x+z—y) +ezly+z-2)
=la+b—cz+ilatc—by+i(b+c—a)z=0.

Since {z,y, z} were presumed to be independent, the coefficients above must all be zero, so

a + b — ¢ =0
a — b 4+ ¢ = 0
-a + b + ¢ = 0

This linear combination has only the solution a = b = ¢ = 0, so (2) must be a trivial combination.
Thus {u,v,w} are linearly independent.

A second, perhaps quicker proof:

Clearly, u 4+ v,u + w, and v + w lie in the span of {u,v,w}:
u+v=1uw)+10w)+0(w) uv+w=1u)+0(v)+ 1(w) v+w=0(u)+1v)+ L(w).
Observe that u, v, w lie in the span of {u + v,u 4+ w,v + w}:

u =

N N

w = -

Thus span{u, v, w} = span{u 4+ v, u + w,v + w}. If one of these sets is linearly independent, then
the dimension of its span is 3, so the dimension of the span of the other set is 3, so the other set
is linearly independent.

4 (20 points) Let V be a vector space, T : V — V be a linear transformation. Prove that T2 = Oz (v,v) if and
only if R(T) C N(T).



Solution:

Suppose T2 = 0. Given w € R(T), there exists v € V such that T(v) = w. Then
T(w) = T(T(v)) = T*(v) =0,
so w € N(T). Thus R(T) C N(T).

Suppose R(T) € N(T). Then given v € V, T(v) € N(T) and

Since v was arbitrary, T2 = 0.

5 For any finite dimensional vector space V of dimension n with an ordered basis 3, show that the coordinate
map ¢g : V — R" defined by ¢g(z) = [z]s is one-to-one and onto.

Solution: Let 8= {v1,...,v,}, and take v =", ¢;v; and w = >, d;v; in V. For any k € R,

observe
" c1 + kdy
Pp(v+ kw) = ¢p (Z(Ci + kdz‘)vz‘) = :
i=1 cn + kd,
by the usual addition properties of vectors in R",
1 dy n n
Cn d, i=1 i=1
= ¢p(v) + kop(w).

Thus ¢g is linear.

Suppose ¢s(v) = (0,...,0). Then v = >, 0v; = 0. Thus N(¢g) = {0}, so ¢g is one-
to-one.

Finally, given (r1,72,...,7,) € R, we have v = Y"1 | 7;v; € V such that

ds(v) = dg (Z rivi> =(ri,. ., n).

Thus (71,...,7s) € R(¢g), so ¢g is onto.

Note: Another, nontrivial fact about ¢ is that it is well-defined - that is, that every vector in V maps
to a unique column-vector in R™. This comes from linear independence of 3.

Suppose there were two distinct values for ¢g(v), i.e. distinct (aq,...,ay,) and (by,...,b,) such that
a1vy + agva + -+ apvy = v = bivy + bava + -+ + bpvy.
Then
(a1 — bl)'l}l + (CLQ - bQ)UQ + -+ (an - bn)’l}n =0
is a non-trivial linear combination in 3 (if the representations are distinct, at least one of the coefficients

above has to be nonzero). This contradicts our assumption of linear independence, so the mapping of
¢g must be unique.



