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|. Determinacy in L(R)

Itay Neeman

Given a setC I'' dene G, (C), the length ! game with payo set

C, to be played as follows: Players | and Il collaborate to produce an
in nite sequence x = (i) j i <! i of natural numbers. They take turns

as in Diagram 1, | picking x(i) for eveni and Il picking x(i) for odd i. If

at the end the sequencex they produce belongs toC then player | wins;

and otherwise player Il wins. G, (C), or any other game for that matter,

is determined if one of the two players has awinning strategy, hamely a
strategy for the game that wins against all possible plays by the opponent
The set C is said to be determined if the corresponding games, (C) is

determined. Determinacy is said to hold for a pointclass if all sets of reals
in are determined. (Following standard abuse of notation we identify R

with 1'')

| | x(0) X(2) SEEEE
I x(1) x(3) SR

Diagram 1: The gameG, (C).

Perhaps surprisingly, determinacy has turned out to have a crucial and
central role in the study of de nable sets of reals. This role resulted from
two lines of discoveries. On the one hand it was seen that determinacy
for de nable sets of reals, taken as an axiom, can be used to prove many
desirable results about these sets, and indeed to obtain a rich and powerful
structure theory. On the other hand it was seen that determinacy can be
proved for de nable sets of reals, from large cardinal axioms.

The earliest work on consequences of determinacy, by Banach, Mazur,
and Ulam [23] at the famous Scottish Cak in the 1930's, Oxtoby [35]Davis
[3], and Mycielski{Swierczkowski [27], established that determinacy for a

This material is based upon work supported by the National Sc ience Foundation
under Grant No. DMS-0556223



6 |. Determinacy in L(R)

pointclass implies that all sets of reals in have the Baire property, ha ve
the perfect set property, and are Lebesgue measurable. Later on Blackwell
[2] used the determinacy of open sets to prove Kuratowski's reduction theo-
rem. (In modern terminology this theorem states that for any 1 setsA;B,
there areA A andB Bsothat A [ B =A[BandA \ B =)
Inspired by his methods, Martin [15] and Addison{Moschovakis [1] used de-
terminacy for projective sets to prove reduction for each of the pointclasses

1. n> 1 odd, and indeed prove for these pointclasses some of the struc-
tural properties that hold for 1. Their results initiated a wider study of
consequences of thaxiom of determinacy(AD), that is the assertion that alll
sets of reals are determined, proposed initially by Mycielski{Steinhaus [26].
Over time this line of research, which the reader may nd in Moschovakis
[25], Jackson [7], and of course the Cabal volumes [12, 9, 10, 11], dsltshed
determinacy axioms as natural assumptions in the study of de nable sets
of reals.

It should be emphasized thatAD was not studied as an assumption about
V. (It contradicts the axiom of choice.) Rather, it was studied as an
assumption about more restrictive models, models which contain all the
reals but have only de nable sets of reals. A prime example was the model
L(R), consisting of all sets which are constructible fromfRg[ R. It was
known by work of Solovay [37] that this model need not satisfy the axiom
of choice, and that in fact it is consistent that all sets of reals in this model
are Lebesgue measurable. The extra assumption &D allowed for a very
careful analysis of LR), in terms that combined descriptive set theory, ne
structure, and in nitary combinatorics. It seemed plausible that if there
were a model ofAD, L(R) would be it.

Research into the consequences of determinacy was to some extent done
on faith. The established hierarchy of strength in set theory involved large
cardinals axioms, that is axioms asserting the existence of elementary em-
beddings from the universe of sets into transitive subclasses, not determi-
nacy axioms. A great deal of work has been done in set theory on large
cardinal axioms, Kanamori [8] is a good reference, and large cardinals have
come to be regarded as the backbone of the universe of sets, providing a
hierarchy of consistency strengths against which all other statements are
measured. FromAD“® one could obtain objects in L(R) which are very
strongly reminiscent of large cardinal axioms inV, suggesting a connection
between the two. Perhaps the most well known of the early results in this
direction is Solovay's proof that ! ; is measurable underAD. Further jus-
ti cation for the use of AD“R was provided by proofs of determinacy for
simply de nable sets: for open sets in Gale{Stewart [6], for Borel sets in
Martin [18, 17], and for 1 sets from a measurable cardinal in Martin [16],
to name the most well known. Additional results, inspired by Solovay's
proof that ! ; is measurable underAD and Martin's proof of 1 determi-
nacy from a measurable, identi ed detailed and systematic correspondences



of strength, relating models for many measurable cardinals to determinacy
for pointclasses just above 1. These levels are well below the pointclass
of all sets in L(R), but still the accumulated evidence of the results sug-
gested that there should be a proof ofAD"R) from large cardinals, and
conversely a construction of inner models with these large cardinals from
ADYR)|n 1985 the faith in this connection was fully justi ed. A sequence
of results of Foreman, Magidor, Martin, Shelah, Steel, and Woodin, see
[5, 36, 21, 22, 43] for the papers involved and the introduction in [31]dr an
overview, brought the identi cation of a new class of large cardinals, known
now as Woodin cardinals, new structures of iterated ultrapowers, known
now as iteration trees, and new proofs of determinacy, including a proof
of ADY® . Additional results later on obtained Woodin cardinals from de-
terminacy axioms, and indeed established a deep and intricate connection
between the descriptive set theory of LR) under AD, and inner models for
Woodin cardinals.

In this chapter we prove ADYP from Woodin cardinals. Our exposition
is complete and self contained: the necessary large cardinals are introduced
in Section 1, and every result about them which is needed in the course of
proving AD"(®) is included in the chapter, mostly in Sections 2 and 3. The
climb to AD"® is carried out progressively in the remaining sections. In
Section 4 we introduce homogeneously Suslin sets and present a proof of
determinacy for 1 sets from a measurable cardinal. In Section 5 we move
up and present a proof of projective determinacy from Woodin cardinals.
The proof in essence converts the quanti ers over reals appearing in the
de nition of a projective set to quanti ers over iteration trees and branches
through the trees, and these quanti ers in turn are tamed by the iterability
results in Section 2. In Section 6 we improve on the results in Section
5 by reducing the large cardinal assumption needed for the determinacy of
universally Baire sets. The section also lays the grounds for Section 7, where
we show that models with Woodin cardinals can be iterated to absorb an
arbli_t(r'%ry given real into a generic extension. Finally, in Section 8 we derive
AD-.

There is much more to be said about proofs of determinacy that cannot
be tted within the scope of this chapter. Martin [18, 19] and Neeman
[33] for example prove weaker forms of determinacy (from weaker assump-
tions) using completely di erent methods, which handle increments of payo
complexity corresponding to countable unions, rather than real quanti ers.
Perhaps more importantly there are strengthenings of AD"® in two di-
rections, one involving stronger payo sets, and the other involving longer
games. In the former direction the reader should consult Steel [40], which
contains a proof of Woodin's derived model theorem, a fundamental theo-
rem connecting models ofAD to symmetric extensions of models of choice
with Woodin cardinals, and uses this theorem to establishAD in models
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substantially stronger than L(R). In the latter direction the reader should
consult Neeman [31, 28], which contain proofs of determinacy for games of
xed countable lengths, variable countable lengths, and length! ;.

Historical Remarks.  With some exceptions, noted individually inside the
various sections, the following remarks summarize credits for the material
in the chapter. Extenders were introduced by Mitchell [24], then simpli ed
to their present forms by Jensen. The related material on ultrapowers in
Section 1 is by now folklore within set theory. Its history can be found
in Kanamori [8]. The material on iteration trees in Section 1 is due to
Martin{Steel [22] and so is all the material in Section 2. The material in
Section 3 is due to Martin{Steel [21], and follows the exposition of Neeman
[31]. The material in Section 4 is due to Martin. The material in Section
5 is due to Martin{Steel [21]. (The exposition here is speci cally geared
to easing the transition to the next section.) The material in Sections 6
and 7 is due to Neeman. AD“R) from in nitely many Woodin cardinals
and a measurable cardinal above them is due to Woodin, proved using the
methods of stationary tower forcing (see Larson [14]) and an appeal to the
main theorem, Theorem 5.11, in Martin{Steel [21]. A proof using Woodin's
genericity iterations [39, 4.3] and ne structure instead of stationary tower
forcing is due to Steel, and the proof reached in this chapter (using a second
form of genericity iterations and no ne structure) is due to Neeman.

1. Extenders and lteration Trees

Throughout this chapter we shall deal with elementary embeddings of the
universe into transitive classes. Here we develop tools for the study of such
embeddings. Most basic among them is the ultrapower construction, which
allows the creation of an embedding : V! M from the restriction of such
an embedding to a set. We begin by characterizing the restrictions.

1.1 Remark. By embedding we always mean elementary embedding, even
when this is not said explicitly. As a matter of convention when we say a
wellfounded model of set theory we mean dransitive model equipped with
the standard membership relation 2. More generally we always take the
wellfounded parts of our models to be transitive.

Let ( ; ) denote the Gadel pairing operation on ordinals. Given sets of
ordinals A and B dene A B tobef(; )j 2 A~ 2 Bg Note
that A B is then a set of ordinals too. We refer to it as theproduct
of A and B. In general de ne nite products of sets of ordinals as fol-
lows: Forn =0 set ; ,Aj equal to Ag; forn > 0 set ; ,A; equal to
( i n 1Ai) A,. De ne nite sequences of ordinals similarly by setting the
empty sequence equal to 0, setting () equal to , and setting ( o;:::; n)
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If A is a set of ordinal sequences of lengtm, and :n ! nis a

bethesetf( o;:::; n 1) (9 2 o) o;:::; n 1; )2 Ag. bp(A) is the
bounded projectionof A.
By a ber through a sequence of setdA; ji <! i we mean a sequence

1.2 Denition. A (short) extenderis a function E that satis es the follow-
ing conditions:

1. The domain of E is equal toP( ) for an ordinal closed under Gedel
pairing.

2. E sends ordinals to ordinals and sets of ordinals to sets of ordinals.
3.E( )= for < ,andE( )6

4. E respects products, intersections, set di erences, membership, the
predicates of equality and membership, permutations, and bounded
projections. More precisely this means that for allA;B 2 dom(E),
all ordinals 2 dom(E), and all permutations of the appropriate
format:

(@ E(A B) = E(A) E(B), E(A\ B) = E(A)\ E(B), and
E(A B)= E(A) E(B).

() 2A=) E()2E(A).

(c) E(f(; Y2A Aj = g)isequaltof(; )2E(A) E(A)]
= ¢, and similarly with 2 replacing =

d E(A)= E(A).
(e) E(bp(A)) =bp( E(A)).

5. E is countably complete Precisely, this means that for any sequence
hA; ji<! i of sets which are each in the domain oE, if there exists
a ber through hE(A;) ji<! i then there exists also a ber through
M ji<! i.

The rst ordinal moved by E is called the critical point of E, denoted
crit( E). By condition (3), this gritical point is precisely equal to the ordinal

of condition (1). The set ,,4ome) E(A) is called the support of E,
denoted spt(E). Using condition (2) it is easy to see that the support of E
is an ordinal.
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1.3 Remark. Condition (3) limits our de nition to extenders with domains
consisting of just the subsets of the extenders' critical points. It is this
condition that makes our extenders \short." We shall see later that it has
the e ect of limiting the strength of embeddings generated by our (short)
extenders to a level known as superstrong. This level is more than adequate
for our needs. We shall therefore deal exclusively with short extenders in
this chapter, and refer to them simply as extenders. For a more general
de nition see Neeman [32].

1.4 De nition. A (two-valued) measureover a setU is a function from
P(U) into f0;1g with the properties that (;) =0, (U)=1,and (X |
Y)= (X)+ (Y)forany disjoint X;Y U.

1.5Remark. Givena?2 spt(E)dene E,: P( ) !f 0;1gto be the function
given by E;(X) = 1if a2 E(X), and O otherwise. E, is then a measure
over . It has been customary to de ne extenders by specifying properties
of the sequencdE, j a 2 spt(E)i equivalent to the properties of E speci ed
in De nition 1.2. For a de nition of extender through properties of hE, j
a2 spt(E)i see Martin{Steel [21, x1A] (short extenders) and Kanamori [8,
X26] (the general case).

By a pre-extenderover a model Q we mean an objectE that satis es
conditions (1){(4) in De nition 1.2, with P ( ) in condition (1) replaced by
PQ( ), but not necessarily condition (5). The point of this distinction is
that condition (5) involves second order quanti cation over E, whereas con-
ditions (1){(4) involve only E, the powerset of , and bounded quanti ers
over the transitive closure of E. By removing condition (5) we obtain a
notion that is absolute in the sense given by Claim 1.7:

1.6 De nition.  Two modelsQ and N agree toan ordinal if ( is contained
in the wellfounded part of both models, and)PQ( )= PN ( ) foreach <
Q and N agree pastan ordinal if they agree to +1.

1.7 Claim. Let Q and N be models of set theory. Suppose thd& is an
extender in N, and let = crit( E). Suppose thatQ and N agree past .
Then E is a pre-extender overQ.

Extenders are naturally induced by elementary embeddings. Let : V!
M be a non-trivial elementary embedding ofV into some wellfounded class
model M. Let be the critical point of , namely the rst ordinal moved
by . Let () be an ordinal closed under Gedel pairing. De ne the
-restriction of to be the map E given by:

(R1) dom(E) = P( ).

(R2) E(X)= (X)\ foreachX 2 dom(E).
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It is then easy to check that E is an extender. The items in condition (4)
of De nition 1.2 follow directly from the elementarity of  and, in the case
of condition (4e), the absoluteness betweeM and V of formulae with only
bounded quanti ers. Condition (5) follows from the elementarity of and
the wellfoundednessof M. If a ber through hE(A;) ji<! i exists inV
then using the wellfoundedness oM such a ber must also exist in M . Its
existence can then be pulled back via to yield a ber through PA; ji<! i.

1.8 Remark. The -restriction makes sense also in the case of an embed-
ding into an illfounded model M, so long as the wellfounded part ofM
contains . But countable completeness may fail in this case, and the -
restriction need only be a pre-extender.

The description above shows how extenders are induced by elementary
embeddings into wellfounded models. Extenders also give rise to such el-
ementary embeddings, through the ultrapower construction, which we de-
scribe next.

Let ZFC consist of the standard axioms ofZFC excluding the powerset
axiom. Fix a model Q of ZFC and a pre-extenderE over Q. Let =
crit(E). Let F be the class of functionsf 2 Q so that dom(f) . Let
D = fhf;aij f 2F " a2 E(dom(f))g.

For two functions f;g 2F setZ¢, = f(; )jf( )= 9( )gand Zf;zg =
f(; )if()29()g Both Z¢, and Zf;zg are then subsets of in Q, and
therefore elements of the domain oE.

Dene a relation  on D by setting i;ai h g;i i (ajb 2 E(Zg,).
One can check using condition (4) in De nition 1.2 that  is an equivalence
relation. Let [f;a] denote the equivalence class off;ai. Let D denote
D= . Dene arelation RonD by setting [f;a]R[g;di ( a;b) 2 E(Zfz;g ).
Again using condition (4) in De nition 1.2 one can check that R is well
de ned.

The following property, known as Le's Theorem, can be proved from the
various de nitions, by induction on the complexity of ' :

1.9 Theorem (Ls). Let [f1;a1];:::;[fn;an] be elements ofD . Let ' =

For each setx let ¢ be the function with domain f Og and valuec, (0) = x.
From Las's Theorem it follows that the map x 7! [cs; 0] is elementary, from
Q into (D ;R). (In particular then ( D ;R) satises ZFC .)

1.10 Denition.  The ultrapower of Q by E, denoted Ult(Q;E), is the
structure (D ;R). The ultrapower embeddingis the mapj: Q! Ult(Q;E)
de ned by j (x) = [ c; 0].
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o
=

V—TJN:wKVE)

Diagram 2: The original map and the ultrapower map j .

In general Ult(Q; E) need not be wellfounded. (If it is then we of course
identify it with its transitive collapse, and identify R with 2.) But notice
that wellfoundedness is a consequence of countable completenesdifif; ai] j
i <! iis an innite descending sequence inR, then the sequence of sets
Ai=f( o;:i:t; i 1)jfol 0)3fa( 1) 3:::fi 1( i 1)g violates countable
completeness. Ultrapowers by extenders, as opposed to mere pre-extenders,
are therefore wellfounded.

Let =spt( E). Using the various de nitions one can prove the following
two properties of the ultrapower. The rst relates the ultrapower embedding
back to the extender E, and the second describes a certain minimality of
the ultrapower:

(U1) The -restriction of | is precisely equal toE.

(U2) Every element of Ult(Q; E) has the form j (f )(a) for some function
f 2F and somea 2

These properties determine the ultrapower and the embedding completely.

The following lemma relates an embedding : V! M to the ultrapower
embedding by the extender overV derived from . It shows that the ultra-
power by the -restriction of captures up to

1.11 Lemma. Let :V ! M be an elementary embedding oY into a
wellfounded modeM , and let =crit( ). Let ( ) be an ordinal closed
under Gedel pairing. Let E be the -restriction of . Let N = Ult( V;E)
and letj: V! N be the ultrapower embedding.

Then there is an elementary embeddindgc: N I M with =k | (see
Diagram 2) and crit( k) . a

1.12 Exercise. Let be a two-valued measure over a cardinal . Let
F be the class of functions from into V. For f;g 2 F setf gi

f < j () = 9( )g has measure one. Show that is an equivalence
relation. Let F = F= . For f 2 F let [f] denote the equivalence class
off. Dene arelaton RonF by [f]R[g]i f < jf()29()ghas
measure one. Show thaR is well de ned.
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De ne Ult( V; ), the ultrapower of V by , to be the structure (F ;R),
and de ne the ultrapower embedding : V ! UIt(V; ) by j(x) =[c«] where

¢ . ! V isthe constant function which takes the valuex.
Show that ultrapower embedqﬁng is elementary. Show that if is count-
ably complete, meaning that ( .., X,) =1 whenever X, jn<!iisa

sequence of sets of measure one, then the ultrapower is wellfounded.

1.13 Exercise. The seedof a measure is the element jd] of the ul-
trapower, whereid: ! V is the identity function. Let s be the seed
of . Prove that every element of Ult(V; ) has the form j (f )(s), where
j: VI UIt(V; ) is the ultrapower embedding.

1.14 Exercise. A (two-valued) measure over a setU is called non-
prinojpal justin case that (f g) =0 for each singletonf g. is -complete
if ( . X )=1whenever < and X U( < ) are all sets of
measure one. A cardinal is called measurableif there is a two-valued, non-
principal, -complete measure over . Let be measurable, let witness
this, and let j: V ! UIt(V; ) be the ultrapower embedding. Show that
crit(j) =

1.15 Exercise. Let be measurable and let witness this. Let M =
uUlt(V; ). Prove that P() M, andthat P(P( )) 6 M.

Hint. To see that P( ) M, note that j(X)\ = X for each X
(wherej: V! M is the ultrapower embedding).

To see thatP(P( )) 6 M, prove that 62M : Suppose for contradiction
that 2 Ult(V; ). Without loss of generality you may assume that is
the smallest cardinal carrying a measure with 2 Ult(V; ). Derive a
contradiction to the analogous minimality of j( ) in M by showing that

2 Ult(M; ). a

1.16 De nition. An embedding :V ! M is -strong just in case that
P() M for all < . An extender E is -strong just in case that
P() UI(V;E)forall < . The strengthof :V ! M is dened to be
the largest sothat is -strong. The strength of an extenderE is de ned
similarly, using the ultrapower, and is denoted Strength(E). (Notice that
the strength of an embedding is always a cardinal.) An embedding with
critical point  is superstrongif it is ( )-strong. A cardinal is -strong
if it is the critical point of an  -strong embedding, andsuperstrongif it is
the critical point of a superstrong embedding.

Measurable cardinals lie at the low end of the hierarchy of strength: as-
suming the GCH an ultrapower embedding by a measure on is * -strong
and no more. Superstrong embeddings lie much higher in the hierarchy.
These embedding are the most we can hope to capture using (short) exten-
ders:
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1.17 Lemma. Let E be a (short) extender with critical point . Let j be
the ultrapower embedding byE. Then E is at most j ( )-strong.

Proof. Using the ultrapower construction and the elementarity of j, one
can see that every elementx of j ( *) has the form j (f )(a) for a function
f: ' *andana2 dom((f)) = j( ). (The fact that f can be taken
to have domain traces back to the fact that the domain of E consists
precisely of the subsets of its critical point, in other words to the fact that
E is a short extender.) It follows that j( *) has cardinality at most =
(*) jC). Ifjisj( )-strongthen j( ) is a strong limit cardinal in V,
and a quick calculation shows that = j( ). Thus j( *)=(j( )*)VVE)
has cardinality j( ) in V, and from this it follows that Ult( V;E) must be
missing some subsets gf( ). SOE is notj( )+ 1-strong. a

1.18 Lemma. Let :V ! M with critical point . Suppose that is -
strong where (). Let ( ) be an ordinal closed under Gedel
pairing and such that (2 )M. Then the -restriction of is an -
strong extender.

Proof. Immediate from Lemma 1.11. a

Lemma 1.18 shows that (short) extenders are adequate means for captur-
ing the strength of embeddings at or below the level of superstrong. On the
other hand Lemma 1.17 shows that (short) extenders cannot capture em-
beddings beyond superstrong. Such stronger embeddings can be captured
using the general extenders mentioned in Remark 1.3, but for our purpose
in this chapter the greater generality is not necessary.

1.19 De nition.  We write Qk to denote V<. We say that Q and N agree
well beyond if the rst inaccessible above is the same in bothQ and
N, and, letting > be this inaccessible,Qk = Nk . Given further
embeddingsi: Q! Q andj:N ! N we say thati and | agree well
beyond ifi (Qk [f @) =] (Nk [f @)

We shall use the notion of De nition 1.19 as an all purpose security
blanket, giving us (more than) enough room in several arguments below.

1.20 Claim. Let Q and N be models of set theory. Suppose th& is an
extender in N, and let = crit( E). Suppose thatQ and N agree well
beyond , so that (in particular) E is a pre-extender overQ. Let i be the
ultrapower embedding ofQ by E, and letj be the ultrapower embedding of
N by E. Then i andj agree well beyond , and Ult( Q;E) and UIt(N; E)
agree well beyond( )= j( ).

Let Q and N be models of set theory. Suppose thaE is an extender in
N, and let =crit( E). Suppose thatQ and N agree well beyond , so that
in particular E is a pre-extender overQ.
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Diagram 3: Copying the ultrapower of Q by E to an ultrapower of Q by
E .

Let :Q! Q and :N! N beelementary. LetE = (E). Suppose
that and agree well beyond . Hence in particular Q and N agree
well beyond ( )= ( ), and E is therefore a pre-extender overQ . The
models and embeddings are presented in Diagram 3.

For an elementx = [f;a] of UIt(Q;E) dene (x) to be the element
[ (f); (a)]of Ul(Q ;E ).

Then is a well de ned (meaning invariant under the choice of repre-
sentatives for x 2 Ult( Q; E)) elementary embedding from UIt(Q;E) into
Ult(Q ;E ); spt(E)=  spt(E); and makes Diagram 3, withi and i
being the relevant ultrapower embeddings, commute.

The ultrapower of Q by E is called the copy, via the pair h; i, of
the ultrapower of Q by E. is called the copy embedding Note that the
de nition of  involves both and , and the agreement between these two
embeddings is important for the proof that is well de ned.

1.21 Remark. Recall that every element of UIt(Q; E) has the formi(f )(a)
for a function f 2 Q and an ordinal a 2 spt(E). The copy embedding is
characterized completely by the condition (i(f)(a)) = (i )(f)( (a)) for
all f and a.

Next we describe how to repeatedly form ultrapowers by extenders, to
obtain a chain, or a tree, of models. For the record let us start by de ning
direct limits.

1.22 De nition. LethM ;j. j < < i be a system of model$l and
elementary embeddingg . : M ! M , commuting in the natural way. Let
D=fh;xij <;x 2Mg

De ne an equivalence relation on D by setting h;xi h ©%x0 i
j. X)=1jo (x)where =maxf; %. LetD = D=

De ne a relation R on D by setting [;x]R[%xqi j. (X)2] o (X)
where again =maxf ; %. Itis easy to check that R is well de ned.
The structure M = (D;R) is called the direct limit of the system

M ;j. j < < i. The embeddingsj. : M ! M determined by
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j (x) =] ;x] are called thedirect limit embeddings It is easy to check that
these embeddings commute with the embeddings. in the natural way.

1.23 Remark. If (D ;R) is wellfounded then we identify it with its tran-
sitive collapse, and identify R with 2.

We pass now to the matter of iterated ultrapowers.
1.24 De nition. A tree order is an order T on an ordinal so that:
1. T is a suborder of< ( ).
2. Foreach < ,thesetf j T gislinearly ordered by T.
3. Foreach sothat +1 < ,theordinal +1isa successorinT.
4. For each limit ordinal < ,thesetf j T gisconalin

1.25 De nition.  An iteration tree T of length on a modelM consists of
atree orderT on and asequencdE | +1 < i, so that the following
conditions hold with an additional sequencelM ;j. j T < i whichis
determined completely by the conditions:

1. Mg= M.
2. Foreach sothat +1 < |, E isan extender ofM , or E =\pad."

3. (@ IfE =\pad"then M ,; = M , the T-predecessor of +1is
andj . 41 is the identity.

(b) If E 6\pad"then M 41 =UIt(M ;E)andj. 4 :M I M 4
is the ultrapower embedding, where is the T-predecessor of +1.
It is implicit in this condition that M must agree withM past
crit(E ), so that E is a pre-extender overM by Claim 1.7.

4. For limit < |, M is the direct limit of the system M ;j. j T
T i,andj. :M ! M for T are the direct limit embeddings.

5. The remaining embeddingsj . for T < are obtained through
composition.

M andj. for T < are the modelsand embeddings ofT. We view
them as part of T, though formally they are not.

1.26 Remark. The inclusion of pads in iteration tree is convenient for
purposes of indexing in various constructions, and we shall use it later on.
But for much of the discussion below we make the implicit assumption that
the iteration tree considered has no pads. This assumption poses no loss of
generality.
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En 2 My

My
Diagram 4: Forming M 4+1

We shall only need iteration trees of length! in this chapter. We shall
construct these trees recursively. In stagen of the construction we shall

E, in My, and pick further somek n so that My and M, agree past
crit(E,). We shall then set k to be the T-predecessor ofn + 1 and set
Mnp+1 = Ult( My; Ep). This is illustrated in Diagram 4. After ! stages of a
construction of this kind we obtain an iteration tree of length ! .

A branch through an iteration tree T is a setb which is linearly ordered
by T. The branch is co nal if sup(b) = Ih( T). By the direct limit along b,
denotedM/ or simply Mp, we mean the direct limit of the systemhM ;j . |

T 2 hi. Weusej T;b , or simply j ., to denote the direct limit embeddings
of this system.

The branch b is called wellfoundedjust in case that the model My, is
wellfounded.

2. lterability

The existence of wellfounded co nal branches through certain iteration trees
is crucial to proofs of determinacy. This existence is part of the general topic
of iterability. In this section we brie y describe the topic, point out its
most important open problem, and sketch a proof of the speci c iterability
necessary for the determinacy results in this chapter.

Let M be a model ofZFC . In the (full) iteration game on M players
\good" and \bad" collaborate to construct an iteration tree T of length! Y +
1 onM. \bad" plays all the extenders, and determines theT -predecessor of

+1 for each . \good" plays the branchesf j T gforlimit , thereby
determining the T-predecessors of and the direct limit model M . Note
that \good" is also responsible for the nal move, which determinesM, v

If ever a model along the tree is reached which is illfounded then \bad"
wins. Otherwise \good" wins. M s (fully) iterable if \good" has a winning
strategy in this game. An iteration strategy for M is a strategy for the good
player in the iteration game on M . The Strategic Branch Hypothesis(SBH)
asserts that every countable model which embeds into a rank initial segment
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Diagram 5: A weak iteration of M .

of V is iterable.

As stated the hypothesis is more general than necessary. The iteration
trees that come up in applications follow a speci ¢ format, and only the
restriction of SBH to trees of such format is needed.

Call an iteration tree T on M nice if:

1. The extenders used inT have increasing strengths. More precisely,
hStrengthM (E )j +1 < Ih(T)i is strictly increasing.

2. For each , Strength™ (E ) is inaccessible inM .
3. For each , spt(E ) = Strength™ (E ).

2.1 Remark. Throughout this chapter, whenever a result claims the exis-
tence of an iteration tree, the iteration tree is nice. In the later sections we
often neglect to mention this explicitly.

A model N is -closedif every subset of N of size in V belongs toN.

2.2 Exercise. Let T be a nice, nite iteration tree on V. Prove that each
of the models inT is countably closed, and conclude from this that each of
the models inT is wellfounded. Prove further that each of the models inT
is 2@ -closed.

Hint. Prove the general fact that if Q F\ E is an extender with inacces-
sible support,” N agrees with Q past the critical point of E, and both N
and Q are countably (respectively 22) closed, then UIt(N; E) is countably
(respectively 22) closed. Wellfoundedness follows from countable closure,
since by elementarity each of the models ifT satis es internally that \there
are no in nite descending sequences of ordinals." a

Call M iterable for nice trees if \good" has a winning strategy in the
iteration game on M when \bad" is restricted to extenders which give rise
to nice trees. LetnSBH be the assertion that every countable model which
embeds elementarily into a rank initial segment ofV is iterable for nice trees.
nSBHis a technical weakening ofSBH, su cient for all known applications.

A proof of nSBHwould constitute a substantial breakthrough in the study
of large cardinals, particularly in inner model theory.

For the sake of the determinacy proofs in this chapter we need only a
weak form of iterability, involving linear compositions of trees of length ! .
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Diagram 6: Theorem 2.3.

This iterability was proved by Martin{Steel [22]. We now proceed to state
the iterability precisely, and give its proof.

A weak iteration of M of length  consists of objectsM , T ,b for <
and embeddingsj. : M I M for < < | sothat:

1. Mpo=M.

2. Foreach < |, T is a nice iteration tree of length! on M ; b is
a co nal branch through T ; M ,; is the direct limit along b ; and
j: +1:M I M 4 isthe direct limit embedding along b .

3. For limit < , M is the direct limit of the system M ;j . j <
< jandj. :M I M are the direct limit embeddings.

4. The remaining embeddings . are obtained by composition.

A weak iteration is thus a linear composition of length! iteration trees.

In the weak iteration gameon M players \good" and \bad" collaborate
to produce a weak iteration of M, of length ! Y . \Bad" plays the iteration
trees T and \good" plays the branchesb . (These moves determine the
iteration completely.) If ever a model M , <! ;, is reached which is
illfounded, then \bad" wins. Otherwise \good" wins. M is weakly iterable
if \good" has a winning strategy in the weak iteration game on M .

2.3 Theorem. Let :M ! Vk be elementary withM countable. LetT
be a nice iteration tree of length! on M. Then there is a co nal branch b
through T, and an embedding : My! Vk ,sothat j,= . (Note that
b is then a wellfounded branch, sinceM embeds intoVk .)

2.4 Corollary. Let :M ! Vk be elementary withM countable. Then
\good" has a winning strategy in the weak iteration game onM .

Proof. Immediate through iterated applications of Theorem 2.3. The good
player should simply keep choosing branches given by the theorem, succes-
sively embedding eactM .; into VK , and preserving commutativity which
is needed for the limits.

The idea of proving iterability by embedding back into V, simple only in
retrospect, was rst used by Jensen in the context of linear iterations. a
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Theorem 2.3 and Corollary 2.4 provide the iterability necessary for the
determinacy proofs in this chapter. In the remainder of this section we give
the proof of the theorem.

2.5 Denition. Let T be a nice iteration tree of length! on a model
M, giving rise to models and embeddingdMp;jmn M T n<!li. T
is continuously illfounded if there exists a sequence of ordinals , 2 M
(n<!)sothat jmn( m)> n whenevermT n.

Note that a continuously illfounded iteration tree has no wellfounded
co nal branches. Indeed, for any co nal branch b, the sequencejn.,( n)
for n 2 b witnesses thatMy, is illfounded. Continuously illfounded iteration
trees, on countable modeldM which embed into rank initial segments ofV,
thus contradict Theorem 2.3 in a very strong way. We begin by showing
that in fact any counterexample to Theorem 2.3 gives rise to a continuously
illfounded iteration tree.

2.6 Lemma. Let :M ! Vk be elementary withM countable. LetT
be a nice iteration tree of length! on M, and suppose that the conclusion
of Theorem 2.3 fails for T. Then there is a continuously illfounded nice
iteration tree on V.

Proof. Let En, My, and jmn (M T n <! ) denote the extenders, models,
and embeddings ofT . Working recursively de ne a length ! iteration tree
T onV, and embeddings ,: M, ! M, through the conditions:

My =Vand o=
E, = n(En)
The T -predecessor ofi +1 is the same as theT-predecessor oh +1.

M, = Ult( M ;E,) wherek is the T-predecessor oh+1, and 1
is the copy embedding via the pairh i; ni.

It is easy to check that this de nition goes through, giving rise to a nice
iteration tree T and the commuting diagram presented in Diagram 7. We
will show that T is continuously illfounded.

2.7 Denition. The tree T de ned through the conditions above is the
copyof T via :M! V. Itisdenoted T.

From the fact that M is countable it follows that each M, is countable.
Let € = hg' jI<! i enumerateM,. Given an embedding with domain
Mn, we use | to denote the restriction of to fej;:::; ¢ ;0, and we write

Working in V let R be the tree of attempts to create a co nal branch
b through T and a commuting system of embeddings realizing the models
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Diagram 7: T and T .

along b into V. More precisely, a node inR consists of a nite branch a
through T, and of partial embeddings i: M; ! V, i 2 a, satisfying the
following conditions (where | is the length of a):

For eachi the domain of ; is preciselyM; 1.

(Commutativity) If iTi%2a x2 M; I, x°2 Mjo I, and x°= j;; o(X),
then ;o(x9 = (x).

oisequalto |I.

The tree R consists of these nodes, ordered naturally by extension for each
component.

An innite branch through R gives rise to a an innite branch b =
fno;nq;:::g through T, and an embedding ; of the direct limit along
binto V, with the commutativity 1 jp, = . Thus, an in nite branch
through R produces precisely the objectdand necessary for the conclu-
sion of Theorem 2.3.

The assumption of the current lemma is that T witnesses the failure of
Theorem 2.3. The tree R must therefore have no in nite branches. Let
' R! On be a rank function, that is a function assigning to each node
in R an ordinal, in such a way that if a node s° extends a nodes then
' (89 <" (s). The existence of such a function follows from the fact thatR
has no in nite branches.

For each nite branch a= 0 = ng T ny::: T ny 1i through T, let s,
consist of a itself and the embeddings (n, , jn;:n, ,) | for eachi < 1.
Using the commutativity of Diagram 7 it is easy to check that s, is a node
in jO;m I(R)-

For k <! let sx be the nodes, where a is the branch of T ending at k.
Sk is then a node inj,, (R). For kT kOit is easy to check, again using the
commutativity of Diagram 7, that syo extendsj . o(Sk)-

Let « = jox(' )(sk). This is the rank of the node sk of j,, (R) given
by the shift of the rank function ' to M, . From the fact that s extends
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Jiko(sk) for kT kOit follows that o <j kko( k). The ordinalsh  jk <! i
therefore witness that T is continuously illfounded. a

2.8 Lemma. Let U be a nice length! iteration tree on V. Then U is not
continuously illfounded.

Proof. Suppose for contradiction that U is a nice, length! , continuously
illfounded iteration tree on V, and let h , j n <! i witness this. Let be
large enough that U belongs toVk . By replacing each , with the ,th
regular cardinal of M Y abovej}){n( ) we may assume that | is regular in
MY for eachn, and larger thanj(‘){n( ).

Let be large enough that bothU andh , jn<! i belong toVk . Let
H be a countable Skolem hull ofVk with Uandh, jn <! i elements
of H. Let M be the transitive collapse ofH andlet : M ! Vk be the
anticollapse embedding. LetT = (U)andleth ,jn<!i= 1(h,j
n<!i). Then T is a nice, length! , continuously illfounded iteration tree
onM; h ,jn<! i witnesses this; for eachn, | is regularin M, = M[T;
and, for eachn, E, = E] belongs toM,k ,. (The last clause follows from
the fact that |, is greater thanj 5’;“( ), obtained in the previous paragraph,
and the fact that was chosen large enough thaEy 2 Vkjg, ( ).)

Let Mp, En, and j;mn (M T n <! ) be the models and embeddings of

T. Let , be the strength of E, in M,,. The sequenceh, jn<!iis
increasing, and for eachn<n , M, and M, agree to ;.
LetPo= Vk gandlet o = (Mk o). We work by recursion to produce

modelsP, and embeddings , satisfying the following conditions:
1. , is elementary fromMpk , into Py.
2. |, belongs toP, and is countable inP,,.
3. Forn<n, ,and , agree onMpk ,.
We shall construct so that:
(i) For each n, Ph+1 2 Py.

At the end of the construction we shall thus have an in nite 2-decreasing
sequence, a contradiction.

We already have conditions (1) and (2) forn = 0, and condition (3) is
vacuous forn = 0. Suppose inductively that we have conditions (1){(3) for
n. We describe how to constructPn+1 and 41 .

Let k be the T-predecessor oh+1, so that M4, is the ultrapower of M
by E,. We wish to copy this ultrapower to an ultrapower of Py via the pair
h «; ni. We cannot quite manage this, since the domain of y is My «
rather than My. We adjust our wishes as follows: Let = jyn+1( k)
Mn+1 k is then the ultrapower of Mk ¢ by E,. Now let P, be the copy
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of this ultrapower via the pair h ; ni,and let ,: My k ! P, be the
copy embedding.

We would have liked to simply setPy.1 = P, and ,.1 equal to the
restriction of |, to Mp41 Kk n41. There are two problems with this desire.
First, P,, does not belong toP,, so we lose condition (i), the crucial condi-
tion in our scheme for a contradiction. Second, ,, does not belong toP,,
so we lose condition (2). We handle the second problem rst.

2.9 Claim. Let denote the restriction of ,, to Mp+1k . Then belongs
to P,.

Proof. Let ', denote ,( ). Let F, denote ,(E,).

P, is the ultrapower of Py by F,. F, is' ,-strong in Py . It follows that
P, and P, agree to' .

The de nition of copy embeddings is such that , and , agree on the
support of E,,. This support must contain ,, since otherwiseE, could
not be p-strong. ,, and , thus agree on ,. By condition (2) and the
inaccessibility of' , in P,, » , belongstoP, ' ,. SinceP, and P,, agree
to'n, n n belongstoP,. Now , isthesameas,upto ,,S0 , =«
belongs toP,,. From this, using the inaccessibility of , in M,+1, one can
argue that ,, (Mp+1 k ) belongs toP,, . a

Let , = ,( n+1). Notice that the de nition makes sense, as 41 is
smaller than = jxn+1 ( k), and therefore belongs to the domain of ..

2.10 Claim. There is an elementary embedding,, : Mp1 K ns1 ! Pk
so that:

The restriction of , to My« K » is equal to .

n(n)="n.
, belongs toP, and is countable inP, .

Notice that ,, restricted to M43 k n+1, already satis es the rst two
demands of the claim. Replacing it by an embedding , that also satis es
the third demand solves our \second problem" mentioned above.

Proof of Claim 2.10. This is a simple matter of absoluteness. Using the fact
that belongs toP,, we can put together, insideP,,, the tree of attempts to
construct an embedding ,, satisfying the demands of the claim. This tree
of attempts has an in nite branch in V, given by the restriction of | to
Mn+1 k n+1. By absoluteness then it has an in nite branch insideP,. a

Let P, = P,k ,. Note that P, is then astrict rank initial segment of
P,, ultimately because 41 <jkn+1( n).

Taking Ph+1 = P, and n+1 = , would satisfy conditions (1){(3). But
we need one more adjustment to obtain condition (i), the crucial condition
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in our scheme for a contradiction. This nal adjustment hinges on the fact
that P, is a strict initial segment of P, and therefore an element ofP,,.
Let H be the Skolem hull of P, k'  [f ' n; , g inside P, . Let P4

be the transitive collapse ofH, and letj: P, ! H be the anticollapse
embedding. Let ,+1 =j ' | . Itis easy to check that conditions (1){(3)

hold with these assignments.

Since P, and |, belong to P,, the Skolem hull H taken above has
cardinality ' , inside P,, . It follows that P,.; can be coded by a subset of
' n inside P,. Now P, is equal to Ult(Py;F,). Since P, and P, agree well
beyond the critical point of F,, the ultrapowers Ult( Py; F,) and Ult( Py ; Fp)
agree well beyond the image of this critical point (Claim 1.20). This image
inturnis at least ' ,, that is the strength of F,,, sinceF, is a short extender.
(See Lemma 1.17.) It follows that all subsets of ,, in P, = Ult( Py;Fn)
belong also to Ult(P,; Fn). Now Ult( P,; F,) can be computed overP, (as
Fn 2 P,). So all subsets of  in P, belong toP,. We noted at the start of
this paragraph that P,.; can be coded by such a subset. SB,.; belongs
to P,, and we have condition (i), as required. a

Lemmas 2.6 and 2.8 combine to prove Theorem 2.3.

2.11 Remark. The contradiction in Lemma 2.8 is obtained through the
very last adjustment in the proof, replacing P, by a Skolem hull which
belongs toP,. It is crucial for that nal adjustment that P, is a strict
rank initial segment of P, and this is where the continuous illfoundedness
of T is used. The ordinals withessing the continuous illfoundedness provide
the necessary drops in rank.

2.12 Lemma. Let T be a nice iteration tree of length! on V. Then T has
a co nal branch leading to a wellfounded direct limit.

Proof. Suppose not. For each co nal branchb through T x a sequence
h 2 jn 2 b witnessing that the direct limit along b is illfounded, more
precisely satisfyingjmn ( 2) > B forall m<n bothin b. Let be large
enough that all the ordinals £ are smaller than .

For eachn <! let B, be the set of co nal branchesb through T with
n 2 b. Let F, be the set of functions fromB, into . Let be the following
relation: m;fi hm;gii f 2 F,, 92 F,, mT n, and f (b < g(b) for
every b 2 F,. The relation is wellfounded: if m;i;f; ji <! i were an
in nite descending chain in , then Kfj(b) ji<! i, wherebis the co nal
branch through T generated byfn; ji <! g, would be an in nite descending
sequence of ordinals.

For eachn <! let' , be the function b 7! 2, dened on b2 B, that
is on branchesb so that n 2 b. By Exercise 2.2, each of the model#,, of
T is 2®closed, and it follows that for eachn <! , ' , belongs toM,. Let

n denote the relationjo., (). Using the fact that jmn ( 2)> B forall b
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and all m < n both in b, it is easy to check thathn;' ni n M;jmn (" m)i
wheneverm T n. Letting , be the rank of' , in it follows that

n <jmn( m)wheneverm T n. But then the sequenceh , jn<! iisa
witness that T is continuously illfounded, contradicting Lemma 2.8. a

3. Creating Iteration Trees

The creation of iteration trees with non-linear tree orders is not a simple
matter. Recall that the model M4, in an iteration tree T is created by
picking an extender E, 2 M, picking k n so that My and M, agree
past crit(E,), and setting M,.; = Ult( Mg;E,). The agreement between
My and My, is necessary for the ultrapower to make sense. The agreement
can be obtained trivially by taking k = n. But doing this repeatedly would
generate a linear iteration, that is an iteration with the simple tree order
OT 1T 2 . For the creation of iteration trees with more complicated
orders we need a way of ensuring thaM , has extenders with critical points
within the level of agreement betweenM,, and previous models in the tree.

This section introduces the large cardinals and machinery that will allow
us to create iteration trees with as complicated a tree order as we wish. The
results here are due to Martin{Steel [21]. The terminology follows Neeman
[31, x1A(1)].

3.1 Denition. u is called a (;n )-type, where is a limit ordinal and

n <!, if uis a set of formulae involving n free variablesvy:::v, 1, a
constant €, and additional constants e for eachc2 Vk [f g.

A (;n)-type can be coded by a subset of(k )< . Since is assumed
to be a limit ordinal, (Vk )< Vk . We may therefore view (; n )-types
as subsets oVk .

We refer to  as thedomain of u, denoted dom(u). For andm n,
we let
proj"(u)=f (B epiiiieVoiiiiiVm 1) j K2 N, cojiiiia 2 VK [f g,
(G ep;iii;e&;Voriii; Ve 1) 2 U, and makes no men-
tion of vin;:ii;va 10

We use proj (u) to denote proj" (u), and proj™ (u) to denote proj™ (u).
3.2 De nition.  We say that a (;n )-type u is realized (relative to ) by
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We call u the -type of xp;:::;Xn 1 in VK (relative to ) if uis the unique
(;n)-type which is realized by Xg;:::;Xn 1 iIn VK . A (;n)-type uis
realizable (relative to ) if it is realized by some Xq;:::;X, 1 in someVk .

We often neglect to mention the set involved in the realization. In
applications is usually xed, and clear from the context.

3.4 Denition. If the formula \there exists a largest ordinal," and the
formula\e €vy;:::;vh 12 Vk , where is the largest ordinal" are both
elements of the (;n )-type u we de ne

u =f (Ce;:iir;evoiii;ve 1)j k2N, ¢t 2 Vk [ g,
and the formula \Vk F [€ ey ;6 Vo i ;Vn 1]
where is the largest ordinal" is an element ofug.

3.5 Note. If ; ;X o;:::;Xp 12 Vk and u is realized by Xxgp;:::;Xn 1 1n
Vk +1then u isdenedand is realized by the samexp;:::;x, 1in Vk .

3.6 Denition. Let u be a (;n )-type, and let w be a (; m)-type. We say
that w is a subtypeof u (and write w < u) if:

<
m n.
The formula \there is an ordinal and vh;:::;Vm 1 2 VK such

3.8 Remark. De nition 3.6 makes no mention of realizability but only
stipulates that one particular formula belongs to u. It is immediate then
that the property w < u is absolute for any two models of set theory which
have w and u as elements.

3.9 Denition. We say that a ( ; m)-type w exceedghe ( ;n )-type u, if:
>
m n.

There exist ordinals ; , and setsXg;:::;Xm 12 Vk such that



3. Creating Iteration Trees 27

{ uisrealized byxg;:::;Xp 1in Vk ,
{ w is realized by some permutation ofxg;:::;Xn 1in Vk , and
{ +1<

, ,andXp;:::;Xm 1 are said to witness the fact thatw exceedsu.

3.10 Remark. The de nition here is slightly more liberal than the corre-
sponding de nition in Neeman [31], where it is required thatw be realized by

be compared with Note 3.7. There is smaller than , and here must be
larger than

3.12 De nition. Let < be ordinals, E a -strong extender with
crit(E) = and u a type with dom(u)= . Letig:V ! Ult(V;E) be the
ultrapower embedding. We de ne Stretchf (u) to be equal to proj (ig (u)).

ig (u)in De nition 3.12 is a type in Ult( V; E) with domain ig( ). ig( )is
at least as large as by Lemma 1.17, sinceE is -strong. So the projection
to in De nition 3.12 makes sense.

3.13 Denition. A (;n)-type u is called elastic just in case that u is
de ned and u contains the following formulae:

\ € is an inaccessible cardinal.”

\Let  be the largest ordinal. Then for all < € there exists an
extender E 2 V k€ such that

{ crit(E) = e, spt(E) = Strength( E), Strength(E) is an inaccessi-
ble cardinal greater than , and

in formulae in u.

3.14 Remark. The requirements on support and of inaccessible strength
in De nition 3.13 are not part of the de nition in Neeman [31]. They are
added in this chapter so as to make sure, later on, that our iteration trees
are nice.
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3.15 Remark. De nition 3.13 makes no mention of realizability but only
stipulates that certain formulae belong to u. It is immediate then that the
property of being elastic is absolute between models of set theory.

in Vk , and relative to , places a requirement of certain strength on the
extender E. The existence of realizable elastic types is dependent on the
existence of enough extenders with such strength.

3.16 De nition.  Let H be a set. LetE be an extender and let = crit( E).
Let j be the ultrapower embedding byE. Let j( ). E is said to be
-strong with respect toH if (a) itis -strong; and (b) j(H\ ) and H
agreeto ,ie,j(H\ )\ =H\

A cardinal is said to be -strong with respect toH if it is the critical
point of an extender which is -strong with respect to H.

A cardinal is said to be< -strong with respect toH if it is -strong
with respect to H for each <

3.17 Lemma. Let be the critical point of a superstrong extender. Let

H . Then there is <  which is < -strong with respect toH .

Proof. Let E be a superstrong extender with critical point , let M =
Ult(V;E),andlet :V ! M be the ultrapower embedding. Let = ().
For each < let F be the -restriction of , where < is the least

ordinal satisfying the requirements in Lemma 1.18 relative to . Notice that
F is then an element of Vk , and therefore, through of the agreement
betweenV and M, an element ofM . Notice further that, by Lemma 1.18,
F is -strong. Letj be the ultrapower embedding byF , and notice nally

that j (H) and (H) agree up to , meaning thatj (H)\ = (H)\
SinceH = (H)\ it follows that F is -strong with respectto (H).
The extendersF , < , thus witness that is < -strong in M with

respectto (H). SoM is a model of the statement \there is < which
is < -strong with respect to (H)." Using the elementarity of to pull
this statement back to V it follows that there is <  which is < -strong
with respectto H. a

3.18 De nition. A cardinal is called aWoodin cardinal if for every H ,
there exists <  which is < -strong with respect to H.

Lemma 3.17 shows that the critical point of a superstrong extender is
Woodin. The next exercise shows that there are Woodin cardinals below
the critical point. In fact Woodin cardinals sit well below such critical points
in the large cardinal hierarchy, and there are many large cardinal axioms
strictly between the existence of Woodin cardinals and the existence of
superstrong extenders.
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3.19 Exercise. Let E be a superstrong extender. Show that there are
Woodin cardinals below the critical point of E. In fact, show that the
critical point of E is a limit of Woodin cardinals.

3.20 Exercise. Let be a Woodin cardinal. Show that is a limit of
(strongly) inaccessible cardinals, and that it is (strongly) inaccessible itglf.

3.21 Exercise. Let be a Woodin cardinal. Let H and let be
< -strong with respect to H. Let < be given. Prove that there is
an extender E with critical point  so that E is -strong with respect to
H, and so that spt(E) = Strength( E) and Strength(E) is an inaccessible
cardinal greater than

Hint. Let < be the rst inaccessible cardinal above . Using the fact
that is < -strong with respect to H, get an extender F with critical
point so that F is -strong with respect to H. In particular then F is

-strong with respect to H, and Strength(F) . Let be the ultrapower
embedding byF, and let E be the -restriction of . Show that the strength
of E is precisely , and that E is -strong with respect to H. a

3.22 Lemma. Let be a Woodin cardinal. Let > , and letXg;:::;Xn 1

Proof. For each (strongly) inaccessible < let A be the -type of

Xo;:::;Xn 1in Vk relative to , viewed as a subsetof. LetH = f(; )j
2 A g, where (; ) is the Gadel pairing.

Let be< -strong with respecttoH. Let u be the -type of Xp;:::;Xn 1
in Vk +1.

It is easy to check that if  is closed under Gedel pairing andE is -
strong with respect to H, then for every < , Stretch® (u ) is realized
by Xo;:::;%Xn 1 in Vk . Using Exercise 3.21 it follows that the formula in
the second clause of De nition 3.13 holds forxg;:::;X, 1in Vk +1, and

is therefore an element ofu. By Exercise 3.20, is inaccessible, and so the
formula in the rst clause of De nition 3.13 belongs to u. This shows that
u is elastic.

We have so far obtained one cardinal < so that the -type of
Xo::::;Xnp 1 In VK is elastic. We leave it to the reader to show that there
are unboundedly many. a

We now know that Woodin cardinals provide the strength necessary for
the existence of many elastic types. The usefulness of elastic types appears
through the following lemma. The lemma essentially says that an elastic
type u which is exceeded by a typew can be stretched to a supertype ofw.
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3.23 Lemma (One-step Lemma). Assume thatu is an elastic type, and
that w exceedsu (with all realizations relative to ). Let = dom(w) and
let =dom(u). Suppose that < . Then there exists an extendeE 2 Vk
so that

crit(tE) = , spt(E) = Strength( E), the strength of E is an inaccessi-
ble cardinal greater than , and

w < Stretch®, | (u).

Proof. Let ; ;X ¢;:::;Xm 1 witness that w exceedsu. Sinceu exists,
is a successor ordinal. Say = +1. Pick E 2 Vk sothatcrittE)= ,E
has inaccessible strength greater than, and StretchEH (u ) is realized by
Xo;:::;Xn 1in VK relative to . This is possible sinceu is elastic.

Then w is a subtype of StretcHEH (u ), as it is realized by a permuta-
tion of Xp;:::;Xn 1;Xn;:i5;Xm IN VK and < . Simple properties of
realizable types now imply that w is a subtype of StretcHEH (u). a

We now have the tools necessary for the creation of iteration trees. We
work for the rest of the section under the assumption that is a Woodin
cardinal.

3.24 Lemma. Let Mg = V. There is an iteration tree with the structure of
models presented in the following diagram:

Proof. Let be an ordinal greater than . Let o < be such that the
o-type of in Vk +5 s elastic. Let ug be this type.

Let ;> ¢ be such that the ;-type of in Vk +3is elastic. Let u;
be this type.

Notice that u; exceedsug. Using the one-step lemma pick a ; + 1-
strong extenderE; 2 M1k so that crit(E1) = o, and u; is a subtype of
Stretch®%, | (uo).

SetM, = Ult( Mg;E1), andletjo.2: Mo ! My be the ultrapower embed-
ding. Then u; is a subtype ofjo.2(up). By the elementarity of jo.2, j o:2(Uo)
is realized byjo.2( ) in M2Kjo.2( )+5. It follows from this and from the fact
that u; is a subtype ofjo.2(Uo), that u; is also realized inM ,, speci cally it
must be realized byjo.2( ) in M2kjo.2( )+3. The level jo.»( )+3is reached
by observing that u; contains the formula \vy + 2 is the largest ordinal."

Working now in My, let , > 1 be such that the »-type of jo.2( ) in
M2Kjo2( )+ 1 is elastic. Let u, be this type. Notice that u, then exceeds
Uy, inside M,. This uses the realization ofu; in M, reached in the previous
paragraph. Applying the one-step lemma pick an extenderE, 2 M, which
stretchesu; to a supertype ofu,. E, has critical point 1, and ; is within
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the level of agreement betweerM, and M;. E, can therefore be applied to
Mi. SetM3 = Ult( My; E»). a

3.25 Exercise. Construct an iteration tree with the structure presented in
the following diagram:

e T " e ')

3.26 Exercise. Construct a length ! iteration tree with the tree order
presented in the following diagram:

Mo = My \(fw

\\ _____ f/dws\\\' ,/

@5 o

Hint. The following de nition is useful:

3.27 Denition. Let | < , be ordinals greater than . We say that
h ; ,i is a pair of local indiscerniblesrelative to  just in case that:

(Vk o+ 1) F [ocsnaa] 00 (Ve + ) FE [hiciince ]
forany k <! , any formula with k+1 free variables, and anycy;:::;c 1 2
Vk + 1.

Given local indiscernibles | < |, note that a type u is realized by |
inVk _ +1i itisrealized by , in Vk , +1. Notice further that if u is
realized by , in Vk , +1, then any type of larger domain, which is realized
by , in Vk _ + 3, exceeds prof(u), because , +3 <  +1. (It should
be pointed out that the use of the projection is necessary here, to pass to a

type which does not involve ,, as a parameter.) In sum then you have:

3.28 Claim. Let u be -type realized by , in Vk  +1. Let > and let
w be a -type realized by | in Vk | +3. Then w exceedsproj°(u).

You have also the following claim, directly from the de nitions:

3.29 Claim. Let be an ordinal greater than . Let u be a -type realized
by inVk +3.Let > andletw be a -type realized by in Vk +1.
Then w exceedsu.

Use the two claims alternately, to construct the iteration tree required for
the exercise, typesu, 2 My, and ordinals , forn<! odd, with ;=
so that:

L

1. For evenn<! | uy, is realized byjon( ) in MuKjon( )+ 3.

2. Foroddn<! ,u, isrealizedby ,inMyk ,+3, and u, is realized
by ninMk ,+1
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The construction is similar to that of the previous exercise, except that the
use of the projection introduces some changes. The ordinals, for n > 1
odd are chosen using the third clause of De nition 3.6, applied to the fact
that u, 1 is asubtype ofjn 2 (prOjO(Un 2))- Ifyouget  <jn 2n( n 2)
for n> 1 odd, then you are on the right track. a

3.30 Exercise. Go back to the last exercise, and make sure that the tree
you construct is nice.

4. Homogeneously Suslin Sets

By a tree on a setX we meanaseffl X< | closed under initial segments.
We use ['] to denote the set of in nite branches through T, that is the set
fx2 X' j(8n)x n2 Tg. Given atreeT on X Y we often think of T as
asubset ofX< Y rather than (X Y)< , and similarly we think of
[T]as asubset ofX' Y'. ForT atreeonX Y we usep[T] to denote
the projection of [T] to X', namely the setfx 2 X' j (9y)hx;yi 2 [T]g.
We useTs (for s 2 X< ) to denote the setft 2 Y jhs;ti2 Tg, and
use Ty (for x 2 X') to denote the tree ., Tx n. X is an element of
p[T]i [ Tx] is non-empty. We sometimes apply similar terminology in the
case that T is a tree on a product of more than two sets, for example
p[T]= fxj(9y)(92)x;y;zi 2 [T]ginthe case thatT isatreeonX Y Z.

Recall that a setA X' is 1i thereisatree RonX ! so that
A = p[R]. Asetis 1 ifits complementis !;andasetA X'is 1,
(forn 1)ifthereisa !setB X' !' sothatx2 A, (9y)x;yi2 B.

A set is projective if itis 1 for somen <! . The projective sets are thus
obtained from closed sets using complementations and projections along the
real line.

The sets of reals in the very rst level L;(R) are precisely the projective
sets, and our climb to ADYR) begins at the low end of the projective hierar-
chy. We prove determinacy for 1 sets assuming measurable cardinals. The
proof, due to Martin [16], can with hindsight be divided into two parts: a
proof, using a measurable cardinal , that all 1 sets are -homogeneously
Suslin (see below for the de nition); and a proof that all homogeneously
Suslin sets are determined.

Let be an ordinalandletm<n<! . For Z Mletz =ff2 Nj
f m2 Zg. A measure over " is anextensionof a measure over M
just in case that for every Z mo(@2)=1! (Z)=1.

A tower of measuresover is a sequencéh , jn<! i so that:

(i) . is a measure over " for eachn.
(i) n is an extension of [, forall m<n<!

The tower is countably completejust in case that:
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(i) If  ,(Zn) =1 for each n then there is a ber through hZ, jn<! i,
namely a sequencén ; ji<! i sothath ¢;:::; 112 Z, for each
n.

For sequences andt we write st to mean that s is an initial segment
of t, and s <t to mean that s is a proper initial segment oft.

4.1 De nition. Atree T on X is homogeneousf there is a sequence
of measuresh s js2 X< i so that:

1. For eachs 2 X< , ¢ is a measure overTs (equivalently, over 'n(s)
with  (Ts)=1), and ¢ is card(X)* -complete.

2. If s tthen : is an extension of s.

It follows from condition (2) that for every x 2 X', the sequenceh 4 ,, j
n<! i is atower.

3. If x 2 p[T] then the tower h 4 , jn<! i is countably complete.
T is -homogeneousf in addition each of the measures ¢ is -complete.

4.2 Exercise. Let T be a homogeneous tree oX . Prove that there is
asystemhMg;fs;jse jS t2 X< i of (wellfounded) modelsMs, nodesfs,
and embeddingsjs; satisfying the following conditions:

1. jst:Mg! My foreachs t, crit(js:) is larger than card(X), M. =
V, and the systemhMs;jst js t2 X< i commutes in the natural
way.

2. f52j..s(Ts) for eachs 2 X< | and the nodesHfs js2 X< i cohere
in the natural way, meaning that s<t ) jei(fs) <f:.

3. If x 2 p[T] then the systemhMs;jst j S t<xi has a wellfounded
direct limit.

Hint. Let Mg =Ult( V; s) and letjs: V! Mg be the ultrapower embed-
ding. Let f4 be the seed of the measures. Notice that fg is an element of
is(Ts).

Recall that each element ofMs has the formjs(g)(fs) for some function
g: M1 V. Fors t2 X< dene an embeddingjsi: Ms! My by
letting js; sendjs(g)(fs) to je(g)(fe Ih(fs)).

Prove that the resulting system satis es conditions (1){(3). a

4.3 Exercise. Let T be atree onX and suppose that there is a system
MM fs;jst j s t2 X< i satisfying the conditions in Exercise 4.2. Prove
that T is homogeneous.

Suppose in addition that the embeddingsjs; all have critical points at
least . Show that T is -homogeneous.
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Hint. Set (Z)=11i fs 2 j.s(Z). Prove that the resulting system of
measuresh s js2 X< i satis es the conditions in De nition 4.1. a

The existence of a system satisfying the conditions in De nition 4.1 is
thus equivalent to the existence of a system satisfying the conditions in
Exercise 4.2. We use the two systems alternately, and refer to both of them
as homogeneity systemgor the tree T.

4.4 Exercise. Show that the converse of condition (3) in Exercise 4.2 fol-
lows from conditions (1) and (2) in the exercise. Condition (3) can therefore
be strengthened to an equivalence, and so can condition (3) in De nition
4.1.

Hint. Fix x. Let My be the direct limit of the system Ms;jst jS t<Xi,
and Ieé jsx: Mg ! My for s < x be the direct limit embeddings. Let
fx = o Jsx(fs), and notice that using condition (2), fy is an in nite
branch through j. ., (Tx). Use the wellfoundedness oMy to nd some in -
nite branch f through j.., (Tx) with f 2 My, and then using the elementar-
ity of j..x argue that x 2 p[T]. a

A set A X' is Suslin if there is an ordinal and a tree T on X

so that p[T] = A. A X' is homogeneously Suslirif in addition T
can be taken to be homogeneous, and-homogeneously Suslinf T can
be taken to be -homogeneous. These de nitions are due independently to
Kechris and Martin. In the context of the axiom of choice, which we employ
throughout the chapter, every A X' is Suslin. But of course not every
set is homogeneously Suslin.

Let be ameasurable cardinal. FixaseX 2 Vk anda 1setA X'.
We aim to show that A is -homogeneously Suslin.

45 Exercise. Let R !'<" be a tree. The Brouwer{Kleene order on R
is the strict order  de ned by the condition: s ti s extendst or
s(n) <t (n) where n is least so thats(n) 6 t(n). Prove that s illfounded
i R has an in nite branch.

4.6 Exercise. Show that there is a maps 7! ¢, denedons2 X< | so
that:

s is a linear order on Ih(s).
Ifs tthen ¢ .
X2Ai « is wellfounded, where =

n<! xn-

The last condition is the most important one. The rst two conditions
are needed to make sense of.
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Hint to Exercise 4.6. LetR (X !)¥ be a tree so thatp[R] is precisely
equal to the complement of A. De ne the map s 7! s in such a way that
for eachx 2 X',  is isomorphic to the Brouwer{Kleene order onRy. a

Let T X be the tree consisting of nodeds;fi so that f has the
form h ¢;::: s 1i With ;< foreachi,and ;< ;i i s]j.

4.7 Exercise. Show that p[T] = A.

Since is measurable, there is an elementary embedding: V! M with
crit(j)= . Let be the measure over denedby (Z)=1i 2j(2).

4.8 Exercise. Prove that is a -complete, non-principal measure on .

4.9 Exercise. A function f: ! is pressing downif f( ) <  for all

< . A measure over is called normal if every pressing down function
on is constant on a set of measure one. Prove that the measure de ned
above is normal.

4.10 Exercise. The diagonal intersection of the setsZ ( < ) is dened

to bethe setf 2 (8 < ) 2 Z g. Prove, for the measure de ned
above, that the diagonal intersection of sets of measure one has measure
one.

For eachs 2 X< and eachC de ne CS to be the set of tuples
ho;:il sy 2i with ;2 C foreachi,and ;< ;i i sj. Denea
lter Fs over '"(S) py setting Z 2 Fs i there exists a set C so that

Z Cfand (C)=1.

4.11 Exercise. Prove that Fs is an ultra lter over () meaning that for
every Z I(s) either Z 2 Fs orelse S Z 2Fs.

Hint. Work by induction on the length of s. The inductive step makes
several uses of Exercises 4.9 and 4.10. a

De ne a two-valued measure s on S by setting (Z)=1i Z2Fs.
4.12 Exercise. Prove that s is -complete.
4.13 Exercise. Lets t2 X< . Provethat ; extends s.

4.14 Exercise. Let x 2 X', and suppose thatx belongs toA, so that
is wellfounded. Prove that the towerh , , j n <! i is countably complete.

Hint. Suppose that x mfZn) =1foreachn<! . Fix C, sothat (C,)=1
andC; Z,.lLetC= _, C,. ThenC® Z, foreachn,and (C)=1
by countable completeness. Sincex 2 A,  is wellfounded. The order

«_can therefore be embedded into the ordinals, and in fact intoC since
C is uncountable. Pick then a sequencér ; ji <! i of ordinals in C so
that i , ji < . The sequenceh; ji <! i isa ber through
h,jn<!i. a
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4.15 Theorem. Let be a measurable cardinal. LetX belong toVk and
let A X' be 1. Then A is -homogeneously Suslin.

Proof. Let T (X ) be the tree de ned above and let s be the
measures de ned above. Exercises 4.12 through 4.14 establish thét s |
s2 X< iisa -homogeneity system forT. a

Next we prove that homogeneously Suslin sets are determined. We work
for the rest of the section with some setX and a homogeneously Suslin
setA X'. LetTandhgjs2 X< i witness that A is homogeneously
Suslin.

De ne G to be the game played according to Diagram 8 and the following
rules:

Xn 2 X foreachn<! .
hXo; o0;::1:;%Xn 1, n 112 T foreachn<! .

The rst rule is a requirement on player | if n is even, and on player Il ifn
is odd. The second rule is a requirement on player I. A player who violates
a rule loses. In nite runs of G are won by player I.

| [ X0 o 1 X2 2 3
||‘ X1 X3

Diagram 8: The gameG .

4.16 Exercise. Prove that G is determined.

Hint. You are asked to prove the famous theorem of Gale{Stewart [6] that
in nite games with closed payo are determined. Let S be the set of po-
sitions in G from which player Il has a winning strategy. If the initial
position belongs to S, then player Il has a winning strategy in G . Sup-
pose that the initial position does not belong to S, and prove that there
is a strategy for player | which stays on positions outsideS, and that this
strategy is winning. a

4.17 Exercise. Suppose that player | has a winning strategy inG . Prove
that player | has a winning strategy in G, (A).

Hint. Let be a winning strategy for |1 in G . Call a position p =
hXo;:::;Xn 11 in G, (A) nice if it can be expanded to a positionp =
Xo; o0;:::;Xn 1; n 1l iINn G so that p is according to . Note that
if such an expansion exists, then it is unique. De ne a strategy for | in
G: (A) by setting (p)= (p ). Show that every in nite run according to

belongs top[T], and is therefore won by player | in G, (A). a
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4.18 Lemma. Suppose that playerl has a winning strategy inG . Then
player Il has a winning strategy inG, (A).

Proof. Let  be a winning strategy for Il in G .

hXo; o0;:::;Xi 1; i 11 iIn G . hgis then a function from Ts into X . By the
completeness of s there is a speci ¢ movex; so that:

() f' jhs(" )= xighas s-measure one.

De ne (s)to be equal to this X;.

Suppose now thatx = hx; ji <! i is an innite run of G, (A), played
according to . We have to show that x is won by player II.

Using condition () x for each odd n <! a setZ, Tx n SO that
hy n(") = xn for every' 2 Z, and 4 n(Zn) = 1. Foreven n<! let
Zn=Txn.

Suppose for contradiction that x 2 A. Then h , , j n <! i is count-
ably complete and so there is a berh ; ji <! i for the sequencehZ, j
n <! i. In other words there is a sequencén ; ji <! i in [Tx] so that

arun of G and is consistent with . This is a contradiction, since s
a winning strategy for player Il, and in nite runs of G are won by player
l. a

4.19 Corollary. Let A X' be homogeneously Suslin. TheiG, (A) is
determined.

Proof. By Exercise 4.16,G is determined. By Exercise 4.17 and Lemma
4.18, the player who has a winning strategy inG has a winning strategy
in G, (A). a

Theorem 4.15 and Corollary 4.19 establish the determinacy of 1 subsets
of I'', assuming the existence of a measurable cardinal. In the next section
we deal with $ sets.

5. Projections and Complementations

Martin and Steel [21] use Woodin cardinals to propagate the property of be-
ing homogeneously Suslin under complementation and existential real quan-
ti cation, proving in this manner that all projective sets are determined. In
this section we present their results. We begin by proving that if is a
Woodin cardinal, and A X' !'' is *-homogeneously Suslin, then the
setB = fx 2 X' j (8y)hx;yi 62Ag is determined. We then go on to show
that B is -homogeneously Suslin for all < . Together with the results in
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Section 4 this shows thatall !, sets are determined, assuming Woodin
cardinals and a measurable cardinal above them.

Let be aWoodin cardinal. LetX be asetinVk ,andletA X' 1",
Let B = fx 2 X' j (8y)hx;yi 62Ag. Suppose thatA is *-homogeneously
Suslin, and letS (X ! )<' (for some ordinal ) and h ¢ j hs;ti 2
(X 1) i witness this.

5.1 Remark. The objects in the homogeneity system are given for pairs
hs;ti 2 X< 1<t with Ih(s) = Ih(t). We sometimes write ¢ or Ssy
also whens and t are of dierent length. We mean 5.t » wheren =
minfIh(s); Ih(t)g, and similarly with Ss¢. We also write 4 for x 2 X' to
mean 4 ¢ Wheren =Ih(t), and similarly with S, .

5.2 Exercise (Martin{Solovay [20]). Let t; (i <! ) enumerate! < . The
Martin{Solovay tree for the complement of p[A], whereA X' ' isthe
projection of a tree S with homogeneity systemh ¢ jhs;ti2 (X 1)< i,
is the tree of attempts to createx 2 X' and a sequencdr ; ji<! i so that:

(i) i is a partial function from S, j(r,);, into jSj*, and the domain of
i has y in(t,);r, -/Measure one.

(i) If t; <t then ;(f Ih(t;)) > ;(f) for every f 2 dom( ;).
Prove that this tree projects to X'  p[A].

De nitions 5.3 and 5.6 below essentially code a subset of the Martin{
Solovay tree forB by a relation on types. We will use this coding to prove
that G, (B) is determined, and that in fact B is homogeneously Suslin.
Martin{Steel [21] proved that the Martin{Solovay tree itself is homogeneous.
We work with types, rather than the Martin{Solovay tree of functions, in
preparation for Section 6.

The constructions below use the de nitions of Section 3. By type here we
always mean a type with domain less than and greater than rank(X). All
realizations in V are relative to the xed Woodin cardinal . The variable
Vo in each type will always be realized byS. (Realizations in iterates M
of V are made relative to the appropriate image of , and with the rst
variable realized by the image ofS.)

5.3 Denition. Let hs;ti 2 X< 1<t with Ih(s) = Ih(t) = k say. Let
w be ak + 2-type. Dene Zg; to be the set off 2 Ss; for which (9 2
On)(9 > maxf ; rank(S)g) so that w is realized by S, H0; f (0)i, :::, hk
L,f(k 1)i,and inVk .Dene gi:Zst! On by setting s:(f) equal
to the least witnessing the existential statement above.

5.4 Remark. Both Zg¢ and g depend onw. When we wish to emphasize
the dependence we writeZg (w) and .t (w).
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De nition 5.3 lets us view types as de ning partial functions s from Se:
into the ordinals. The domain of the partial function . isZs¢. Connecting
the de nition to the homogeneity system, let us say that w is ts; ti-nice if
Zsi has s¢-measure one.

5.5 Claim. Let w be ak + 2-type and suppose that is s;ti-nice. Then

Note that both s andt belong to the domain ofw, since they are elements
of X< , and the domain of w is greater than rank(X ) (see the comment
following Remark 5.1). The reference toe and € in a formula which may
potentially belong to w therefore makes sense.vg)., in the formula stands
for the tree of nodesg so that s;t; gi belongs to the interpretation of vp.

Proof of Claim 5.5. Let f be any element ofZg; (w). (Zs¢ has s-measure
one, and so certainly it is not empty.) Then

1. wis realized by S, Ho;f (0)i, :::, hk  1;f(k 1)i, inVk for some
and

2. bs;t;f i belongs toS, meaning that f, which is formally equal to the
setfhO;f (0)i;:::;hk  1;f(k 1)ig, belongs toSs; .

It follows that the formula in the claim belongs to w. a

5.6 Denition. Let s and t® extend s and t (perhaps not strictly), with

Ih(s9) = Ih(t% = k% Let w be hs; ti-nice and let w° be hs® t% -nice. We write

w®  w to mean that the set ff°2 Sgoroj soro(WO(FO) < s (W)(f 2 k)g has
soto-measure one.

5.7 Claim. The relation is transitive. a

5.8 De nition.  Given a k + 2-type w we use dcp{v) (pronounced \decap
w") to denote proj*** (w). If w is realized by S, h0; f (0)i, :::, bk 1;f (k
1)i, and , then dcp(w) is realized by S, h0;f (0)i, :::,andhk 1;f(k 2)i.

5.9 Claim. Let w be bs;ti-nice, and suppose thatw contains the formula
\Vk+1 +2 exists" (where k = Ih('s) =Ih(t), and w is a k + 2-type). Let s°
and t° extend s and t, with Ih(s% = In(t% = k% Then there is ak%+ 2-type
u so that:

1. uis k% tY%-nice.
2. u contains the formula \vio.; is the largest ordinal."
3. dcp(u) is elastic.

4. u exceedsw.
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5 u w.

Proof. Fix for a moment somef °2 Sqo0, and suppose thatf ° k 2 Zg. (w).
Let = 4(f%k), so that w is realized by S, h0;f Y0)i, :::, hk  1;f Yk
1)i, and some > maxf ; rank(S)g in Vk . Sincew contains the formula
\Vk+1 +2 exists," it must be that > +2.

Let < be suchthatthe -type of S, h0;f%0)i,:::, and hk® 1;fYk°
1)i in Vk +1 is elastic, and such that > dom(w). Such a exists by
Lemma 3.22. Letu be the -type of S, h0;f 0)i, :::, hk® 1;fqk° 1)i, and

in Vk +1. Then u contains the formula \vio,; is the largest ordinal,"
u exceedsw, and dcp(u) is elastic.

The type u de ned above depends on the nodeg © 2 Sgoo used. To
emphasize the dependence let us from now on write(f 9 to denote this
type. Let us similarly write  (f9 and (f 9 to emphasize the dependence
of and onf?®

The function f°7! u(f 9 mapsff®2 Seo0jfOk 2 Zsrginto Vk . Using
the fact that Zs; has st-measure one it is easy to check that the domain of
this function has soto-measure one. From this and the * -completeness of
the measures it follows that the function is xed on a set of goo-measure
one. Thus, there exists a particular typeu, and a setZ  Sso.t0, SO that
u(f9 = uforeachf®2 z, and Z has soro-measure one.

Clearly Zsoro(u)  Z, and it follows from this that u is hs®t%-nice. It
is also clear that soro(u)(f 9 (fY9+1 < (fYforeachf®2 z, and it
follows from this that u  w. a

5.10 Claim. Let u bets;ti-nice, wherelh(s) = Ih(t) = k. Let w be ak +2-
type, containing the formula \vi.+1 > maxf € rank(vp)g." Suppose thatw is
a subtype ofdcp(u). Then w is bs;ti-nice, andw u.

Proof. Fix for a moment somef 2 Zg(u). Let = & (u)(f), sothat uis
realized by S, ho;f (0)i, :::,hk 1;f(k 1)i, and some in Vk .

Sincew is a subtype of dcpfi), there must be some and some so that
w is realized by S, ho;f (0)i, :::, bk 1;f(k 1)i,and in Vk , and so
that < . Sincew contains the formula \vy.; > maxf € rank(vg)g," s
greater than maxf ; rank(S)g.

It follows from the argument of the previous paragraph that, for each
f 2 Zgi(u), there exists and > maxf ; rank(S)g so that w is realized
by S, ho;f (0)i, :::, bk 1;f(k 1)i, and in Vk , and that the least
witnessing this is smaller than s (u)(f). In other words f 2 Zs(w) and
st (W)(f) < st (U)(f), for eachf 2 Zg (u). SinceZs; (u) has ¢;-measure
one this implies that w is Is;ti-nice and thatw  u. a

5.11 Claim. Let x 2 X' . Suppose that there are typesw; jt 2 ! < i so
that:

1. Eachw; is hx;ti-nice.
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2. Foreacht<t 2!< ,w  w.
Then x 2 B.

Proof. We have to show that (8y 2 ! ' )ix;yi 62A. Fix y 2 !'' . For each
n<! let , denote y ny n. Let , denote xy n(Wy n). n is a partial
function with domain a ,-measure one subset 08, ny n.

Set Zp = S... and for eachn <! setZy+s = ff 2 Sips1y n+t |

n+1 (F) < n(f n)g. By assumption wy n+1 Wy n SO Zn+1 has n+1-
measure one.

Suppose for contradiction that hx;yi 2 A. The tower h , jn<! iis
then countably complete by De nition 4.1, so the sequencehZ, j n <! i
has a ber,f = h;ji<! isay. Thenf n+1 2 Z,,; for eachn <! |
meaning that ., (f n+1) < ,(f n),sothat h,(f n)jn<!iisan
in nite descending sequence of ordinals, contradiction. a

Let h ; i be the lexicographically least pair of local indiscernible ofv
relative to maxf ; rank(S)g, minimizing rst over the second coordinate.

5.12 Claim. Foreach < ,the -typeofSand [ in Vk +1ish;;;i-
nice. a

Fort2 ! < let pred(t) denotet (In(t) 1).

5.13 De nition.  De ne G , illustrated in Diagram 9, to be played accord-
ing to the following rules:

1. xp 2 X.

2.t 21,

3. up is akp + 2-type, dcp(uy) is elastic, and u, contains the formula
\fvi;:::; Vv, gis anode in the tree (/0)sn gt where k, =1h(t,) and
Sh = X k.

4. If n> 0 then dom(u,) > dom(u, 1). (And dom(ug) > rank(X), see
the comment following Remark 5.1.)

5. If t, = ; then u, is realized byS and | in Vk  +1.
6. If t, 6 ; then |, <n is such thatt,, = pred(t,), and u, exceedsw,, .

7. wy, toois ak, +2-type, w, is a subtype of dcpf,), and w,, contains
the formulae \vi,+1 > maxf € rank(vo)g" and \ vy, +1 + 2 exists and
is the largest ordinal."

The rst player to violate any of the rules loses. In nite runs where all rules
have been followed are won by player I.
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|‘ Wo Xpo W1 Wy X2
[ lo;to; Uo l1;ta;un P ST PH PHITP

Diagram 9: The gameG .

5.14 Lemma. Suppose that playerl has a winning strategy inG . Then
player | has a winning strategy inG, (B).

Proof. Let be a winning strategy for player 1in G . Let ht, jn<!i
enumerate! < in such a way that (8t 2 ! < ) pred(t) is enumerated before
t. In particular t, = ;. Forn> O letl, <n be such that predt,) = t, .
Let I, = 0. ’

Fix an opponent willing to play for Il in G, (B). We describe how to
play against the opponent, and win. Our description takes the form of a
construction of arun of G . supplies moves for I. The opponent supplies
the movesxy; X3; Xs; for Il. It is up to us to come up with the remaining
moves,l,;ty;u, for n<! . We make sure as we play that:

lL.th=t,andly =1,.

2. u, contains the formula \vy, +1 is the largest ordinal" where k, =
Ih(ty).

3. up is hx;t,i-nice.

(We write hx;tni-nice, but notice that only x Ih(t,) is relevant to the con-
dition.)

Wn, by the rules of G , is a k, + 2-type, is a subtype of dcp(u,), and
contains the formula \vg, +1 > maxf € rank(vo)g." It follows by Claim 5.10
that:

(i) wp is hx;tnhi-nice.
(i) w, up.

Let us now describe how to playl,, t,, and u,. We begin with the case
n=0. Settp = ; andlp = 0. Using Lemma 3.22 let o < be such that
the o-type of Sin Vk | +1 is elastic. Setug to be the o-type of S and

. in Vk _+1. These assignments determine the moves, to, and ug. It
is easy to check that they satisfy the relevant rules ofG , and conditions
(1){(3) above for n = 0.

Suppose next that rounds 0 throughn 1 have been played, subject to
the relevant rules and to conditions (1){(3) above. Sett, = t, and |, = I,,.
Note that by condition (i), w;, ishx;t, i-nice. Letk, =Ih(t,). Using Claim
5.9, setu, to be ak, +2-type so that: u, is hx;t,i-nice; u, contains the
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formula \ vy, +1 is the largest ordinal”; dcp(un) is elastic; u, exceedsw, ;
andu, w,. These assignments determine the movelg, t,, and u,. Itis
again easy to check that they satisfy the relevant rules ofs , and conditions
(2){(3) above. For the record let us note that we have also the following
condition:

(i) un  w,.

The assignments made above, together with moves supplied by and
by the opponent, determine an in nite run Hp;th;Wh;Un; Xy jn<!i of
G . It remains to check that the real x = hx, j n <! i constructed as part
of this run is won by player | in G, (B).

By conditions (ii) and (iii), wn, wj, for eachn > 0. It follows from this
that w, wy, whenevert, >t . By Claim 5.11, x 2 B. Sox is won by
player | in G, (B), as required. a

5.15 Lemma. Suppose that playerl has a winning strategy inG . Then
player Il has a winning strategy inG, (B).

Proof. Let be a winning strategy for player Il in G . Fix an opponent
willing to play for I in G, (B). We describe how to play against the op-
ponent, and win. Again our description takes the form of a construction.
But this time we do not construct a run of G . Rather we construct an
iteration tree T with an even branch consisting off 0; 2;4;:::g, and a run
of jeven(G ), played according t0jeven( ).

Precisely, we construct:

(A) In, th, Un, Wy, and x, forn<! .

(B) Aniterationtree T giving rise to modelsM for k <! and embeddings
jik for IT k<! .

(C) Nodesgn 2 jo:2n+1 (S)xt, forn<! .

X in the last condition is the sequencex, j n <! i, although of course only
x lh(t,) is relevant to the condition.
We construct so that:

0T2T4
If t, 6 ; then the T-predecessor of @ + 1 is 2I, + 1.
If t, = ; then the T-predecessor of 2 + 1 is 2n.

Note that these conditions determine the tree orderT completely.
Let po = ; and recursively de ne

pn+1 = j2n;2n+2 (pn)_ Hn;tn;j2n;2n+2 (Un);Wn;Xni:

We construct so that p, is a position in jo.2n (G ), played according to
jo2n (). This amounts to maintaining the following conditions:
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1. Iy, ty, and u, are the moves played byjo.2n () following the position
Pn-

2. w, is a legal move for player | following the positionjan. 2n+2 (Pn)-
Hnitnsjon;2n+2 (Un)i.

3. If n is odd then x, is the move played byjo.2n+2 () following the
pOSitiOﬂ j2n;2n+2 (pn )— Hn , tn ;j 2n; 2n+2 (Un); Wn i

Notice that conditions (1) and (3) determine I, t,, and u, for eachn, and
Xn for odd n.

Let k, denote Ih(t,,). Condition (C) above already places some restriction
on the nature of g,. It must be a sequence of lengthk,, and hx ky;t,;oni
must belong tojo.2n+1 (S). We maintain the following additional condition
during the construction:

4. wy is realized byjo.on+1 (S), M0;0,(0)i, :::, Kkn  1;00(kn 1)i and
jozn+1 ( L) In Mot Kjoanser () +3.

Notice that from this it automatically follows that w, is ak, + 2-type and
that it contains the formulae \ vy, +1 > maxf € rank(vo)g" and \ vy, +1 +2
exists and is the largest ordinal," as demanded by rule (7) ofG .

Finally, we maintain the conditions:

5. w, is elastic.

6. Mon+1 agrees with all later models of T, that is all models M; for
i> 2n+1, past dom(w,). w, belongs toM; for eachi> 2n + 1.

7. All the extenders used inT have critical points above rank(X). For
eachm > n , the critical point of j2n+2.2m+2 iS greater than the domain
of wy. In particular jan+2.2m+2 (Wn) = w, for eachm n.

5.16 Remark. It follows from the last condition that p, has the form
Histiijaion(Ui);Wisxi ji<ni.

Let us now describe the construction in roundn, assuming inductively
that we have already constructed the objects corresponding to rounds 0
through n 1, and that we maintained conditions (1){(7) for these rounds.

Set |,, tn, and u, to be the moves played byjo.2n( ) following the
position pp, in line with condition (1). The construction continues subject
to one of the following cases:

Case 1,t, = ;. Therules of G are such thatu, is realized byjo.2n (S) and
jo2n( ) in ManKjo.2n( )+ 1. From the local indiscernibility of | and |
it follows that up is realized byjo.2n (S) and jo.2n( ) In M2nKjo:2n( ) +1.
Working in My, using Lemma 3.22, let < j g.on( ) be such that >
dom(un) and such that the -type of jo.2n(S) and jo.2n( ) in jo2n( ) +3
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is elastic. Letw, be this type. It is easy to check that w, exceeds dcp(,)
in M 2n -

SetE,, =\pad" sothat Man+1 = Mo, andjon 2n+1 IS the identity. Using
the one-step lemma, Lemma 3.23, inM2,41, Nnd an extender Egnyg 2
Mon+1 SO that wy, is a subtype of Stretckﬁf”!+1 (dcp(un)). Set Mop4 =
Ult(M2n; E2n+1 ), and setjon.2n+2 to be the ultrapower embedding. Note
that these settings are such thatw, is a subtype ofj zn. 2n+2 (dcp(up)). Itis
easy now to check thatw,, satis es the conditions of rule (7) of G , shifted
to M2n+2, following the position jon.2n+2 (Pn— Hnjta; Uni).

Finally, set x,, to be the move played byjo.2n+2 () following the position
Jon;2n+2 (Pn)- Hnitasjon;2n+2 (Un); Wai if n is odd, and the move played by

the round. a (Case 1)

Case 2,t, 6 ;. The rules of jo.2n (G ) following the position p, are such
that u, exceedsw;, in Mz,. (We are making an implicit use of Remark
5.16 here.) Let denote the domain ofu,,. Using the one-step lemma inM 5,
nd an extender Ej, with critical point dom( w;, ), so that u, is a subtype
of Stretch®2} (w;, ). Set Man+1 = Ult( Moy, 41 ; E2n), and setjo, +1 2041 tO
be the ultrapower embedding, so thatu, is a subtype ofjy, +1:2n+1 (Wi, ).

5.17 Exercise. Complete the precise details of this construction, verifying
that there is enough agreement between the various models to make sense
of the ultrapower taken.

Let k denote Ih(tn). Note that t;, = pred(t,), soIh(t;,)= k 1. Letk
denotek 1. Let g denoteg, , and let Q= J21, +1 :2n+1 ().

Now w;, is realized by jo.2, +1 (S), M0;g(0)i, :::, hkk 1,9k 1)i and
jo21,+1 (L) in My 41 Kjo.21,+1 ( )+ 3. Using the elementarity of the em-
beddingj i, +1 :2n+1 it follows that joi, +1:2n+1 (Wi, ) is realized byj o.2n+1 (S),
h0; g%0)i, :::, hk 1;,0%k  1)i andjozn+1 () in Mansr Kjon+1 () + 3.
Sinceuy, is a subtype ofjan +1 -2n+1 (W, ) it must be realized, by the same
objects and one more object, at a lower rank. Combining this with the
fact that u, is a k + 2-type which contains the formula in rule (3) of the
de nition of G (De nition 5.13), we see that there must exist some setz
so that u, is realized byjo.2n+1 (S), M0; g%0)i, :::, kk 1,9k  1)i, hk;zi
and jo.2n+1 ( ) iN M2ns1 Kjo-2n+1 () + 1, and that moreover the function
g = g°[fh k;zig is a node injg.2n+1 (S)xt, . Setg, equal to this function
g, securing the demands of condition (C) above. For the record let us note
that:

(i) o extendsjzi, +1;2n+1 (9, )-

We now continue very much as we did in case 1. Using the local indis-
cernibility of | and ,, we see thatu, is realized byjo.2n+1 (S), h0; g, (0)i,
i,k Lign(k 1)i,andjoan+a () in Mansg Kjoon+a () + 1. Working
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in M2n41 using Lemma 3.22, let <j o.2n+1 ( ) be such that > dom(uy)
and such that the -type of jo.2n+1 (S), 0;00(0)i, :::, bk 1;g.(k  1)i,
j0;2n+1( L) in Mons kj 0;2n+1( L) + 3 is elastic. Let wy, be this type. wy
then exceeds dcp(,) in Mon4g -

Using the one-step lemma inM 2,41, nd an extender Eone; 2 Maps1,
with critical point equal to the domain of u,, so that w, is a subtype of
Stretcth"!+1 (dcp(up)). Set Monsp = Ult( Man; Eoner ), and setjon on+2 to
be the ultrapower embedding. Note that these settings are such thatw,
is a subtype ofjsn. 2n+2 (dep(up)), and this secures the main requirement
on w, posed by rule (7) of G , shifted to My,42, following the position
j2n;2n+2 (pn— Hn;tn;uni)-

Finally, as in case 1, sei, to be the move played byjo.2n+2 () following
the position j 2n: 2n+2 (Pn)- Hnitaij2n2n+2 (Un); Whi if nis odd, and the move

completes the round. a (Case 2)

5.18 Exercise. Verify that the construction described above maintains con-
ditions (1){(7).

It remains now to check that every sequences = hx, jn<! i2 X' that
can be obtained by following the construction described above (with moves
Xn for evenn supplied by the opponent) is won by player Il in G, (B).

Let x, T, Hp;th;un;wy jn<!i,andbhg, jn<! i be obtained through
the construction above. We work through a series of claims to show that
X 62B.

5.19 Claim. The even branch ofT has an illfounded direct limit.

Proof. Suppose for contradiction that M. is wellfounded. Let R be the
tree of attempts to construct an in nite run of G , playeg according to
Note that jeven(R) has an in nite branch, consisting of ., j2n:even(Pn)-
Since Mewen is wellfounded, the existence of an in nite branch through
jeven(R) reects to Meyen. Thus, Mewen Flthere is an innite run of
jeven(G ), played according t0 jeven( )." Using the elementarity of jeyen
it follows that V f\there is an in nite run of G played accordingto ."
But this contradicts the fact that is a winning strategy for player II, the
player who loses in nite runs. a

Let be a regular cardinal, large enough that all the objects involved in
the construction belong toVk . Let H be a countable elementary substruc-

ture of Vk , with x, T, Hy;tq;uqp;wy jn<!iandhg, jn<! iin H. Let
P be the transitive collapse ofH, and let : P ! H be the anti-collapse
embedding. LetU= (T)and let h, =  %(g,). Let P; and j;; o denote
the models and embeddings ofJ. Let S denote  1(S). Let xj =  (x;)

andletx = hx; ji<! i.
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Using Theorem 2.3 nd an in nite branch b through U so that there is
an embedding : P,! Vk with ib=

5.20 Claim. bis not the even branch.

Proof. The fact that P, embeds into Vk implies that it is wellfounded.
Peven is not wellfounded, by Claim 5.19. a

Let mg;mq;::: be such that 2ng +1;2m; +1;2m, + 2;::: lists, in in-
creasing order, all the odd models irb. The tree structure of T, and hence
of U, is such that:

tm, = ;.
pred(tm ., ) = tm,.

From the last condition and from condition (i) of the construction it follow s
that:

Nm.,, extendsjam +1;2m;., +1 (hm;).
Letting h; = jom,+1:0(hm,) it follows that:
h;,, extendsh; for eachi.

Lety= Si<! tm, andleth = ., h;. Condition (C) of the construction
implies that hx i;y i;h ii is a node inju(S). Applying the embedding

:Pp! Vk tothis statement, and using the factthat j, = , it follows
that hx i;y i; (h i)i isanodein (S)= S. This is true for eachi, and
hence:

5.21 Claim. hx;yi2 p[S].

S
Proof. Let h = ,, (h i). The argument of the previous paragraph
shows thathx;y; h i is an in nite branch through S. a

Recall that A = p[S] and that B = fx 2 X' j (8y)hx;yi 62Ag. From
the last claim it follows that x 62B, and therefore x is won by player Il in
G, (B), as required. a

5.22 De nition. Let M be a model ofZFC . Let X belong to M and
let S2 M be atree onX U for some setU 2 M. De ne gp(S), the
generalized projectionof S, by setting x 2 gp(S) i there exists a length
I iteration tree T on M, using only extenders with critical points above
rank(X ), so that for every wellfounded co nal branch bof T, x 2 p[j ! (S)].
An iteration tree T witnessing that x 2 gp(S) is said to put x in a shifted
projection of S. Notice that the tree must be such that x 2 p[j ! (S)] for all
wellfounded co nal branches of T .
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5.23 Exercise. Let M be a model ofZFC and let be a Woodin cardinal
of M. Let X belongtoMk andletS2 M be atree onX ! for
some ordinal . Let G be the game of De nition 5.13 but relativized to M .
SupposeM F\player Il has a winning strategy in G ." Prove that there
is a strategy for player Il in the game on X so that, in V, every in nite
play according to belongs to gp®).

Hint. Let 2 M be a winning strategy for player Il in G . Imitate the

construction in the proof of Lemma 5.15 to de ne a strategy for Il in the

game onX . Show that if x 2 X' and T are produced by the construction
in the proof of Lemma 5.15, thenT witnesses thatx belongs to a shifted
projection of S: Claim 5.19 shows that the even branch ofT is illfounded,
and the argument following Claim 5.20 can be modied to produce, for
each co nal branch b other than the even branch, somey and f so that
hy;fi2 [ia(S)]. a

Lemmas 5.14 and 5.15 combine to show tha6G, (B) is determined: G
is determined since it is a closed game, and by Lemmas 5.14 and 5.15 the
player who has a winning strategy inG has a winning strategy in G, (B).
We thus obtained the following theorem:

5.24 Theorem. Let be a Woodin cardinal. Let X belong toVk and let
A (X 1) .LetB=1fx2X']j(8y)hyi62Ag. Suppose thatA is *
homogeneously Suslin. TherB is determined.

In the next section we weaken the assumption, from homogeneously
Suslin to universally Baire. But rst we continue toward a proof that B
is homogeneously Suslin.

Let be the map that assigns to each positionq = Hj;ti;u;;wi;Xx; ji<
ni in the game G the move N ;ty;u,i described in the proof of Lemma
5.14. By this we mean the move that the construction there would pro-
duce for round n, assuming that the moves of the previous rounds were
Hi;ti;ui;wi; X ji<ni. (The construction appears between conditions (ii)
and (iii) in the proof of Lemma 5.14. Notice that this part does not depend
on the strategy .) If the moves in Hi;ti;uij;wi;X; ji<ni do not sat-
isfy the inductive conditions in the proof of Lemma 5.14, then leave (q)
unde ned.

Given a sequenceq = hx;;w; j i < ni dene g to be the sequence
Hi;ti;ui;wi; X j i <ni where for eachm < n, hy;tym;umi is equal to
(g m). If forsomem<n, g misnotalegal positoninG or (g m)
is unde ned, then leaveg unde ned.

Let R (X Vk)¥ be the tree of sequences = hx;;w; ji<ni so
that q is de ned.

5.25 Exercise. Suppose thatx 2 p[R]. Prove that x 2 B.
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Hint. Let hw; ji<! i be such thathxj;w; ji<ni2 R foreachn<! .
Let ¢, d@ote hXi;wi j i <ni. Note that for each n <! | g, is de ned.
Letg = ., ¢,. Checkthatq is aninnite run of G , satisfying all the
conditions in the proof of Lemma 5.14. Use the nal argument in that proof
to conclude that x 2 B. a

Given z 2 X' let HZ;tZ2;uZ;wZ;x2 jn<!i, T?,andhgZ jn<! i be
the objects obtained by constructing subject to the conditions in the proof
of Lemma 5.15, with condition (1) replaced by the condition \Hy;t,;uni =
jo2n()( pn)," and condition (3) replaced by the condition \ x, = z, for all
n." These two replacements remove the use of the opponent and of in
the construction. The use of s replaced by a use of and of the odd
half of z. The use of the opponent is replaced by a use of the even half af

Notice that the dependence of the construction ore is continuous, in the
sense that knowledge of n su ces to determine the construction in rounds
0throughn 1. These rounds construct, among other thingsT # 2n+1, and

Ih(s)i, and s 7' hg® j i < In(s)i, dened on s2 X< , with the properties:

T S is an iteration tree of length 21h(s) + 1, leading to a nal model
indexed 2 Ih(s).

T2=° oo,

n<!

I7 = If wheneverz extendss and i < Ih(s), and similarly with t?, u?,
wf, X7, and ¢f.

Let M$, for i 2Ih(s), be the models of the treeT*®. Let jf, be the
embeddings of the tree.

5.26 Exercise. Show that hx?;w? j i< Ih(s)i belongs tojg;Z,h(S)(R).

Hint. Let q= hx?;wf ji< Ih(s)i. Let p= HFitf; ][5 5 s (UP); W7 X7 j i<
Ih(s)i. Use the fact that H?;t7; u’i = jo.2i()( p i) to show that g (in the
sense ofM 3, ) is equal to p. a

De ne M; to be the last model of the treeT °, namely the modelM 7, .
Dene jss :Ms! Ms to be the embeddingj, ¢.opns)- Dene ' s to
be the sequencdw? j i< Ih(s)i.

5.27 Exercise. Prove that R is homogeneous by showing that the system
MVs;' sijss j S <S 2 X< i satises the conditions in Exercise 4.2.
Conclude that B is homogeneously Suslin.

Hint. Condition (2) of Exercise 4.2 follows from the previous exercise. For
condition (3): The direct limit of hMg;jss J S <s < Xxi is simply the
direct limit along the even branch of T*. You can use its illfoundedness
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as a replacement for Claim 5.19, and proceed from there as in the proof of
Lemma 5.15, to show thatx 62B, and hence by Exercise 5.25x 620[R]. To
conclude that B is homogeneously Suslin you now only need the converse
to Exercise 5.25. To prove it use the fact that illfoundedness of the direct
limit of Ms;jss jS<sS <xi implies not only x 62p[R], but x 628. a

5.28 Exercise. Prove that the Martin{Solovay tree for B (see Exercise 5.2)
is homogeneous.

Hint. Embed R into the Martin{Solovay tree for B, and use the embedding
to transfer the homogeneity measures orR to the Martin{Solovay tree. a

The exercises above establish thaB is homogeneously Suslin. With a
small additional adjustment we obtain the following:

5.29 Exercise. Let be a Woodin cardinal. Let X belong to Vk and let
A (X 1) . LetB=1fx2X'j(8y);yi62Ag. Suppose thatA is *
homogeneously Suslin. TherB is -homogeneously Suslin for each<

Hint. Fix < . Revise the construction in the proof of Lemma 5.14 to
make sure that dom(ug) > . Show that if is de ned using this revised
construction, then the embeddingsjs.s obtained above all have critical

points above . a

5.30 Corollary. Suppose that there aren Woodin cardinals and a measur-
able cardinal above them. LetA !'' be !,;. Then A is homogeneously
Suslin.

Proof. Let ; < < p be the Woodin cardinals, and let > | be the
measurable cardinal. Let = @.

Let Ay ('')X be such that Aysg is 1, Ax = thx;yg iy 1i
(Byk)h;y1;:::;yki 62A¢41 g for eachk n,and A; = A.

By Theorem 4.15,A,+1 is ( n)* -homogeneously Suslin. Successive ap-
plications of Exercise 5.29, starting fromk = n and working down to k = 1,
show that Ax is ( k 1)* -homogeneously Suslin. Finally thenA = A; is
homogeneously Suslin. a

5.31 Corollary. Suppose that there aren Woodin cardinals and a measur-
able cardinal above them. LeA !' be 1,,. Then G, (A) is determined.

6. Universally Baire Sets

Let be a Woodin cardinal. Let X belong to Vk . Let S be a tree on
X 1 for some ordinal , let A = p[S] X' !' andletB =
fx 2 X' j (8y)hx;yi 62Ag. In the previous section we showed that ifS
is *-homogeneous thenG, (B) is determined. Here we work without the
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assumption of homogeneity, and try to salvage as much determinacy as we
can. We cannot hope for actual determinacy since every set is Suslin under
the axiom of choice, but not every set is determined. The approximation for
determinacy that we salvage is the following lemma. Recalling a standard
notation, Col(!; ) is the poset that adjoins a map from! onto using
restrictions of the map to nite sets as conditions.

6.1 Lemma. Let g be Col(!; )-generic overV. In V[g] dene B to be
the setfx 2 X' j (8y)hx;yi 62p[S]g, where X', the quanti er (8y), and the
projection p[S] are all computed inV[g]. Then at least one of the following
cases hold:

1. In V, player Il has a winning strategy in the gameG, (B).
2. In V[qg], player | has a winning strategy inG, (B ).

With a su ciently absolute set B the lemma can be used to obtain actual
determinacy, as we shall see later on.

Proof of Lemma 6.1. Let G be the game de ned in the previous section,
speci cally in De nition 5.13. Notice that the game is de ned with no
reference to the homogeneity system of the previous section, and so we may
use it in the current context. Notice further that Lemma 5.15 is proved
without use of the homogeneity system. It too applies in the current context,
showing that if player Il has a winning strategy in G then player Il has

a winning strategy in G, (B). To complete the proof of Lemma 6.1 it thus
su ces to show that if player | has a winning strategy in G , then condition
(2) of Lemma 6.1 holds true.

Let be a winning strategy for player 1in G . Let : ! Vk bea
bijection. To be precise we emphasize that both and are taken in V.
Working now in V[g], notice that g is a bijection of ! and Vk .

In Lemma 5.14 we used the homogeneity measures f& to ascribe aux-
iliary moves for player Il in G while playing against . We cannot do the
same here sincdl is not assumed to be homogeneous. Instead, we plan to
ascribe to player Il the g- rst legal move in each round.

6.2 Claim. Letp = Hj;tj;ui;wi;X; ji<ni be alegal position inG . Then
there is a moveh,;t,;uni which is legal for playerll in G following p .

Proof. Let <  be large enough that all the moves made ip belong to
Vk . Using Lemma 3.22 let < be such that the -typeofSinVk +1
is elastic, and such that > . Setu to be the -type of S and | in
Vk  +1. ( | here is taken from the lexicographically least pair of local
indiscernibles relative to max ; rank(S)g.) Itis easy to check that the triple
H0;; ; ui is legal for Il in G following p . It falls under the case of rule (5)
in De nition 5.13. a
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Call a number e <! valid at a position p = Hj;ti;ui;wi;xj ji<ni in
G justin case that (  g)(e) is a legal move for player Il in G following
p . By this we mean that (  g)(e) is equal to a tuple Hy;th;uni 2 VK
that satis es the relevant rules in De nition 5.13. By the last claim there
is always a number which is valid atp .

6.3 Denition. A position Xg;:::;Xn 10 in Gy (B ) is nice if it can be
expanded to a positionp = Hj;ti;u;wi;Xi ji<ni-Hp;th;Un;whi in G
so that:

1. p is according to

2. Foreachm n, Hqg;tym;umiisequalto (  g)(e) for the leastnumber
e which is valid at p m.

Notice that if p is nice then the expansionp is unique: condition (1)
uniquely determinesw,, for eachm n, and condition (2) uniquely deter-
mines Iy, tm, and u, for eachm n. De ne a strategy for player | in
G (B ) by setting (p)= (p) inthe case that p is a nice position of even
length. (It is easy to check that all nite plays by lead to nice positions.
So there is no need to de ne on positions which are not nice.)

The genericg comes in to the de nition of  through condition (2) in
De nition 6.3.  is thus not an element ofV, but of V[g]. We now aim to
show that, in V[g], is winning for I in G, (B ).

Let x 2 V][g] be an innite run, played according to . Suppose for
contradiction that x 62B, and lety 2 V[g] and f 2 V[g] be such that
hx;y; f i is an in nite branch through S.

For eachn <! let p, be the uniquesexpansion ofx n that satis es the
conditions of De nition 6.3. Let p = p,. Letl;, t;, uj, and w; be
such thatp = Hj;tj;ui;wi; X ji<! i. Let e, be the least number valid at
p n,sothat Hi;tij;uii =(  g)(e).

We work recursively to construct sequencesip <ni <::: and g, 1;:::
so that for eachi:

Lty =yi.
2. uy, isrealized byS, h0;f (O)i, :::, h L;f(i 1)i,and ;inVk ;+1.

Set to begin with ng =0 and o = . The rules of G are such that
to = ; and ug is the type of S and | in Vk | +1. Conditions (1) and (2)
for i = 0 therefore hold with these settings.

Suppose now thatn; and ; have been de ned and that conditions (1)
and (2) hold for i. The rules of G are such thatwy, is a subtype of dcpn, ),
and must therefore be realized at a lower level. In fact, using the realization
of u,, given by condition (2) above, the speci c requirements in rule (7) in
De nition 5.13 are such that there must exist some ordinal < ; so that
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Wy, is realized by S, h0;f (0)i, :::, h  L;f(i 1)i,and in VK +3, and
so that > maxf ; rank(S)g.
Let :+1 be this ordinal . For the record we note that:

0 e < e
(i) wn, is realized by S, HO;f (0)i, :::, h  L;f(i 1)i, and 4 in
VK j+1 +3.
It remains to de ne nj.; in such a way that conditions (1) and (2) hold for
i+1.
6.4 Claim. Let E = maxfep;:::;en,g. There existse <! and < so
that:

(@ ( 09)(e) has the formh;t;ui with | = nj, t=y i+1, and u equal to
the -type of S, 0;f (0)i, :::, h;f (i)i, and j+1 In VK j41 +1.

(b) dcp(u) is elastic.
(c) e>E.
(d) is large enough that( g)(0), :::, (  g)(e 1) all belong toVk .

Proof. Let D  Col(!; ) be the set of conditionsq so that conditions (a){
(d) hold for some e < dom(gq) and < , with (  g) replaced by ( Q)
in conditions (a) and (d). Notice that D is dened in V: it only makes
reference tof i+1 and y i +1. Using Lemma 3.22 it is easy to check that
D is dense. Thusg\ D is non-empty and the claim follows. a

Let e be given by the last claim. LetH;tjui = ( g)(e), and let =
dom(u).

6.5 Claim. H;t;ui is a legal move for playerll in G following p n, for
every n such that:

1. n>n;.
2. dom(u, 1) <

Proof. This is easy to verify, using conditions (1), (ii), (a), and (b) above,
and the factthat hx i +1;y i +1;f i+1iisanodeinS. a

6.6 Claim. There existsn<! so thate, = e.

Proof. Let n be least so thate, e. Sincee > E = maxfep;:::;e 0,
certainly n > n;. Note that e, ; <e and so from condition (d) it follows
that (  g)(e, 1) belongstoVk . In particular then u, ; belongs toVk ,
so certainly dom(@u, 1) < . Applying Claim 6.5 it follows that H;t;ui is
legal for Il in G following p n, and hencee is valid at p n. Sincee, is
the least number which is valid at p n, it must be that e, e. We have
e, e by the initial choice of n. Thus e, = e. a
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Set nj4; equal to the number n given by the last claim. By condition
(a) of Claim 6.4 then, Iy, , tn,, , and u,,,, are such thatl,,, = nj,
tn,,, = Y i+1,and uy,,,, isequaltothe -typeofS, h0;f (0)i,:::, h;f (i)i,
and 4+ in Vk i+ +1. In particular conditions (1) and (2) hold for i+ 1.

Working by recursion we completed the construction of the sequences
;ji<!iandh;ji<! i. By condition (i) above the sequenceh ; j
i <! iis descending. The construction of this in nite descending sequence
was based on the assumption thatx;y;f i is an in nite branch through S.
(This assumption was used in the proof of Claim 6.5.) The assumption must
therefore be false, and this shows that, an arbitrary play according to
in V[g], must belong to B . This completes the proof of Lemma 6.1. a

6.7 Corollary. Let be a Woodin cardinal. Let X belong toVk . Let T
be a tree onX for some ordinal . Let g be Col(!; )-generic overV.
Then at least one of the following holds:

1. V E\player Il has a winning strategy in the gameG, (: p[T])."
2. V[g] E\player | has a winning strategy in the gameG, (: p[T])."

(: p[T] here is the complement of the projection ofT. Notice that : p[T]
need not be the same iV[g] and in V.)

Proof. Immediate from Lemma 6.1 by introducing a vacuous coordinate,
more precisely by using the treeS = fhs;t;fi2 (X ! )< jhs;fi2
Tg. a

6.8 Exercise. It may seem that we are losing ground in passing from the
lemma to the corollary, but in fact we are not. Prove that Lemma 6.1 is a
consequence of Corollary 6.7.

Hint. LetS (X ! )< be given. Let' :! I Obe a bijection
of ! onto an ordinal ° Dene atree T on X %in such a way that
h;y;fi2 [S]1 hxgi2 [T] whereg(n) ="' (hy,;f (n)i). Use Corollary 6.7
with T. a

6.9 Exercise. Let M be a model ofZFC. Let be a Woodin cardinal ofM .
Let X belongtoMk . Let T 2 M be a tree onX for some ordinal .
Let g be Col(!; )-generic overM . Prove that at least one of the following
holds:

1. There is a strategy for player Il in the game on X so that, in V,
every in nite play according to  belongs to gp(T).

2. There is a strategy 2 M[q] for player | in the game on X so that,
in M [g], every in nite play according to  avoids p[T].
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Hint. Relativize the proof of Corollary 6.7 to M, but replace the use of
Lemma 5.15, which ultimately leads to the case of condition (1) in Corollay
6.7, with a use of Exercise 5.23. a

6.10 Corollary. Let be a Woodin cardinal. Let X belong toVk . Let T
be a tree onX for some ordinal . Let g be Col(!; )-generic overV.
Then at least one of the following holds:

1. V F\player | has a winning strategy in the gameG, (p[T])."
2. V[g] F\player Il has a winning strategy in the gameG, (p[T])."
(Notice that p[T] need not be the same inV[g] and in V.)

Proof. Immediate from Corollary 6.7, using continuous substitution to re-
verse the roles of the players. Let us just point out that both here and in
Corollary 6.7, the player who has a winning strategy inV is the player who
wants to get into p[T], and the player who has a winning strategy inV|[g]
is the player who wants to avoid p[T]. a

We can use various forms of absoluteness to obtain actual determinacy,
either in V or in V|[g], from Corollary 6.10:

6.11 Lemma. Let be a Woodin cardinal. Let X belong toVk . Let T
be a tree onX for some ordinal . Let g be Col(!; )-generic overV.
Suppose that there is a treeS in V so that V[g] F\p[S] = : p[T]." Then
V[g] E\G (p[T]) is determined.”

Proof. Itis enough to show that if case 1 of Corollary 6.10 holds, then player
I wins G, (p[T]) also in V[g].

Suppose then that player | winsG, (p[T]) in V, and let witness this.
Let R be the tree of attempts to construct a pair hx;f i so that x 2 X' is
a play according to , and hx;fi2 [S].

The tree R belongs toV. An innite branch in V through R would
produce anx which belongs to both p[T] and p[S]. But then the same x,
taken in V[g], would exhibit a contradiction to the assumption of the lemma
that (p[S])V¥! and (p[T])V 9! are complementary.

Thus R has no in nite branches in V. By absolutenessR has no in nite
branches in V[g] either. It follows that all plays according to in V[g]
belong to the complement of E[S])V[9!, which by assumption is @[T])V 9.
So witnesses that player | winsG, (p[T]) in V[g]. a

6.12 Corollary (Woodin). Let be a Woodin cardinal and letg be a
Col(!; )-generic Iter over V. Then V[g] is a model of } (lightface) de-
terminacy.
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Let X be hereditarily countable. AsetC X' is -universally Baire if
all its continuous preimages, to topological spaces with regular open bases
of cardinality , have the property of Baire. C is 1 -universally Baire
if it is -universally Baire for all cardinals . Feng{Magidor{Woodin [4]
provides the following convenient characterization of universally Baire sets
and the basic results in Exercises 6.15 and 6.16:

6.13 De nition. A pairoftreesT and T on X and X respectively
is exhaustivefor a posetP if the statement \ p[T][ p[T ]= X' "is forced to
hold in all generic extensions ofV by P.

6.14 Fact (Feng{Magidor{Woodin [4]). Let X be hereditarily countable,
let C X', andlet be an innite cardinal. C is -universally Baire i
there are treesT and T so that:

1. p[T]=Candp[T ]= X' C.
2. The pair hT; T i is exhaustive for all posets of size

6.15 Exercise. SupposeT and T are trees so that:
1. p[TI\ p[T ]is empty.
2. hT; T i is exhaustive for Col(; ).
Prove that p[T ]= R p[T], and that p[T] is -universally Baire.

Hint. Use condition (2) and simple absoluteness to argue thap[T][ p[T ] =
R. This establishes thatp[T ] = R p[T]. Basic forcing arguments show
that condition (2) here is equivalent to the corresponding condition in Fact
6.14. a

6.16 Exercise (Feng{Magidor{Woodin [4]). A set C X' is weakly ho-
mogeneously Suslir{respectively, weakly -homogeneously Suslinif it is the
projection to X' of a homogeneously Suslin (respectively,-homogeneously
Suslin) subset of X' 1!, Prove that if C is weakly *-homogeneously
Suslin then it is -universally Baire.

Hint. Let A X' 1'' be *-homogeneously Suslin withp[A] = C. Let
s (X ! ) be a *-homogeneous tree projecting toA, and let
hstjhs;ti2a (X 1) ibea *-homogeneity system forS.

Let T be equal toS, viewed as a tree onX (! ), so that T projects to
p[A]= C. Let T be the Martin{Solovay tree for the complement of p[A],
de ned in Exercise 5.2. Prove that hT; T i is exhaustive for every poset
P of size . You will need the following claim, which follows from the
completeness of the measuress;: Let _2 VP be a function from Sg; into
the ordinals. Then there is a -measure one seZ so that _Z is forced
to belong to V. a
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Using the characterization in Fact 6.14 we can prove, from a Woodin
cardinal , that -universally Baire sets are determined. In light of Exercise
6.16 this is a strengthening of Theorem 5.24:

6.17 Theorem. Suppose thatC is -universally Baire, and that is a
Woodin cardinal. Then G, (C) is determined.

Proof. Let T and T witness that C is -universally Baire. Apply Corollary
6.10 with T and Corollary 6.7 with T .

If case 1 of Corollary 6.10 withT holds, then player | wins G, (C) in V. If
case 1 of Corollary 6.7 withT holds, then player Il wins G, (C) in V. Thus
it su ces to show that it cannot be that case 2 holds in both applications.

Suppose for contradiction that case 2 holds in both applications. Then
in V[g] player Il wins G, (p[T]) and player | wins G, (: p[T ]). Pitting
I's winning strategy against II's winning strategy we obtain a real x 2 V[g]
which does not belong to [T])V 9 and does belong to { p[T ])V9. In other
words x belongs to neither @[T])V 9! nor (p[T ])VI9l. But this contradicts
the fact that hT; T i is exhaustive for Col(; ). a

Our plan for the future is to prove ADH(R) by proving, from large cardi-
nals, that the least non-determined set in LR), if it exists, is universally
Baire, and then appealing to Theorem 6.17 to conclude that in fact the set
is determined.

7. Genericity Iterations

GivenatreeSonX U; U,, dene dp(S), the demanding projection of
S, by putting x 2 dp(S) i there exists f1:! I Upandf,:! ! U, so
that hx;f1;f,i 2 [S] and so that f; is onto U;. It is the nal clause, that
f1 must be onto U,, that makes the demanding projection more demanding
than the standard projection p[S].

Let M be a model ofZFC and let be a Woodin cardinal of M. Let
X belong to Mk and let S 2 M be a tree onX U, U, for some
setsU;; U, 2 M. For convenience suppose thatJ; \ U, = ;. For further
convenience suppose thatJ; and U, are the smallest (meaning -minimal)
sets so thatSisatreeonX U; U,. U; and U, are then de nable from
S.

De ne gdp(S), the generalized demanding projectiorof S, by setting x 2
gdp(S) i there exists alength ! iteration tree T on M, using only extenders
with critical points above rank(X), so that for every wellfounded co nal
branch bof T, x 2 dp(j ! (S)).

An iteration tree T witnessing that x 2 gdp(S) is said to put x in a
shifted demanding projectionof S. Note that the tree must be such that
x 2 dp(j (S)) for every co nal wellfounded branch of T.
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|‘ Wo Xo W1 Wy X2
| lo;uo l1;ug X1 25 Uz

Diagram 10: The gameG .

The generalized projection here is similar to the one in De nition 5.22,
only using the demanding projection instead of the standard projection.
We work next to obtain some parallel to the result in Exercise 6.9, for the
generalized demanding projection. We work with the objectsM , X, , and
S xed. We assume throughout that U; and PM () are countable inV, so
that in V there are surjections ontoU;, and there are Col{; ) Iters which
are generic overM .

7.1 Denition. Working inside M, dene G to be played according to
Diagram 10 and the following rules:

1. xn, 2 X.

2. uy is a X, + 2-type for some number k,, dcp(u,) is elastic, and,
setting s, = x kn, u, contains the formula \he,; a; b is a node invg

3. If n> 0 then dom(up) > dom(u, 1). dom(ug) > rank(X).

4. If ky =0 then u, is realized byS and | in Vk | +1.

L

5. If k, 60 then I, <n is such thatk;, = k, 1, andu, exceedsw, .

6. w, is a X, +3-type, w, is a subtype of dcpli,), and w, contains the
formulae \vy, +2 > maxf € rank(vo)g," \ vak, +2 + 2 exists and is the
largest ordinal,” and \ vy, +1 has the form Hk,; zi with z2 A, where
A1; A, are the smallest sets so thatvg is a tree onX¥ A;  A,."

The rst player to violate any of the rules loses. In nite runs where all rules
have been followed are won by player I.

7.2 Remark. The key di erence between the de nition here and that in
Section 5 is the addition of variables to the types. The use of these variables
is governed by rules (2) and (6). Rule (2) is such that the sets realizing

be realized by a pairhk; zi with z 2 U;.

A smaller di erence is the elimination here of the movest, of Section
5. These moves correspond to the vacuous coordinate in the derivation of
Corollary 6.7 from Lemma 6.1, and are not needed in a direct proof.
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For x 2 X' dene G(: Sy) to be the following game: players | and Il
alternate moves as in Diagram 11 to construct sequencek; = H(n) j
n<!i2 (U) andf, = Ha(n) jn<1!i2 (U). Ifat any point
hx n;f; n;f, ni 62S then player | wins. Otherwise player Il wins.

| | f1(0) fi(1)
I f2(0) f2(1)

Diagram 11: The gameG(: Sx).

De ne a(: S) by setting x 2 a(: S)i | has awinning strategy in G(: Sx).
7.3 Exercise. Supposex 624p(S). Prove that x 2 a(: S).

7.4 Lemma. Let g beCol(!; )-generic overM, and letB = a(: S) in the
sense ofM [g]. Suppose thatM [ \player | has a winning strategy inG ."
Then M [g] F\player | has a winning strategy inG, (B)."

Proof. We adapt the construction in the proof of Lemma 6.1.

Let 2 M be a winning strategy for player 1 in G . Let 2 M be
a bijection of onto Vk . Call a number e <! valid at a position p =
Hisui;wi;x; ji<niin G justin case that (  g)(e) is a legal move for
player 1l in G following p . Adapting the proof of Claim 6.2, it is easy to
see that player Il always has a legal move inG , so that there is always a
number which is valid at p .

7.5 Denition.  Call a position hxg;:::;x, 1i in G, (B) nice if it can be
expanded to a positionp = Hj;uj;wi;X; ji<ni-Hy;up;whi in G so
that:

1. p is according to

2. Foreachm n, Hy;upni isequalto ( g)(e) for the least number e
which is valid at p m.

Notice that if p is nice then the expansionp is unique. De ne a strategy

for player 1 in G, (B) by setting (p) = (p ) in the case that p is a nice
position of even length. (All nite plays by lead to nice positions, so there
is no need to de ne on positions which are not nice.)

We now aim to show that, in M [g], is winning for | in G, (B). Again
we adapt the argument in the proof of Lemma 6.1.

Let x 2 M [g] be an in nite run of G, (B), played accordingto . Suppose
for contradiction that x 62B. This implies that there is a strategy 2 M|[q]
which is winning for Il in G(: S¢). We intend to use and the nature of
rule (6) in De nition 7.1 as replacements for the in nite branch through Sx
used in the proof of Lemma 6.1.
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For eachn <! let p, be the uniqug expansion ofx n that satis es the
conditions of De nition 7.5. Let p = __, p,. Let i, u;, and w; be such
that p = Hj;ui;wi;x; ji<! i. Let g be the least number valid atp n,
so that Hi;uii = (  g)(&).

We work recursively to construct f; 2 (U;)', f» 2 (Uy)', and sequences
Nno<ni<::: and go; 1;::: so that for eachi:

1. kn, = i (see De nition 7.1 for the de nition of k).
2. hxi;fi;foii2 S,
3. iy i;f, ii, viewed as a position inG(: Sy), is according to

4. uy, is realized by S, M0;f1(0)i, MO;f»(0)i, ..., i L;f.(i  1)i,
h 1;f,(i 1)iand jinVk ;+1

As in the proof of Lemma 6.1, we shall have j+; < j, leading to a con-
tradiction.
Set to begin withng =0, o= _,f1 0=;,andf, 0=;. Itis easy

to check that these assignments satisfy conditions (1){(4). In the case of
condition (4) note that condition (5) in De nition 7.1 implies that kg = 0,
whence by condition (4) of the de nition, ug is realized by S and | in
Vk  +1.

Suppose now thatn;, , f1i, and f, i have been de ned and that
conditions (1){(4) hold for i. The rules of G are such thatwy,, is a subtype
of up, . Using the realization ofu,, given by condition (4) and the conditions
placed onw,, by rule (6) in De nition 7.1, it follows that thereis < ; and

z 2 U; so that wy, is realized byS, M0; f1(0)i, hO;fo(0)i, :::, i 1;f4(i )i,
h 1;f,(i 1)i,h;zi,and ,inVk +3,andsothat > maxf ; rank(S)g.
Let 41 = andlet fi(i) = z. Let f,(i) be 's reply to the move

f1(i) = z following the position K3 i;f 2 ii in G(: Sx). Since is a winning
strategy for Il in G(: Sx), ki +1;f; i+1;f, i+1iisanodeinS.

7.6 Remark. The use of rule (6) in De nition 7.1 to obtain f4(i), and
the use of to obtain f,(i), together replace the use of the in nite branch
through S in the proof of Lemma 6.1.

We have so far determined 4+, f1 i +1, and f, i +1. It remains to
determine nj+1 .

7.7 Claim. Let E = maxfep;:::;e,,0. There existse <! and < S0
that:

(@ ( g)(e) has the formh;ui with | = n;, and u equal to the -type of S,
ho; f1(0)i, HO; f2(0)i, @i, h;f 1(i)i, h;fo(i)i,and i+ INn VK 41 +1.

(b) dep(u) is elastic, e > E, and s large enough that(  g)(0), :::,
( g(e 1)all belong toVk .
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Proof. Similar to the proof of Claim 6.4. a

Let e be given by the last claim. Let H;ui = ( g)(e), and let =
dom(u). An argument similar to that in the proof of Claim 6.5, using the
fact that hx i +1;f; i +1;f, i +1i is a node inS, shows that H;ui is a
legal move for player | following p n. An argument similar to that in the
proof of Claim 6.6 producesn <! so that e, = e. Setnjs; equal to this
n. By condition (a) then, |,,,, = n; and u,,,, is equal to the -type of S,
h; f1(0)i, hO; fL(0)i, :::, h;f1(D)i, h;fo(i)i, and 41 in VK 41 +1. Itis
easy now to check that conditions (1){(4) hold for i + 1.

The recursive construction above is such that j+; <  for eachi<! .
This contradiction, similar to the one obtained in the proof of Lemma 6.1,
completes the proof of Lemma 7.4. a

7.8 Lemma. Suppose that playerll has a winning strategy inG . Then
there is a strategy for player Il in the game onX so that, in V, every
in nite play according to  belongs togdp(S).

Proof. We adapt the solution for Exercise 5.23 to the current setting.

Let 2 M be a winning strategy for player Il in G . Fix an opponent,
willing to play for | in the game on X . We describe how to play against the
opponent, making sure that each in nite play according to our description
ends up in gdp(S). As usual our description takes the form of a construction.
Precisely, we construct:

(A) In, un, wp, and x, forn<! .

(B) An iteration tree T on M giving rise to modelsMy for k <! and
embeddingsjx for IT k<! .

(C) Nodeshan;bhi2 jon+1 (S)x forn<! .
(D) zn 2 joon+1 (Ug) for n<t .

This list of objects is similar to the one in the proof of Lemma 5.15, and
our construction too will be similar to the one in that proof.

As in Lemma 5.15 we construct so that: OT 2T 4 ; if k, 6 0 then the
T-predecessor of @+ 1 is 2l, +1; and if k, =0 then the T-predecessor of
2n+1is 2n. k, here is such thatu, is a X, + 2-type, see De nition 7.1.

Let po = ; and recursively de ne

Pn+1 = j2n;2n+2 (pn)- Hn;j2n;2n+2 (Un); Wn; Xpi:

We construct so that p, is a position in jo.2n (G ), played according to
jozn( ). In addition we maintain the conditions:
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1. wy, is realized by the objectsjo.on+1 (S), M0;a,(0)i, ho; b, (0)i, ...,
I1<n 1;_an(kn 1)i1 Ifkn l;hﬁ(kn 1)i, H(n;zni, andj0;2n+1( L) in
Man+1 Kjo2n+1 () +3.

2. w, is elastic.

3. M,y4+1 agrees with all later models of T, that is all models M; for
i > 2n+1, past dom(w,). w, belongs toM; for eachi> 2n + 1.

4. All the extenders used inT have critical points above rank(X). For
eachm > n , the critical point of jon+2.2m+2 iS greater than the domain
of wy. In particular jan+2.2m+2 (Wn) = w, for eachm n.

Notice that from condition (1) and the fact that z, 2 jo.2n+1 (Up) it auto-
matically follows that w, is a Zk, +3-type and that it contains the formulae
required by rule (6) of G .

To begin round n of the construction set I,,, and u, to be the moves
played by jo.2n () following the position p,. Let k, be such thatu, is a
2k, +2-type. The construction in round n continues subject to one of the
following cases:

Case 1,kp =0. Therules of G are such thatuy, is realized byj o.2n (S) and
joon( ) in MapKjo.on( )+ 1. From the local indiscernibility of | and |
it follows that uy, is realized byjo.2n (S) and jo.2n( ) In Mankjo.2n( )+ 1.
Pick a setz, 2 jo.2n(U1). We shall say more on how this set should be
picked, later on. Working in My, using Lemma 3.22, let < g.2n( ) be
such that > dom(u,) and such that the -type of jo.2n(S), h0; z,i, and
joan( ) injo2n( )+ 3 is elastic. Let w, be this type. It is easy to check
that w, exceeds dcpdn) in Mo, .

SetE,y =\pad" sothat Man+1 = My, andjon. 2n+1 IS the identity. Using
the one-step lemma, Lemma 3.23, inM 2,41, nd an extender Ezp.g 2
Mon+1 SO that w, is a subtype of Stretchf_”!+1 (dcp(up)). Set Mon4p =
Ult( M2n; Eon+1 ), and setjon 2n+2 to be the ultrapower embedding. Note
that these settings are such thatw, is a subtype ofj zn. 2n+2 (dcp(un)). Itis
easy now to check thatw, satis es the conditions of rule (6) of G , shifted
to Mn42 , following the position jon: 2n+2 (Pn— Hn;uni).

Finally, set x, to be the move playedjo.2n+2 () following the position
j2n:2n+2 (Pn)- Hnjjan:2n+2 (Un); Whi if nis odd, and the move played by the
opponent in the game onX following hxg;:::; X, 1i if n is even. This
completes the round. a (Case 1)

Case 2,k, 6 0. The rules of jo.2n (G ) following the position p, are such
that u, exceedsw,, in M,,. Let denote the domain ofu,. Using the
one-step lemma inM2, nd an extender Epn with critical point dom( w, ),
so that u, is a subtype of StretctF2, (wi, ). SetMopir = Ult( My, 415 E2n),



7. Genericity Iterations 63

and setj 1, +1 :2n+1 t0 be the ultrapower embedding, so thatu, is a subtype
of jo1,+1 ;2n+1 (Wi, ).

Let k = k, be such thatu, is a X, + 2-type. Let k denotek 1. The
rules of G are such thatw,, is a X + 3-type. Let a, b, and z denote g, ,
bh,,and z, . Let a= jg,+1:2n+1 (&) and similarly with band z.

Our construction is such that w;, is realized by jo.21, +1 (S), H0;a(0)i,
Mo, b(0)i, :::, k  Liatk 1)i, k Lk 1)i, hk;zi, and jo.21,+1 ( )
in Mo, +1 Kjo:21,+1 ( ) +3. Using the elementarity of j2,+1:2n+1, the fact
that u, is a subtype ofja, +1:2n+1, @nd the conditions placed onu, by
rule (2) of De nition 7.1, it follows that there must exist some set z° so
that u, is realized by jo.2n+1 (S), N0;a(0)i, ho; b(0)i, :::, k  Lyak 1)i,
bk Lbk 1)i,hk;zi, k2%, andjon+ ( ) iNn Manss Kjoon+1 ()+1, and
that moreover ha- tzi;b- hzbi is a node injo.2n+1 (S)x. Seta, = a- hzi and
seth, = b- le%. Then ha,; b,i is a node injo.2n+1 (S), and u, is realized by
joizn+1 (S), M0;an (0)i, WO, ()i, 1,k Lian(k 1), kk Ln(k D),
and jo.2n+1 ( ) in Man+1 Kjo:2n+1 ( ) + 1. For the record we note that:

(i) an extendsjy, +1:2n+1 (&, ), and similarly with b, .
(i) jai,+1:2n+1 (21,) belongs to the range ofa,.

From here we continue as in case 1.

By the local indiscernibility of | and ,,, u, is realized byjo.2n+1 (S),
H0; a, (0)i, MO; b, (O)i, :::, Kk Lias(k 1)i,hk 1;by(k 1)i,andjo2n+1 ( )
iNn Mon+1 Kjoan+1 () +1

Pick some setz, 2 jo.2n+1 (U1). We shall say more on how this set should
be picked, later on. Working in M 41 using Lemma 3.22, let <j g.on+1 ()
be such that > dom(u,) and such that the -type of jo.on+1 (S), H0; a, (0)i,
;b (0)i, :::, bk Lyan(k  1)i, bk L;by(k  1)i, KK zhi, and jo.on+ ()
in M2n+1 Kjo.2n+1 () +3is elastic. Let w, be this type. It is easy to check
that w, exceeds dcpdn) in Mon4q .

Using the one-step lemma, Lemma 3.23, ifM,,+1, nd an extender
Eon+t 2 Monsr SO that wy, is a subtype of StretcHEf"!+1 (dcp(up)). Set
Man+2 = Ult( M2an;Eon+1), and setjan.2n+2 to be the ultrapower embed-
ding. As in case 1,w, satis es the conditions of rule (6) of G , shifted to
M2n+2 , following the position jan: 2n+2 (Pn— Hn;uni).

Finally, set x,, to be the move played byjo.2n+2 () following the position
j2n:2n+2 (Pn)- Hnijon:2n+2 (Un); Wyqi if n is odd, and the move played by the
opponent in the game onX following hXg;:::;Xn 1i if n is even. This
completes the round. a (Case 2)

The description above completes the construction, except that we have
yet to specify how the setsz, are picked. Note that the structure of the
iteration tree T is such that co nal branches other than the even branch have
the form 0;2;:::;2mg;2mg +1;2m; + 1;::: for some increasing sequence
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fm;g. The setsz, should be picked during the construction in such a way
that:

(iii) For every co nal branch b other than the even branch, for every odd
node 2n+1 2 b, and for every sety 2 jo.om+1 (U1), there exists a node
2m +1 2 b, with m >m, so that z;,, is equal t0]om+1.2m +1 (V).

Securing this through some condition on the wayz, is chosen is a simple
matter of book-keeping, using the fact that U; is countable in V. Let us
just note that this book-keeping cannot in general be phrased insideM ,
since U; is only assumed to be countable inv. Thus the strategy which
our construction describes need not be an element dfl .

With the construction complete, it remains to check that every sequence
X=M,jn<!i2 X' that can be obtained by following the construction,
with moves x,, for evenn supplied by the opponent, belongs to gdp§).

Letx, T,Hp;up;whjn<!i,ha,jn<! i,y jn<!iandhz, jn<! i
be obtained through the construction above. We work through a series of
claims to show that x belongs to gdp).

7.9 Claim. The even branch ofT has an illfounded direct limit.
Proof. Identical to the proof of Claim 5.19. a

7.10 Claim. Let bbe a branch ofT other than the even branch. Lef m;g be
such thatb= f0; 2,100 2mo; 2me+lgiin2mi+l ;g Letgy = jo2m,+1 (&)
and leth = jom,+10(b). Leta = , & andletb = ,, k. Then:

1. h;a ;bi2 [jop(S)].
2. a is ontojop(U1).

Proof. Note rst that by condition (i), i« & and SK! b are both in-
creasing unions giving rise to in nite sequences. By condition (C), below
Lemma 7.8,Ix i;a;;ly i is a node injop(S) for eachi. Thus hx;a ;b i is an
in nite branch through jo.5(S).

By conditions (ii), j2m, +1:b(Zm,) belongs to the range ofa for eachi.
From this and condition (iii) it follows that a is onto jo.p(U1). a

Claims 7.9 and 7.10 together combine to show thatx 2 dp(jo.(S)) for
every wellfounded co nal branch b of T. T therefore witnesses thatx 2

gdp(S). a

7.11 Corollary. Let M be a model ofZFC. Let be a Woodin cardinal of
M. Let X belong toMKk .

Let S2 M be a tree. Suppose that botts and PM () are countable in
V. Let g be Col(!; )-generic overM .

Then at least one of the following conditions holds:
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1. There is a strategy for player Il in the game onX so that, in V,
every in nite run according to  belongs togdp(S).

2. There is a strategy 2 M [g] for player | in the game onX so that,
in M [g], every in nite run according to  belongs toa(: S).

Proof. Immediate from Lemma 7.4, Lemma 7.8, and the fact that the game
G is closed and therefore determined irM . a

Sometimes we want to restrict players onX to some speci ¢ subtree of
X< . The the next exercise is useful in such circumstances.

7.12 Exercise. Work in the setting of Corollary 7.11, and in addition to

the objects there letR 2 M be a tree onX with no terminal nodes. Show
that at least one of the conditions in the corollary holds, with \game on X "

replaced by \game onR" in both conditions.

Hint. Dene : X< | R so that In( (s)) = Ih( s) for eachs 2 X<,
s<t) (s)< (t)forall s;t2 X<, and so that is onto R. Let
8 = fhs;uy;usijh (S);us;usi 2 Sg. Use Corollary 7.11 onS. a

One can use Corollary 7.11 to directly obtain determinacy results. Here
instead we use the corollary to obtain a genericity result, and then use the
genericity result in conjunction with Theorem 6.17 to obtain determinacy.

7.13 Denition. Let P2 M be a poset. An iteration tree T on M is said
to absorbx to an extension by an image ofP just in case that for every
wellfounded co nal branch bthrough T, there is a generic extensiorM ! [g]
of M/ by the posetj,(P), so that x 2 M [g].

7.14 Exercise. Let M be a model ofZFC. Let be a Woodin cardinal of
M. Let X belong to Mk . Suppose thatPM () is countable in V.

Let U; be the set of dense sets in Col( ). Let A be the set of canonical
names inM for functions from ! into X. Let U, be the union of A with
the set of conditions in Col(!; ). Workingin M letS (X U; Uy)*
be the tree of attempts to construct sequencesx = IXg;X1;:::i 2 X',
hDo;D1;:::i12 (Uy)', and hx;pr;po;:::i2 (U)' so that:

1. x 2 A and p, 2 Col(!; ) for eachn.
2. pr+1 <pn and pr+1 2 D, for eachn.
3. pn \x(n)= x," for each n.

Prove that x 2 dp(S) i there is a g which is Col(!; )-generic overM
with x 2 M[q].
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7.15 Exercise. Continuing to work with the tree of the previous exercise,
prove that x 2 a(; S) i there is no g which is Col(!; )-generic overM
with x 2 M [g].

7.16 Theorem. Let M be a model ofZFC. Let be a Woodin cardinal of
M. Let X belong toMk . Suppose thatP™ ( ) is countable inV.

Then for every x 2 X' there is a length! iteration tree T on M which
absorbsx into an extension by an image ofCol(!; ).

Note that in particular any real number in V can be absorbed into a
generic extension of an iterate oM .

Proof of Theorem 7.16. Let gbe Col(!; )-generic overM , and apply Corol-
lary 7.11 to the tree S of Exercise 7.14. Notice that condition (2) of the
corollary cannot hold: the strategy in that condition belongs to M [g],
and certainly then there are playsx 2 X' which are according to , and
which belong to M [g]. But from Exercise 7.15 and the fact that x belongs
to M [g] it follows that x 62a(: S), while from condition (2) of the corollary
and the fact that x is according to it follows that x 2 a(: S).

Thus condition (1) of the corollary must hold, and this immediately

implies that for every sequencehxg;xz;:::i 2 X', there is a sequence
hx1;x3;:::i2 X' and a length ! iteration tree T on M, so that the com-
bined sequencex = hxg;Xy;:::1 belongs to dp(o.p)(S) for every co nal

wellfounded branch b of T. By Exercise 7.14 then,x belongs to a generic
extension ofM[ by jo.p(Col(!; )). So T absorbsx, and therefore certainly
hxo; X2;:::1, into an extension by an image of Col(; ). a

Theorem 7.16 was proved in Neeman [29, 30]. It is the second of two
genericity results. The rst is due to Woodin [42]. Woodin's theorem uses a
forcing notion which has the chain condition, and it does not require any
assumption on the size of or its power set in V. These properties often
make it more useful than Theorem 7.16, see for example Neeman{Zapletal
[34]. On the other hand Woodin's theorem requires full iterability for trees
of lengths up to ! 1, and in our setting this is a disadvantage.

7.17 De nition.  Let M be a model ofZFC, let be a cardinal of M, let
X 2 Mk , and let A2 M be a Col(; )-name for a subset ofX' .

x 2 X' belongs to the generalized interpretation of A_if there exists a
length ! iteration tree T on M using only extenders with critical points
above rank(X), and a map h:! ! On® , so that for every wellfounded
co nal branch bof T:

S
1. hp= ,,h(n)is Col(%;j § ( ))-generic overM, .

2. x belongs toj ! (A)[hy].
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7.18 Exercise. Let M be a model ofZFC. Let be a Woodin cardinal of
M. Let X belong to Mk . Suppose thatP™ ( ) is countable in V. Let g
be Col(!; )-generic overM .

Let A2 M be a Col(; )-name for a subset ofX' . Prove that at least
one of the following conditions holds:

1. In V, player | has a winning strategy in G, (A ), where A is the
generalized interpretation of A.

2. In M [g], player Il has a winning strategy in G, (Alg]).

Hint. First note that by changing the roles of the players (and modifying
the name A_accordingly) the exercise can be reduced to proving that at
least one of the following conditions holds:

1. There is a strategy for player Il so that, in V, every play according
to belongs to the generalized interpretation ofA.

2. There is a strategy 2 M [g] for player | so that, in M [g], every play
according to  belongs to the complement ofA[g].

This in turn can be derived from Corollary 7.11, with a tree S similar to the
one de ned in Exercise 7.14, but replacing the setA used in that exercise
with the name A. a

Exercise 7.18 appeared in Neeman [29]. When applied with an iterable
model M and a name A_for a set de ned by an absolute condition, the
exercise leads to determinacy, and Neeman [29] uses it to prove projective
determinacy and indeedADY(R).

Tracing through the construction leading to the exercise, the reader can
check that in condition (1), the tree T and the function h witnessing that
X belongs to the generalized interpretation ofA-depend onx continuously.
This element of continuity is expressed more explicitly in Lemma 1.7 of
Neeman [29]. It is crucial for proofs of determinacy of long games, but we
shall not get into this here. The interested reader may nd more in Neeman
[31].

7.19 Exercise (Windus [41], see [13, Lemma 4.5, Theorem 5.2]). Let
:P ! Vk be elementary, with P countable. Let 2 P. Let A be
the set of sequencesu; ji<! i2 P' so that:

() ujis a (nige) nite iteration tree on P. If i<j then u; extendsu;, so
that U=, u; is a (nice) iteration tree of length ! . The trees use
only extenders with critical points above

(i) Let nj +1=1Ih( uj). Then b= fn; ji<! gis a branch through U.
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(iii) The direct limit of the models of U along b is wellfounded. (Recall
that U is the copy of U via , see De nition 2.7. It is an iteration
tree onV.)

Prove that A is ( )-homogeneously Suslin.

Proof. The proof builds on that of Lemma 2.12. Let B be the set of se-
quenceshu; j i <! i satisfying conditions (i) and (ii), but such that the
direct limit of U along b is illfounded. For eachx = hyj ji<! iinB
x a sequenceh ¥ ji<! i witnessing the illfoundedness, more precisely a
sequence so that:

1 foralli<! ,jont, ( X)> X,.

Let be larger than all the ordinals .
T be the tree of attempts to construct sequencex = hu; ji <! i and
hiji<! i sothat:

2. x satis es conditions (i) and (ii).

3. i:Bhuo ----- u.i!

4. Foralliandally2 Bpyg:u s i(Y) > i+ (Y).

Prove that x 2 B =) x 62p[T], and hencep[T] A. You will prove that
A p[T] later on.

copied tree u ;. Let ' s be the function x 7! ¥, de ned for x 2 B, where
X are the ordinals witnessing condition (1) above. The models ofu ; are
2@ _closed by Exercise 2.2, and hences 2 Ms.
Fort= hug;:::;u; i extendings = hug;:::;uji letjsi: Ms! My be the
embeddingj, 4, . Letj,;:V ! M be the embeddingj OL;jiI . Notice that
all these embeddings have critical points above ( ).

node inj..s(Ts), and use the modelsM s, embeddingsjs;, and nodesfs to
assemble a homogeneity system foF along the conditions of Exercise 4.2.
Finally use the converse of condition (3) of Exercise 4.2, given by Exercise
4.4, to show that A p[T]. a

7.20 Exercise (Woodin, see [14, Theorem 3.3.8]). Let be Woodin in
V and let A I'' be -universally Baire. Prove that A is weakly -
homogeneously Suslin for each<

Hint. Fix . Let hT;T i witnessthat A is -universally Baire. Let be large

enough that , T,and T belongtoVk . Let :P! Vk be elementary,

with P countableand , , T,and T inthe range of . Let be such that
()= ,andsimilarly with , T,and T .
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Let B be the set of tupleshx; U; b;n;x;gi so that: x 2 ! ' ; U is a (nice)
length ! iteration tree on P using only extenders with critical points above
; bis a conal branch through U, leading to a wellfounded direct limit
in the copy tree UonV; n 2 b x 2 P, is a name in Col(;j o.n( )),
forced by the empty condition to be a real belonging top[jo.n (T)]; g is
Col(!;]j u( ))-generic overPy; and jn:p (X)[0] = X.

Show using Exercise 7.19 thaBB is -homogeneously Suslin. Then show
using Theorem 7.16 and Lemma 2.12 thax 2 A i ( 9U)(9b)(9n)(9x)(99g)
hx; U;b;n;x;gi 2 B. The quantiers all involve elements of P and P',
which are isomorphic to! and!'. Use this to presentA as the projection
of a -homogeneously Suslin subset af' ', a

7.21 Remark. If is a limit of Woodin cardinals, then for any A 1",
Exercises 5.29, 6.16, and 7.20 together imply thaf is < -universally Baire
i Ais< -homogeneously Suslini A is weakly < -homogeneously Suslin.

7.22 Exercise. Letj: M ! N be elementary. Leth be Col(; )-generic
over M. Suppose that crit(j) > . Prove that j can be extended to an
embeddingj : MT[h]! NJh].

Hint. Dene j by settingj (alh]) =(j(a)[h]. Show thatj is well de ned
and elementary. a

7.23 Exercise. Let M be a model ofZFC. Let be a Woodin cardinal of
M. Let X belong to Mk . Suppose thatP™ () is countable in V.

Let < . Let h be Col('; )-generic overM.

Let x 2 X' . Then there is a length! iteration tree T on M so that:

1. All the extenders used inT have critical points above . (In particular
then the embeddings along branches of extend to act on M [h].)

2. For every co nal wellfounded branch b of T, there is g which is
Col(';j b( ))-generic over My[h], and so that x belongs toMy[h][g].

Note that in particular any real in V can be absorbed into a generic
extension of M p[h] for an iterate M, of M.

Hint to Exercise 7.23. Let ¥ = Mk +!. Let R X< be the tree of
attempts to construct a sequencehtxo; goi; Eo; hX1; tni; Eq;:::i so that:

1. xp 2 X for eachn, and g, is a condition in Col(!; ).
2. E, is a dense subset of Col( ) for eachn.

3. th+1 <Qn and ¢h+1 2 E, for eachn.
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For clarity let us point out that in games on R, player | plays the objects
hxn; thi, and player Il plays the objects Ej,.

Working in M let U; be the set of Col(; )-names for dense subsets
of Col(!; ), let A be the set of canonical Col; ) Col(!; )-names for
functions from ! into X, and let U, be the union of A with the set of
conditions in Col(!; ).

LetS ()b U; Uy Dbe the tree of attempts to construct a sequence
hixo; i ; Eo; X1, qui; Eq1;:::i 2 [R], a sequencey; Dy;:::i 2 (Uy)', and
a sequencdx; p1;p2;:::i2 (Uy)' so that:

1. x 2 A and p, 2 Col(!; ) for eachn.
2. For eachn and eachi n, pn+1 <pn and ghe1 695 N\pyy 620"
3. For eachn and eachi  n, hgy;pni6 COl5 ) Collh N\ x(i) 6 x;."

Apply Exercise 7.12 to®, R, and S as de ned above. Argue rst that
case (2) cannot hold. (For this you will need the following forcing claim:
Let g be Col(!; )-generic overM . Let h belong to M [g] and suppose that
h is Col(!; )-generic overM . Then there exists ag which is Col(!; )-
generic overM [h ] and so that M[h ]J[g ] = M[g].) Then use case (1) of

Exercise 7.12 to reach the conclusion of the current exercise. a
7.24 Remark. Let 1< 5< < = . Col(!; ) is then isomorphic
to Col(!; 1) Col(!; ). Exercise 7.23 can therefore be rephrased to
replaceh by a generichy h; for Col(!; 1) Col(!; ). This sets

the stage for an iterated use of the exercise, assuming an increasing sequence
of Woodin cardinals. We shall make such a use in the next section.

8. Determinacy in  L(R)

Let M be a model ofZFCand let g < 1< be! Woodin cardinals in
M. Let ; =sup,q n. Suppose thatPM ( ;) is countable inV.

Let P be the nite support product Col(!; o) Col(!; 1)

%iven a lter G=hgji<! i which is P-generic overM de ne R [G] to
be . RM [G nl, We refer to R [G] as the reals in thesymmetric collapse
of M induced by G. We refer to Ly \ on (R [G]) as the derived modelof M
induced by G. (This is L(R [G]) if M is a class model.)

8.1 Remark. Let vi;::i;v 2 M[G n]. Let P, = Col(!; o)
Col(!; n 1), sothat G n is P_-generic overM, and let P, = Col(!; )

in M (R [G]) must be forced to hold in M (R [G]) by the empty condition
in P, over M [G n].
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8.2 Exercise. Let R denote the reals of the symmetric collapse oM
induced by G, and let W denote the derived model ofM induced by G.
Prove that RY = R .

Hint. The inclusion RY R is clear. For the reverse inclusion: letb 2
RWY. bis de nable in W from some parameters inR [ (On\ M). Thus
there is somen <! so that the parameters de ning b belong to M [G n].
Use this and the symmetry given by Remark 8.1 to argue thatb belongs to
M [G n], and thereforeb2 R . a

Exercise 8.2 makes no use of the assumption that is a limit of Woodin
cardinals in M. But without this assumption the derived model need not
even satisfy the axiom of dependent choice for reals, and in such circum-
stances the conclusion of the exercise is less meaningful than it appears.

8.3 Denition. Bya 1(R) statement overL(R), 1(R) for short, we mean
a statement of the form 9Q R)Q E [X1;:::;Xn], wherexy;:::;xn 2 R.

We say that L (R) is an initial segment of L (R) if: (1) ; and (2)
Rt R =RL (R) = R,

8.4 Claim. Suppose thatL (R) is an initial segment of L (R). Then any
1(R) statement true in L (R) is also true in L (R). a

The failure of AD"(® is  1(R), and so is the failure of dependent choice
for reals in L(R).

holds in the derived model oM induced byG, it must hold also in (the true)
L(R).

Proof. Let be the weak iteration strategy for M given by Corollary 2.4.
Let be a cardinal large enough thatM, , G, and R all belong to Vk ,
and so that Vk satis es enough ofZFC for the argument below. Let X be
a countable elementary substructure ofVk containing these objects. Let
P be the transitive collapse ofX and let : P! Vk be the anti-collapse
embedding. Notice that M, being countable, is not moved by the collapse.
So (M) = M. Notice further that () is simply equal to  \ P. This
is because the iteration trees which come up in weak iteration games oM
are countable, and not moved by .

Let hg; j n i <! i be an enumeration of the reals ofP, which is
Col(!; RP)-generic overP. Let My = M = = M, = M and let jiio
for i i n be the identity. For i < n let h; = g. Below let h!
denotehg h;p hi 1. Using repeated applications of Exercise 7.23
and Remark 7.24 constructT;, i, M;, and h; fori  n, and a commuting
system of embeddinggiio: M;! Mipofori i°<! so that:
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1. Tj isalength! iteration tree on M;, using only extenders with critical
points abovejoi( i 1)

2. by is the co nal branch through T; given by (equivalently by ).

3. Mj41 is the direct limit of the models of T; along by. jij+1: M; !
Mi+1 is the direct limit embedding.

4. h; is Col(';j oi+1 ( i))-generic over M.y [n'].
5. a belongs toM;s [0 hy].

The key point in the construction is the last condition, condition (5). It is
obtained through an application of Exercise 7.23, insideP, on the model
M;[h'], to absorb the real a; into a generic extension of an iterate.T; is the
iteration tree given by the exercise.

The construction is dependent on the sequencég; jn i <! i which
does not belong toP. Thus the sequencehM;;Ti;h;h; ji <! i does not
belong to P. But notice that every stage of the construction is done inside
P. Each of the individual objects in the sequence is therefore an element
of P (and countable in P, sinceM is countable in P). Using this and some
book-keeping it is easy to arrange that:

(i) For every i <! |, and every D 2 M; which is dense injq; (P), there
exists somei >i so that the lter hg hi 1 meetsji; (D).

The book-keeping requires an enumeration ofS i« Mj. Notice that there
are such enumerations inP[a; jn i<! ]since eachM; is countable in P,
and therefore coded by a real.

Let M1 be the direct limit of the system hM;;jii0ji <! i, and let
ji:1 be the direct limit maps. M1 is wellfounded since it is obtained in a
play of the weak iteration game according to .

From condition (1) it follows that crit( ji .1 ) Jjoi (i 1) foreveryi <
I . Conditions in hi are therefore not moved byj; .1 . From this and
condition (i) it follows that H = hh; ji<! i isjo.1 (P)-generic overM; .

8.6 Claim. ' [x1;:::;Xk] holds in the derived model oM, induced byH.

by G. By Remark 8.1 this statement, let us denote it (), is forced, over
M [go O 1] = MIhg h, 1] by the empty condition in P,.
jo.1 has critical point above , ; and therefore extends to an elementary
embedding of M [hg h, 1] into M; [ho hn 1] Xa;:00; Xk,
being reals, are not moved by the embedding. From this and elementarity if
follows that the statement ( ) is forced to hold also overM ; [hg hn 1]

H. a
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8.7 Claim. R (H)= RP.

Proof. From the restriction on the critical points in condition (1) it follows
that R\ M; [H i]= R\ M;[H i]. SinceM; andH i belong to P it follows
that R\ My [H i] P, and henceR (H) RP.

Conversely, every real inP belongs tofa j n i<! g andis, by
construction, an element ofM;.1 [h'][hi]= M+1 [H i +1] for somei. Using
the restriction on the critical points in condition (1), R\ Mj [H i+1]=
R\ M; [H i+1]. SoRP R (H). a

8.8 Claim. ' [x1;:::;xk] holds in (L(R))".

Proof. Notice that the ordinals of M, are contained in the ordinals of P.
(This is becauseM; belongs toP[a; j n i<! ].) From this and the
last claim it follows that the derived model of M; induced by H is an

the former model. From this and the fact that ' is ;(R) it follows that
" [X1;::1;xk] holds also in the latter. a

the elementarity of the anti-collapse embedding it follows that' [x1;:::;Xk]
holds in (L(R))VK , and since' [x1;:::;xk] is 1(R) this implies that it
holds in (L(R))V. a

8.9 Lemma. Suppose thathj ji<! i is an increasing sequence of Woodin
cardinals of V. Let Q be the nite support product Col(!; 1) Col(!; 2)

. LetH = hh;ji<! i beQ-generic overV.

Then the derived model ofV induced byH satis es the axiom of depen-
dent choice for reals (and hence the full axiom of dependentoice).

Proof. Suppose not. Let be a cardinal large enough thatQ 2 Vk and so
that Vk satis es the fragment of ZFC that must be assumed in a model
M for Lemma 8.5 to hold for the model. Let : M | Vk be elementary,
with M countable and Q 2 range( ). By elementarity, dependent choice
for reals fails in the derived models ofM . The failure of dependent choice
for reals is 1(R). Thus by Lemma 8.5 dependent choice for reals must fail
also in the true L(R). But this is a contradiction. Dependent choice for
reals in the true L(R) follows from the axiom of choice inV and the fact

that countable sequences of reals can be coded by reals. a
8.10 Theorem. Suppose thath; j i <! i is an increasing sequence of
Woodin cardinals of V. Let Q be the nite support product Col(!; ;)
Col(t; 2) . Let H = hh;j ji<! i beQ-generic overV.

Then the derived model ofV induced byH satis es AD.
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Proof. Let R denoteR [H], and suppose for contradiction that there is a
setA2 L(R )sothat A R and G, (A) is not determined in L(R ).

Since every set in LR ) is de nable from real and ordinal parameters
in a level of L(R ), there must be a parametera 2 R , a formula ' , and
ordinals ; so that

x2A () LER)F'xa |

Without loss of generality we may assume thata 2 RY. Otherwise we

may simply replace V by V[hg hi] for i large enough thata 2
RVIhe  hil
Again without loss of generality we may assume thath; i is the lexico-

graphically least pair of ordinals for which the setfx jL (R ) E ' [x;a; 19
is not determined. By the symmetry of the collapse, this minimality of
h; i is forced by the empty condition in Q over V.

8.11 Remark. We refer to A as theleastnon-determined set de nable from
a and ordinal parameters in L(R ).

Let be a cardinal larger than sup,, i, larger than , and so that
Vk satis es the fragment of ZFC that must be assumed in a modelM for
Lemma 8.5 to hold for the model. LetR. 2 V be the canonical name for
R [H].

8.12 De nition.  Working in V let Ti;; ! VKk be the tree of attempts
to construct a real x, and a sequencélte;fiiji<! i2 (Vk )' so that:

1. fg ji<! gis an elementary substructure ofVk .

Let M be the transitive collapse offe ji<! g, andlet : M ! Vk be
the anticollapse embedding.

2. gg=a e isequaltohjji<! i,eae=Q, =R ,e= ,e6=,
and eg is a name for a real in the symmetric collapse oV by Q.

3. ltis forced by the empty condition in QthatL (R ) F ' [es;a; ]
Let x denote  !(es). Let P denote  (Q).

4. ThesetG=1f (g )ji<! gforms aP-generic Iter over M.

5. X[G] is equal to x.

Let Tout 2 V be de ned similarly, only changing \ " in condition (3) to
\G."

8.13 Remark. We emphasize that bothT;, and T,y are de ned in V, that
is with no reference toH .
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8.14 Remark. Let x 2 p[Tin] and let htg;fiij i<! i witness this. Let M,
, and G be as in De nition 8.12. Note in this case that the derived model
of M induced by G satis es the statement \there is a non-determined set
de nable from a and ordinal parameters, andx belongs to the least such
set." This follows from the minimality of h; i, the elementarity of
condition (3) of De nition 8.12, and condition (5) of the de nition.
Similarly, if x 2 p[Teut], then the derived model of M induced by G
satis es the statement \there is a nhon-determined set de nable froma and
ordinal parameters, andx belongs to thecomplementof the least such set."

8.15 Claim. The pair hTi,; Toyt i is exhaustive forCol(!; o).

Proof. Let x be a real inV[hg]. Recall that A = fxjL (R)F '[x;a; ]o.
If x 2 A then a Skolem hull argument in V[H] easily shows thatx 2
(p[Tin )V IH1, and from this by absoluteness it follows thatx 2 (p[Tin])V [ol.
If x 62A then a similar argument shows thatx 2 (p[Tou])V (Mol a

8.16 Claim. Let x be a real inV. Suppose thatx 2 p[Ti,]. Then, in L(R),
there is a non-determined set de nable froma and ordinal parameters, and
X belongs to the least such set.

Proof. Let hke ;fjij i<! i witness that x 2 p[Tiz]. Let M, , x, and G be
as in De nition 8.12. By Remark 8.14, the derived model ofM induced by G
satis es the statement \there is a non-determined set de nable froma and
ordinals parameters, andx belongs to the least such set." This statement
is 1(R). By Lemma 8.5 the statement must hold of x and a in the true
L(R). a

8.17 Claim. Let x be a real inV. Suppose thatx 2 p[Toy]. Then, in L(R),
there is a non-determined set de nable froma and ordinal parameters, and
X belongs to thecomplement of the least such set.

Proof. Similar to the proof of the previous claim. a
8.18 Claim. V E\p[Tin]\ p[Tout]=:;."

Proof. This follows immediately from the last two claims: x cannot belong
to both the least non-determined set and its complement. a

From Claims 8.15 and 8.18, and Exercise 6.15, it follows that, iV, p[Tout ]
is precisely equal to the complement of[Ti,]. In particular this means that,
in the true L( R), there is a non-determined set de nable froma and ordinal
parameter, for otherwise both p[Tin] and p[Toy ] would be empty by Claims
8.16 and 8.17.p[Ti,] is equal to the least such set.

Again from Exercise 6.15,p[Ti,]is o-universally Baire. By Theorem 6.17,
G (p[Tin]) must be determined. But this is a contradiction since p[Tin] is
the least non-determined set. The contradiction completes the proof of
Theorem 8.10 a
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8.19 Denition. Let A R in V be < -universally Baire, that is -
universally Baire for egch < . Let H be Col(';< )-generic overV
andletR = R [H]= _ RVYIH I The setA has acanonical extension
toasetA R ,denedas follows: x 2 RVIH 1belongstoA i x 2 p[T]
for some, and equivalently any, pairhl; T i 2 V witnessing that A is -
universally Baire. (The equivalence is easy to prove using the conditions in
Fact 6.14, and makes the canonical extension useful.)

8.20 Exercise. Let be a limit of Woodin cardinals, and let H be a
Col(!;< )-generic Iter over V. Let A R in V be < -universally Baire
(equivalently, by Remark 7.21, < -homogeneously Suslin, or weakly< -
homogeneously Suslin). LetA be the canonical extension ofA to a subset
of R = R [H]. Prove that L(R ;A ) satis es AD.

Exercise 8.20 is a rst step towards Woodin's derived model theorem,
which the reader can nd in Steel [38]. Assuming enough large cardinals, it
can be shown that there are universally Baire sets which do not belong to
L(R), and in that case Exercise 8.20 is a proper strengthening of Theorem
8.10, taking determinacy to sets outside LR ).

Hint to Exercise 8.20. Adapt the proof of Theorem 8.10, replacing LR) by
L(R;A) and, for countable N and : N ! Vk , replacing derived models
of N by models of the form Ly, on(R ;A ) where R is the set of reals
of the derived model and A is the canonical extension ofA = 1A)
to a subset of R . (Notice that all the countable models which come up
during the proof of Theorem 8.10 embed into rank initial segments ofV,
either directly by construction or because they are obtained through uses
of Theorem 2.3.) You will need the following observation, which is easily
veri ed, to connect L(R ;A )withL( R;A): Let : N ! Vk beelementary,
with N countable ang (A)= A, ()= .LetH 2V beCol(; )-generic

over N. Let R = _ RNM landlet A be the canonical extension
of A to a subset ofR , as de ned inside N[H]. Then for every x 2 R,
X2A X2 A. a

8.21 Theorem. Suppose that there is a modeM of ZFC so that:
M has! Woodin cardinals, and a measurable cardinal above them.
M is countable inV.
M is weakly iterable.

Then the true L(R) satis es AD.

Proof. Let be a weak iteration strategy for M. Let be a cardinal large
enough that 2 Vk , and so that Vk satis es enough of ZFC for the
argument below. Let X be a countable elementary substructure ofVk
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with M; 2 X. Let P be the transitive collapse ofX andlet : P! Vk
be the anti-collapse embedding. We intend to show that (LR))" satis es
AD, and then use the elementarity of .

Lethjji<! i2 M be an increasing sequence of Woodin cardinals of
M, and let be a measurable cardinal oM above these Woodin cardinals.
Let P denote the nite support product Col(!; o) Col(!; 1)

Using iterated applications of Exercise 7.23 construct a weak iteration
hMV;jiioji i 1iofMg= M, anda Iter H, so that: the iteration is
according to , H isjo. (P)-generic overM, , and R [H] is precisely equal
to R\ P. The construction is similar to the main construction in the proof
of Lemma 8.5.

By Theorem 8.10, the derived model ofM, induced by H satis es AD.
This model is an initial segment of (L(R))P: it has the reals that P has,
but it does not have all the ordinals P has. We now add ordinals by passing
from M, to an iterate of M, obtained through ultrapowers by a measure
on and its images.

Let witness that is measurable inM . Extend the iteration hMi;jiio
i i 1i of M to a weak iteration of length ! ; by setting M ,; =
Ult(M ;jo. () for each ! and setting j . +1 to be the ultrapower
embedding. This completely determines the iteration.

Let  denote the ordinal height of M , thatis On\ M .

8.22 Exercise. Show that
Hint. The map 7! jo. ( ) embeds I into the ordinals of M . a

Note that, for I', ji- has critical point jo.1 ( ), and this is larger
than jo. (sup, ). It follows that H is generic also overM , and that
the reals of the symmetric collapse induced byH over M are the same as
the reals of the symmetric collapse induced byH over M, , which in turn
are the same as the reals oP. Thus, for each I

(i) The derived model of M induced by H is equal to L (RP).
From this and Theorem 8.10 it follows that:

(i) L (RP) satis es AD.
Using (i) and Exercise 8.2:

(i) R (") js equal toRP.

Using Exercise 8.22 x some <! ;sothat > On\ P. By condition
(iii) then, (L( R))P is an initial segment of L (RP). From this and condition
(ii) it follows that (L( R))P satis es AD. Using the elementarity of it follows
that (L(R))V¥ =L (R) satises AD. Since could be chosen arbitrarily
large, it follows nally that L( R) satis es AD. a
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8.23 Remark. Readers familiar with sharps can verify, by adapting the
proof given above, that the assumption in Theorem 8.21 can be weakened,
from demanding that M has! Woodin cardinals and a measurable cardinal
above them, to demanding thatM is a sharp for! Woodin cardinals.

8.24 Theorem. Suppose that inV there are! Woodin cardinals and a
measurable cardinal above them. Theh(R) satis es AD.

Proof. Let be a cardinal large enough thatVk [\there are ! Woodin
cardinals and a measurable cardinal above them," and so thaV k satis es
the fragment of ZFC necessary in a modeM for Theorem 8.21 to hold for
the model. Let X be a countable elementary substructure ok and let M

be the transitive collapse of X. Then M fF\there are ! Woodin cardinals
and a measurable cardinal above them,"M is countable in V, and, by
Corollary 2.4, M is weakly iterable. Applying Theorem 8.21 it follows that
L(R) satis es AD. a
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