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Martin’s Maximum™+ (k) : if P is a partial order of
cardinality at most Kk which preserves stationary subsets
of wy, Do (a0 < wy) are dense subsets of P and 74
(o < wy) are P-names for stationary subsets of wq, then
there is a filter G C P intersecting each D, such that

{B<wi|3IpeGppETa}

is stationary for all a < wq.



Pmax IS a partial order whose conditions consist of pairs
((M,I),a) such that

e M is a countable transitive model of ZFC + I\/IAN1

e I is a normal precipitous ideal on w and (M,I) is
iterable

e a € P(w1)M is such that for some z € P(w)M,
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The order on Pmax isS given by

(M, I),a) <{(N,J),b)
if

(N, J),b) € HRDY
and there is an iteration

7. (N,J) — (N*,J%)
in M such that INN* = J*.



Pmax is a partial order in L(R).

Conditions are countable transitive models of ZFC with
some additional structure.

The order is given by iterations of generic embeddings
via P(wq)/I, for some normal precipitious ideal I on w1.



Given a set of reals A, a pair (M, ) as above is said to
be A-iterable if

ANMeM
and
J(ANM)=ANM~"
for all iterations

g (M, I) — (M*,T*).



ADT is an ostensible strengthening of AD which is an
attempt to to describe the properties of determinacy
models whose sets of reals are all Suslin in some larger
determinacy model with the same reals.

Pmax can be applied to any model of ADT.



What fragments of MM do the Pmax extensions of mod-
els of various forms of ADT satisfy?



If L(R) = AD, the Pmax extension of L(R) satisfies
MMTT(Rq), 40, ¢ = Rp, the saturation of NS, plus
all forceable I, sentences for

(H(N2),€,NSu, A; A e P(R) N L(R)).



The H(R5) of the Pmax extension of any model of AD™T
is the H(N5,) of the corresponding extension of L(R).
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Pmax names for subsets of H(N,) are coded by sets of
reals.

It follows that the H(X3) of the Pmax extension is de-
termined by the L(P(R)) of the ground model.
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Theorem 1 (Woodin). If T C P(R),
L(I',R) = ADgr + "© is regular’,
G C Pmax is a L(I",R)-generic filter and
H C Coll(wz, P(R))
is a L(I',R)[G]-generic filter, then
MMTT(¢)
holds in L(I",R)[G][H].
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Very rough sketch of proof: By ADg, the club filter F
on PNI(R) is an ultrafilter. Every name for P, Dg, Ta
(o < wy) as in the statement of MMTT(¢) is coded by
a set of reals A. Applying the fact that all sets of reals
are Suslin, for F-many o there exists an A-iterable Pmax
condition ((M,I),a) such that

o M NR = o,

e M has the form M'[g], where M’ is a Pmax extension
of an inner model of ADT and ¢ is M’-generic for
the realization of the corresponding fragment of the
name for P, which preserves stationary subsets of
w1 N M’
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WRP, (k) is the statement that whenever
Aq,..., An
are stationary subsets of [«]N0 there exists an
X € [
containing wjy such that
A;NX

is stationary in [X]Yo for all i.
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Theorem 2 (Woodin). If

o I CP(R),

e L(I',R) satisfies ADT,

e the Pmax extension of L(I"',R) satisfies WRP(w»>),

then L(I',R) satisfies ADy.
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Since ADp and “WRP(w>) holds in the Pmax extension”
both depend only on P(R), it follows that for any model
N of AD'", N satisfies ADg if and only if the Pmax
extension of N satisfies WRP(w»).
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Trying to do with less than ADgp :
Theorem 3 (Woodin). IfI" C P(R) and L(I',R) satisfies

ADT plus the existence of a normal fine measure on
Px,(R), then L(I",R) satisfies ADg.
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The hypothesis that AD™T holds and

L(F,R) = ADT + “F is an ultrafilter,”

where F is the club filter on Py, (R), is equiconsistent
with the existence of w? Woodin cardinals.
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In L(F,R), the Suslin-co-Suslin sets are >1(F) elemen-
tary in P(R), which means that for every set of reals A
there are F-many countable sets ¢ C R for which there
exist A-iterable Pmax conditions ((M’,I),a) such that

e c =RN M,
o (HRDM e, AnM') < (H(X1), €, A),

e M' is a Pmax extension of an inner model of ADT.
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You don't get that in M’ the realization P of the name
corresponding to A preserves stationary subsets of wq,
or that the P-names coded are names for stationary
subsets of wy in M’.
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In the corresponding Pmax extension, we get MMT 1 (¢)
for those P for which the fact that they preserve sta-
tionary subsets of wq is absolute to all outer models
with the same P(w1), and names for stationary subsets
of w1 which similarly persist as such names (possibly
witnessed by a subset of H(X»)).

Woodin calls this fragment Martin’'s I\/Iaximum"z",;"(c),
and he notes that it holds in the Pmax extension of a
weaker fragment of determinacy.
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This includes c.c.c. forcing, o-closed forcing, and maxi-
mal antichain sealing forcing for P(w1)/NSw,. It's enough
to show the failure of Ly, but I don’'t know if it includes
the Tree Property at wo.

We have seen that it does not include WRP(w>). The
failure of Todorcevic's O(wy) is also not included.

22



WRP} (k) is the statement that there exists a normal,
fine, proper ideal I on [k]Y0, not containing any set of
the form

{(be kM| bnws e T}
for T' a stationary subset of wi, such that whenever

are I-positive there exist an X € [k]N1 containing wy
such that A; N [X]NO is stationary for each 1.
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In the Pmax extension of L(F,R), let I be the collection
of subsets A of [w]Y0 such that there do not exist a
set of reals B coding a name giving rise to and name
T for A and F-many o such that there exist models M
as above in which the corresponding realization of 7 is
stationary.

Then I witnesses WRP (wp) for all n.
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In fact, WRP*(k) is a theorem of ZFC for all regular
k > wo : let I be the set of A C [k]N0 such that A
reflects to nonstationarily many X & [KL]Nl.

25



Theorem 4 (Steel-Zoble). If ¢ = Ry, NS, is saturated
and WRP35(w>2) holds then AD holds in L(R).

They conjecture that WRP5(w2) and SRP*(w2) are each
equiconsistent with the existence of w2 Woodin cardi-
nals.
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WRP3(w2) implies that if every subset of w; has a sharp
then every subset of w, has a sharp.
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Do there exist other interesting ‘idealized” fragments
of MMTT(¢)?
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Woodin has conjectured that the following holds: If

e ' CP(R),

e L(I',R) satisfies ADT,

e the Pmax extension of L(I,R) satisfies SRP*(w»),

then L(I',R) satisfies ADp.
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