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2.2 - The Matrix Representation of a Linear Transformation

2. Let β and γ be the standard ordered bases for Rn and Rm, respectively. For each linear transformation
T : Rn → Rm, compute [T]γβ

b. T : R2 → R3 defined by T(a1, a2) = (2a1 − a2, 3a1 + 4a2, a1).

Solution: A transformation from a 2- to a 3- dimensional space has a 3× 2 matrix:

[T]γβ =

2 -1
3 4
1 0

 .

c. T : R3 → R defined by T(a1, a2, a3) = 2a1 + a2 − 3a3.

Solution:
[T]γβ =

(
2 1 -3

)
.

4. Define
T : M×2×2(R)→ P2(R) by T

(
a b
c d

)
= (a+ b) + (2d)x+ bx2.

Let

β =
{
v1 =

(
1 0
0 0

)
, v2 =

(
0 1
0 0

)
, v3 =

(
0 0
1 0

)
, v4 =

(
0 0
0 1

)}
, and γ = {1, x, x2}.

Solution: T(v1) = 1, T(v2) = 1 + x2, T(v3) = 0, T(v4) = 2x. Thus

[T]γβ =

1 1 0 0
0 0 0 2
0 1 0 0

 .

5. Let

α

{
v1 =

(
1 0
0 0

)
, v2 =

(
0 1
0 0

)
, v3 =

(
0 0
1 0

)
, v4 =

(
0 0
0 1

)}
, and β = {1, x, x2}, and γ = {1}.

c. Define T : M×2×2(F )→ F by T(A) = trace(A). Compute [T]γα
Solution: T(v1) = 1, T(v2) = 0, T(v3) = 0, T (v4) = 1. Thus

[T]γα =
(
1 0 0 1

)
.
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d. Define T : P2(R)→ R by T(f(x)) = f(2). Compute [T]γβ .

Solution: T(1) = 1|x=2 = 1, T(x) = x|x=2 = 2, T (x2) = x2|x=2 = 4. Thus

[T]γβ =
(
1 2 4

)
.

8. Let V be an n-dimensional vector space with an ordered basis β. Define T : V → Fn by the mapping
T(x) = [x]β . Prove that T is linear.

Solution: Denote β = {v1, . . . , vn}. Given v = c1v1 + · · · + cnvn, and w = d1v1 + · · · + dnvn in
V , and some scalar a,

T(v + aw) = T
(
(c1 + ad1)v1 + · · ·+ (cn + adn)vn

)
= (c1 + ad1, . . . , cn + adn)

= (c1, . . . , cn) + a(d1, . . . , dn) = T(v) + aT(w).

14. Let V = P(R) and for j ≥ 1, define Tj(f(x)) = f (j)(x), where f (j)(x) is the j-th derivative of f(x).
Prove that the set {T1, . . . ,Tn} is a linearly independent subset of L.

Solution: Suppose there existed a linear combination c1, . . . , cn such that

c1T1 + c2T2 + · · ·+ cnTn = T0 = 0L(V). (1)

That is, for every polynomial p,

0 = (c1T1 + · · ·+ cnTn)(p) = c1T1(p) + · · ·+ cnTn(p) = c1p
′ + c2p

′′ + · · ·+ cnp
(n).

If p = xn, this becomes

c1(nxn−1) + c2(n(n− 1)xn−2) + · · ·+ cn(n!) = 0.

This is a linear combination of polynomials, all of different degrees. We showed in a previous
problem that this combination must be trivial. Thus (1) is trivial, and we have shown that
T1, . . . ,Tn are linearly independent.

16. Let V and W be vector spaces such that dim(V ) = dim(W ), and let T : V → W be linear. Show that
there exist ordered bases β and γ for V and W respectively, such that [T ]γβ is a diagonal matrix.

Solution: I’ll assume this means only finite-dimensional vector spaces - the book doesn’t define
matrix representations for infinite bases. Let α = {v1, . . . , vk} be a basis of N(T). Extend this to
β = {v1, . . . , vk, vk+1, . . . , vn}, a basis of V.

Define η = {T(vk+1, . . . ,T(vn)}. I claim that this set is linearly independent. Suppose

ck+1T(vk+1) + · · ·+ cnT(vn) = 0 (2)

for some scalars c1, . . . , cn. We can pull T out of the sum:

T(ck+1vk+1 + · · ·+ cnvn) = 0.

Thus ck+1vk+1 + · · ·+ cnvn ∈ N(T). However, as is the case whenever a basis is partitioned,

span{v1, . . . , vk} ∩ span{vk+1, . . . , vn} = {0}.

So ck+1vk+1+· · ·+cnvn = 0. Linear independence of vk+1, . . . , vn implies that ck+1 = . . . = cn = 0,
so (2) is a trivial linear combination.
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Extend η to γ = {w1, . . . , wk,T(vk+1), . . .T(vn)}, a basis of W. Now consider the matrix [T]γβ .
First of all, T(v1) = · · · = T(vk) = 0. Next, the images of the remaining basis vectors in β, are
exactly the corresponding vectors in γ. That is,

T(vk+1) = 0w1 + · · ·+ 0wk + 1T(vk+1) + 0T(vk+2) + · · ·+ 0T(vn)
T(vk+2) = 0w1 + · · ·+ 0wk + 0T(vk+1) + 1T(vk+2) + · · ·+ 0T(vn)

...
T(vn) = 0w1 + · · ·+ 0wk + 0T(vk+1) + 0T(vk+2) + · · ·+ 1T(vn).

Thus ([T]γβ)ij = 1{i>k}δij , that is, a diagonal matrix with first k diagonal entries set to 0, and
remaining entries set to 1.

2.3 - Composition of Linear Transformations and Matrix Multipli-
cation

1. Answers are given in the book

2. Answers are given in the book

5. Complete the proof of Theorem 2.12 and its corollary: Suppose A to be an m × n matrix, B to be an
n× p matrix, and C to be a q ×m matrix.

(b) a(AB) = (aA)B = A(aB) for any scalar a.

Solution: Considering the ijth entries,

(a(AB))ij = a(AB)ij = a

n∑
k=1

AikBkj .

Next,

((aA)B)ij =
n∑
k=1

(aA)ikBkj =
n∑
k=1

aAikBkj = a

n∑
k=1

AikBkj ,

the same as the above. Next,

(A(aB))ij =
n∑
k=1

Aik(aB)kj =
n∑
k=1

AikaBkj = a

n∑
k=1

AikBkj ,

the same as the others.

(d) If V is an n-dimensional vector space with an ordered basis β, then [IV]β = In.

Solution: Denote β = {v1, . . . , vn}. Since

IV(vi) = vi =
n∑
j=1

δijvj ,

we have ([IV])ij = δij = (In)ij .
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Cor. Let A be an m × n matrix, B1, . . . , Bk be n × p matrices, C1, . . . , Ck be q × m matrices, and
a1, . . . , ak be scalars. Then

A

(
k∑
i=1

aiBi

)
=

k∑
i=1

aiABi

and (
k∑
i=1

aiCi

)
A =

k∑
i=1

aiCiA.

Solution: I will only prove the first equality. The proof of the second is almost identical. Assume
that this fact is known for k < N (if k = 1, this is just the situation in part (b)). Now, consider

A

(
N∑
i=1

aiBi

)
= A

(
N−1∑
i=1

aibi + aNBN

)
.

By distributivity,

= A

(
N−1∑
i=1

aiBi

)
+A(aNBN ).

By our assumption for k < N ,

=
N−1∑
i=1

aiABi + aNABN =
N∑
i=1

aiABi,

and that gives us the desired form.

6. Prove (b) of Theorem 2.13:
Let A be an m× n matrix and B be an n× p matrix. For each j (1 ≤ j ≤ p) let uj and vj denote the
jth columns of AB and B, respectively. Then

(b) vj = Bej , where ej is the jth standard vector of Fp.

Solution: We have

vj =


B1j

B2j

...
Bnj

 =


∑p
k=1 δkjB1kek∑p
k=1 δkjB2kek

...∑p
k=1 δkjBnkek

 =


(Bej)1
(Bej)2

...
(Bej)n

 = Bej ,
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