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ABSTRACT. Let F be a locally compact non-Archimedean field, and let B/F
be a division algebra of dimension 4. The Jacquet-Langlands correspondence
provides a bijection between smooth irreducible representations 7’ of BX of
dimension > 1 and irreducible cuspidal representations of GL2(F'). We present
a new construction of this bijection in which the preservation of epsilon factors
is automatic. This is done by constructing a family of pairs (£, p), where
L C M2(F) x B is an order and p is a finite-dimensional representation of a
certain subgroup of GLa(F) x B containing £*. Let m® 7’ be an irreducible
representation of GLa(F') x B*; we show that m# ® 7’ contains such a p if and
only if 7 is cuspidal and corresponds to %’ under Jacquet-Langlands, and also
that every m and 7’ arises this way. The agreement of epsilon factors is reduced
to a Fourier-analytic calculation on a finite ring quotient of L.

1. INTRODUCTION

Let F' be a non-Archimedean local field, i.e. a finite extension either of

Q, or of the field of Laurent series over the finite field F,. Let B/F be a

division algebra of dimension n?. The Jacquet-Langlands correspondence

assigns to each irreducible admissible representation 7’ of B> a square-
integrable representation 7 of GL,,(F). The passage 7’ — 7 is characterized
by a character relation; it also manifests as a relationship between epsilon
factors. This reciprocity between GL,(F) and B* was first proven in the
case of n = 2 by Jacquet and Langlands [JL70] in both the local and global
settings. It was established for all n by Rogawski [Rog83] in characteristic 0
and by Deligne-Kazhdan-Vigneras [DKV84] in characteristic p by embedding
the local problem into a global one and then applying trace formula methods.

Since then there has been a great deal of effort to construct the Jacquet-
Langlands correspondence in an explicit manner using purely local tech-
niques. The simplest case is when 7’ and 7 are both associated to a so-called
“admissible pair” (FE,#), where E/F' is a field extension of degree n and 6
is a character of E*. (All supercuspidal 7 will arise this way if p t n.) In
this case the corresponding 7 was constructed explicitly by Howe [How77];
Gérardin [Gér79] constructed the representation n’ and proved that the ep-
silon factors of 7 and 7" agree. Henniart [Hen93] showed that if n is a prime
distinct from p the representations m and 7’ so constructed have the correct

character identity. Using the technology of types laid down by Bushnell and
1
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Kutzko in [BK93|, Henniart and Bushnell construct the explicit correspon-
dence in the case of n = p in [BHOO| and in the case of n a power of p
in [BHO5].

In this paper we present a novel approach to the passage ©’ — = in the
case n = 2 in such a way that the preservation of epsilon factors is manifest
in the construction. Our approach is entirely Fourier-analytic, and there is
no special treatment needed for the case p = 2. In that sense it is similar
to Gérardin-LiciteGerardinLi. Unlike that paper, however, our method is
linked to the theory of strata developed for GL, in [BK93]. The theory
is summarized in Section 2.2. Roughly speaking, a stratum for GLs is a
certain sort of character of a compact open subgroup of GLy(F'). Then irre-
ducible representations of GLy(F') can be conveniently classified according
to which strata they contain. There is a notion of simple stratum: these
are parametrized by certain regular elliptic elements 3 € GLy(F'). It can be
shown that (up to a twist) an admissible representation of GLa(F') contains
a simple stratum if and only if it is supercuspidal. A similar notion of stra-
tum exists for B*, and strata for B* are easily seen to be more or less the
same objects as simple strata for GLy(F'). It is therefore natural to try to
define the correspondence 7’ — 7 relative to each stratum.

Let S be a simple stratum associated to the regular elliptic element 3 €
GLg(F), and let S” be the stratum in B* corresponding to S. We choose
an embedding of the field £ = F(f) into B. Let A: E — M(F) x B be the
diagonal map. We construct what we have called a “linking order” Lg inside
M>(F') x Bj; this is a A(Opg)-order defined by certain congruence conditions.
We then define a irreducible (and thus finite-dimensional) representation pg
of the unit group £ which is trivial on A(O). Then loosely speaking,
the induction of pg to GLa(F) x B* will realize the Jacquet-Langlands
correspondence for those representations 7 which contain S.

To make this precise, we must pay careful attention to the role of the
center Z = F* x F* of GLa(F) x B*. Choose a character w of F* = F* x1

which extends pg\( FXx1)nLx We will give a recipe for an extension of pg
S

to the group Kg = A(E*)ZLE C GLy(F) x B* whose restriction to Z is
(g,h) — w(gh™1). Call this representation pg,.

Let IIg,, be the compactly supported induction of pg, up to GLa(F') x B*.
Then ITg, is the direct sum of irreducible representations 7 @7 of GLa(F) x
B*; here m must have central character w and 7/ must have central charac-
ter w™!. We show that IIg realizes the Jacquet-Langlands correspondence
relative to the stratum S and the character w in the following sense. First,
we show that a representation m of GLa(F') (resp., B*) of central character
w (resp., w™1) appears in IIg if and only if m (resp., #) contains S (resp.,
S’). Then, we show that an irreducible admissible representation © ® @’ of
GLy(F) x B* appears inside of IIg if and only if the epsilon factors of 7 and
7/ agree up to a minus sign:

(1.0.1) e(mx, s,v) = —e(r'x, 8, v).
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Here x runs through sufficiently many characters of F'* to determine 7 from
7’ uniquely. Therefore if 7 is a given supercuspidal irreducible representa-
tion of GLg(F') which contains the stratum S, then Homqy, r) (7, 1ls) is a
sum of copies of a single supercuspidal representation 7’ of B*. Then the
contragredient representation of 7’ is the one corresponding to 7 under the
Jacquet-Langlands correspondence.

The linking orders Lg are constructed in Section 4. We also define cor-
responding additive characters 1g of the ring Ms(F') x B for which the
Op-module

Ly = {x € My(F) x B ‘ bs(zls) = 1}

happens to be a two-sided ideal in L£g. The required representation pg of

¢ is inflated from a representation of the unit group of the finite k-algebra
Rs = Ls/LE. The additive character 15 descends to a nondegenerate
additive character of this ring, so that we have a theory of Fourier transforms
f — Fgf for functions f on Rg. The characteristic property of pg is that
its matrix coefficients f, considered as functions on Rg supported on R,

satisfy the functional equation

(1.0.2) Fsf(y)=+fy™")

for y € RS; see Prop. 5.2.1 and Theorem 5.0.3. (The sign in this equation
depends only on S.) The functional equation in Eq. 1.0.2 on the level of
finite rings is used in Section 6 to deduce the functional equation in Eq. 1.0.1
concerning constituents of the induced representation of pg up to GLa(F') x
B*.

The reader may be wondering if this sort of strategy may be extended
to the general case of GL,, where one still lacks a complete local proof
of the existence of the correspondences. It will not be difficult to extend
the definitions of Lg, pg, and Ilg to this context. In doing so one would
produce a recipe for some sort of correspondence 7’ +— 7 for 7 supercuspidal
which satisfies Eq. 1.0.1 for a certain collection of characters x. For n = 3,
we do not know if this collection of characters is enough to characterize
the Jacquet-Langlands correspondence. And for n > 4, the establishment of
Eq. 1.0.1 for all characters is not enough to characterize the correspondence.
One would have to work harder to obtain access to the characters of the
representations 7 and 7’ so constructed in order to prove the right identity.

The present effort fits into a larger program concerning the geometry of
Lubin-Tate curves. Suppose F' has uniformizer 7 and residue field k. Let
Fo be a formal Op-module of height 2 over the algebraic closure of the
residue field k& of F'. For each m > 0, consider the functor that assigns to
each complete local Noetherian @Fnr—algebra A having residue field k the
set of formal Op-modules F over A equipped with an isomorphism Fo — F5.
and a Drinfeld 7-level structure. This functor is represented by a formal
curve X,, over Opnr. The inverse system of curves (Xp,)m>1 admits an
action by a subgroup G of the triple product group GLa(F') x B* x Wg of
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“index Z”. It is known by the theorems of Deligne and Carayol, see [Car86],
that the ¢-adic étale cohomology of this curve realizes (up to some benign
modifications) both the Jacquet-Langlands correspondence 7’ — 7 and the
local Langlands correspondence o — (o) for the discrete series of GLa(F).

It would be very interesting to compute a system of semistable models of
the curves X,, over a ramified extension of @Fm; then the special fiber of
the system ought to realize the supercuspidal parts of the correspondences
in its cohomology. This has already been done in the “level 0” case by
Bouw-Wewers [BWO04]|; the generalization of the level 0 case for GL,, was
carried out by Yoshida [Yos04]. But for higher levels the structure of this
special fiber is still unknown. Ignore the Weil group for the moment and
consider the action of (GLy(F') x B*)NG on the semi-stable reduction of the
system (Xp,)m>1. We conjecture that for a simple stratum S arising from an
elliptic element 3 € GLo(F'), the special fiber contains a smooth component
X whose stabilizer is exactly A(E*)L{, such that for primes £ # p, the (-
adic versions of the representations pg appear in the action of this group on
H'(Xs,Q,). In light of the preceding paragraphs this would be consistent
with the theorems of Deligne-Carayol. In future work we intend to give a
candidate for the structure of the special fiber of the stable reduction of X,
which includes the action of the Weil group Wp.

2. PREPARATIONS: THE REPRESENTATION THEORY OF GLy(F) AND B*

2.1. Basic Notations. In this paper, F' will be a finite extension of Q,, or
else a finite extension of F,((T")). For a finite extension E of F' (possibly F
itself), we use the notation Op, pg, and kg for the ring of integers, maximal
ideal, and quotient field of E. Let gqp = #kp, and let ¢ = qr. We fix

a uniformizer 7p for F. Let ||, be the absolute value on F™* for which

Impll=q7".

We also fix a character ¢ of F' of level 1; this means that ¢y vanishes
on pr but not on Of.

Let B/F be a division algebra of dimension 4; this is unique up to iso-
morphism. Let Op be its unique maximal order. We use Np,p and Trp/p
to denote the reduced norm and trace, respectively, from B to F'; sometimes
we will omit the “B/F” from this notation. If G is the group GLa(F) or
B>, and g € G, we will use the notation | g||; to mean |det g| or [Ng|p as
appropriate.

Let A be the algebra My(F') or B. For any additive character ¢ of F, let
14 be the character of A defined by 4(x) = ¥(Try px). Let py, (or just
) be the measure on A which is self-dual with respect to 1.

Let p1,, be the corresponding Haar measure on A*: p17(g) = [|det alla” 1e(9).

2.2. Chain Orders and Strata. In this subsection, A is the algebra Ms(F)
or B. We will closely follow the notation of [BH06] concerning chain orders
and strata for GLg, where the situation is somewhat simpler than the general
case of GL,,.
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First consider the case A = My(F'). A lattice chain is an F-stable family
of lattices A = {L;} with each L; C F @ F an Op-lattice and L;11 C L;, all
integers i. Let e(A) be the unique integer for which mpL; = Ly (n). Let 2y
be the stabilizer in A of A; that is, Az = {a € AlaL; C L;, all i}. A chain
order in A is an Op-order 2 C A equal to A, for some lattice chain A. We
set eg = ep.

For example, suppose E/F is a quadratic field extension of ramification
index e. Identify F with F @ F as F-vector spaces. Then A = {pZE} is a
lattice chain with e; = e. Up to conjugation by an element of A*, every
lattice chain arises in this manner. We have the following description of 2,
again only up to A*-conjugation:

My (Op), e=1,
A = Or Op
, e=2.
(PF 0F>
Note also that 2% C A* is normalized by E* C GLo(F'), and that Op C 2.
For a chain order 2 C Ms(F), let Ky be its normalizer in GLo(F'). This
equals F*Ms(Op) if eg = 1. If ey = 2 then Ky is the semidirect product of
A* with the cyclic group generated by a prime element of 2.
Let Pgo be the Jacobson radical of : this equals 7pMy(Op) for 2A =
M>(OF) and <pF OF> in the case that A = <OF OF). We have a
pr PFr pr Of
filtration of A by the subgroups Ug = 14Bg. This filtration is normalized
by Kg. All of the above constructions have obvious (and simpler) analogues
in the quaternion algebra B: If 21 = Op is the maximal order in B, then
the normalizer of 2* in B* is all of B*. The Jacobson radical g is the

unique maximal two-sided ideal of 2, generated by a prime element 7p; we
let Uy =1+ Py and ey = 2.

Definition 2.2.1. Let A be the matrix algebra Ms(F') or the quaternion
algebra B. A stratum in A is a triple (2(,n,«), where 2 is a chain order
if A = My(F) (resp. Op if A = B), n is an integer, and o € PB,". Two
strata (2A,n,a) and (A, n,a’) are equivalent if & = o/ (mod P!~"). The
stratum (A, n,«) is ramified simple if E = F(«) is a ramified quadratic
extension of F', n is odd, and o € E has valuation exactly —n. The stratum
is unramified simple if E is an unramified quadratic extension of F', a € E
has valuation exactly —n, and the minimal polynomial of 7 is irreducible
mod pr. Finally, the stratum is simple if it is ramified simple or unramified
simple.

There is a correspondence &’ — & between simple strata in B and simple
strata in Ma(F'). Given the simple stratum &' = (2, n/,d/), let E = F(d/).
Choose an embedding E < M(F'), and let o be the image of o'. Finally,
let A C M>(F') be a chain order associated to E. Then & = (A, n,«). The
correspondence & — & is a bijection between conjugacy classes of simple
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strata in B and in My(F), respectively. The relationship between n’ and n
is as follows: n’ = n if E/F is ramified and n’ = 2n if E/F is unramified.

Let 7 be an irreducible admissible representation of GLa(F). The level
¢(m) is defined to be the least value of n/e, where (n,e) runs over pairs of
integers for which there exists a chain order 2 of ramification index e such
that 7 contains the trivial character of UQLH. If 7 is a representation of B*,
we define /() to be n/2, where n is the least integer for which 7 contains
the trivial character of Ug;l.

We shall call m minimal if its level cannot be lowered by twisting by
one-dimensional characters of F*.

When n > 1, a stratum S = (A, n, ) of My(F') or B determines a nontriv-
ial character v, of Uy /Uy by ¢o(1+1) = Yr(Trg/p(ax)). This character
only depends on the equivalence class of S.

If S is a stratum, we say that 7 contains the stratum S if 7|yy contains
the character 1,. From [BHO06], 14.5 Theorem, we have the following clas-
sification of supercuspidal representations of GLy(F):

Theorem 2.2.2. A minimal irreducible representation m of GLa(F) is su-
percuspidal if and only if exactly one of the following conditions holds:

(1) 7 has level 0, and 7 is contains a representation of GLo(OF) inflated
from an irreducible cuspidal representations of GLa(kr).
(2) 7 has level £ > 0, and © contains a simple stratum.

The classification of representations of B* is analogous:

Theorem 2.2.3. A minimal irreducible representation © of B* of dimen-
sion greater than one satisfies exactly one of the following properties:

(1) 7 has level 0, and 7 contains a representation of O inflated from a
character x of kj; not factoring through the norm map kj — k.
(2) 7 has level £ > 0, and w contains a simple stratum.

By kp we mean the finite field Op/Bp: this is a quadratic extension of
k.

The supercuspidal representations of GLy(F') and B* are all induced
from irreducible representations of open compact-mod-center subgroups in
a manner which can be made explicit. Suppose S = (2, n,«a) is a simple
stratum in My(F) or B. Let E C GLo(F) be the subfield F(«). The
definition of v, given above is well-defined on the subgroup UQL[n/ 2T et
Js C GLa(F) denote the group EXUQLl(nH)/2J and let C'(¢q4,2) denote the

set of isomorphism classes of irreducible representations A € Jg for which
Al 1n/241 is a multiple of ¢),.
2A

Definition 2.2.4. A cuspidal inducing datum in A* is a pair (2, E), where
2 is a chain order in A and Z is a representation of g of one of the following

types:
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(1) A = My(F), A = M>(Op), and the restriction of Z to GLy(OF) is
inflated from a cuspidal representation of GLa (k).

(2) A = B, and the restriction of Z to O} contains a character of inflated
from a character of kj not factoring through the norm map k3 — k*.

(3) There is a simple stratum (2(, n, @) and a representation A € C'(¢4,2A)
for which = = Indy® A.

In the first two cases we will say that (2, Z) has level zero. In the third case,
we will say that (2, Z) has level n.

The following construction of supercuspidal representations is found in
Section 15.5 of [BHO6] in the case of A = My (F):

Theorem 2.2.5. If (A, =) is a cuspidal inducing datum then = = Indjé; =
is an irreducible minimal supercuspidal representation of A*. Conwversely,
every minimal supercuspidal representation of A* arises in this manner.
The cuspidal inducing datum (A, Z) has level zero if and only if © has level

zero. Furthermore, (A,Z) arises from the simple stratum S if and only if ©
contains S.

2.3. Zeta functions and local constants. In this section we follow Gode-
ment and Jacquet [GJ72]. Let A be the algebra B or Msy(F), and let
G = A*. Let ¢ € F be an additive character of F. Let 7 be a super-
cuspidal (not necessarily irreducible) representation of G, realized on the
space W. When w € W, w € W, we let Y,w: G — C denote the function

g = (w,m(g)w) .

Let C(m) denote the C-span of the functions 7y ., for w € W, w € W. These
functions are compactly supported modulo the center Z of G.

Let CZ°(A) be the space of locally constant compactly supported complex-
valued functions on A. For & € CX(A) and f € C(w), define the zeta
function

(@ f.5) = [ @) ) ol dnf (o)

When 7 is irreducible (and still cuspidal), there is a rational function (7, s, 1)) €
C(q—?) satisfying

C(®.F.5—5) =elm s 0)C (@.F, 5 +5),

where @ is the Fourier transform of ® with respect to ¢. (Since 7 is cuspidal,
its L-function vanishes.)
The local constant further satisfies

(2.3.1) e(m, s, P)e(rt,1 —s,9) = wr(—1)

where w; is the central character of .



8 JARED WEINSTEIN

2.4. Converse Theory. By the converse theorem, a supercuspidal repre-
sentation of GLy(F') of B* is determined by the epsilon factors of all of its
twists by one-dimensional characters. We need an effective version of this
theorem, which states that a supercuspidal representation is determined up
to isomorphism by the data of its level together with the epsilon factors of
twists of m by a collection of characters of F'* of bounded level.

Next, we observe that epsilon factors have the “stability” property. If x
is a character of F™*, let the level ¢(x) be the least integer n such that yx
vanishes on 1+ p/&t!. Then if 7 is an irreducible representation of GLg(F)
or B*, and y is a character of F'* with ¢(x) > ¢(m), then e(my, s, ) only
depends on x and the central character of 7 (and of course ). This is Prop.
3.8 of [JL70] in the case of GLa(F') and Prop. 2.2.5 of [GL85] in the case of
B*.

As x varies through all characters of F'*, the quantities e(x, s,1) deter-
mine 7 up to isomorphism. We may therefore conclude the following explicit
converse theorem:

Theorem 2.4.1. Let m and my be two minimal supercuspidal representa-
tions of GLo(F') or B* having the same central character and equal level £.
Then m = mo if and only if

(2.4.1) e(mix, s,¥) = e(max, s, ¥)
for all characters x € E* for which ¢(x) < .
Definition 2.4.2. For minimal supercuspidal representations 7’ and 7 of

B* and GLy(F) having the same central character, we say that 7’ and 7
correspond if the following conditions hold:

(1) m and 7’ have the same level /.
(2) The equation

E(ﬂ-X7 5, 1/)) = _E(W/X7 S, ¢)
holds for all characters x with ¢(x) < /.

In view of Theorem 2.4.1, at most one 7 can correspond to a given 7/,
and vice versa.

3. ZETA FUNCTIONS FOR GLo(F) x B*.

In this section we adopt the abbreviations A; = My(F'), Ay = B, G1 =
GLy(F), Go = B*.

Let A = A; x Ay. Let G = AX = GLgo(F) x B*. We will define zeta
functions for representations of G and use them to give a criterion for when
such a representation “realizes the Jacquet-Langlands correspondence.” We
will adopt the convention that if g € G, then g; and gy are its projections in
GLy(F') and B* respectively. Let II be an admissible cuspidal representation
of G. For ® € C°(A) and f € C(II), define the zeta function

(@, f,5) = /G () (@) g1 I 191 dye* (9),
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where p* is a Haar measure on G.

Let 1) be an additive character of F', and let ,ui = “X,w = an,w X ”22,1/1;
this is a Haar measure on G. Let ¢a be the additive character (z1,xz2) —
Ya, (1) a,(—y1). The Fourier transform of a decomposable test function
D=0 QP € CP(A) is O(xy,29) = Dy(21)Po(—x2). Consequently if
f=/f1® fa € C(m ®m2) is a decomposable matrix coefficient for a tensor
product representation m; ® m of G, then

(3.0.2) C(®, . 8) = wry (= 1)C(D1, f1,9)C(D2, f2,2 = 9),
where wy, is the central character of 7.
Proposition 3.0.1. Let IT be an admissible cuspidal semisimple (not neces-

sarily irreducible) representation of GLo(F') x B*. The following are equiv-
alent:

(1) For every irreducible representation m ®@mo of GLo(F)x B* appearing
in 11, we have

6(7-(17 S, Q/)) = _5(ﬁ27 S, w)
(2) The functional equation

(3.0.3) C®, f,s)=—C(®, f,2—5)

holds for all ® € C°(A), f € C(I). (Here the integral is taken with
respect to the measure #X w7 and the Fourier transform is taken with
respect to the character a.)

Proof. 1t will simplify our notation if we set s1 = s, s$9 =2 — 5. Let m; ® mo
be any irreducible representation of G X G2 appearing in II. For i = 1,2, let
¢, € C°(G;) and f; € C(m;) be such that ((®;, fi,si) # 0. Let & = &1 @ &y
and f = f1 ® fo. The respective functional equations for m; and o are

C((i)m fvi’ 2 - si) =€ (7ri) Si — %ﬂﬂ) C((I)za fiv si)) L= 17 2.
Multiplying these together and applying Eq. 3.0.2 yields

wﬂ'g(_l)C(év.f72_8) :E(ﬂ-h 271/}) (7T272 71/}) C(@ufus)'
Therefore Eq. 3.0.3 holds if and only if

e(m,s—5,0) e (m2, 8 — 5,¢0) = —wr, (—1).

Combining this with the standard relation

e (m,5 = s, ¥) e (2,5 = 5,0) = wnp(=1)
yields
e(ms = 5,0) = =& (F2,5 = 3,9) -
We see now that (2) = (1): Apply Eq. 3.0.3 to an arbitrary matrix coeffi-
cient f = f1 ® fa belonging to m ® ma C 1I. For the converse, one need only

note that every ® € C2°(A) and f € C(II) is a finite sum of pure tensors,
and ((®, f,s) is linear in ® and f. O
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Combining Prop. 3.0.1 with the Converse Theorem 2.4.1 gives a necessary
and sufficient condition for a representation II of GLa(F') x B* to realize
the Jacquet-Langlands correspondence. When f € C2°(G) and x € a X, we
let x f be the function g +— x(det(g1) N(g2)"1) f(g).

Corollary 3.0.2. LetIT be an admissible cuspidal semisimple representation
of GLa(F) x B* on which the diagonally-embedded group A(F*) acts triv-
ially. Assume either that every irreducible representation of GLo(F') (resp.,
B*) appearing in 11 is minimal of the same level £. Then the following are
equivalent:

(1) II is the direct sum of irreducible representations of G of the form
T ® 7o, where m and wy correspond.
(2) The functional equation

(3.0.4) (@, xf,8)=—C(®,x ' f,2—3)

holds for all ® € C°(A), f € C(IT), and for all characters x € F*
for which ¢(x) < L.

Proof. That (1) = (2) is clear from Prop. 3.0.1. Therefore assume (2).
Suppose m ® 7o appears in II. Since II vanishes on A(F*), the central
characters of 7 and 7y agree. By Prop. 3.0.1 we find that e(m x, s, %) =
—e(max, s,1) for all characters x of level no greater than ¢, so m; and m
correspond. O

4. LINKING ORDERS AND CONGRUENCE SUBGROUPS OF GLg(F') x B*

Our goal now is to produce, for each simple stratum S in My(F'), a cer-
tain semisimple representation IIg of GLy(F') x B* having the following
properties:

(1) IIs vanishes on the diagonal subgroup A(F*) C GLy(F) x B*.

(2) The restriction of IIg to the first factor GLo(F') is a sum of exactly
those irreducible representations which contain S. Similarly, the re-
striction of IIg to the second factor B> is a sum of exactly those
irreducible representations of B* which contain the corresponding
stratum S’ in B.

(3) Matrix coefficients for I1g satisfy the functional equation in Eq. 3.0.4
for sufficiently many y.

We will present a similar construction for representations of level zero. In
light of Cor. 3.0.2, such a family {IIg} is sufficient to establish the Jacquet-
Langlands correspondence.

The strategy for producing Ilg is as follows: We will first define an certain
order Lg C My(F') x B. The required representation Ilg will be induced
from a certain representation of £5. In this section we construct the orders
Lgs and gather some geometric properties in preparation for proving the
properties listed above.
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4.1. Geometric preparations: My(F') and B. Let E/F be a separable
quadratic extension field of ramification degree e. Let Op be its ring of
integers, pg its maximal ideal, kg its quotient field and o the nontrivial
element of Gal(E/F).

Let A be the ring Ma(F) or B. Define an order 2 C A as follows: if
A = Ms(F), let 2 be the chain order equal to the endomorphism ring of
the lattice chain {piE}, as in Section 2.2. If A = B, let %l = Op. Either
way, we may identify O with an Op-subalgebra of 2 in such a way that
AN E = Opg.

There is a nondegenerate pairing Ax A — F' given by (x,y) — Try,/p(zy).
Let C be the complement of F in A with respect to this pairing, so that
A=E®C. Let sq4: A — FE be the projection onto the first factor. Note
that both the space C and the map s4 are stable under multiplication by
E on either side. C' is a (left and right!) E-vector space of dimension 1. It
satisfies the property that av =va? forallv e C,a € E. Let € =2ANC.

Lemma 4.1.1. We have

oo — pe, E/F unramified and A =B
N Og, all other cases.

Proof. Since elements of F commute with €€, we must have €€ C F; since
¢ C A this implies €€ C ENA = Og. Thus €€ is an Og-submodule of OF;
i.e. it is an ideal of Opg.

If A= M>(F) then 2 is the endomorphism ring of the lattice chain {p%;}.
Consider the element o € Gal(E/F): this certainly preserves each p%, and
therefore belongs to 2. For any a € E, we have that (a0)® = Ng/p(a)
belongs to the center F' C My(F'), but ao does not itself belong to F,
implying that Tr4,p(ac) = 0 and therefore that 0 € C. Sooc € CNA =&
Consequently €€ contains o2 = 1, whence it is the unit ideal.

Now suppose A = B. Let vg: B* — Z denote the valuation on B. If
E/F is ramified, then a uniformizer g of E has vp(ng) = 1, so that if
x € € has valuation n, then 7"z € € is a unit. This implies that €€ is the
unit ideal.

On the other hand if E/F is unramified, then every element of E has even
valuation in B. Considering that A = F & C, this means that € contains an
element 7 of valuation 1, so that € = Ogmg. Then €€ = OETF% = pg as
required. O

Now suppose that S = (A, n, «) is a simple stratum in A with £ = F(a).
Choose an additive character v of E vanishing on p%ﬂ but not on p.
Assume that v = 17 if e = 1. Then define a character vg of A by vg(x) =
v(sa(z)).

Whenever W is an Og-stable subspace of A, we may define the annihilator
of W with respect to vg:

W*={z e A|vg(aW) =1};
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then W* is also an Og-module. Note that (p]f;W)* = png*-

Lemma 4.1.2. The Og-module € equals E ® p'L€ if E/F is unramified
and A = B. It equals E @ p%HQZ wn all other cases.

Proof. Certainly we have E C €*; all that remains is to find €* N €. This
last is an Og-submodule of the free rank-one Op-module €, so that it equals
1¢ for an ideal I C Og. For an element x € Of to belong to I the condition
is vg(sa(x€€)) = v(I€€) = 1. The lemma now follows from Lemma 4.1.1
and the definition of v. O

For an integer m > 1, we define an Og-submodule V" C € as follows:

m p};m/ 2 ¢, A = B and E/F unramified
VA" =9 lms1)/2)
Pp ¢, all other cases.

The next proposition shows that V3 C € is nearly a “square root” of the
ideal p:

Proposition 4.1.3. The module V3 has the following properties:
(1) VRV C p%. More precisely, if E/F is unramified then the value of
ViV is given by the following table:
| n even n odd
A=M(F)| ph pp
A=B prutt o pn
(2) If E/F is ramified, then Vi = Vit
(3) If E/F is unramified, then the dimension of Vi /Vit! as a kg-vector
space is given by the following table:

|n even n odd
A= Ms(F) 1 0
A=B 0 1

(4) With respect to the character vs, we have (Vi)* = E® VXH-

Proof. Claim (1) follows from Lemma 4.1.1. For claim (2): Since E/F is
ramified, n must be odd by definition of simple stratum; then [(n + 1)/2] =
|((n+1)+1)/2]. For claim (3), assume E/F is unramified. When A =

My(F') we have V} = pgnﬂ)/ 2JQ:, so that there is an isomorphism of
kg-vector spaces V}{/V;‘Z+1 A pgnﬂ)/ 2l /p};(n”)/ 2J, and this has dimen-
sion 1 or 0 as n is even or odd, respectively. When A = Msy(F) we
have V} = pgb/ 2l ¢, so that there is an isomorphism of kg-vector spaces
VgVt = pgl/% /pgnﬂ)/%, and this has dimension 0 or 1 as n is even or

odd, respectively.
Claim (4) follows directly from Lemma 4.1.2. (]
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4.2. Congruence subgroups and cuspidal representations. Keeping
the notations from the previous subsection, we let

Hg = 1+4+pp+Vy
HY = 1+pp+Vith
These are subgroups of 2A* because V} is an Og-module and because V{"V|* C

p% by Prop. 4.1.3. Note the inclusions Uy C ng C Hg C Jg and ng C
/241
o .

Proposition 4.2.1. For a representation A € C (1o, 2l), we have that A|pg
is irreducible. Further, A|gg is the unique irreducible representation of Hg
whose restriction to Hé 1$ a sum of copies of ¢a|H§

Proof. If E/F is ramified, the claims in the proposition are trivial, because
Hg = Hng and A is a one-dimensional character. If E/F' is unramified, then
the same is true in the case that A = Ms(F) and n is odd, and as well in
the case that A = B and n is even.

Therefore assume that £/F is unramified, and that A = My(F) and n is
even, or else that A = B and and n is odd. Then V}/Vi*t!is a kg-module
of dimension 1. Let ¢} denote the restriction of 1, to Hé We have an
exact sequence

1 — Hi/keryl — Hg/kerh — Vi/ViTh —1

in which HL/ker} is the center. Thus Hg/ker ¢} is a discrete Heisenberg
group. By the discrete Stone-von Neumann Theorem, there is a unique
irreducible representation 1[10[ of Hg lying over ..

If A € C(vpq, ), then A|p, is a g-dimensional representation of Hg whose
restriction to H é is a multiple of /.. By the uniqueness property of 1/30” we
must have A|lg, = ¥a. The proposition follows. O

4.3. Linking Orders. It is time to investigate the geometry of the product
algebra My(F') x B. It will be helpful to use the abbreviations A; = My (F),
Ay = B, A = My(F) x B. Suppose S = S1 = (U1,n1,q1) is a simple
stratum in Ms(F). Choose an embedding E = F(«;) — B and let ag € B>
be the image of a1 so that So = (A2, n9,a9) is the simple stratum in B
which corresponds to S. Here 2 = Opg. For convenience of notation we
set n = nj. Let A = A; x Ay and let A: £ — A be the diagonal map
A(a) = (a,a). We denote by s; and sy the projections 4 — E, Ay — E,
respectively. Let C; be the complement of F in A;.

Let v be an additive character of E as in Section 4.1. We define a character
vg of A by

vs(z1,z2) = v(s1(z1) — s2(x2)).

Lemma 4.3.1. With respect to vg, the annihilator of the diagonally embed-
ded subring A(Og) C 2 is

(A(OR))" = A(B) +pj™ x pitt +C1 x .
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Proof. Suppose (z1,z2) € (A(Og))*; then for all § € Og, v(B(s1(z1) —
s9(x9))) = 1. This means exactly that s(z1) = s(z2) (mod p's™), so that
the pair (s(z1), s(z2)), being equal to (s(x1),s(x1)) + (0, s(x2) — s(x1)), lies
in A(E) + pitt x pit! as required. O

Let V" = V" x Vi C 2. The following properties of V" follow directly
from Prop. 4.1.3:

Proposition 4.3.2. The module V™ has the following properties:

(1) V*"V"™ C p't x p}. Furthermore, if E/F is unramified then V*"V"
equals P’ X p%“ or p%“ X p% as n is even or odd, respectively.

(2) If E/F is unramified, then V" /VN"1 is a left and right kg-vector
space of dimension 1, with the property that av = val for o € kg,
v e Vr/vntl

(3) If E/F is ramified, then V" = V"L,

(4) With respect to 1g, the annihilator of V" is (E x E) @ V"L,

Definition 4.3.3. The linking order Lg is defined by
Ls=AO0p)+pExpp+ V"

Then Lg is a (left and right) Og-submodule of A. It is easy to check
that Lg is indeed an order; this is a consequence of item (1) of the previous
paragraph. We will also have use for a smaller subspace LY C Lg, defined
by

[’g — A(pE) +pn+1 % p%-I—l _’_VnJrl.

Proposition 4.3.4. The linking order Lg has the following properties:

(1) The group L is normalized by A(E™).

(2) Wzth respect to vs, the annihilator of Lg is LS.

(3) is a double-sided ideal of Lg.

(4) If E/F is ramified, then Lg/L% is a commutative ring of order ¢,
isomorphic to k[X]/(X?).

(5) If E/F is unramified, then Lg/LS is a noncommutative ring of order
q® whose isomorphism class depends only on q (and not n).

(6) [é N GLy(F) = Hg,, and ,Cg NB* = Hg,.

Proof. Claim (1) is easy to check. For claim (2), we calculate the annihilator
of Lg as follows:

Ls = [A(Op)+pExpp+ V']
A(Og)" N (pE x pi) N (V")
The three terms to be intersected are
A(Og)" = A(E)+p%E™ xphtt + C1 x Cyo, by Lemma 4.3.1
(P xpE)" = pexpp+C1xCy
(V")* = (Ex E)® V"™ by Lemma 4.3.2
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We claim the intersection is £g. Indeed, for a pair (x1,z2) to lie in L,
the first two equations imply si(x1),s2(x2) € pr and si(z1) = s2(x2)
(mod p7it!), and the third implies (z1 — s1(21), 22 — s2(72)) € V" HL

Claim (3) follows from the inclusion V"V ¢ ptl »x p#1 - which is
easily checked.

For claims (4) and (5), let Rg = Lg/LS. Fix a uniformizer 7g of E.

In the case that E/F is ramified, we have V" = V"*l 5o there is an
isomorphism

A(Og) +pE X Pi
Alpp) + o x o
The “numerator” of the right-hand side is the ring of pairs (z,z + 7lLy) €
Ofr x Op with z,y € Og. Define a map

Rs — kxk
(z,z+7gy) — (T,7),
where if z € O we have put Z = 2z (mod pg). It is easily checked that
this map is an isomorphism of (additive) groups; the multiplication law
induced on k x k is (x1,y1)(z2,y2) = (x122,21y2 + x2y1), which is to say
that Rg = k[X]/(X?).
Now suppose E/F is unramified. In this case V = V"/V"*l is a vector

space over kg of dimension 1. We have V"V™ C p% x p%. On the other
hand the image of p't x p% in Rg may be identified with kg via (x1,22) —

R =

g (x1 — x2). For v,w € V, let v - w be the image of vw € p} x p’k under
this latter map. Then (v,w) +— v - w is a pairing V x V — kg which is
kg-linear in the first variable and satisfies w - v = (v - w)?. This pairing is
nondegenerate by part (1) of Lemma 4.3.2: One of the factors of V*V™ is
always p'5. Choose an isomorphism ¢: V — kg of kg vector spaces in such
a way that v-w = ¢(v)p(w)9.

We are now ready to describe the ring Rg: let R be the k-algebra of
matrices

a B v
[aa/Bufy] - aq ﬂq 9
(6%

where o, 3,7 € kg. Any element of Lg is of the form (x, z +7}%y) +v, where
z,y € Op and v € V". Define a map

Ls — R
(z,z+7gy) +v — [T,7,0(0));

it is easy to see that this map descends to a ring isomorphism Rg — R.
Therefore Rg is a noncommutative ring of order ¢% whose isomorphism class
is independent of n.

For claim (6), we begin with the fact that any element b of L is of the
form (z + 7"y, z) + v, with € Of, y € Op, and v € V" = V! x VI If
such an element has B-component 1 we must have z = 1 and v = (vy,0),
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which is to say that b = (1 + 7"y, 1) + (v1,0) € (1 +p} + V") x {1} is an
element of Hg. The argument for B> is similar. O

In the sequel, we will construct a representation pg of the unit group £3
inflated from a representation of the finite group (Lg/L£%)*. Then when pg
is extended to A(E™)(F* x F*)L* and induced up to GL2(F) x B>, the
result will realize the Jacquet-Langlands correspondence for representations
of GLa(F) containing the stratum S. For completeness’ sake, we also want
to construct the correspondence for supercuspidal representations of level 0.
To this end we define the linking order of level 0 by

[,0 = MQ(OF) X OB
and its double-sided ideal by
L5 = prM>(OF) x Pp.
Let E be the unique unramified quadratic extension of ' and choose em-
beddings £ — Ms(F), E — B so that My(Op) N E = OpNE = Og.
Let s1: My(Op) — E and s9: B — E be the projections as in the previous
section, let v be an additive character of F vanishing on pg but not on Op,

and let vp: A — C* be the character vy(z1,y1) = v(s1(x1) — s2(y1)). Then
Prop. 4.3.4 has the following analogue in level zero:

Proposition 4.3.5. The linking order Ly has the following properties:
(1) L is normalized by A(E™).
(2) With respect to vy, the annihilator of Lo is Lg.
(3) 50/58 = MQ(kF) X ,ICE.
(4) EE)( N GLQ(F) = GLQ(OF), and EE)( N B* = OE

5. REPRESENTATIONS OF £§ AND THE FOURIER TRANSFORM.

Keep the notations from the previous section: Let S = (21,n1,1) be a
simple stratum in GLy(F), let S" = (2, n2, ) be its corresponding simple
stratum in B>, let n = nq, let Lg be the associated linking order, let Rg
be its quotient ring by the ideal L3, and let vg be the associated additive
character on A = My(F) x B. Let G = GLo(F') x B*. For g = (g1, 92) € G,
write

lgll = det g1 [N g2|p -

We let ug be the unique Haar measure on the additive group A which
is self-dual with respect to vg, and let Fg be the Fourier transform with
respect to ¥g:

Fsf(y) = /A f (@) (ay)ds ().

There are translation operators L, R: G — Aut C2°(G), defined by L, f(y) =
f(97Yy) and Ry, f(y) = f(yh); we have the rules

(5.0.1) LyFs = |lg|* FsRy, RuFs = |[hl|™ FsLn.
Let Rg be the kg-algebra Lg/L% as in the proof of Prop. 4.3.4.
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Proposition 5.0.1. The measure of LG with respect to jis is #7'\’,;1/2.

Proof. Let xcq be the characteristic function of Lg. Then

Foxes) = [ vstay) dus(a)
S

is supported on £+ = ¢ and equals pug(Lg) there; i.e. Fsxry = Ms(ﬁs))(g)s.

Similarly F2xcs = ps(Ls)s(LL)xcs. On the other hand, since g is self-

dual, we must have F2xr, = Xcg» implying ps(Ls)us(£y) = 1. Since

ps(Ls) = #Rsps(LY), the result follows. O

Let C(Rs) be the space of complex-valued functions on Rs. Note that the
character vg vanishes on LG and therefore induces a well-defined additive
character of Rg. We identify C(Rgs) with a subspace of C2°(A).

Prop. 5.0.1 together with the key property that Ls and LG are dual
lattices imply the following:

Proposition 5.0.2. The Fourier transform f — Fgsf preserves the space
C(Rs). For f € C(Rg), we have

(5.0.2) Fsfly) =#Rs"? N flayvs(ay).
TERS

Recall that the data of S and S’ determine characters 1o, and ., of
the subgroups Uy! and Uy of A} and 23, respectively. The product group

Ugt xUgz = 14+p321 x pRAs is a subgroup of Lg, and the product character
s = tay X ¥} vanishes on (Ut x URZ) 0 (1+ £5) = Ut x U,
Therefore if we let Ug be the image of Uy! x Uy? in R, then s induces a
well-defined nontrivial character of Ug.

We are now ready to construct the special representation pg. Its relevant
properties are as follows:

Theorem 5.0.3. There exists an irreducible representation pg of R§ sat-
isfying the conditions:
(1) ps vanishes on k* C RS.
(2) pslug is a sum of copies of g.
(3) If f € C(ps) is a matriz coefficient, then Fgf is supported on R
and satisfies Fsf(y) = £f(y™Y), ally € RE. The sign is 1 if E/F

1s ramified and —1 otherwise.

Remark 5.0.4. These three properties correspond to the three desired
properties of the representation Ilg listed at the beginning of Section 4.

Proof. First, consider the case where E = F(«) is a ramified extension of
F. Then by Prop. 4.3.4 we have an isomorphism Rg = k[X]/(X?) with
respect to which vg is a nontrivial additive character which vanishes on
k C Rg. The subgroup Ugs C RS corresponds to {1+ aX | a € k}. There
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is obviously a unique character pg of R lifting ¢g and vanishing on k*. It
takes the form

ps(a+bX) = U(a"'b),

where ¥: k — C* is a nontrivial character determined by 1g. That pg
satisfies claim (3) is a simple calculation in the commutative ring Rg.

The case of e = 1 is far more subtle. The required representation pg is
related to the construction of the Weil representation of a symplectic group
over a finite field. We present a self-contained version of the construction in
the following section. O

5.1. Fourier transforms on the Heisenberg group. In this section, k
is the finite field with ¢ elements and k3 /k is a quadratic field extension. As
in the proof of Prop. 4.3.4, let R be the k-algebra of matrices of the form

a B v
[a7/37’y]: aq ﬂq )
(6%

where a, 3,7 € kg. Let U C R* be the subgroup of matrices of the form
[1,0,7], and let U! C U be the subgroup consisting of those [1,0,7] for
which Try, ;v = 0. Note that the center of R* is k*U.

Let ¢ be a prime not dividing ¢, and let v: kK — QZ be a nontrivial
additive character. Define an additive character vy of R by vg([a, 5,7]) =
vk(Try, ;7). Let F be the Fourier transform with respect to vg.

Theorem 5.1.1. For each character ) of U which is nontrivial on U, there
exists a representation py of R* satisfying the properties:
(1) py is trivial on k*.
(2) pylu is a multiple of 4.
(3) For a matriz coefficient f € C(py), the Fourier transform Ff is
supported on R* and satisfies Ff(y) = —f(y~') fory € R.

The proof will occupy the rest of the section. To construct py, we will
build a nonsingular projective curve X/k admitting an action of R*, and
find p in the ¢-adic cohomology of X.

First, we recognize a relationship between R* and the unitary group GUs.
Let ® be the matrix

1
o = -1 ,
1

and let GU3(k) be the subgroup of matrices M € GL3(k2) satisfying M*®M =
A(M)® for a scalar A(M). (Here M* is the conjugate transpose of M.) Then
a large part of the Borel subgroup of GUs(k) is contained in R*. Indeed,
if M € R*, we can measure the defect of M from lying in GUs(k) by a
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homomorphism ¢: R* — k defined by
1 o(M)
(5.1.1) OIMFOM = \(M) 1
1

Explicitly, 6([a, 8,7]) = ay? + a?y — 9L, Let R! = kerd; then R!' C
GU;3(Fy).

The algebraic group GUj3 acts on the projective plane P% in the usual
manner; the group GUjz(k) preserves the equation y9t! = 292 + 229 in
projective coordinates. This equation defines a nonsingular projective curve
X1 of genus q(q — 1)/2 with an action of GU3z(k). Let X = R* xp X1
this is a smooth projective curve with an action of R*. Let £ be a prime
distinct from the characteristic of k, and let p: R* — HY(X,Q,) be the
representation of R* on the first cohomology of X. The degree of p is
¢*(q — 1). Note that p is trivial on k¥* C R*.

Since U lies in the center of R!, we have a decomposition p = @y py of p
into its irreducible ¥-isotypic components, where i runs over characters of
U which are nontrivial on U'; each has dimension g. We claim that py, is
irreducible. By the discrete Stone von-Neumann theorem there is a unique
irreducible representation ¢ of the p-Sylow subgroup H C R* which lies over
1, and furthermore deg¢ = ¢. Since the restriction of py to H lies over 1
and has degree ¢, it must agree with ¢. Therefore py, is irreducible.

Let T C R* be the subgroup of diagonal matrices, so that 7' = k3. The
Lefshetz fixed-point theorem can easily be used to compute the restriction
of py to T

Proposition 5.1.2. The restriction of py to T is exactly the direct sum of
those characters x of T which are nontrivial on T /k*.

For a matrix coefficient f € C(py), we consider the Fourier transform F f.
We claim that the Fourier transform Ff is supported on R*. Indeed, if
y € R is not invertible then uy = y for all w € U. It follows from this that
Ffluy) = Ff(uy) = ¥Y(u)" Ff(y) for all u € U; since ¢ is nontrivial we
see that F f(y) = 0.

Next we claim that for y € R* we have

(5.1.2) Ffly)=—fly™).
Formally, we have Ff(y) = f(y~!)F(1), so in fact is suffices to show that
(5.1.3) Ff(1)=—-f(1).

It is enough to prove Eq. 5.1.3 in the case that f equals the character of p,.
This is because the character of p,, generates C(py,) as an (R* x R*)-module,
and because the property in Eq. 5.1.2 is invariant when we replace f by any
of its (R* x R*)-translates. Therefore let f = Tr py, be the character of py.
We have q
FfQ) = o > Trpy(@)ve(e).

rERX
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We observe that the term py(x)vr(x) only depends on the conjugacy class
of z in R*. We first dispense with those terms in the above some for which
x has eigenvalues in k£*. The sum over these terms vanishes, because for
such an = we have Tr py(zu)vg(zu) = (u) Tr py(z)ve(x) for all u € UL
All that remains are the elements = = [o, 8,7] with o € k5\k*, and each
of these are conjugate to a unique element of the form tu, with ¢t € T\k*
and v € U. Each such conjugacy class has cardinality ¢, and the value of
Tr py (tu) on such a class is —t(u). Therefore

FIH) = —é S S Glun(ta).

teT\k* uel

This reduces to —¢ = —f(1) by a simple calculation, thus completing the
proof of Theorem 5.1.1.

Remark 5.1.3. The curve X is isomorphic (over k) to the Fermat curve
xdth 4 yath 4 29+l — (. It appears in the construction of the so-called
unipotent representation of GU3z(k); see [Lus78].

There is also a connection to the theory of the discrete Weil represen-
tation. We have R* = T x H, where H is the p-Sylow subgroup of R*.
Furthermore, U N H = U! is the center of H. Write ¢! for the (nontriv-
ial) restriction of ¢ to U'. The group H/ker' is a discrete Heisenberg
group. By the Stone von-Neumann theorem, there is a unique irreducible
representation Vi, of H lying over .

The group T embeds as a nonsplit torus in SLe(k), and the conjugation
action of T on H/ker ¢! extends to an action of SLy(k) in a manner which
fixes each element of U'. The uniqueness property of V;;, means that if a €
SLa(k) and “V is the conjugate representation g — Vi (a(g)), then there
is an isomorphism W(a): *V,, = V,, which is well-defined up to a scalar.
The operators W («a) give an a priori projective representation of SLa(k)
on the underlying space of V,, which in fact lifts to a proper representation
W, the Weil representation. See for instance [Gér77] or, for the geometric
point of view, [GHO7]. The operators W («) together with the representation
Vy give a g-dimensional representation of SLa(k) x H; restricting this to
T x H/ ker ! = R*/ker 1! gives the representation py We have constructed
in Theorem 5.1.1.

When W is restricted to a nonsplit torus of SLy(k), each nontrivial charac-
ter appears at most once, see Theorem 3 of [GHO8]; this implies the property
of py given in Prop. 5.1.2.

The case of e = 1 in Theorem 5.0.3 follows from Theorem 5.1.1 once we
observe the following;:

(1) There exists an isomorphism Rg — R.

(2) Under this isomorphism, vg is identified with an additive character
of the form v described above.

(3) The subgroup Ug € R is identified with U C R*.
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(4) Choose an isomorphism ¢: C — Qy, then the complex character g
of Ug is identified with an f-adic character ¢ of U.

(5) The condition that S = (M2(OF),n,a) be a simple stratum implies
that the reduction of 7« has irreducible characteristic polynomial,
which in turn implies that v/ is nontrivial on U?.

(6) The f-adic representation py constructed in Theorem 5.1.1 with re-
spect to the data of vp and 1 may be transported via :~! to a
complex representation of R§ which satisfies the requirements of
Theorem 5.0.3.

5.2. The case of level 0. The linking order of level 0is Ly = Ms(Op)xOp,
and its quotient ring Ry is Ma(k) X kg. The additive character vy is of the
form
vo(z,y) = v(Tras ) e © — Trgg ik y),

where v is a nontrivial additive character of k, and Fy is the Fourier trans-
form with respect to this character. Let 6 be a character of kj. Assume
that 0 is regular, meaning that it does not factor through the norm map
k:g — k. It is well-known that there is an irreducible cuspidal representa-
tion 1y of GLa(kr) corresponding to 6. The character of this representation
takes the value —(0(a) + 6(a?)) on an element g € GLy(kp) with distinct
eigenvalues a, a? € kg not lying in kp.

Let pg be the character g ® 6~ of Ry = GLa(kp) x kj. The following
proposition concerns the Fourier transforms of matrix coefficients of pg.

Proposition 5.2.1. For f € C(pp) we have that Fof is supported on R
and satisfies Fof(y) = —f(y™1) fory € R§.

Proof. We reduce this to two calculations relative to the rings Mas(k) and
kg, respectively. Let Ry = Ms(k), Ry = kg, and for ¢ = 1,2 let v; be the
additive character of R; defined by v;(z) = vo(Trg, /1, ), so that vs(z,y) =
vi(z)va(—y).

Write 75, for the Gauss sum Zaekg 0(a)v(Try,, /i, ). We claim that for

all f € C(n) we have that F f is supported on Ry = GLa(k) and satisfies
Fif(y) = =m0, f(y™").

This is a straightforward calculation. It is a special case of a calcula-
tion of epsilon factors of irreducible representations of GL, which appears
in [Kon63]; these can always be expressed as a product of Gauss sums. See
also [Mac73], Chap. IV.

The corresponding analysis for Ro = kg is simpler: define a Fourier trans-
form 5 on C(Ry) by Ff(y) = ¢+ erk}é f(z)va(—zy). Then the Fourier
transform of the character 8~ is supported on kj, and equals q_ng—l’V—l 6.

We may now complete the proof of the proposition. For a decomposable
element f = f1 ® fo of C(Ry X Ry), we have Fof = Fif1 ® Fafe. If this
same f is a matrix coefficient for py = 19 ® #~! then we must have Fyf =
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—q_2T9’VT9—17V—1f(y_1). We now use the classical identity of Gauss sums
TouTo-1 -1 = #kp = ¢%, and the proof is complete. O

6. CONSTRUCTION OF THE JACQUET-LANGLANDS CORRESPONDENCE

The construction of the family of rings Lg together with the represen-
tations pg of LS will now be used to construct certain representations Ilg
of GLy(F) x B*. We will then use Cor. 3.0.2 to show that the family IIg
realizes the Jacquet-Langlands Correspondence. This will involve showing
that the matrix coefficients of I1g satisfy the functional equation in Eq. 3.0.3
for sufficiently many x. The heart of that calculation has already been com-
pleted in Theorem 5.0.3.

Recall that G = GLo(F') x B*; this group has center Z(G) = F* x F*.
Let S = (™A, n, ) be a simple stratum in Ma(F), and let S" = (20, n/,a/) be
its corresponding simple stratum in B. From these data we have constructed
a linking order L£g and an irreducible representation pg of L. Let £ = n/e,
so that every supercuspidal representation of GLo containing S has level ¢,
and likewise for B*. The intersection of Z(G) with L{ is

Z(G) ﬂﬁg = {(21,2’2) S O; X O; | UF(Zl — 22) > g} .

Here vp is the valuation on F. By Theorem 5.0.3, pg vanishes on the
diagonally embedded subgroup A(F*)NLg. Choose a character w of Z(G)
which vanishes on A(F*) and agrees with the central character of pg on
Z(G) N L. We identify w with a character of F* via its restriction to
F> x {1}.

We now extend pg to a representation on a larger group which contains
Z(G) and which intertwines pg. Define a group Kg by

Ks = Z(G)A(E*)LE.

(Recall that A(E*) normalizes £, so this is indeed a group.) There is a
unique extension of pg to a representation pg,. of Kg which satisfies the
conditions:

(1) pswlz) = w,
(2) For B € EX, ps(A(B)) = (=1)*20) if E/F is ramified,
(3) For B € EX, psu(A(B)) =1if E/F is unramified.

The group Kg is open and compact modulo its center. We may now
define the representation Ilg . of G as the induction of pg . with compact
supports:

HS,w = Ind;(c;'s PSw-

We wish to confirm that IIg, satisfies the desired properties (1)-(3) listed
at the beginning of Section 4. It is already apparent that (1) ILg,, vanishes
on A(F*). For property (2) we have the following;:

Theorem 6.0.1. Ilg, is the direct sum of representations of G of the form
T @ 7', where w (resp., ©') is a minimal supercuspidal irreducible represen-
tation of GLo(F') (resp., B* ) having central character w and containing the
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stratum S (resp., S'). Every representation of either group having the above
properties is contained in Ilg,,.

Proof. Note that Kg C Jg x Jg/ is a subgroup of finite index. Let
M =Ind &7 ps...

Then M is a direct sum of irreducible representations of Jg x Js/ of the form
A®A’. By Theorem 5.0.3, such a A®A’ lies over the character g = 1/1a®1/1;,1

of Us x Ugr. Therefore we have A € C(¢)q, ) and A’ € C(py,2A). By The-

orem 2.2.5, m = Indi{”(m A is an irreducible supercuspidal representation

of GLg(F') containing S. Since pg,, has central character w, the same is true
of w. The reasoning is similar for 7’ = Indf?,: A
Now assume 7 is an irreducible supercuspidal representation of GLg(F)

containing S with central character w. We claim that 7 is contained in
HS,w|GL2(F)~ Since Ilg,, is induced from the representation pg,, of Kg, the

restriction of Ilg, to GLa(F') contains IndgiaggQ

that 7 is contained in g, |ar, () it suffices to prove that 7| nqr, () meets
PS.wlicsnGLy(F)- By Prop. 4.3.4 we have

(F) PS.w- Therefore to show

KsNGLy(F) = F*Hg.

The central characters of 7 and pg,, agree on F'* by hypothesis. Therefore
it suffices to show that 7|m, meets pg|ms. By Theorem 2.2.5, 7 contains a
representation A € C(2,1),). This means that the restriction of © to Hg
contains Al|pg, which must agree with pg|py by Theorem 4.2.1. The case of
a representation of B* is similar. O

The third required property of Ilg,,, concerning the zeta functions at-
tached to matrix coeflicients of this representation, shall follow from Prop. 5.0.3.
We will start by translating Prop. 5.0.3 into a statement concerning the
Fourier transforms of matrix coefficients of Ilg,.

For a function f on G, and a real number s, let fs be the function

fslg) = F@) gl llg2ll =

If f € C(llgy,), we wish to consider Fourier transforms of the functions f;.
The functions f; are supported on Kg, which is not compact, so their Fourier
transforms do not a priori converge. Nonetheless we may formally define the
Fourier transform f; by integrating fs(x)¥a (zy) over each of the (compact)
cosets of £ in G. Since f is a linear combination of G x G-translates of
vectors in C(pg), which are in turn supported on L5, we see that the integral

vanishes on all but finitely many of the cosets. We now evaluate fs

Proposition 6.0.2. For a matriz coefficient f € C(Illg,,), we have

(6.0.1) fs = —fa—s.
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Proof. We will first prove the corresponding statement relative to the Fourier
transform Fg:

(6.0.2) Fsfs = tfos,

where the sign is 1 if F/F is ramified and —1 otherwise. It will suffice to
prove Eq. 6.0.2 for matrix coefficients f € C(pg) supported on the group
L5. Indeed, glancing at the rules in Eq. 5.0.1 shows that the validity of
Eq. 6.0.2 is unchanged upon replacing f by L, Ry, f for elements g, h € G, and
these translates span C(Ilg,,) as f runs through C(pg). But for f € C(ps),
Eq. 6.0.2 follows from Theorem 5.0.3, because fs = f.

To derive Eq. 6.0.1 from Eq. 6.0.2 we must compare the Fourier transforms
f and Fg f. The first transform is taken relative to the additive character
1A, while the second is taken relative to the character vg. The characters
are related by vg(x) = 1A (A(B)"12) for an element 3 € E* of valuation n;
formally we have f = [|A(3)]| " RgFsf. Applying this to the function fs,
we see that

fo = 1AW ReFsfs
+[AB)IT Rs(f)2-s
— :l:(Rﬂf)Q—sa
where the sign is positive if and only if £/ F is ramified. If /F' is ramified,
then § € E* has odd valuation, and Rgf = —f because pg, takes the
value —1 on such elements. If E/F is unramified, then pg,(A(3)) =1, and
therefore Rg f = f. The proposition follows. O

We are ready to prove the appropriate functional equation for the zeta
functions attached to Ilg,,. Recall that for an admissible representation II
of G, and for ® € CX(A), f € C(Ilg. ), we defined the zeta function

(@, f,5) = /G (9)£(9) llgaI* 1921l dye* ()
- / B(9)f(g) du(g)
G

where p is a Haar measure on A.

Theorem 6.0.3. For all ® € C°(A) all f € C(Il,), and all characters x of
F* of conductor not exceeding £, we have

C((I)¢ va 8) = _C((i)? Xilfi 2 - 8)'
Proof. 1t suffices to prove the claim for x = 1. Indeed, if f € C(Ilg,,),
then x f lies in C(Ilgs ,2,,) for a different simple stratum S" = (Ay,ny, o).
(Explicitly: let 8 € p" be such that (x o Ng/p)(1+ ) = ¢p(Trg/p fz) for
all x € pl; then o) = a; + .)
Assume therefore that x = 1. We will take the measure du to equal djuy,

the measure dual to the character 5. Since ®(z) = ®(—z) we have that
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C(®, f,s) = (D, f,s) by a change of variable g — —g in the integral. Now
we apply Prop. 6.0.1:

(@, f,5) = (@, f9)

O

6.1. The construction in level zero. The preceding constructions carry
over easily to the case of level zero. Let F be an unramiifed quadratic
extension of F'. Letting 6 denote a regular character of kj, we constructed
in Section 5.2 a representation p, of the unit group of the linking order
Ly. Choose a central character w of F* x F'* which agrees with the central
character of pp on (F* x F*)NL; = O xOj. Extend py to a representation
pow of Ko = (F* x F*)Ly agreeing with w on the center. Finally, let IIp,
be the induced representation of py,, from Koy up to GLa(F) x B*.
Then Thm. 6.0.1 has the following analogue:

Theorem 6.1.1. Let w be a minimal irreducible admissible representation
of GLa(F) (resp., BX) with central character w (resp., w='). The following
are equivalent:

(1) 7 has level zero, and the restriction of m to GLa2(OF) (resp., OF) con-
tains a representation inflated from the representation ng of GLa(k)
(resp., the character 0 of kJ;.)

(2) m is contained in g ,|qr,(F) (Tesp., 7 is contained in g ,|px ).

Similarly, Prop. 6.0.3 has this analogue:
Theorem 6.1.2. For ® € C*(A), f € C(Il, ), we have
C((I)a Xf> S) = _C((i)? Xilfl 2 - 8)
for all characters x of F* which are trivial on 1+ pp.

The proofs of Thm. 6.1.1 and Prop. 6.1.2 run exactly the same as those
of Thm. 6.0.1 and Prop. 6.0.3.

6.2. Conclusion of the construction. Our construction of the Jacquet-
Langlands correspondence is nearly complete.

Theorem 6.2.1. For every irreducible representation @' of B> of dimension
greater than one, there is a supercuspidal representation m of GLo(F') for
which m and 7' correspond. Every supercuspidal representation of GLg(F')
arises this way.



26 JARED WEINSTEIN

Proof. By Theorem 2.2.2 we may twist 7’ to assume either that 7’ contains
a simple stratum S’, or else that it is level zero. In the first case, Let S =
(A, n, ) be the corresponding stratum in My (F'). Applying Theorem 6.0.1,
7’ is contained in IIg,|px, where w is the central character of #’. Suppose
7 is a representation of GLy(F') appearing in Hompx (7, IIg,,). Then 7 @ 7’
appears in Ilg .

Applying Theorem 6.0.1 again, we find that 7w contains S. Combining
Cor. 3.0.2 with Prop. 6.0.3 shows that 7’ and 7 correspond.

The logic is the same if 7’ has level zero: In this case 7' contains a char-
acter of Oy inflated from a character 6 of a quadratic extension of k, so that
7’ is contained in Iy ,| gx. Proceeding as above, we find a representation 7
of GLa(F') corresponding to 7.

If 7 is a given supercuspidal representation of GLo(F'), the argument
above may be reversed to find a representation 7’ of B* which corresponds
to it. This concludes the proof. U
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