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2.2 - The Matrix Representation of a Linear Transformation

2. Let B and v be the standard ordered bases for R and R™, respectively. For each linear transformation

T:R" — R™, compute [T]}

b. T:R? — R? defined by T(a1,as) = (2a1 — az, 3a; + 4as, ay).

Solution: A transformation from a 2- to a 3- dimensional space has a 3 x 2 matrix:

—_

[T15 =

Y I V]
O =~

c. T:R3 — R defined by T(ay,az,a3) = 2a; + as — 3as.

Solution:

Mh=(2 1 -3).

4. Define
T: M 2x2(R) — Po(R) by T(28)=(a+b)+ (2d)z + ba?.

52{012 ((1) 8>702= (8 (1)),?}3

Solution: T(vy) =1, T(v2) =1+ a2, T(v3) =0, T(v4) = 22. Thus

1 1 0 0
[T]g: 00 0 2].
01 00
5. Let

a{vlz((l) 8),1}22(8 é>7v3=((1) 8),1}4:(8 (1))}, and ﬁ:{l,x,xQ}, and v ={1}.

c. Define T: M oxo(F) — F by T(A) = trace(4). Compute [T]2,

[e3

Solution: T(vi) =1, T(ve) =0, T(v3) =0, T'(v4) = 1. Thus
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)} and v = {1,z,2%}.

M2=(1 0 0 1).




d. Define T: P(R) — R by T(f(x)) = f(2). Compute [T]}.

Solution: T(1) = 1]y—2 = 1, T(2) = 2|p=2 = 2, T(2?) = 2%|,22 = 4. Thus

=0 2 4.

8. Let V be an n-dimensional vector space with an ordered basis 3. Define T : V — F™ by the mapping
T(z) = [z]s. Prove that T is linear.

Solution: Denote 8 = {v1,...,v,}. Given v = cyv1 + -+ 4 ¢yUp, and w = dyvy + -+ - + dpv, in
V', and some scalar a,

T(v+ aw) = T((q +ady)vy + -+ (cn + adn)vn) = (c1 +ady,...,cp, +ady)
=(c1,.-.,¢n) +aldy,...,dy) =T(v) +aT(w).

14. Let V = P(R) and for j > 1, define T;(f(z)) = fU)(x), where f(j)(z) is the j-th derivative of f(z).
Prove that the set {T1,...,T,} is a linearly independent subset of L.

Solution: Suppose there existed a linear combination ¢y, ..., ¢, such that
aTi+ceTo+ - +c, Ty =To=0g- (1)
That is, for every polynomial p,
0=(aTi+ - +eTn)p) = caaTi(p) + -+ +enTu(p) = c1p’ + cop” + -+ + cap™.
If p = 2™, this becomes
c1(nz™ ) + ea(n(n — 1)z 2) + -+ cp(n!) = 0.

This is a linear combination of polynomials, all of different degrees. We showed in a previous
problem that this combination must be trivial. Thus (1) is trivial, and we have shown that
Tq,...,T, are linearly independent.

16. Let V and W be vector spaces such that dim(V) = dim(W), and let T : V — W be linear. Show that
there exist ordered bases 8 and v for V and W respectively, such that [T]’ﬁy is a diagonal matrix.

Solution: T'll assume this means only finite-dimensional vector spaces - the book doesn’t define
matrix representations for infinite bases. Let o = {v1,...,vr} be a basis of N(T). Extend this to
B={v1,..., 0, Vks1,-.-,Un}, a basis of V.

Define n = {T(vg+1,..-, T(vs)}. I claim that this set is linearly independent. Suppose
et T(Wks1) + - + eaT(v) = 0 (2)
for some scalars ci,...,c,. We can pull T out of the sum:
T(ckt1Vk+1 + -+ cpvpn) = 0.
Thus ck11Vk4+1 + -+ + cpv, € N(T). However, as is the case whenever a basis is partitioned,
span{vy,...,vx} Nspan{vgi1,..., vy} = {0}.

S0 Ck41Vk4+1+ - ~+Cpv, = 0. Linear independence of vgy1, ..., v, implies that cx41 = ... =¢, =0,
so (2) is a trivial linear combination.




Extend 7 to v = {w1,...,wk, T(vk+1),... T(vn)}, a basis of W. Now consider the matrix [T]j.
First of all; T(v1) = --- = T(vx) = 0. Next, the images of the remaining basis vectors in (3, are
exactly the corresponding vectors in «y. That is,

T(vgt1) = 0wy + -+ - + Owy, + 1T(U}€+1) + 0T (vggo) + -+ OT(’Un)
T(vgye) = 0wy + -+ + 0wy, + 0T (vgr1) + 1T (Vgg2) + -+ + 0T (vy)

T(Un) = 0wy + -+ -+ 0wy, + OT(Uk+1) =+ OT(Uk+2) 4+ 4 IT(Un).

Thus ([T}g)” = 1{i>k)0i5, that is, a diagonal matrix with first k& diagonal entries set to 0, and
remaining entries set to 1.

2.3 - Composition of Linear Transformations and Matrix Multipli-
cation

1. Answers are given in the book
2. Answers are given in the book

5. Complete the proof of Theorem 2.12 and its corollary: Suppose A to be an m x n matrix, B to be an
n X p matrix, and C to be a ¢ X m matrix.

(b) a(AB) = (aA)B = A(aB) for any scalar a.

Solution: Considering the ijth entries,
(a(AB))i; = a(AB)ij = a ) AixBi;.
k=1

Next,

n

Z aA)ixByj = Z aAiBrj = (IZ Ak By,

k=1 k=1 k=1

the same as the above. Next,

ZAm aB ZAlka’Bk}] = G,Z A kBk]7

the same as the others.

(d) If V is an n-dimensional vector space with an ordered basis 3, then [ly]s = I,,.

Solution: Denote 8 = {v1,...,v,}. Since

=v; = E 03 vy,

we have ([|V])ij = 6ij = (In)z]




Cor. Let A be an m X n matrix, By,..., B, be n x p matrices, C1,...,Ck be ¢ X m matrices, and

ai,...,ar be scalars. Then
k k
i=1 i=1

and

k k
i=1 i=1

Solution: 1 will only prove the first equality. The proof of the second is almost identical. Assume
that this fact is known for k < N (if k¥ = 1, this is just the situation in part (b)). Now, consider

N N-1
A(Zale> :A<Z aibi—l—aNBN) .
i=1

i=1

By distributivity,

N-—-1
=A (Z aiBi> + A(aNBN).
i=1

By our assumption for k < N,

N-1 N
= Z a;AB; + anyABy = ZaiABiv
i=1 i=1

and that gives us the desired form.

6. Prove (b) of Theorem 2.13:
Let A be an m x n matrix and B be an n x p matrix. For each j (1 < j < p) let u; and v; denote the
jth columns of AB and B, respectively. Then

(b) v; = Bej, where e; is the jth standard vector of FP.

Solution: We have
By, > _1 0k Bikex (Bejh
ng ZZ:I 5ijQk;€k (Bej)g
Uj = . = . = = Bej,
By > k=1 Okj Brken (Bej)n




