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6.2 - Gram-Schmidt Orthogonalization Process

2. Apply the Gram-Schmidt process to the given subset S of the inner product space V. Normalize the
vectors in the resulting basis to obtain an orthonormal basis 3, and compute the Fourier coefficients
of the given vector relative to 3.

d. V =span(S), where S = {v; = (1,4,0),v2 = (1 — 4,2,44)}, and = = (3 +4,44,-4).

Solution:
Orthogonalization: Define vj = v;. We compute the inner products

Il
[\

loil? = [(1,7,0)]? 1[? + [1[* + |0
(g, v}) = ((1—1i,2,4i),(1,i,0)) = (1—i)T+2i+4i0 = 1—3i,

and compute the next orthogonal vector

!
15 = 2 = profg (uz) = va — {2t = (11— 6:2,40) = 55(1,0,0) = §(1 4.1~ .80,
1 Y1
where
sl = N3 +4,1-48)° = (1+iP+1—d+[8) = 1T.
Normalization:
v} V!
wy = —— = ¥2(1,4,0), wy = —2— = YT(1 44,1 —4,80).
(vl [[vs |

So 8= {?(17 i,0), ‘é;(lJrz 1—1,8i)} is an orthonormal basis of span(S). Now we can compute
the Fourier coefficients for z = (3 + 4, 44,-4):

2, w) = <(3+z‘74z’,-4),§(1,z >

2, wy) = <(3+i,4¢,-4) YIT(1 44,1 -

= { +i)T+4i7—40) = Y2(7T +1),
= = VT [(340) (T+4)+4i(T—i)— 48]

(3 +1—4)+ (-3+1+4+32)i) = VITi.

= —
\1\/ o;;

= VAT [(340)(1 — ) + 4i(1 +14) — 4(-80)] =
Checking that these coefficients work:

m:clwl—&—cng:g(?—l—z) f(l,z,O)—F\Fz V(14,1 —1,8i)
= (T +i,-1+70,0) + 3(-1 +4,1 +4,-8) = (3 +1,4i,-4).




£.V=RY S ={v; =(1,-2,-1,3), 03 = (3,6,3,-1),v3 = (1,4,2,8)}, and = = (-1,2,1,1).

Solution:
Orthogonalization: Define vj = v;. We compute the inner products

<’U/1,’U/1> = <(17_27_173)3(1,_2,'1a3)> = 12+(_2)2+(_1)2+32 = 15
<1)2,7)’1> = <(37 6, 37‘1)’ (17'27'17 3)> = 3(1) + 6('2) + 3('1) - 1(3) = -15,
and compute the next orthogonal vector
= (3,6,3,-1) — $2(1,-2,-1,3) = (4,4,2,2).
Computing more inner products:
(vy,v) = ((4,4,2,2),(4,4,2,2)) = 4>+4742%+2 = 40,
<’U3,'U/1> = <(1747278)3(17_27_173)> = 1(1) +4(_2) +2(_1)+8(3) = 157
(vs,v9) = ((1,4,2,8),(4,4,2,2)) = 1(4)+4(4)+2(2)+8(2) = 40,

So

vy = v3 — Proj,. (v3) — proj,, (vs) = (1,4,2,8) — 12(1,-2,-1,3) — 38(4,4,2,2) = (-4,2,1,3),

and
<Ué7 Ué> = <(‘47 2a 1; 3)7 (_47 2a 15 3)> = (_4)2 + 22 + 12 + 32 = 30.
Normalization:
Vi Ui v _ 10 Vi /3o
wlzm:?(la_27_1’3)7 Wwo = ||U || (4 4 2 2) wQZWZW(_4’2’173).
1 1 1

So 5 = {‘ﬁ(l -2,-1,3), ‘g(él 4,2,2), \Q( 4,2,1,3)} is an orthonormal basis of span(S). Now

we can compute the Fourier coefficients for x = (-1, 2,1, 1):
&1 = (wwn) = 2 ((1,2,1,1), (1,-2,-1,3)) = -39 = =45,
2 = (w,we) = Y10 ((-1,2,1,1), (4,4,2,2)) = 8410 = 2410,
3 = (z,ws) = r<( 1,2,1,1), (-4,2,1,3)) = 12¥30 — 2V30,
Checking that these coefficients work:
M5 VIS5 (1 9,1, 3) 4 210 10y 4 9 9) 4 230 V30 (4 9 1 3)
= 31(1,—27—1,3) 3(474,2,2) ( 4,2,1,3) = (-1,2,1,1).

c1wy + cowg + C3Wsg =

6. Let V be an inner product space, and let W be a finite-dimensional subspace of V. If = ¢ W, prove that
there exists y € V such that y € WL, but (z,y) # 0.

Solution: By Theorem 6.6, we may write x = u + y, with « € W and y € W+.

(z,y) = (u+y,9) = (u,y) +(¥,y) = (y,v) -

Note that y # 0, otherwise z = v € W. Coercivity of the inner product forces (z,y) = (y,y) > 0.

11. Let A be an n X n matrix with complex entries. Prove that AA* = I if and only if the rows of A form



an orthonormal basis for C".
Solution: Denote by r; the ith row of A. Observe that

(AA%)i; = Ai(A%)ky =Y Ai Ajr = (ri,my) -
k=1 k=1

SO

AA* =1 <= (AA");; = (ry, 1) = 8;; <= {r;}i=; forms an orthonormal basis.

13c. Let V be an inner product space, and W be a finite-dimensional subspace of V. Prove that W = (W)=,

Solution:
If x € W and y € W, then (z,9) = (y,z) =0, so z € (WH)L.
If x ¢ W, then, by problem 13, there exists y € W' such that (x,y) # 0, so = ¢ (W+)L.

16. a. Let V be an inner-product space, and let S = {vy,...,v,} be an orthonormal subset of V. Prove
that for any x € V we have

n
l2l® = | e wi) .
i=1

Solution: Define W = span(S). This is a finite-dimensional subspace of V. Given z € V, we
can write x = u + y, where u € W and y € W+ (Theorem 6.6). Since S is an orthonormal basis

of W, we can write u = Y ., (u,v;) v;, so that

n
212 = flul® + 1yl = 13 G v5) wil* + llyll2.
i=1

Applying problem 6.1.12,

n
=D [wv) Pllodl® + [y
i=1

n n
=3 ) P4 yll? = 37w, v 2
i=1 i=1

b. In the context of (a), prove that Bessel’s inequality is an equality if and only if « € span(S).

Solution: 1In the context of (a), we have equality if and only if ||y||> = 0, which occurs if and
only if y = 0, meaning x = u € W = span(5).

18. Let V = C([-1,1]). Suppose that W, and W, denote the subspaces of V consisting of even and odd
functions, respectively. Prove that W, L W,,, where the inner product on V is defined by

(f.g) = [1 F(B)gt) dt.



Solution: Given f € W, and g € W,,

:/lf(t)g(t)dt:/of(t) dt+/ £(0)

/ F(t)g(t) di+ f() (t)dt = / (F(Dg(ct) + F(B)a(t)) dt.

0

Applying the definition of odd and even functions,

! 1
- [ g+ swgw) de = [ oar=o.
0 0

19c. Let V = P(R) with the inner product (f(x fo t)dt and let W = P;(R) < V. Find the
orthogonal projection of h(x) =4 + 3z — 233 onto W.

Solution: Let 8 = {v; = 1,v9 = x}, a basis of W. Let v] = v;. Then

1
il = (1,1) Jo Pdz =

(,0f) = (w,1) = [ya(dz = [La?];=14.

The next orthogonal basis vector:
vy = Vg — Proj,, (va) = & — 41 =-5 + .
where
ol = hrochea) = [ekeota = b= iG- D=

Now we compute inner products with h(z) = 4 + 3z — 222,

~

(44 3z —22%,1) = fo 4+3a:—2x)dx—[4x—|—3 2 §x3]0 29
<4—|—3gc—2alc7 14z)= fo (44 3z — 222)(-3 —|—;v)dm )
fo (-2 4 S+ 42? — 20%) dw = [-2z + 22?4 32° éx‘l]o

—~
>
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So
proju (h) = proj,; (h) + proj,, (h) = 221+ {3 (-5 + o) =+ 2.
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(a) Orthogonal Basis (b) Orthogonal Approximation

20c. In the context of (19¢), find the distance from h(z) to W.



Solution:

1
nhu>mmwan|—<[;«4+3x2ﬁ><?+x»2m)

1
( (% — %x + 13—6552 — 8z + 4304) dx)
0

= /(5 —30+ 80 — 90 + 36)/45 = v/5/15.

1/2

1/2

The distance from h(z) to W is the distance between h(z) and projy(h).

</01 (-1 4+ 20 — 227) dm)

1 2,2 16,3
[933 327+ 3

1/2

Q.T +4 5]

1
0

)1/2

22. Let V = C([0, 1]) with the inner product (f, g)
linearly independent set {t,v/t}.

= Jo £

a. Find an orthonormal basis for W

t)dt. Let W be the subspace spanned by the

Solution: Let = {v; = t,vy = V/t}, a basis of W. Let v{ = v;. Then
1 1
WP = @) = e = [3)=3
1 5
) = (VEH) = [ivid = [23] =2
The next orthogonal basis vector:
. 2/5
vh = vy — proj,, (va) = Vit — ffgt =vt- St
where .
loal? = JIVE- St 55 mm+%ﬂﬁ
= [( th—‘; t3 + 12t3 = 55(25 —48424) = &
b. Let h(t) = t2. Use the orthonormal basis obtained in (a) to obtain the closest approximation of h
in W.
Solution: Now we compute inner products with h(t) = t2,
1 1
(h(t),v}) = (t) = [, t*de = [3t*], = &
(h(t),vg) = <t27 Vit §t> = fol(t% - gt3)dq: = {%ﬁ - 130754}0 = %'
So
1/4, | -1/70 -
proju () = proj,; (k) + proj,, () = 175t + /g5 (Vi — §1) = 2V + 331,
10 _ 10t
08} - - 08l
06 / 06
04l - - oal
ozp ///7/ al
- 0‘2 0‘.4 o‘.s = a‘& 1‘.0 _—
02 T~ NE—T) 04 o6 08 10

(c) Orthogonal Basis

(d) Orthogonal Approximation




