EXPLICIT NON-ABELIAN LUBIN-TATE THEORY FOR GL»

JARED WEINSTEIN

ABSTRACT. Let F' be a non-Archimedean local field with residue field k of odd charac-
teristic, and let B/F be the division algebra of rank 4. We explicitly construct a stable
curve X over the algebraic closure of k admitting an action of GL2(F) x B* x Wg which
realizes the Jacquet-Langlands correspondence and the local Langlands correspondence
in its cohomology.

1. INTRODUCTION

Let F' be a non-Archimedean field; i.e. a finite extension either of Q, or the field of
Laurent series over a finite field, and let O be its ring of integers. Let n > 1 be an
integer, and let B/F be the central division algebra of invariant 1/n. There are well-
known correspondences between representations of the groups GL,(F'), B*, and Wg, the
Weil group of F. These are the Jacquet-Langlands correspondence m — JL(7) (between
GL,, and B*) and the local Langlands correspondence 7 — ()

Loosely speaking, non-Abelian Lubin-Tate theory refers to the construction of a geometric
object X which realizes these correspondences simultaneously in its cohomology. That
is, one finds an action of the triple product group GL,(F) x B* x Wg on the Euler
characteristic of X (computed with respect to an appropriate cohomology theory), which
decomposes as a formal sum of representations of the form m ® n’ ® o, where 7 is a
representation of GL, (F), 7’ is the representation of B* which corresponds to 7 under the
Jacquet-Langlands correspondence, and o is a representation of Wr which corresponds to
7 under the (suitably normalized) Langlands correspondence.

The case of n = 1 is classical Lubin-Tate theory [LT65], in which the isomorphism
GL1(F) = F* =2 W2P of local class field theory is established through the study of division
points of a one-dimensional commutative formal Op-module of height 1. For higher n,
Carayol [Car90] offered two approaches to the construction of the space X. In the vanishing
cycle setting, the role of X is played by the rigid generic fiber of the projective system M
of formal schemes representing the functor of deformations of a fixed formal Op-module
of height n with Drinfeld level structures of all degrees. In the rigid setting, the space X
is a projective system of étale covers Q% of Drinfeld’s rigid-analytic upper half space. It is
now known that in each case, the compactly supported étale cohomology H}(X) realizes
the local correspondences on the level of supercuspidal representations of GL,,(F'). In the
vanishing cycle setting this is due to Harris and Taylor [HTO01] in the p-adic case and
Boyer [Boy99] in the function field case. In the rigid setting it is due to Harris [Har97] in
the p-adic case and Hausberger [Hau05] in the function field case.
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In each of the above cases the establishment of the correspondences in cohomology begins
by embedding the local problem into a global one and appealing to results from the theory
of Shimura varieties or Drinfeld modular varieties. Strauch [Str08a] proved that the Euler
characteristic of MICLT’ p realizes the Jacquet-Langlands correspondence without the use of
global moduli spaces. Also notable is Yoshida’s purely local study [Yos] of the vanishing
cycles of the deformation space of formal Op-modules with tame level structure; these are
shown to realizes the local Langlands correspondence for supercuspidal representations of
depth zero.

Running parallel to these advances in non-abelian Lubin-Tate theory are a great deal of
results which give ezplicit and purely local constructions of representations of GL,,(F') and of
B>, rather than an abstract construction which realizes these representations in cohomol-
ogy. Earliest among these is the paper of Howe [How77|, which associates a supercuspidal
representation of GL,(F) to each “admissible” character of a degree n extension E/F.
By elaborating on this construction of supercuspidals for GLg, Kutzko [Kut80], [Kut84]
established the local Langlands correspondence for n = 2. The fundamental work of Bush-
nell and Kutzko [BK94] gives an explicit parametrization of admissible representations
of GL,,(F) in terms of their theory of strata. From here it is natural to attempt to de-
scribe the correspondences purely in terms of this parametrization. This is what is done
in the papers of Henniart [Hen93] and Bushnell-Henniart [BHO00], [BHO5c|, where many
cases of the Jacquet-Langlands correspondence are established explicitly; further papers
of Bushnell-Henniart [BHO05a], [BHO5b] give an explicit description of the local Langlands
correspondence in the “essentially tame case”.

This paper is a modest attempt to draw a connection between the geometry in non-
abelian Lubin-Tate theory and the explicit methods of cuspidal strata and types. We take
n = 2 and F to have odd residual characteristic p. The aim of this paper is to explicitly
construct a variety X defined over the algebraic closure of the residue field k& of F' which
plays the role of MET7 r from the point of view of non-abelian Lubin-Tate theory. That
is, X admits an action of GLa(F) x B* x Wp in such a way that the correspondences are
realized in Hj (X, Q) for all primes ¢ # p.

The variety X is not particularly exotic: its irreducible components are smooth geomet-
rically connected projective curves over k, and the only singularities of X occur as normal
crossings between these components. The connected components of X are in canonical
bijection with the connected components of M€T7 p- For this reason we refer to X as the
stable Lubin-Tate curve for GLo(F).

A key feature of this construction is that certain subtleties of the local Langlands cor-
respondence now admit a natural explantation in terms of the geometry of X. To wit,
suppose E/F is a tame quadratic field extension and y is a character of E*, identified
with a character of W, such that Indg,r x is irreducible. There is a “naive” method of
constructing a supercuspidal representation 7, of GLa(F), as described in [How77]. It is
not the case that Indg/p x +— 7y is the Langlands correspondence; e.g. because the central
character of m, does not agree with det Indg,r x as characters of F'*. One must modify
the naive construction by twisting x by a certain tamely ramified character A, of E*;
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then Indg,p mya, + my serves as the correct correspondence. The character A, may be
described in an ad hoc fashion. In §5| we show how A, appears in the study of the action
of Frobenius on the cohomology of some interesting curves over k.

1.1. The Correspondences. Let {2 be an algebraically closed field of characteristic 0. Let
Ao (F, ) be the set of equivalence classes of smooth irreducible representations of GLa(F')
with coefficients in , and let AZ(F, Q) be the set of discrete series representations. Like-
wise, let AZB (F, ) be the set of equivalence classes of smooth irreducible representations of
B*. We simply write A4(F) or AP (F) if Q = C. The Jacquet-Langlands correspondence
is a bijection

JL: Ay(F) — AB(F)

satisfying the appropriate trace identity, see [JL70]. The correspondence JL is algebraic in
the sense that it commutes with field automorphisms of C. Therefore JL. may be extended
canonically to a bijection A%(F, Q) — AP (F, ), which we also call JL.

The local Langlands correspondence is not algebraic; we therefore work with a slight
renormalization. Let £ be a prime different from p. Let Go(F, Q,) be the set of isomorphism
classes of Weil-Deligne representations of Wr with coefficients in Q,. The (-adic local
Langlands correspondence is a bijection

Lo: Go(F,Qp) — A2(F, Qy)

which commutes with automorphisms of the field Q,. It is normalized so that whenever
t: Qp = C is a field isomorphism, we have

L(Xﬁg(O’)L, S) = L(XO'L, S — %)
e(XLe(0)',5,9) = e(xo',s — 5,9)
for all representations o € Go(F, Q,), all characters y of F*, and all characters 1 of F. This

is the normalization that appears in the association of Galois representations to Hilbert
modular forms.

1.2. Statement of main theorem. For our purposes, a stable curve over k is a variety
X proper and flat over Spec k whose irreducible components are smooth irreducible curves
over k such that

(1) The only singularities of X are normal crossings between distinct irreducible com-
ponents, and
(2) Each rational component of X meets the other components in at least three points.

We do not require that X be of finite presentation over Spec k.

Definition 1.1. Let G be a group admitting a homomorphism ¢: G — Gal(k/k). Let X
be a k-scheme. An action of G on X is called k-semilinear with respect to ¢ if for all t € G
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the diagram

X X

b

Spec k — Speck

commutes.

Our main theorem applies this definition to the triple product group G = GLy(F) x
x B* x Wp. For the homomorphism ¢: G' — Gal(k/k) we take projection onto W followed
by the natural map Wr — Gal(k/k).

Theorem 1.2. Assume that the characteristic of k is p # 2. Then there exists a stable
curve X over k admitting a semilinear action of GLa(F) x B* x Wg with the following
property. For every prime £ # p and every supercuspidal representation © of GLo(F') with
coefficients in Q, we have

Homey,(p) (7, H'(%,Qy)) = JL(7) ® L(7).
On the other hand if ™ is not supercuspidal, then Homgy, (p) (7r, Hl(%,ﬁg)) =0.

Remark 1.3. It may be possible that a proof of Thm. can be given by means of
Shimura curves. Each member of the Lubin-Tate tower Mzﬂ r appears as the completion
a Shimura curve at a supersingular point. Over a sufficiently large extension of scalars one
can find a model for each Shimura curve which has semi-stable reduction; by [Col03] this
can be done in a functorial manner, so that there are maps between the reductions are
finite. In the inverse limit of the reductions, the fiber over a supersingular point ought to
have the properties of the stable curve X above. The explicit determination of the stable
reduction of a Shimura curve seems to be quite difficult, however. This was carried out for
the modular curve Xo(p?>M), with p > 5 and p{ M in [Edi90], and for the modular curve
Xo(p®M) in [CMO6]. Our curve X represents our best guess for the structure of the stable
reduction of the Shimura “curve” of infinite p-power level.

1.3. Outline of the construction. Some preparatory material concerning moduli of de-
formations of one-dimensional formal groups of height h is given in §2] In §3] we restrict
our attention to the case of h = 2, and discuss deformations with “CM” (these are Gross’
canonical lifts, see [Gro86]). For each point z with CM by a tamely ramified quadratic ex-
tension E/F, we define a decreasing family of subgroups K, ,,, C GLy(F) x B, along with
certain finite-dimensional representations 7 of IC}MW We prove that the induced representa-
GLa(F)x B*
Ka,m

of the form m,, where x is an admissible character of E* of essential level m (for defini-
tions, see . In 4 we define smooth proper curves X ,, over k admitting an action of
IC}UM for which the étale cohomology H'(X, ) is a direct sum of the representations 7.
In §5/an action of W is introduced so that the fiber product Xz m xx1  (GL2(F) x B*)

tions Ind 7 realize the Jacquet-Langlands correspondence for the representations
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realizes both correspondences simultaneously in cohomology. Finally, in §6|the curves X, ,,
are glued together to produce the stable curve X in Thm.

Suprisingly, there are only two k-isomorphism classes of higher genus curves which appear
among the X, ,,,. One is the Deligne-Lusztig curve for SLa(k), with affine equation XY 7 —
X7 = 1. (It is a special case of [Yos| that this curve should appear in the stable reduction
of the moduli space of deformations with Drinfeld level-wp structure.) The other is the
hyperelliptic curve with affine equation Y? = X9— X, which appears in the stable reduction
of the modular curve Xo(Np?), see [CM06]. The interplay between the geometry and
representation theory of these curves is studied in

2. DEFORMATIONS OF ONE-DIMENSIONAL FORMAL GROUPS

2.1. The Moduli Problem. Let F' be a local nonarchimedean field with uniformizer
w, maximal ideal p and residue field k of cardinality q. Let n > 1 and let Fy be a
one-dimensional formal Op-module of height n. Let C be the category of complete local
Noetherian @%r—algebras with residue field k. For an integer m > 0, we consider the moduli
problem M,,, which associates to each R € C the set of isomorphism classes of deformations
of Fop with w™-level structure. This is a triple (F,¢, ¢), where F is a formal Op-module
over R, v € Homy(Fo, Fi) ®o, F is a quasi-isogeny, and ¢ is a Drinfeld level-m-structure,
that is, an Op-module homomorphism

¢: (w "OF/OF)" — mpg,
such that the power series [w]|£(T) € R[T] is divisible by

11 (T = ¢(a)).

a€(w=10p/Op)™

(The maximal ideal mp is to be regarded here as an Op-module via F.) An isomorphism
between triples (F, ¢, ¢) and (F',//, ¢') is an isomorphism of formal Op-modules f: F — F'
which interlaces ¢ with ¢/ and ¢ with ¢’. There are obvious degeneracy maps M, 11 — M.

2.2. Heights and the division algebra. An isogeny ¢: F — F’ between formal groups
has F-height height -(F) = h if ker: is a group scheme of rank ¢” over k. If 4 is only
a quasi-isogeny, let r be such that w": is an isogeny and define the F-height of ¢ as
height (w"t) — rn. For a given h € Z, we may consider the sub-problem /\/lgf) C M, of
deformations of Fy for which the quasi-isogeny has F-height h. Then

M = T MD.
heZ

Let Op = Endy, Fy. Then Op is the unique maximal compact subring of B = Op®0p,, F,
which is in turn a division algebra over F' with invariant 1/n. There is a right action of
B* on M,, given by (F,1,¢)? = (F,10b,¢) for b € B*. Let N: B — F be the reduced

norm. Since b: Fy — Fo has F-height v(N (b)), we see that the action of b maps MWD

(V@)

isomorphically onto MU Here v is the valuation on F'* with v(w) = 1.)
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2.3. The associated rigid spaces M,,. It is a result of Drinfeld that M,(g) is rep-
resentable by a regular local ring R, = R,(S) of dimension n, that each map R, —
Ry,41 is finite and flat and étale over the generic fiber, and that Ry is isomorphic to
OFlXi,...,Xp-1]. Similarly, each /\/l,(f;) is representable by a regular local ring Rgf).
Therefore M,,, has the structure of a formal scheme which is locally formally of finite type

over @}}f Let M,, be the rigid space attached to the generic fiber of M,,,. The morphisms

My+1 — M, are étale and the space My is the union of spaces Mo(j) for j € Z, each of
which is the rigid open unit polydisk of dimension n — 1. The spaces M, inherit an action
of B*.

2.4. The limit problem, action of GL,,(F'). The moduli problem M,, has a right action
of GL,(Op/p™) given by (F,t,¢)? = (F,t,¢ o g). Therefore the rigid analytic space M,
admits an action of GL,,(Op/p™). These actions coalesce into an action of G = GL,,(F)
on the projective system

M = lim M,,.

ocO—m

To describe this action, we give an alternate description of M. For the time being, let
M’ be the functor which assigns to each complete subfield K C Cpg containing F™ the
set of isomorphism classes of triples (F,¢, «), where F /O is a formal Op-module “up to
isogeny”, ¢ € Homy(F, Fo)®o, F is a quasi-isogeny, and a: F — V(F) is an isomorphism
of F-vector spaces. Here V(F) = T(F) ®o,, F, and

T(F) = lim Fl=")(K)

is the Tate module. An isomorphism between two triples (F,¢, ) and (F',/,a’) is a quasi-
isogeny [ € Homo, (F, F')®0, F carrying ¢ to ¢ and ¢ to ¢/. We shall call M’ the functor
of deformations up to isogeny.

We claim that M’ agrees with the functor of points on M. Indeed, suppose a point
of M(K) is represented by an inductive system of points (F, ¢, ¢m)m>0 of M, (K). Then
the Drinfeld level-m-structures ¢, give rise to an isomorphism of Op-modules ag: O% —
T(F) in an evident way. Let & = a ® 1 be the extension of this map to an isomorphism
F" — V(X). Then (F,t,a) € M'(K).

Going the other way, suppose (F,t, ) represents a point of M'(K). Let £ = ¢(OF);
this is a lattice in V(F). Let r € Z be such that T'(F) C w"L. We have an exact sequence

0—T(F)— V(F)— Flw™] — 0;

let C be the image of @w"L in Flw™], so that C = w"L/T(F). Write F' for the quotient
F/C, and write f € Hom(F,F') ®p,. F for the quasi-isogeny

FZsF—>F/C=F.
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Then we have the commutative square

V(f)

V(F) V(F)

L—=>T(F

The isomorphism «: O} — L induces isomorphisms ¢,,: (w™ " Op/Op)" — Flw™|(K)
for each m > 0. Let // = to f, ' € Homg(F}, Fo) @0, F. Then f gives an isomorphism
between the triples (F, ¢, ) and (F',/, V(f) o a). The latter triple corresponds in turn to
the inductive system (F', ¢, ¢ )m>0. We conclude that M = M.

It is now evident how to define a right action of G = GLa(F') on the rigid space M:
Given a triple (F,t,«) as in the definition of M’ and a matrix g € G, define (F,t,a) - g =
(F,1,ac0 g). Note that g maps M) isomorphically onto M (h—v(detg)),

2.5. Action of Wpg. Let Wg be the Weil group of F'. Recall that the rigid space M is
defined over F™. There is an action of Wg on M lying over the action of Wp on F™. We
describe this action on the level of Cp-points. Let 0 € Wp and let x = (F,t, o) € M(Cp).
It is clear how to define the conjugate formal group F? and level structure a®. We must
now construct a quasi-isogeny F¢ — Fy. Let Wp — Gal(k/k) be the obvious map, and
assume the image of o equals Fr” for some n > 0, where Fr is the gth power map on k.
Start with the quasi-isogeny ¢ : ]—%’ — ]:g ™ To get a quasi-isogeny with values in Fp, we
compose this map with the inverse of the natural isogeny Fo — fg ™ given by X — X"
This action of Wr commutes with the actions of GLy(F") and B*.

We therefore have an action of G x B* x Wg on M. Define a homomorphism

§:Gx B*xWp — F*
(g,b,w) +— (detg)™* x N(b) x Art' w,

where Artp : F* — f,ib is the reciprocity map from local class field theory, normalized
so that Artp(w) is a geometric Frobenius element. Then a triple (g,b,w) € G x B* x Wg
maps M) onto M+9 where d = vp((g, b, w)).

2.6. Connected Components. Let Z be a one-dimensional Op-module of height 1 over
Opnr. By classical Lubin-Tate theory, Z is unique up to isomorphism. We summarize here
the results of Strauch [StrO8b] concerning the geometrically connected components of the
rigid spaces M., ® Cp.

Theorem 2.1. There exists a bijection from wo(M,,@CFr) onto the set of bases for the rank
1 (OF/pE)-module Z[w™)]. This bijection is equivariant for the action of GLy,(Op/pf) x
OF x I if we let an element (g,b,w) act on Z[w™] through the homomorphism (g,b,w) —
d(g,b,w) (mod p™).

Combining this theorem for all m > 1 gives a description of the set of geometrically
connected components of the tower M of rigid spaces:
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Theorem 2.2. There exists a bijection mo(M & Cp) = V(2)\{0}. This bijection is
equivariant for the action of GLo(F') x B* X W if we let an element (g,b,w) act on V(Z)
through the homomorphism §: GLa(F) x B* x Wp — F*.

For a nonzero ¢ € V(Z2), let M® C M ® Cr be the connected component corresponding
to (. There is a natural “valuation” h: V(Z)\ {0} — Z defined as the least h € Z for
which ¢ € @w"T(Z). Then M¢ ¢ M™M9 @ Cp.

3. CM POINTS AND THE JACQUET-LANGLANDS CORRESPONDENCE

3.1. CM Points: Basic Observations. It is at this point that we restrict our attention
to the case n = 2. We abbreviate A = My(F'); B is the nonsplit quaternion algebra over
F.

A deformation F of Fy to Cr has CM if E = End F ®0p,, F' is a quadratic field extension
of F. Suppose a point x € M is represented by a deformation (F,t, ) up to isogeny. We
say that x has CM by FE if End F ®p,, F' = E. Note that by replacing F by an isogenous
formal Op-module we may assume that End 7 = Op. In that case, F becomes a formal
Opg-module of height 1. By classical Lubin-Tate theory, there is only one such F up to
isomorphism: let this be called . Note that Fg is defined over E™. Let M¥ c M(F)
be the set of all points of M with CM by E.

If # = (Fg,1,a) € M¥, then we naturally have at our disposal embeddings of E into
both A and B. Indeed, since V(F) is naturally an E-vector space of dimension one, we may
identify £ with a subfield of End V(F). On the other hand, « identifies End V (F) with A,
so that there is a unique embedding j; 4: £ — A for which the identity ccoj, a(e) = V(e)
holds in End V(F) for all e € E. Similarly, ¢ gives a unique embedding j, p: £ — B for
which the appropriate diagram commutes. Let j,: E — A x B be the diagonal embedding
e > (ju,A(€)s ju,(€)).

The following theorem can be deduced from [Gro86):

Theorem 3.1.
(i) The group GLo(F) x B> acts transitively on M. The stabilizer in GLo(F) x B>
of the point z is j,(E™).
(ii) For allt € GLo(F) x B* we have ju:(3) =t 1j.(B)t, all B € E.

3.2. Action of Wr on CM Points. Recall that the relative Weil group Wg/p is the
quotient of Wr by the closure of the commutator subgroup of Wg. Thus Wg/p is the
preimage of Z in the surjection Gal(E**/F) — Gal(k/k) = Z. There is a short exact
sequence

(1) 1 — E* - Wg/p— Gal(E/F) — 1

representing the fundamental class in H2(Gal(E/F), EX). In the interpretation of this H?
as the relative Brauer group of the extension E/F, the fundamental class corresponds to
the class of B as a central simple algebra over F' which is split by E.

By classical Lubin-tate theory, adjoining the torsion points of the CM formal group
Fg to E™ yields the maximal abelian extension E?P of E. Thus the action of Wx on
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MP factors through Wy /r- We make this action explicit. Let z € M E so that we have
embeddings j; 4 and j, p of E into A and B, respectively. Let N, 4 (resp., NV ) be the
normalizer of j; o(E*) in GLg(F) (resp., the normalizer of j, p(E*) in B*). Then N, 4
and N, p are both extensions of Gal(E/F) by E*, representing the trivial and nontrivial
classes in H2(Gal(E/F), EX), respectively. Let N, C GLa(F) x B* be the pullback group
in the diagram

Nm - NI,A

L

/\/‘173 —— Gal(E/F).
Observe that j,(E*) C N, embeds as a normal subgroup. The homomorphism 6: N, —
F* factors through j,(E*)\N,. Finally note that j,(E*)\N, like Wg/p, is a nonsplit
extension of Gal(E/F) by E*. The following proposition, which is a straightforward

application of classical Lubin-Tate theory, gives an natural isomorphism between these two
groups.

Proposition 3.2. For each © € MFP, there is an isomorphism Jaw: Wg/p — Ju(E™)\N
with the following properties:

(i) For allw € Wg)p, v = gz (W),

(ii) For an element B € E = W& we have

Jow (W) = jo(EX)(je,a(8), 1) = ju(EX)(L, ju,5(8) 7).

(iii) For w € Wg/p, we have §(j.w(w)) = Art w.
(iv) Fort € GLy(F) x B* and all w € Wg,p we have jut y(w) = tjzw(w)t™ 1.

3.3. Lattice Chains and Chain Orders. Given z € M¥ as above, identify E with a
subfield of A via j, 4. We consider the sequence (A;);cz of lattices in F 2 defined by

A =o' (p5T(FR)).
Then (A;) is an Op-lattice chain in the sense that this collection of lattices is linearly
ordered and stable under multiplication by F*. Let 2, C M,(F) be the subalgebra of
matrices which stabilize each A;. We drop the subscript = from the notation when z is
fixed in the discussion. Then 2 is normalized by E*. Let P C 2 be the double-sided
ideal of matrices mapping A; into A;4; for all i. We remark 2 is conjugate to My(OF) or
(OF Or

, as F/F is unramified or ramified, respectively.
pr Op

3.4. Admissible Pairs. Assume E/F is a tamely ramified quadratic extension, and that
X is a character of E*. The pair (E/F,x) is called admissible if (1) x does not factor
through the norm map Ng,p, and if (2) X|U1{3 does not factor through the norm map if

E/F is ramified. A character x has level m if it vanishes on 1 +p7£+1 but not on 14 p7; we
say it has essential level m if the minimum level of the characters of the form x x (wo Ng,/p)
is m.
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We will have use for a simple parametrization of admissible pairs. First, if E/F is
unramified and 6 is a character of kj for which 6 # 69, then let Xy denote the set of
characters X’ of E* of the form ' = x x (wo Ng/p), where x is a character of E* whose
restriction to Oy is inflated from 6, and where w is a character of F*. Then characters
of Xy have essential level zero, and every character of essential level zero belongs to some
Xy. We have that Xy and Xy are disjoint unless 8’61 factors through Nip/ks in which
case Xy = Xyr.

Characters of higher level may be parametrized by certain elements of E*:

Definition 3.3. Let m > 1. An element a € E* of valuation vg(a) = —m is minimal
when it satisfies the criteria:

(i) If E/F is ramified, then m must be odd.
(i) If E/F is unramified, then the minimal polynomial of wa over F' is irreducible
modulo pp.

Fix a character i of F' of level zero. Let g be the character x +— 9 (Trg/p x); since
E/F is tamely ramified, ¥ is a character of E of level zero.

Let m > 1. If « € E* is a minimal element of valuation —m, let X, be the set of
characters x of £ of the form X' = x x (wo Ng/p), where x’ is a character of level m

satisfying x(1 + x) = ¢Yg(az), all x € p%m/QJH. Then each character x € X, is admissible

of essential level m. Every admissible character of essential level m belongs to some X,.
If (E/F,x) is an admissible pair, then Indg,rx € Ga2(F) is irreducible. There is a
straightforward way of attaching a supercuspidal representation m, of As(F) to each ad-
missible pair (E/F, x), which already appears in the general case of GL, (F') in [How77].
We sketch this construction. Assume there is no character w of F* for which x xwoNg,p
has smaller level than y. Choose an embedding E* — GLa(F'). There are three cases to
consider:

e x has level 0. Suppose x € Xy for a character 6 of kj. Let Ay be the associated
cuspidal representation of GLy(6), inflated to GL2(Op). Let J4 = E* GL2(OF)
and let A, be the representation of J which extends Ay and which agrees with x
on F*.

e x has level m = 2r —1 > 0. Suppose x € X,. Let J4 = E*Uy. Define a character
A, of J which agrees with x on E* and which satisfies A(1 + x) = 9 4(ax) for

T € Py

e x has level m = 2r. Then E/F must be unramified. Suppose x € X,. Define a
character 0 of H = ULU} which agrees with x on U} and which satisfies 0(1+x) =
Ya(ax) for z € 2]3%“. Let J! = ULUj; then there exists a unique irreducible
representation 79 of J! of dimension ¢ lying over §. Finally let J4 = EXUg;
there is a unique extension A, of 79 to J4 which lies over ng and which satisfies
Tr Ay () = —x(¢) for all roots of unity ¢ € ug\pr.
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In all cases let 7, = Ind?jQ(F) A
and the correspondence (E/F,x) — my is a bijection from the set of equivalence classes of
admissible pairs onto the set of tame supercuspidal representations of GLo(F').
There is a similar procedure to construct a representation 7T;< of B*. Choose an embed-
ding E — B. Identify Op/Pp with kg in a way which is compatible with this embedding.
Once again, there are three cases to consider:

e x has level 0. Suppose x € Xy. Let Jg = E*Oj and let A;( be the character of Jp
which agrees with x on E* and which is the inflation of 6 on O}.

. Then m, is a supercuspidal representation of GLy(F),

e x haslevel m = 2r — 1 and E/F is ramified, or else m = 2r and E/F is unramified.
Suppose x € X,. Let f be the residual degree of E/F. Let Jg = EXU;f. Define a
character A of J which agrees with x (—1)/*2(*)g(z) on E* and which satisfies

A (14 z) = Ya(az) for z € ‘Bg.

e x has odd level m and FE/F is unramified. Suppose x € X,,. Define a character 6 of
H = ULUZ! which agrees with y on U}, and which satisfies 6(1+z) = ¢ (ax) for
T € ‘BEH. Let J' =U };U]B"; then there exists a unique irreducible representation
ng of J' of dimension ¢ lying over 6. Finally let Jg = E *Ug'; there is a unique
extension A} of 1y to Jp which lies over 79 and which satisfies Tr A\ (¢) = —A(¢)
for all roots of unity ¢ € up\pp.

In all cases let 7 = Indf?BX Al The following is from [BHQ6], §56:
Theorem 3.4. For all admissible pairs (E/F, x), we have JL(my) = 7 .

3.5. Filtrations of A and Op by Op-submodules. Once again, A = My(F) and E/F
is a quadratic extension field. We fix an embedding F — A.

A tame corestriction on A relative to E//F is an (E, E)-bimodule homomorphism s4: A —
E such that s(2) = Op for any hereditary Op-order in A which is normalized by E*. A
tame corestriction exists and is unique up to multiplication by Oj;, see [BK94]. It further
satisfies s4(P") = p’; for r > 1.

In the event that E//F is a tame extension, there is a simple description of s. Let C' be
the complement of F under the trace pairing A x A — F, so that A = E ® C. Then s4 is
the projection of A onto E with respect to this decomposition.

For an integer m > 0, define V}* C A to be the Og-submodule

VI = 53l (p) LoD/,

We remark that VX = A. The module V" is closed under multiplication, and in fact
no smaller choice of exponent |(m + 1)/2] allows for this property. Consequently the set
14+ V)" is a subgroup of A*.

Carrying this idea further, define an Opg-submodule W}* C V}* by

Wi = st () Nplm/2+L,
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Then W is closed under multiplication and also enjoys the property:
(2) SWWE) C pitt,

Similar constructions can be carried out on the division algebra B. Given z € MF,
identify E with a subfield of B via j, p. Let Op be the ring of integers in B and let ‘Bp be
its maximal ideal. A tame corestriction sp: B — F is an (E, F)-bimodule homomorphism

such that sp(Op) = Op and s(Pfy) = pg/ﬂ for all » > 1, where f is the degree of the
extension of residue fields kg /k.

Once again, if E/F is tamely ramified, then sp is the projection of B onto E relative to
the reduced trace Trp,/p.

For m > 0, we define

VR = sTHRE) NP

WE = s (pE) N PE
where 7 is the least nonnegative integer for which the module V£* so defined is closed under
multiplication, and ' is the least nonnegative integer for which the module W} so defined
satisfies sp(WERWH) C piit!. Explicitly: The value of r is 2 |m/2] if E/F is unramified
and | (m + 1)/2] otherwise. The value of r' is m 4+ 1 if E/F is unramified and |m/2] + 1

if E/F is ramified.
We collect some trivial bookkeeping results:

Proposition 3.5. The dimension of the kg-vector spaces V' /Wi and VF' /W5 are given
by the following table:
E/F ramified E/F unramified
m odd m even m odd m even
dim V* /Wi 0 1 0 1
dim V3 /Wg 0 1 1 0
On the other hand, the kg-vector spaces W7 /V ™ and Wi /VETY are always 1-dimensional.

3.6. Certain subgroups of GLy(F) x B*. In this section we build the subgroups K,
mentioned in Assume E/F is a tame quadratic extension with ramification degree e.
Let x € M¥ be given. Identify E with a subfield of Ms(F) x B via the embedding j,.
For m > 0, define the product vector spaces V' = V3" x V', W™ = W* x Wg'. Since
V™ is closed under multiplication in A x B, 14+ V™ is a subgroup of GLy(F') x B*. The
subgroup 14 V™! € 1 + V™ is normal; we let Gr,, be the quotient.
By Prop. 3.5] we have dimy, W™/V™F! =2 whereas

, E/F ramified and m odd

, E/F ramified and m even
, E/F unramified.

When m > 1, Gr,;, is a two-step nilpotent group, for there is an exact sequence
m m
Gr,, —» —— — 0.

_ — —
ymil wm

dimy,, V™ /W™ =

— N O

3) 0
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In we defined a homomorphism §: GLy(F') x B* — Wp — F*; in this section we
will use the same letter ¢ to denote the restriction of this homomorphism to GLa(F') x B*.
Let Grl, denote the kernel of the homomorphism Gr,,, — §(1 + V™) /§(1 + V™) induced

by 6. By analyzing the effect of § on the vector spaces on either side of Gr,, in we
arrive at:

Lemma 3.6. Assume m > 1.

(i) If E/F is ramified and m is odd, then Grh, = W™/V™*l is a k-vector space of
dimension 2.
(ii) If E/F is ramified and m is even, then Grh, = V™ /V™F! js a k-vector space of
dimension 2.
(iii) If E/F is unramified, then Gr.. is a nontrivial extension of V™ /W™ by a k-vector
subspace of W™ /V™*L of dimension 1.

We now define subgroups Ky m, Pz m, Lom of GL2(F) x B* by
Ko = E*(Q1+V™)
Pemn = FXULA+W™)
Lom = FXUR(1+V™)

Then Ky D Pem D Lom. Let IC}Qm be the kernel of the homomorphism § restricted to
Kz,m, and similarly for Ei,m.
We observe the following facts concerning Ky ., and Ly .

Proposition 3.7.

(i) Fort € GLyo(F) x B* we have Ky, =t Ky mt, and similarly for K}, .
(i) Lgm is normal in Ky .

ii) There is a split exact sequence 1 — Grl — Kym/ LY — EX/F*Ug — 1.
v) Ny normalizes the groups Ky m and Ly .

(i
(i
We will gather more information on the groups ICglmm and IC}Uym / Eglc,m in

3.7. Characters of K. In this paragraph we will see why the groups nglﬁvm are impor-
tant: The quotients Ki’m /[,im admit special irreducible characters whose induction to
GL2(F) x B* realizes the Jacquet-Langlands correspondence for exactly those supercus-
pidal representations of GLga(F) arising from admissible pairs (E/F, x) for which y has
essential level m.

Assume m > 1, let E/F be a tame quadratic extension field, let z € M, and identify E
with a subfield of A x B via j,. Let « € E* be a minimal element of valuation —m. This
forces m to be odd if E//F is ramified. Define an (E, E)-linear map s: Ms(F') x B — E by

s(a,b) = sa(a) — sp(b),

so that s vanishes on E. Note that s(W™W™) C pntt.
Write K for Ky, and similarly for £ and P.
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Let 1, be the character of P defined by the rules
Vo(F*UE) = 1
Yoa(l+w) = vYelas(w)), we W™

This is well-defined because s(W™W™) C p*!. Note that v, vanishes on L.

We know define a certain irreducible representation 7, of K which lies over v,. If E/F
is ramified, then I = E*P. In this case, we take 7, to be the character of L which extends
1, and which satisfies

(4) 7a(8) = (1), ge B,
For E/F unramified we have the following

Proposition 3.8. There exists a unique representation 7o, of K lying over 1, which has
the property that Tr74(() = —1 for a root of unity ( € E*\F*.

Proof. This is an exercise in representation theory. It can also be deduced from Prop.
once one notices that ! /L' is isomorphic to the group @ described in while the image
of P! is isomorphic to the subgroup P C Q. O

Returning to the general case, we let 7. be the restriction of 7, to K.

Lemma 3.9. Every irreducible representation of K lying over ) is of the form 74 X wod

«
for some character w of F'*.

Proof. Consider the map §: K — F*. The image §(K) is a certain group Uj. Explicitly,
r=(m+1)/2if E/F is ramified and r = m if E/F is unramified. There exists a section
d: Up — P of §, so that §(d(x)) = x for all x € Uj,. The lemma follows formally from the
fact that 6(UL) normalizes the representation .. O

Let J4 and Jp be as in (3.4
Lemma 3.10. The group Ja x Jp normalizes the group K and the representation 7.

Let Y, be the set of characters x of E* of the form xy = X' x (w o Ng/p), where
X' (1+z) = ¢g(az) for all x € pl. Thus Y, is a larger set of characters than X,.

Proposition 3.11. Let A be an irreducible representation of Ja x Jp. Then A lies over the
representation 72 of K1 if and only if there exists a character x € Y, for which A = AX®A;<.

Proof. Tt is a simple matter to show that for all x € Y, we have that the restriction of the

representation AX®]X;( to K1 equals 71. Therefore assume A is an irreducible representation

of J4 x Jp lying over 7..

By Lemma the restriction of A to K decomposes into representations of the form
Ta X (wo ). By Lemma Ja x Jp stabilizes the subspace of A on which P acts by a
particular character 1, X (w o d); since A is irreducible, only one such representation may
appear. By replacing A with A ® (w™! 0 §) we may assume that w is the trivial character,
so that A lies over 7.
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Write A = A1 ® Ao, where A1 and Ay are irreducible representations of J4 and Jpg,
respectively. Let x!' be a character of U}E which appears in Ay, and let W be the largest
subspace of A; on which Ué acts through y!. If u € Ugtlm/2J+17 then for w € W we have
Aw)w = Ay (us(u)~)Ar (s(u))w = x (s(u))A1(us(u)"Hw. On the other hand, us(u)~! €
1+ W7 and therefore (us(u)~1,1) € P. Since A lies over ¥, we have that Aj(us(u)™!) acts
by the scalar 1, (us(u)~1,1) = ¢(TrA/F a(us(u)™t — 1)) = 1. We find that UQHm/QHl acts
on W through the character u +— x!(s(u)). Let 8 € EX be such that x'(s(1+z)) = ¥4(Bz)
for x € ‘ﬁgn/ 2+ Since J 4 normalizes this character, J4 preserves W, and since Aj is

irreducible, A; = W. Therefore A lies over the character of Uy lm/2]+1 given by = — 14 (5x)
for x € ‘Bglm/ 2+ By a similar argument, Ao lies over the character of U é(mﬂ)/ 2 given by

1+ 2 ¢Yp(—px) for x € m);(m+1)/2‘
We first consider the case where m is odd. We have that A; lies over the character n of
UEU(mH)/2 which is u +— x!(u) on UL and 1+ 2 +— ¢a(ax) for 1 + 2 € U(m+1)/2. But

Ja=F XUélmH)/ 2, and it is easy to see that the only representations of J4 which lie over 7
are precisely the characters A, where x is a character of E* extending U }J Thus Ay = Ay
for a character x € X,.

Now we claim that Ag = A;( If E/F is ramified, then 7, was defined to restrict to
E* as the character § — (—1)ve(? Therefore the group jy p(E*) C Jp must act on Ay
through the character 3 — (—1)"2()g(5-1). We also have that A, lies over the character
14 2 +— ¢p(—Px) of Uy (m+1)/2 By definition we have Ay = A’

Now suppose F/F' is unramified. Since 7, lies over the 1dent1ty character of U }13, we find
that Ay lies over the character x| UL- Now let ¢ be a root of unity in E*\F*; we have
TrA(¢) = Tr A1({)A2(¢) = —1, implying that Tr Ao(¢{) = —x({). Finally, we have already
seen that Ay lies over the character 1 + x — ¥p(—pFx) of Ug”l. We conclude from the
description of A} in that Ay = A;(

The argument is similar in the case of m even and E/F unramified, except the roles of
A1 and Ag are reversed. O

Proposition 3.12. Let m and 7' be smooth irreducible representations of GLa(F) and B*,

GLa(F)x BX

respectively.  Then Homgy, (r)x px (7r®7r Ind 7‘(}4) has dimension 1 if m1 = m,

and ' = 7}, for some x € Yo. Otherwise, it vamshes.

Proof. By Frobenius reciprocity,
L
Homgr, (r)x Bx (7r ® 7 IndG 2(F) Té) = Hom, x.j, (7r QT | J x5 Indi%fnJB Té) .

By Prop. the dimension of this space is the number of characters y € Y, for which
A, ® A, is contained in m ® «’. If there exists one such character x, then already we
have 7 = m, and 7’ = 7TX, )

There is only one other character x’ for which m = 7,/, namely the F-conjugate character
X = x. We claim that x? does not belong to Y,. Assume it does: then we would have

. _ GLao - . BX X . .
since T, = Ind;, Ay and 71, = Indj, A, are irreducible.
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X1 +2z)=x(1+27) =¢r(az?) = Yp(a®c) = Yg(ax) for all € p’}. This implies that
a—a’ € p}g_m, which contradicts the fact that « is minimal. O

As a direct consequence of Prop. we find that if 7 is a smooth irreducible represen-
tation of GLg(F'), the space Homgr,,(r) (W,Ind]cé{‘Q(F)XBX Té) equals JL(r) if 7 = m, for
some x € Y,, and it vanishes otherwise. 7

4. REALIZATION OF THE JACQUET-LANGLANDS CORRESPONDENCE

Let E/F be a tame quadratic extension, let = € M¥ and let m > 0 be an integer. The
goal of this section is to prove the following

Theorem 4.1. There exists a smooth, projective, geometrically connected curve X, over
1

T,m
(i) The action K}, ,, — Aut X, has kernel ezactly E}Qm.
(ii) For all smooth irreducible representations m of GLa(F'), we have that

k, together with a k-linear action of K on Xyzm with the following properties:

HOIIIGLQ(F) (7‘(’, Ind](é;igF)XBX I_‘I-l(%%m7 Qﬁ))

equals JL(m)®% if 7 = m, for some character x of EX of essential level m, and
vanishes otherwise.

The proof will be done case by case over the next few paragraphs. We make a few
abbreviations which will apply for the remainder of the section. Since z € M¥ is given, we
identify E with a subfield of the algebra My (F') x B by means of the injection j,. We fix
an integer m > 0 as well, and we write 2, I, X, etc. for the objects ., Ky m, Xz m, etc.

We also introduce the notations @ = K/L, Q! = K/t

4.1. Level zero supercuspidals. In this paragraph, E/F is unramified, z € M*, and
m = 0. By replacing = by one of its GLy(F')-translates we may assume A = My (OFp).
Then K = F* (GLQ(OF) X OE)

Let 6 be a character of kj, for which 6 # 07. Let Ag be the cuspidal representation of
GLy(kg) corresponding to 6. Let 7y be the representation of I which is trivial on F* and
for which TQ\GLQ (Op)xO% is the inflation of \g ® 6. Let 791 be the restriction of 75 to k!

Lemma 4.2. Every irreducible representation of KC lying over the representation 7'91 of Kt
is of the form 19 ® (w o §) for some character w of F*.

Proposition 4.3. Let m be a smooth irreducible representation of GLa(F'). Then

Homgr,, (r) <7T, Ind,(é%2 (F)xB* 7'91)

equals JL(m) if m = my, for some character x € Xy, and equals 0 otherwise.

Now let X be the Deligne-Lusztig curve for the group SLa(k). This is the smooth
projective curve with affine equation XY — XY9 = 1. The group Q' is the set of pairs
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(9,b) with g € GLa(k) and 8 € k, satisfying det g = Ny, /3. We define a (right) action of
Q' on X via the rule

when g = (Z Z)

Proposition 4.4. As a module for the action of Q', we have

H'(%,Q) =PI @0,

0esS

(u, v) 9P = (8~ (au + cv), B~ (bu + dv))

where S is a set of representatives for the equivalence classes of characters 0 of kj, not
factoring through Ny, /. modulo the relation 6 ~ 0 if 9’671 factors through Nip/k-

Proof. This is an application of Deligne-Lusztig theory, or else an easy exercise using the
Lefshetz fixed-point formula with the explicit equation for X. O

4.2. Case of E/F tamely ramified, m odd. Fix a uniformizer wp for E.

Define a map p: K! — Fy x Z/2Z by j,(8) — (0,v(8) mod 2) and 1+t +— (wyz"s(t)
mod pg,0) for t € V™. Then p descends to an isomorphism Q' — F, x Z/2Z. Let X be
the smooth projective curve with affine equation

X1-X=Y?

and have F, x Z/2Z act on this curve in the following manner: An element a € F; acts
via (X,Y) — (X 4 a,Y), and the nontrivial element of Z/2Z acts via (X,Y) — (X, -Y).
By Prop. we have an isomorphism of X! modules

H'(%,Q) =P
a€esS

where S is a set of representatives for the nontrivial elements in p ;™ / plE*m. Every character
x of essential level m belongs to exactly one Y, for some unique o € S. Since 7, = m,/ if
and only if X’ = x or ¥/ = x?, we find that

Homgr,(r) (77 IndGLQ( PP (%, QZ))
equals JL(m)®? if 7 = 7, for some y of essential level m, and vanishes otherwise.

4.3. Case of level m > 0, E/F unramified. Here Q is isomorphic to the subgroup of
PGL3(kg) consisting of matrices of the form

a B v
al (39
«

. For an explicit isomorphism, see [Wei]. The subgroup Q' consists of those matrices as
above which satisfy

(5) ay? 4 ady = gItL,
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In fact Q is a Borel subgroup of a unitary group in three variables associated to the
quadratic extension k2/k. The image of P C K in Q is the central subgroup

1 0 «
1 0 = kg.
1

Considered as a subgroup of PGL3(k) = Aut P%, the group Q' preserves the curve with
projective equation
X794 X1z =yatt,
which we take for our curve X.
A minimal element a@ € E* of valuation —n gives rise to a character 1, of P which
factors through a character of kg; the condition that « is minimal implies that 1, does not
factor through Try, /r. Let 7, be the representation of K which lies over ¢, and satisfies

Tr7,(¢) = —1 for each root of unity ¢ € EX\F*, as in Lemma and let 7} be the
restriction of 7, to K.

Let S be a set of representatives for the minimal elements of p,""/(pz" + p}E_m). Then
every character of E* of essential level m belongs to exactly one Y,, for some unique o € S.
Then by Prop. we have an isomorphism of K'-modules

Hl(%,@) = @Tg

We find that X satisfies the hypotheses of Theorem by proceeding as in the previous
paragraph.

4.4. Case of level m = 0, E/F ramified. There are no minimal elements of E* of
valuation zero, so in order to satisfy the demands of the theorem we must take X = P!
to be the rational curve over k. By replacing = by a GLy(F')-translate we may assume

_ Or Or ~
A= (pp OF>' Then 2A/Po = k x k.

Let ks C k be the quadratic extension of k. We choose a k-isomorphism ky = kp.

Lemma 4.5. The group Q' is isomorphic to the semidirect product ks x (Z/2Z), where
the nontrivial element of (Z/2Z) acts as 3 +— 71 on k.

Proof. We have
o ((OF OF %
K=F ((pp Op xOg | .

Define a homomorphism p: K!' — ko x (Z/27Z) by
p(a) = (0, vp(a) mod 2)
p(9,8) = (™' mod Pp,0)

for every o € E* and every (g,b) € 2A* x Op satisfying det g = Np,pb; here a denotes the
upper left entry of g. Then p descends to an isomorphism Q' 2 ky x Z/27Z. O
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We give a faithful action of ky x Z/2Z on P!: The group k3 acts by multiplication
(X — [X) and p(wg) acts by inversion (X — 1/X).

4.5. Case of level m > 0 even, E/F ramified. Once more, there are no minimal
elements of even valuation, so we take X = P1.

Lemma 4.6. The group Q' is (noncanonically) isomorphic to ke x (Z/2Z), where the
nontrivial element of (Z/2Z) acts as f+— —3 on k3.

Proof. By Lemma [(iii)] and Lemma [(iii)], Q! is the semidirect product of the 2-

dimensional k-vector space V™ /W™ by the group E*/F*U}, which has order 2. Write

A = Op® €4, where € is the orthogonal complement to O under the trace map. Similarly

write Op = Op ®€p. Let € = €4 x €5. We have V™/W™ = p™/2¢ /p"/** !¢ The lemma

follows once we observe that conjugation by a uniformizer 7y € E acts as negation on
m/2 m/2+1

b C/pgp T C O

We give a faithful action of ko x Z/2Z on P!: The group ko acts by translation (X
X + ) and p(wg) acts by reflection about the origin (X — —X).

5. REALIZATION OF THE LOCAL LANGLANDS CORRESPONDENCE

Let (E/F,x) be an admissible pair, so that Indg /F X is an irreducible representation
of Wp. It is not the case that Indg,px +— 7y is the local Langlands correspondence.
For instance, the central character of 7, is x|r, while the central character of Indg JF X
is X|r - Kg/p, Where kg p: F* — {£1} is the character which cuts out the quadratic
extension FE/F by local class field theory.

To remedy this situation, this “naive” correspondence must be adjusted by replacing x
with the product xA,, where A, is an appropriately chosen tamely ramified character of
E*. We describe a character Ay so that Indg/r xAy — 7y is the f-adic local Langlands
correspondence. If E/F is unramified, then A, is the unramified character with A, (wg) =
—q.

If E/F is ramified, the definition of A, is more involved. Let ¢ be a Q -valued character
of ' which vanishes on pz but not on Op. Define the Gauss sum

T(kE/p, ) = Z ke/r(a)Y(a),
a€Op /pr

m

so that T(FJE/F,?/J)2 = rg/rp(—1)g. Suppose a € pL™ is a minimal element for which

X € Y,,. Then A, is the character satisfying
(i) A, vanishes on Uj.
(ii) For u € UL, we have A, (a) = (%).
(iii) A(wg) = KE/F(()T(RE/F,w)mq(lfm)m, where ¢ € O satisfies aw = ¢ (mod pg).

Theorem 5.1. Indg/p XAy — 7y is the {-adic local Langlands correspondence.
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This is essentially Theorem 34.4 in [BHO6], adapted to the situation of the ¢-adic local
Langlands correspondence. In terms of characters with complex coefficients, this means
replacing the A, of [BHO6] with the character z — A, (x) \xlg ? where f is the residual
degree of E/F.

5.1. Semilinear Actions. Let z € M¥ and let m > 0. Theorem gives a subgroup
K! € GL2(F) x B* which acts linearly on a curve X through a quotient Q' in such a way
that the the cohomology of the fiber product X xx1 (GL2(F') x B*) realizes the Jacquet-
Langlands correspondence for supercuspidal representations of the form m,, where x is an
admissible character of E* of essential level m. We make the abbreviation

Ind X = X x5 (GLy(F) x BX).

We wish to define a semilinear action of Wr on Ind X in such a way that the cohomology
of the fiber product realizes the ¢-adic local Langlands correspondence as well.
Let N = N, C GLy(F) x B* be the group from Observe that N normalizes K.
We will be interested in actions
A: N — Aut X
which satisfy the requirements
(i) A is semilinear with respect to the homomorphism N — Gal(k/k), t — Fry" (0(e)
(in the sense of Defn. [1.1]).
(ii) A extends to a well-defined action of X! x A/ which agrees with the action of K1
from Theorem [4.1]
(iii) For B € W& = E* we have that the action of j,(8) € K! on X agrees with
A(Jo,w (8))-

Explicitly, the second condition means that the equation
(6) A(n) 'kA(n) =n"tkn

holds in Aut X for all n € N, k € K'. Given such an action, we may define an action of
Wg on Ind X as follows. A point of Ind X may be represented by a pair (P,t), where P € X
and t € GLy(F) x B*. Let w € Wg/p, and let @ € N be a lift of j,w(w) € j(E*)\N.
Then we define, for w € W

(Pt)" = (P2 1),

Then the condition (3) above shows that this definition does not depend on the choice of
lift @, and the condition in Eq. [f] means exactly that this action preserves the equivalence
relation (P*,t) ~ (P, kt) for k € K'. We arrive at a well-defined semilinear action

(7) GLy(F) x BX x Wp — AutInd X.

This action induces an action of the same triple product group on Ind’(é%Q(F)XBX HY(%,Q,).

Call an action N' — Aut X compatible with the action of K' if it satisfies (1)-(3) above.
Recall that each admissible character x of E* of essential level m determines repre-

sentations Ay and A,s of GLy(F') and B* respectively for which m, = Ind§L2(F) A, and
7, = Ind;s A} . The tensor product representation A, ® A} is an extension to J4 x Jp of
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an irreducible representation of X! of the form 7}, where a € E* is a minimal element of
valuation —m. We have that

Homyer (Ay ®@ Alxr, H'(%X,Qy)) = Homy: (14, H' (X, Qy))

is one-dimensional.

Now suppose A is an action of N on X which is compatible with the action of KC!. Then
there is a well-defined action of E* on Homy1 (Ay ® ALl H 1(%,Qy)) defined as follows.
If X is a Kl-equivariant map from A, ® A;Z into H'(%X,Q,), and 8 € N, then define \?
to be the map v — A(B)A(j(3,1)"'v). The linear map A\’ so defined is K'-equivariant
precisely because A is compatible with the action of K.

Theorem 5.2. There exists a semilinear action A = Ayt Wrp — AutX compatible
with the action of IC' with the following property: For every admissible character x of E*
of essential level m, the group E* acts on Homy (Ax ® A;2|,C1,H1(%, Q@)) through the
character xAy.

The remainder of the section will be devoted to proving Theorem Assume it now,
and let H!(Ind X, Q,) be given the action of W arising from the action A of the Theorem.
We record the following consequence:

Corollary 5.3. Let m be a smooth irreducible representation of GLy(F). We have that
Homgr, () (7, H'(Ind X, Q) equals JL(w) ® Ly(%) when m = my for an admissible char-
acter x of essential level m, and vanishes otherwise.

Proof. By Theorem the space Homgy, () (7T, H'(Ind X, Q@)) equals 0 if 7 is not of the
form m, for x an admissible character of level m. Therefore suppose m = m, for such a
character. Then again by Theorem (.1 we have that

p = Homgr, (p)xpx (7 @ JL(%), H' (Ind X, Q,))

is a 2-dimensional representation of Wg,p. We claim that p = Ly(%). By Theorem |5.1
Ly(m) = Indg/p xAy. Therefore to prove Cor. it is enough to show that p|gx contains
the character yAy.

We have that 7 ® JL(7) = IndSt2(F)

JAXJB
GLo(F)xB* raY
p = Hompr ((mdF200 " A @ AL) o, HY(X,Q)))

By Mackey’s theorem, p|px contains Homg: ((Ay ® A;() i1, H(%,Qy)), which equals the
character YAy by Theorem O

xB* Ay ® A%. By Frobenius reciprocity,

5.2. Case of m =0, E/F unramified. In this case, X is the nonsingular projective curve
with affine equation XY? — X7Y = 1. Let ® = (®1,P2) € N be a lift of the nontrivial
element of Gal(E/F) for which ®; € 2A*, &y € ‘Bgl. Then the group N is generated by
Jz(E), the subgroup {1} X j; p(E*) and the element ®.

We now describe the required action A: N'— Aut X. The automorphism A(®) will be
the one lying over Fr, € Gal(k/k) which effects (X,Y) — (uX,uY) on coordinates; here
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u € k is a root of u¢™ = —1. Now let § € E*; the automorphism A((1, 5. 5(3)) will be

the one lying over Fr, 22(®) \which is trivial on coordinates. Finally, the action of j,(E*)
through A shall be as demanded by condition (3) of the previous paragraph. It is easily
checked that this defines a well-defined action A: N' — Aut X which is compatible with
the action of KC!.

By Prop. A(j.(wr)) acts on HY(X,Q,) as the scalar —¢. Let x be an admissi-
ble character of EX of essential level 0. Thus if 3 € E*, the action of (1,j, 5(37')) on
H(%,Qy) is through A,(8). On the other hand, A’ is a character of F*Op for which
N (j2,8(8)) = x(3). Therefore the action of EX C Wg,p on Homy1 (A ® Allicr, H' (X, Qy))
is through the character yAy. This establishes Thm. in this case.

5.3. Case of m > 0, E//F unramified. Here X is the projective curve with affine equation
X7+ X =Yt Assume for the moment that m is odd. Let ® € N be as in the previous
paragraph, and let 3 € E*. There is a unique semilinear action A: N — Aut X compatible
with the action of X! for which A(®) and A(j, 4(8), 1) are trivial on coordinates. Let x be
an admissible character of E* of essential level m. Then A, is a character whose restriction
to jz a(E*) is simply x. By an argument rather similar to that of the previous paragraph,
E* C Wg/p acts on Homy1 Ay ® A;Z‘,Cl,Hl(%,Qf)) through the character yAy.
The argument for m even is similar, but with the roles of A and B reversed.

5.4. Case of m = 0, E/F ramified. Let & = (®;,P2) € N be a lift of the nontrivial
element of Fr, € Gal(k/k) for which ®; € A%, ®; € OF. Then the group N is generated
by the subgroup j,(E*), the subgroup j; 4(E*) x {1} and the element ®.

Here X is the projective line. Since H'(X, Q) is trivial, it is enough to find an action A
of N on X which is compatible with the action of K!. For 3 € E* we set A((jz.4(8),1) to
be the automorphism which is trivial on coordinates, whereas A(®) will be the inversion
map X — 1/X.

5.5. Case of m > 0 even, E/F ramified. Once again, X is the projective line. We set
A(jz,A(6),1) to be trivial on coordinates, while A(®) will be the linear map defined by
X + (=1)™/2X. Then A is compatible with the action of K.

5.6. Case of m > 0 odd, E/F ramified. Here X is the projective curve with affine
equation X9 — X = Y2, The group Q' is the direct product of the group p’z /pmJrl by a
group of order 2. Choose a uniformizer wg of E; we get an isomorphism p'g /perl — k
by t + tw™ (mod pp). Assume an element t = 1+ wwir € p2/pmtt C Q! acts on X
through (X,Y) — (X +nY).
We define a semilinear action A of AV on X as follows:
a
AGra@. )Y = (x.(2)7). aco;
A((Jea(@e), ))(X,Y) = (X,eY)
A@)(X,Y) = (X, V1Y)
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g—1 m—1

Heree = —(—1)2 =z .
Now let a € E* be minimal of valuation —m, and let x € Y,. Let 7! be the character
of K! as defined in By Prop. we have

Tr (A«Mw), 1)) ' H'(X, QWI‘) - ‘p%;m (

ra~tw™ mod
— < B pE>¢(r)
reOp/pE 1

= k(1) kg 0 (O (kp/p, ),

t3 mod pE) o(t)
q

where ¢ € Oy, satisfies aw} = ¢ (mod pg). We claim this equals A, (wg). Indeed,
Ay(wp) = kpp(Q)r(kppe ) g™/
= kpp(Qrpp(—1) "V 2 (kg p, )

because T(ﬁE/F,w)Q = rp/r(—1)g.
Meanwhile, the character A, takes the value x(c) on an element j, a(c). We find that
E* C Wg/p acts on the space Homy: (Ax ® A;Z”Cl CHY(X, Qg)) through the character YAy.

6. CONSTRUCTION OF THE STABLE LUBIN-TATE CURVE

We now assume that F' has odd residual characteristic. Thus there are three distinct
quadratic extensions of F. Call these Ey, E1 and Fo, with Ey/F unramified. We turn to
the task of gluing together the curves X, ,, for x € M CM and m > 0 to form a stable curve
which has the desired properties of Thm.

6.1. Base Points. We identify certain special points of X ,,,, which will later be used as
sites of gluing.

Proposition 6.1. There exists a point P € Xy m(k) with the following properties.
(i) The stabilizer of P in KL ,, is exactly Ki,mﬂ-

x,m
(ii) There are no nontrivial Kivm—equivam‘ant linear automorphisms of the pair (Xz m, P).
Furthermore, if Q € Xzm(k) is another point satisfying (1) and (2) then there exists a
/Cglcym-equivariant automorphism of Xy ., carrying P onto Q.

Proof. In the case where E/F is unramified and m = 0, X, is the curve XY? — X9Y =
1. Assume that A, = M(Ofp). We have the embeddings j, 4: Op — M2(OF) and
Jz.B: Op — Op. Reducing modulo pg gives embeddings kg — Ms(k) and krp — kp.
Composing one map with the inverse of the other gives an embedding x: kg — Ma(k).
Let P = (u,v) € A%(k) be a point which satisfies 3P = k(3)P for all 8 € k}. Let v € E
satisfy 897! = wv? — u9v. Then P = (v lu,y 1v) € X;0(k); then the stabilizer of this
point in K:};,o is KL |, establishing (1). For (2), the only automorphisms of X, o commuting

z,1

with IC;O are of the form (X,Y) +— (¢X,¢Y) with (¢! = 1, and no such nontrivial
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automorphism could fix the point P. Finally, all other points @ € X, satisfying (1
and (2) are of the form (P for (9*! = 1, and this is indeed the translate of P by a
lCiO—equivariant automorphism of X, o.

In the case where E/F is unramified and m > 0, X, ,, is the curve X + X7 = yatt,
The point P = (0,0) is the only point satisfying the required properties.

In the case where E/F is ramified and m = 0, X, ¢ is the projective line, with the action
of lC}C’O as in Let P be the point 1 € P1(k); the stabilizer in KL, of P is IC;J. The

Z,
automorphisms of the projective line commute with the action of IC}QQ are only X — £X,
so property (2) holds. Conversely, the only other point satisfying (1) and (2) is —1.

In the case where E/F is ramified and m > 0 is even, X, ,, is the projective line, with
the action of IC;’O as in Then P is the point 0 € P!(k); this is the only point satisfying
(1) and (2).

Finally, in the case where E/F is ramified and m > 0 is odd, X, ,, is the curve Y? =
X?— X. Then P = (0,0) satisfies (1) and (2). So does any point of the form (a,0)
with a € k, but then this point is the translate of P by the ICim—equivariant isomorphism
(X,Y)— (X +a,Y). O

For every z € M and every m > 0, we now choose a point Py, € X, (k) satisfying
the properties of Prop. [6.1

6.2. Similarity Classes of CM points. The vertices of the dual graph I' will be classes
of CM points under a certain family of equivalence relations ~,, indexed by nonnegative
integers. These equivalence relations become stronger as m increases.

Definition 6.2. Suppose z,y € MM, For m > 0, we write = ~,, y if all of the following
conditions hold:

(i) The points x and y lie in the same geometrically connected component of M.
(ii) If m = 0, then x and y have the same lattice chains (see [3.3]).
(iii) If m > 0, then there exists t € K} ,, with y = ',

We gather the following facts:

(1) If & ~p, y, then x ~,, y for any m’ < m.

(2) If & ~p, y for all m, then z = y.

(3) If & ~p, y, then ICp = Ky .

(4) The relation ~, is preserved by the action of G x B* x Wg.

(5) If z € M¥, let [x],, be its equivalence class under ~,,. Then the stabilizer in
G x B* of [x], is exactly KL ..

(6) If z € MP and y € M¥ have & ~,, y, then E = E’ except in the following scenario:
m = 0, E and E’ are the two ramified extensions of F', z and y lie in the same
connected component of M, and x and y have the same lattice chains.

The curve X, ,, does not depend on the choice of = within the similarity class [z],, in
the following strong sense.
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Proposition 6.3. Let x ~,, y. Suppose there exists t € nglmm with y = z'. There is a

unique K;7m—equiva7"7jant isomorphism ¢: Xy m — Xym for which qﬁ(P:am) = Pym. The
isomorphism ¢ does not depend on t.

Proof. Certainly there exists a lCal%m—equivariant isomorphism ¢: X, ,, — X, mn, because
the equations defining these curves and the actions of the group IC}CM on them are iden-

tical. Then @(Py )" satisfies the properties of Prop. and therefore there exists a KC!-
equivariant automorphism f of X, ,, carring P, ,, onto ¢ (P;;;) Renaming ¢ as f~' o ¢,

we have a IC}}—equivariant isomorphism ¢: X, — Xy, carrying P;,m onto Py ,,. Again

by Prop. this isomorphism is unique. O

We extend Prop. to the case where » € M¥1 y € M¥2 and x ~¢ y. Choose
uniformizers wg, and wg, for Ey and Ey. Write j,(wpg,) = j.(wg,)t; then t € IC}C’O.
Referring to @, the action of t on X o is an automorphism of the form X — aX for some
ackp Letue k be a root of u?> = a; then X — uX is a ICio-equivariant isomorphism
from X, 0 onto X, 0.

Let S,, be the set of similarity classes under ~,,,, and let

S=1] Sm

m>0

be the disjoint union of the S,,. There is an obvious “level” map S — Z>( sending S,
to m; a CM point x € E therefore determines a section of this map sending m to the
similarity class [z],, under ~,, containing m. The group GLy(F') x B* acts on S in the
obvious manner. The set S will serve as set of vertices in the dual graph in our construction
of the stable Lubin-Tate curve X.

If v €S, say v =[], for z € MF, then let K} = K}, and X, = X, . In light of
Prop. and the paragraph that follows it, v determines the K!-equivariant curve X, up
to unique isomorphism. Let X be the disjoint union of the curves X, for v € S. Then x
admits an action of GLy(F') x B* in the following manner. Let t € GLa(F) x B* and let
¢t Xgm — Xyt be the unique isomorphism satisfying ¢; o u = (t~tut) o ¢y for u € Ki}m
and also ¢(Py )t = wt.m- Lhen ¢y determines an isomorphism X, — X,+ which does not
depend on the choice of .

The curve X also admits a semilinear action of Wr which commutes with the action of
GLy(F). Given w € Wr and v = [z], € S, let @ € N, be a lift of j, w(w) € jz(E*)\Ng.
There is the automorphism Ay ,,, (1) of X, as in Theorem The element w shall carry
X, onto X,w via the map ¢z 0 Ay .

Proposition 6.4. Let m be a smooth irreducible representation of GLa(F'). Then

Homgr, () (77, H'(X, Qﬂ))

is isomorphic to JL(m) ® Ly(7) if © is supercuspidal, and is 0 otherwise.
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Proof. Let R be a set of representatives for the quotient S/(GLy(F) x B*). For each v € R
we have that the stabilizer of v in GLa(F) x B> is exactly K. Then as GLy(F) x B* x Wg-
modules we have

HY(%, Q) = @ mad= """ ml(x,,Q).
VER

The proposition now follows from Cor. once we observe the following: (1) Every super-

cuspidal representation of GLg(F') appears in Irld,(é'fz)(F)XBX HY(X,,Q,) for some v € R,

and (2) no supercuspidal representation appears in two summands of the above direct sum.

For (1), we note that the residue characteristic of F' is odd, so that every supercuspidal
representation of GLo(F') is of the form 7, for some admissible pair (E/F,x). For (2),
suppose v = (z,m) and v' = (2/,m’) contribute nontrivially to the above direct sum.
Write z € E, 2’ € E’. If it happens that a supercuspidal representation m appears in both
summands, then we must have 7 = 7, = 7,/ for a admissible pairs (E/F,x), (E'/F,x’).
But since both extensions are tamely ramified, this can only happen if £ = E’ and x and
X’ have the same essential level. By Thm. this implies that v and ¢’ lie in the same
orbit under GLa(F) x B*. O

6.3. The adjacency relation. We now construct a graph whose vertex set is S.

If F is one of the quadratic extensions of F', recall that there is a unique formal group
Fr with endomorphisms by Op. For a point & € M represented by a triple (FE,t,a), we
get a lattice chain A,, = a ' (pT(Fg)) C F2. Up to re-indexing, the lattice chain {A,}
only depends on the isomorphism class of z. We have [A,, : Ay11] = #kEg.

If z,2/ € M are two CM points with respective lattice chains A,, A/, then it might
happen that there is a strict containment {A,} € {A]}. For this to occur, we would need
x € MPo and y € MFi for i € {1,2}. If this is the case we will say that the lattice chains
for x and y interlace.

We now define a graph I" whose vertex set is S, with the following edges:

(i) Draw an edge between the vertices [z]p and [y]o whenever x and y lie in the same
connected component of M and the lattice chains of z and y interlace.
(ii) For every CM point x € M, and every m > 0, draw an edge between [z],,+1 and
Call a vertex v of T' unramified if it is of the form [z],, for x € M¥° and ramified
otherwise. The graph I'y is naturally isomorphic to the barycentric subdivision of the
Bruhat-Tits tree 7 for GL2(F). Under this isomorphism, the unramified vertices of I'g
are in bijection with the vertices of 7, while the ramified vertices are in bijection with the
midpoints of the edges of 7 in its barycentric subdivision.
Let E/F be a tame quadratic extension and let v € Sy. Let I, C I' be the subgraph
induced by the set of vertices of the form [z],, where [z]p = v. Then T, is a tree.
There are two types of ends of I': those which stabilize in I'g, and those which pass
through S,,, for every m. The “level 0” ends are in bijection with P1(F) x V(Z), and the
“unbounded” ends are in bijection with MM,
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FIGURE 1. A connected component of the graph I'g. The case of ¢ = 3 is
shown. The larger blue vertices represent the projective plane curve XY9 —
XY = Z9%! while the smaller green vertices represent the projective line.

6.4. Adjacency Data. To complete the construction of X, we need to give, for each edge
e of " joining the vertices v,v" € S, a pair of points P, € X, and P.,» € X,y which will
be identified with each other in X. Since the curve X is expected to have an action of
GL2(F) x B*, this assignment must be consistent: for every ¢t € GLy(F') x B>, we must
have P!, = P.t,+ and similarly for ',

We begin with the case when the edge e joins vertices v,v’ € S both of level 0. Without
loss of generality we may assume that x € M0 and 2/ € M are such that v = [z]p and
v' = [2/];. Then, via the choices of z and ', the curves X, and X, may be identified with
the curves X, o and X,/ o: These are the curves 2%y — xy? = 1 and the projective line,
respectively. Note that the points of X, at infinity are in correspondence with P!(k).

Since v and v’ are adjacent, their respective lattice chains A,, and A}, interlace: {A,} C
{Al'} is “every other lattice”. Let I C X be the Iwahori subgroup which stabilizes the
lattice chain {A]}. Then I fixes a unique point at infinity in X,; call this P.,. If {A,}
equals {A},}, let P,/ be the point co € X, o = Pl If {A,} = {A}, 1}, let P, be the
point 0 € X,/ .

Now suppose m > 0 and v € S, and v' € S;,,11 are adjacent. This means there exists
z € MM such that v = [z],, and v/ = [z];,41. We let P, be the base point Py, € X,
and P,/ be the point at infinity in X,.

6.5. Conclusion of Proof of Main Theorem. Let X be the curve obtained by applying
the gluing the points P.,, P, ,» € X(k) for each edge e of I" which joins the points v, v'.

Proposition 6.5. X is a stable curve.

Proof. Since X was obtained from the nonsingular curve X by gluing points, we must
check that no three components of ¥ meet at a single point. Suppose that & ~,, y € MM,
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F1GURE 2. The graph I', for an unramified vertex v. The case ¢ = 2 is
shown. The central blue vertex is v itself. The vertices adjacent to v are a
torsor for the action of SLo(F,). The cyan vertices represent the projective
plane curve XY 7 + X9Y = Z9%!. The vertices of higher level adjacent to a
particular cyan vertex are a torsor for the action of a nonabelian group of
order ¢. In the graph I', a copy of the above graph is glued to the graph
Iy in Fig. [1] along each of the blue vertices.

v = [2]m, w = [x]myt1, and W' = [y];m+1, and that the components X, X,, and X, intersect
at a common point. This implies that P, ,, = P, € X,. Suppose there exists t € ICalmm
be such that y = !, so that th’m = Pym = P, ;. But then ¢ lies in the stabilizer of P, ,,
which is K}, 41 Thus & ~pp1 y and w = w'.

If y is not a translate of z by an element of X, then m = 0 and = and y are have CM
by distinct ramified extensions of F'. Let t € IC}QO be as in the remark following the proof

of Prop. so that P}, = P,m in X,. The proof now continues as in the previous
paragraph. Il

Proposition 6.6. Then
HomGLg(F) (777 Hl (x7 Q@))
is isomorphic to JL(m) ® Ly(7) if m is supercuspidal, and is 0 otherwise.
Proof. Generally speaking, if X is a stable curve with dual graph I', and X is the normal-

ization of X, then there is an exact sequence of commutative group schemes

(8) 1— HY(,Z)®G,, — JacX — JacX — 1
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FiGURE 3. The graph I';, for a ramified vertex v. The case ¢ = 3 is shown.
The central green vertex is v itself. The vertices adjacent to v are a torsor for
the action of FqXQ. The red vertices represent the nonsingular hyperelliptic

curve with affine equation X9 —X = Y2; the vertices of higher level adjacent
to any particular cyan vertex are a torsor for the action of F,. The black
vertices represent the projective line; the vertices of higher level adjacent
to a particular black vertex are a torsor for the action of F 2. In the graph
I', there are two copies of the above graph glued to each cyan vertex in Iy,
corresponding to the two distinct unramified extensions E/F.

Since T' is a disjoint union of trees, HYT',Z) = 0. We conclude that H'(X,Q,) =
H(X,Q,). The proof now follows from Prop. [6.4 O

7. APPENDIX: SOME INTERESTING CURVES

7.1. On the hyperelliptic curve Y? = X7 — X. Let Xy be the nonsingular affine curve
over F, with equation y? = x9 — x. The projective version of this equation, Y2292 =
X9 — XZ971 has a singularity at [0 : 1 : 0]. The singularity is resolved by means of the
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map of F-algebras
Fy[X, Z] F (U, V]
—
7972 — X9+ X 7971 U2-U0?Wat -V

X — pyla—3)/2

7 — Uyvla-1/2
Let Xo be the spectrum of the ring on the right; then X, is a nonsingular affine curve.
Let X be the proper curve obtained by gluing Xy and X, along the morphism defined
above. Let oo be the unique closed point of X\Xp; this is the point (u,v) = (0,0) on X

The curve X admits an action of the additive group F, given by [a](z,y) = (z + a,y)

on Xg. This group has co € X(F,) as its unique fixed point. A calculation shows the
multiplicity of oo as a fixed point for any o € F is 3.

Let £ 1 q be prime. By the Lefshetz fixed-point theorem, the trace of a € F acting on

H*(X,Qq) is 3. Since the traces of & on H? and H? are both 1, the trace of o on HY (X, Q)
is —1. The genus of X is (¢ — 1)/2, so that dim H'(X, Q) = ¢ — 1. Therefore we have:

Proposition 7.1. As a module for F,, we have

H'(%,Q) = P,
P#1

the sum running over nontrivial characters ¢¥: Fg — Q.

Write H! for H'(X,Q,). If ¢ is a nontrivial character of F,, write H'[t] for the 1-
dimensional 1-eigenspace. Since the action of F; on X is defined over F,, the geometric
Frobenius element Fr € Aut X stabilizes each H'[4].

Proposition 7.2. The eigenvalue of Fr on H[¢] is —gy, where g, = ZaeF; () (%)

is the quadratic Gauss sum.

Proof. Consider the automorphism « o Fr of X which sends (z,y) to (x?+ a,y?). We count
the fixed points of « o Fr. If (x,y) is an affine fixed point, then 2?+ a = x and y? = y, so
that 4> = 27 — 2 = (x —a) — 2 = —a and also that y € F,. Naturally, there are always
q solutions to z? + a = z. It follows that there are 2q affine fixed points if —a is a square
in F7, ¢ affine fixed points if @ = 0, and none if —a is a nonsquare. In other words, the

number of affine fixed points is ¢ (1 + (%‘)) The point oo is always a fixed point for
a o Fr of multiplicity 1. Therefore

Tr (a0 Fr [HY) = —¢ <1+ (—;)) +1.

The group algebra Q[F,] acts on H'. For a nontrivial character 1: F, — Q, the
idempotent element

21/1 a] € Q[F]

aqu
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projects any Q,[F,]-module M onto its 1-eigenspace M [)]. The eigenvalue of Fr on H'[¢)]
is therefore the trace of ey o Fr on H'. This is

Tr (Fr|H'[Y]) = Tr(eyoFr|H'[])
Z Y Ha) Tr (aoFr\Hl)

acFy

5ol ()

- - Y@ (2).

acFy

Q= Q=

thus proving the proposition. O

7.2. On the Hermitian curve Y9t! = X7 + X. Let X be the nonsingular projective
plane curve with affine equation Y9! = X% 4+ X. This curve has genus g = ¢(q — 1)/2.
The curve X is known as the Hermitian curve. It is a mazimal curve over F 2, meaning
that

#X(Fp)=¢"+1=q*+1+2gq
is the maximum number of Fj-rational points for any nonsingular projective curve of
genus g.
Let @ € Aut X be the geometric Frobenius. By the Lefshetz fixed-point theorem applied
to @, the maximality of X is equivalent to:

Proposition 7.3. ® acts on H'(X,Qy) as the scalar —q.

Remark 7.4. X is isomorphic over Fg 2 to the Deligne-Lusztig curve XY? — XY =1, so
Prop. applies to that curve as well.

The automorphism group Auth2 X is a unitary group in three variables. The Borel
subgroup of that unitary group is the group @ C PGL3(F j2) of matrices of the form

a B v
al [
[0

which satisfy ay? + aly = 91, Let P C @ be the subgroup of matrices with o = 1 and
B =0, so that P is isomorphic to the group of elements of v € Fg2 with 44+~ = 0. Then
P lies in the center of Q.

Fix a character ¢ of F,; with values in Q,. For each o € F 2, let ¥ be the character
v Q/J(TrFqQ /F, @) of P. Then v, is nontrivial if and only if a ¢ F,. For each such «,

let 7, be the 1,-isotypic component of the Q-module H' (X, Q,).
Let D C @ be the subgroup of diagonal matrices. The following is a straightforward
application of the Lefshetz fixed-point theorem together with some representation theory.
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Proposition 7.5.

[BHO0]

[BHO5a]
[BHO5b]
[BHO5c¢]

[BHO6]

[BK94]
[Boy99]

[Car90]

[CMO6]
[Col03]
[Edi90]
[Gro86]

[Har97]

[Hau05]

[Hen93]

[HowT77]

[HTO1]

Ta 18 an irreducible QQ-module.
For every ¢ € D\ {1}, we have Tr7,(¢) = —1.
HY(%X,Q) = @B, Ta, where a runs over a set of representatives for F 2\Fy modulo
Fyx.
q
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