The two-phase Stefan problem: regularization
near Lipschitz initial data by phase dynamics.
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Abstract

In this paper we investigate the regularizing behavior of two-phase Ste-
fan problem near initial Lipschitz data. A description of the regularizing
phenomena is given in terms of the corresponding space-time scale.

1 Introduction

Consider ug(z) : Br(0) — IR with R >> 1 and ug > —1, [{up = 0}| = 0 and
uo(x) = =1 on dBR(0). (See Figure 1.) The two-phase Stefan problem can be
formally written as

ug — Au =0 in  {u>0}uU{u<0}
Y \Dut|—|Du"| on 9{u> 0}
| Dut|
(ST2)
u(-,0) = uo
u=-—1 on 0Bg(0).

Here Du denotes the spatial derivative of u. u™ and u™ respectively denote the
positive and negative parts of u, i.e,

ut = max(u,0) and u~ := — min(u,0).

The classical Stefan problem describes the phase transition between solid/liquid
or liquid/liquid interface (see [M] and also [OPR].) In our setting, we consider
a bounded domain €y C Br(0) and the initial data ug(x) such that

{uo > 0} = Qo and {ug < 0} = Br(0) — Q.

To avoid complications at the infinity, we consider the problem in the domain
@ = Bgr(0) x [0,00). For simplicity we have set u = —1 on dBg(0): our analysis
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Figure 1: Initial setting of the problem

presented in the paper applies to (ST2) with the generalized Dirichlet condition
u= f(x,t) <0 on dBg(0),

where f(z,t) is smooth.

Since our initial data will be only locally Holder continuous, we employ the
notion of viscosity solutions to discuss the evolution of the problem. Viscosity
solutions for (ST2) is originally introduced by [ACSI1] (also see [CS]). As for
existence and uniqueness of viscosity solutions for (ST2), we refer to [KP].

Note that the second condition of (ST'2) states that the normal velocity V;
at each free boundary point (z,t) € d{u > 0} is given by

Ve = (IDu*| — [Du~[)(a,t) = (Du* (2,1) — Du~(,1)) - v,

where v, , denotes the spatial unit normal vector of d{u > 0} at (x,¢), pointing
inward with respect to the positive phase {u > 0}.

In this paper we investigate the regularizing behavior of the free boundary
0{u > 0}. Our main result states that when Iy := d{ug > 0} is locally a Lips-
chitz graph with small Lipschitz constant, then the free boundary immediately
regularizes and becomes smooth after ¢ = 0. Moreover we provide a natural
space-time scale for such regularization. More precisely, for xg € I'g, we show
that the free boundary regularizes in Bg(xo) by the time t(zg, d) given in (1.3)
(see Theorem 1.1, and also the heuristic discussion below (1.3)). Corresponding
results have been obtained in recent studies on the one-phase free boundary
problems ([CJK1], [CJK2], [CK]), but the presence of two phases poses new
challenges in the analysis. For example there is no generic class of global solu-
tions other than radial solutions where topological changes are ruled out. In the
one-phase setting we relied on the fact that solutions with star-shaped initial
data stay star-shaped over time: this is no longer true in the two-phase setting



(see Remark 3.1). More importantly, the interface motion is no longer mono-
tone and the competition between positive and negative fluxes across the free
boundary necessitates additional localization procedure (see the remarks below
Theorem 1.1).

The celebrated results of [ACS1]-[ACS2] state that if the solution of (ST2)
stays close to a Lipschitz profile in the unit space-time neighborhood Bj(0) x
[0, 1], then the solution is indeed smooth in half of the neighborhood B 2(0) x
[1/2,1]. The main step in our analysis is to prove that the free boundary
O{u > 0} stays close to a locally Lipschitz profile in any given scale. Proving
this step corresponds to derivation of several Harnack-type inequalities for our
problem, which are of independent interest.

Before discussing our result in detail, let us introduce precise conditions on
the initial data.

(I-a) Qo and ug are star-shaped with respect to a ball B, (0) C Q.

Observe that then the Lipschitz constant L of 0Qg is determined by r¢ and dp,
where

do := sup{dist(z, By, (0)) : x € 0 }.

In other words, there exist h = h(rg) and L = L(rg,dy) such that for any
xg € 09, after rotation of coordinates one may represent

Bi(r0) N Qo = {(2',2,) : 2/ € R" "z, < f(z)} with Lipf < L. (1.1)

For simplicity of the presentation we set h = 1.

For a locally Lipschitz domain such as g, there exist growth rates 0 < § <
1 < « such that the following holds: let H be a positive harmonic function in
Qo N Ba(x), © € 0, with Dirichlet condition on 0y N Bz (z), and with value 1
at © — e,. (Here let e,, be the direction of the axis for the Lipschitz graph near
x.) Then for x — se, € Qo N By(x)

59 < H(z — sen) < s°. (1.2)

Below we list conditions on the range of the Lipschitz constant L of the initial
positive phase €.

(I-b) L < L, for a sufficiently small dimensional constant L,, so that

5/6 <8 <a<T7/6.

The remaining conditions are on the regularity of ug.

(I-c) —Ng < Aug < Np in Qg U (Br(0) — Qp), where Ny is some constant.



(I-d) For x € 9, we may let e,, = x/|x| after a rotation. Then for small s > 0
(for 0 < s < 1/10),
| Dug(x £ se,)| > Cs* L.

Note that (I-¢) and (I-d) hold for wy which is smooth in its positive and
negative phases and is harmonic near the initial free boundary: i.e., —Aug =0
in the set ({ug > 0} U{up < 0}) N {x : dist(x,0Q) < 1}.

We mention that, roughly speaking, the series of the hypothesis (Ia)-(Id)
suggests that we have in mind the initial positive phase 0y whose boundary is
“almost” C! (that is, a small perturbation of a C! boundary in its Lipschitz
norm), and the initial data wy whose re-scaled profile is “almost” harmonic
near 0€)g. The smallness assumption on L given in (I-b) is to avoid waiting
time phenomena (see [ACS1] and [CK2]), and is most natural in the spirit of
previous results ([ACS1]-[ACS2]). The assumption on ug is introduced to ensure
that the initial data does no perturb the initial geometry of ¢ too much ( see
the discussion in [CK]). We expect that the regularization of the interface over
time should hold for general continuous initial data wug.

For a function u(z,t) : IR™ x [0,00) = IR, let us denote
Qu) :={u>0}, Q(u):={u(-,t) >0}

and

T(u) :=0{u >0}, Ty(u):=0{u(-,t)>0}.
Since T'y = 9{u(-,0) > 0} = 9{u(-,0) < 0} in our setting, the property is
preserved for later times, i.e.,
Ty(u) = o{u(-,t) > 0} = O{u(-,t) < 0} for all ¢ > 0
(see [RB], [GZ], and [KP]).

e For 2y € Ty = To(u), we may let e, = xo/|zo| after a rotation. Then we

define

T2 7‘2

t(zo,r) := min{qu( (1.3)

xo — ren,0) u=(zo + rep,0) b
Some remarks concerning t(xq,r) are in order. In one-phase case (where
u~ =0), it was shown in [CJK1] that

t(fl;o,’]") ~ Sup{t >0: ’U,(.’L'O + Tenut) = O},

i.e. t(xo,r) is the time it takes for the free boundary to reach z¢ + re,. In
our (two-phase) case t(zg,r) is the time it takes for the free boundary to reach
o + re, if we evolved the free boundary only according to the dominant phase
with bigger size of u. In particular I'(u) moves at most by distance r by the time
t(zo,r). It turns out that ¢(xg,r) is the correct time scale for the solutions in
r-neighborhood of g to “mix” and regularize the interface (Theorem 1.1 (3)).



See the paragraph below Theorem 1.1 for further heuristics based on scaling
properties of our problem.

Suppose u is a solution of (ST2) with initial data ug satisfying (Ta)-(Id) with
Qo(u) € Br(0). Due to (Ia)-(Ib) , for sufficiently small r and given z¢ € I'g the
initial free boundary T’y is given by the graph of a Lipschitz function in B, (z).
After a rotation if necessary, we may assume that

Qo N By(xg) ={z+z0: 2= (2, 2,), 0o < f(2')}
where f is a Lipschitz function with Lipschitz constant L < L,,.

Theorem 1.1 (Main Theorem I: Theorem 5.6, Theorem 5.7 and Corollary 5.8).
Let u, Qy, v and f be as given above. Then the following conclusions hold for
U.

With above setting, there exists dg > 0 depending only on n and Ny such
that the following holds for r < dy:

(1) In %, := Bay(x9) X [t(x0,7)/2,t(x0,7)], we have
L(u) = {(z +z0,t) 1z = (2, 2), xn < f(2/ )},

where f(x',t) is a C* function in space and time. Moreover, there exists
a positive dimensional constant co and 1 < m < 2 such that

! / x/! Yo —m
Do f(2',8) = Dar f (' 1)] < co(=log |- = )7,
! ! L s ~1/3
J— < _ _ '
011, 8) = 0 (s 5)] < eof 1Oglt(fzro,r) t(zo,7) )

(2) w is a classical solution of (ST2) in X, in the sense that

(i) Du™ exists in Q(u) and is continuous up to Q(u);
(i) Du~ exists in Q(u) and is continuous up to X, N (IR™ — Q(u));

(iii) the free boundary condition is satisfied in the classical sense, i.e.,
Vet = (|[Dut| — |Du™|)(z,t) on T(u) N,

(3) There exists a positive dimensional constant M such that

o (e —
-1l (xo — ren,0) < |Dut|(z1) < L (zo — ren,0)
T
and B B
A1 (o + ren,0) < 1Du|(z1) < L (2o + reqn,0)
r T
m X,



Remark 1.2. Our result extends to the case where the star-shaped condition
(I-a)-(I-b) is replaced by

(I-ab) Qg is locally Lipschitz with a sufficiently small Lipschitz constant.
See the discussion in section 6.

The one phase version of above result has been proved in [CK] (see Theo-
rem 2.16 in section 2). Let us briefly motivate our result below in the context
of existing literature.

For a given reference point (xo,tp) € IR" x [0,00) and positive constants r
and ¢, one can re-scale the solution u of (ST2) as follows:

N 1 r?
= —u(zg + re, tog + —1). (1.4)
c c

Then @ satisfies the following free boundary problem

) riiy — Adi = 0 in  {a>0}U{a<0};

(P)
V = |Dat| - |Da~| on 9{a> 0}

in a corresponding neighborhood of the origin. Let ey, ...e,, be the orthonormal
basis of IR" so that x € IR" can be denoted as z = (z', z,,), 7, = T - €,. Now
choose (zg,t0) = (20,0) with xp € T'o(u). By our hypothesis, after a change of
coordinates if necessary, there exists a Lipschitz function f : R" ™' — IR with a
small Lipschitz constant such that

Qo(u) N Bay(z0) = {x 1 2, < f(2")}.

Let us choose
c = max{u’ (g — re,,0),u” (g + re,,0)} (1.5)

so that one of 47 (—ey,0) and 4~ (4e,,0) equals 1, and the other is less than 1.

Now suppose that we can show the following two conditions (A) and (B):

(A) |u|(z,t) < C in B1(0) x [0,1] with a constant C' > 0 independent of xg
and r;

(B) The level sets of @ are Lipschitz graphs in space and time with small
Lipschitz constant in By (0) x [0, 1].

Then Theorem 1.1 follows from the results of [ACS1] applied to @. Indeed,
(B) can be replaced by a relaxed version (B’) as stated below, which is sufficient
to derive Theorem 1.1 due to the results of [ACS2].

(B’) The level sets of & are e-monotone with respect to cones of directions
W, (6%, e) and W;(6",v) with v € span(e,, et), and 7/2 — 6* and e suffi-
ciently small.



(For the definition of e-monotonicity and the space and time cones W, and
W, see Definition 2.1 below.)

In our case (A) can be verified using previously known results in the one-
phase Stefan problem (Lemma 3.3 and Lemma 3.4). Unfortunately, as shown
in [CK], verifying (B’) for all scales r turns out to be as difficult as showing
(B) or the full regularity of u. Since @ no longer satisfies the heat equation,
one loses control of the change of u over time. In particular for this reason it
is necessary to show (B’) for all level sets of @, not just for the free boundary
I'(@). Indeed in this article we will first show that @ (scaled correspondingly for
the two-phase) is e-monotone in space variable (Lemma 3.1), and then we show
that I'(@) is e-monotone in space-time variables (Corollary 4.4 and Lemma 4.7).
Then in section 5 we use the e-monotonicity obtained from previous sections,
the almost- harmonicity of @ (Lemma 3.6), as well as the iteration methods
originated from [ACS1]-[ACS2] to show directly that @ is a classical solution
and u satisfies (B) and (B’) (section 5). The arguments in section 5 are mostly
drawn from [ACS1]-[ACS2] as well as [CJK1]-[CTK2].

Let us now illustrate the underlying ideas in the analysis in section 4, where
we show the e-monotonicity of the solution over time. In terms of the original
solution u, verifying (A)— (B’) corresponds to analyzing u over the time interval
[0, t(xo, )], where t(xg,7) is given by

T2

t(xg,r) := =

where ¢ is as given in (1.5). Note that ¢(zo,r) coincides with the one given by
(1.3).

Heuristically speaking, there are two possible scenarios for interface regular-
ization, depending on its initial configuration in the local neighborhood:

(1) One of the phases has much bigger flux than the other, i.e.,
ut (g — sepn,0) >> u™ (29 + sep,0) or u™ (zg — s€,,0) << u™ (w0 + S€4,0)

for s comparable to r.

In this case one-phase like phenomena (regularization by the dominant
phase as obtained in Theorem 2.16) are expected. As mentioned above,
in this case the time interval for regularization of the free boundary in
r-neighborhood is proportional to the distance it has travelled.

(2) Both phases are in balance, i.e.
ut (zg — sen,0) ~ u™ (zg + sep, 0) (1.6)

for s comparable to r.



In this case one expects regularization due to competition between two
phases, resulting in Lipschitz-like behavior over time. Again the corre-
sponding time interval for regularization amounts to t(zg,r) give in (1.3).

To make above heuristics rigorous, in section 4 we will introduce a decom-
position procedure based on Harnack-type inequalities, which illustrates local
dynamics near the free boundary: roughly speaking, for given r > 0 we divide
B, (z0) x {t = 0} into regions where (1.6) holds for 0 < s << r (balanced re-
gion) and the rest of domain (unbalanced region). (See detailed definitions of
these regions in section 4.) Of course the main issue is whether the dynamics of
one region affects the other, in particular whether the one-phase type dynamics
of the unbalanced region breaks the property (1.6) in the balanced region for
future times. We will show that this does not happen (Proposition 4.3), due
to fast regularization property in the unbalanced region (Proposition 3.8 and
Lemma 4.7) as well as Harnack-type inequalities (Lemma 4.5 and 4.6) in the
balanced region.

Let us finish this section with an outline of the paper. In section 2 we in-
troduce preliminary results and notations including the regularity results in the
one-phase Stefan problem (Theorem 2.16). Sections 3 to 5 consist of the proof of
Theorem 1.1: in section 3 we prove some properties on the evolution of solutions
of (ST2) with star-shaped data. In addition to Harnack inequalities, we show
that the solution stays near the star-shaped profile for a unit time (Lemma 3.1),
which in turn yields that the solution stays very close to harmonic functions
(Lemma 3.6). This establishes that (B’) holds in space variable. Making use of
the results in section 3, we perform a decomposition procedure in section 4, to
show that (A) holds for @ (Proposition 4.3) and that (B’) holds for T'(a) (Corol-
lary 4.4). This completes our main step in the analysis. In section 5 we describe
the rather technical iteration procedure leading to further regularization, and
we complete the proof of Theorem 1.1 by combining arguments from previous
arguments in [ACS1], [ACS2], [CJK1]-[CJK2] (Theorem 5.7 and Corollary 5.8).
In section 6 we discuss a generalized proof of the corresponding regularization
result (Theorem 6.1) when the star-shapedness of the initial data (I-a) and (I-b)
are replaced by a local version (I-ab).

2 Preliminary lemmas and notations

We introduce some notations.
e For 2 € IR", denote = = (', z,) € R" " x IR where z,, = = - e,.
e Let B, () be the space ball of radius r, centered at z.

e Let Q, := B,.(0) x [-r?,7?] be the parabolic cube and let K, := B,.(0) x [—7, 7]
be the hyperbolic cube.



e A caloric function in 2 N @, will denote a nonnegative solution of the heat
equation, vanishing along the lateral boundary of 2.

e For 2y € Ty and e,, = xo/|z0]|, define

d? d?

t d) := mi
(2o, d) := min{ ut(zo — den,0) u=(zg + dey,0)

.

e (' is called an universal constant if it depends only on the dimension n and
the regularity constant Ny of ug.

e We say a ~ b if there exists a dimensional constant C' > 0 such that
C~ b <a < Cb.

Lastly let us recall the definition of e-monotonicity.

o Let W, (6%, e) and Wy(0*,v) with e € IR" and v € span(en, e;) respectively
denote a spatial circular cone of aperture 26 and axis in the direction of e, and
a two-dimensional space-time cone in (e,, ;) plane of aperture 26" and axis in
the direction of v.

Definition 2.1. (a) Given € > 0, a function w is called e-monotone in the
direction T if
u(p + A1) > u(p) for any A > e.

(b) w is e-monotone in a cone of directions W (0%, ¢) or Wi(0%,v) if w is
e-monotone in every direction in the cone.

Next we state preliminary results that are important in our analysis. The
first lemma is a direct consequence of the interior Harnack inequalities proved
in [C-C].

Lemma 2.2 ([C-C]). Suppose w(x) : R"™ — IR has bounded Laplacian. Then
w s Holder continuous with its constant depending on the Laplacian bound.

Lemma 2.3 ([FGS1], Theorem 3). Let Q be a domain in IR" X IR such that
(0,0) is on its lateral boundary. Suppose ) is a Lip“'/? domain, i.e.,

Q={(2 2, t) : 2] < 1,|zn| < 2L, Jt] < 1,2, < f(2/,0)},

where f satisfies | f(x',t) — f(y',8)] < L(|2" — /| + |t — s|*/2.) If u is a caloric
function in Q, then there exists C = C(n, L), where L is the Lipschitz constant
for Q, such that

<c u(—Ley,, 1/2) '

v(x,t) =  wv(—Len,—1/2)

for (z,t) € Q2.



Lemma 2.4 ([ACS1], Theorem 1). Let Q be a Lipschitz domain in R" x IR,
i.e.,

Q1N =Q1N{(z,t): 2, < f(a', 1)},

where f satisfies |f(x,t) — f(y,s)| < L(lx —y| + |t — s|). Let u be a caloric
Junction in Q1 N Q with (0,0) € 0 and u(—ey,,0) =m > 0 and supg, u = M.
Then there exists a constant C, depending only on n, L, 17 such that

u(z,t + p*) < Cula,t — p°)
for all (x,t) € Q12N Q and for 0 < p < dy ;.
Lemma 2.5 ([ACS1], Lemma 5). Let u and Q2 be as in Lemma 2.4. Then there

exist a,d > 0 depending only on n, L, 3; such that
wy =u+u'T and w_ = u —u't°

are subharmonic and superharmonic, respectively, in Qs N QN {t = 0}.
Next we state several properties of harmonic functions:

Lemma 2.6 ([D]). Let uy,us be two nonnegative harmonic functions in a do-
main D of R" of the form

D={(a,2,) € R" ' x R: |2/| <2,|xn| < 2L, 2, > f(z')}

with [ a Lipschitz function with constant less than L and f(0) = 0. Assume
further that uy = us = 0 along the graph of f. Then in

D1/2 = {|£L'/| < 17 |xn| < Laxn > f(l'/)}

we have
o< 0 < @) ua(0,L)

< C
us(a’,x,) ur(0,L) — 2

with Cp,Cy depending only on L.

Lemma 2.7 ([JK]). Let D, uy and ug be as in Lemma 2.6. Assume further
that
Ui (Oa L/2)

u2(0,L/2) L

Then, ui(x', 2y ) /ue(x’, x,) is Holder continuous in D1/2 for some coefficient «,
both v and the C“ norm of uy/ue depending only on L.

Lemma 2.8 ([C2]). Letu be as in Lemma 2.6. Then there exists ¢ > 0 depend-
ing only on L such that for 0 < d < c, %U(O, d) >0 and

where C; = C;(M).
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Lemma 2.9 ([JK], Lemma 4.1). Let Q be Lipschitz domain contained in B1(0).
There exists a dimensional constant 3, > 0 such that for any ¢ € 09,0 < 2r <1
and positive harmonic function w in Q N Ba,.((), if u vanishes continuously on

B, (¢) N 0K, then for x € QN B.(¢),

u(e) < (T =Dy suptuly) -y € 9B ()N )

r

where C' depends only on the Lipchitz constants of 2.

Next, we point out that we use the notion of viscosity solutions for our
investigation. When {uy = 0} is of zero Lebesgue measure, it was proved
in [KP] that the viscosity solution of (S72) is unique and coincides with the
usual weak solutions. (See [KP] for the definition as well as other properties of
viscosity solutions.) Below we state important properties of viscosity solutions
for (ST2) which relates our solutions to the one-phase version of our problem:

ur —Au =0 in  {u>0}
Ut
u(+,0) =up >0

Lemma 2.10. Suppose u is a viscosity solution of (ST2). Then
(a) w is caloric in its positive and negative phases.
(b) —u is also a viscosity solution of (ST2) with boundary data —g.

(c) uT = max(u,0) (or u~ = —min(u,0)) is a viscosity subsolution of (ST1)
with initial data ug (or ug ).

We say that a pair of functions ug,vo : D — [0,00) are (strictly) separated
(denoted by ug < vg) in D C IR" if:

(i) the support of ug, supp(ug) = {ug > 0} restricted in D is compact and
(ii) uo(x) < vo(z) in supp(ug) N D.

Lemma 2.11 (Comparison principle, [KP]). Let u,v be respectively viscosity
sub- and supersolutions of (ST2) in D x (0,T) C Q with initial data ug < vy in
D. Ifu<vondD andu <v on D NQ(u) for 0 <t < T, then u(-,t) < v(-,1)
in D forte|0,T).

Below we state a distance estimate for the free boundary and Harnack in-
equality for the one-phase solution u of (ST1).

Lemma 2.12 ([CK]|, Lemma 2.2). Let u be given as in Theorem 2.16. There
exists to = to(No, Mo, n) > 0 such that if xo € Ty and t < to, then

%tl/@—a) < d(zo,t) < CtY/ 2= (2.1)

11



where o and B are given in (1.2), C depends on No, My and n, and d(xg,t)
denotes the distance that I' moved from the point x¢ during the time t, i.e.,

d(zg,t) = sup{d : u(xo + dey,t) > 0}.

Lemma 2.13 ([CK], Lemma 2.3). Let u be given as in Theorem 2.16. There
exists dy depending on Ny, My and n such that if xog € Ty and d < dgy, then

u(zg — den, t) < Cu(zg — den,0) for 0 <t < t(xg,d)
where C' depends on Ny, My and n.

The following monotonicity formula by Alt-Caffarelli-Friedman prevents the
scenario that both phases compete with large pressure in our problem.

Lemma 2.14 ([ACF)). Let hy and h_ be nonnegative continuous functions in
B1(0) such that Ahy >0 and hy - h_ =0 in B1(0). Then the functional

1 Dh_|? Dh_|?
o(r) = - | nt|2 d:v/ | n7|2 dx
™ JB,.(0) |7 B,(0) Tl

18 monotone increasing in r, 0 <r < 1.

Corollary 2.15. Let Q¢ C IR" be star-shaped with respect to B1(0) C Qo and
suppose By3(0) C Qo C Bs/3(0). Let hy be the harmonic function in Qo—B1(0)
with boundary values hy = 0 on 0Qg, and hy =1 on 9B1(0). Let h_ be the
harmonic function in B2(0) — Qg with boundary values h— = 0 on 0Qg, and

h_ =1 on 0B3(0). Then there exists a sufficiently large dimensional constant
M > 0 such that

hi(xo —req)
r

for xzg € 0, €, = x/|x] and 0 < r < 1/6.

h_(xo + rey,) -

> M wmplies

Proof. 1t follows from Lemma 2.14 since

<h+(a:0 —ren) ho(wo+ ren)>2

r r

L LN Dhp
~ [ -  dx- - dx
(27‘)4 Br/z(il)()*'r'en) |$ - xoln—? BT/Q(zoJrren) |$ - x0|n—2

1 / |Dh|? p / |Dh_|? p
L P PR
(2r)* J By, (20) [T — 0|2 Bay(z0) |T — To|" 2

= ¢(2r) <¢(1/3) < Ch.

IN
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Lastly, let us finish this section with stating the results obtained in [CK] for
the one-phase version of our problem in the local setting:
w—Au=0 in {u>0}
(ST1) U
|Dul

=|Du| on 9{u>0}.

Theorem 2.16 ([CK], Theorem 0.1). Suppose a nonnegative function u(x,t)
is a solution of (ST1) in B2(0) x [0,1], 0 € T'o(u), with the initial data ug > 0
satisfying (I-b), (I-c) and (I-d) in B2(0). Suppose the initial data satisfies

{u(2,0) 2 0} = {z + w0 : zn < f(2')}
in B1(0) where f is a Lipschitz function with Lipschitz constant L < L,. Fur-
ther, suppose ug(—en) =1 and supg, g)xjo,1] % < Mo-
For given r > 0, let us define

2

u(zo + ren,0)

Then there exists a small ¢y > 0 depending on My and n such that the following
holds in 3, = B, (x¢) x [t(xo,7)/2,t(x0,7)] for r < cp:

(1) Theorem 1.1 (1) holds for u.

t(xg,r) :=

(2) wis a classical solution of (ST1) in ¥, in the sense that the spatial deriva-
tive Du ezists in Q(u) and is continuous up to Q(u), and the free boundary
condition is satisfied in the classical sense, i.e.,

Ve = |Dul(z,t) on T'(u) N E,.
(2) There exists a positive constant M depending on My and n such that

(xg — reqn, 0)

M_lu (zo —Ten,O)'

< |Dul(z,t) < ME

r

(3) If € To(u) N Bey(0) and x + re, € Ty(u) N B, (0), then

(x —rep,0)

Y=L (x —rep,0)

U
< |Du(x 4+ ren, t)| = Vogre,t < M .

where M depends on n and My. In particular

U o |Du(z + ren, t)| ~ M.
t T

Theorem 2.16 states that the free boundary regularizes in a scale propor-
tional to the distance it has traveled. Note that the regularity results hold up
to the initial time and all the regularity assumptions are imposed only on the
initial data.
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3 Properties of solutions with star-shaped ini-
tial data

Lemma 3.1. If Qg and ug are star-shaped with respect to the ball By, (0) C g,
then Q¢ (u) and u(-,t) stays o-close to star-shaped for all 0 < ¢ < %01/5. (See
Figure 2)

Proof. 1. Observe that, for any a > 0, the parabolic scaling (z,t) — (ax, a*t)
preserves both the heat operator and the boundary motion law in (S72). There-
fore, for any o > 0 the function

up(z,t) := u((1 + o) (x — x0) + 0, (1 + 0)?t)

is also a viscosity solution of (ST2) with corresponding initial data.

2. Choose xg € By, (0). Take a small ¢g > 0 such that By,1¢,(0) C Qy. We
claim that for 0 < § < ¢%/5,

up(2,0) <u(z,d) in Br(0) — Bryte, (0) (3.1)
if o is small enough. To show (3.1), let us introduce another function
(x,0) :=u((1+ %)(x — x9) + w0, 0).

Also let v* be the solution of the one phase problem (ST1) with initial data
ug , and with v* = 1 on dBg(0). Note also that , due to Lemma 2.10, v~ is a
subsolution of (ST1) with initial data v*(z,0) = u™(z,0).

Thus by Theorem 2.11, v* < uw~. It follows that that Q.(v*) C Q(u) C
Q;(u). Hence by Lemma 2.12 applied for —v*,

Qo(@) € Qy(u) for 0 <t < o7/6.
Moreover, due to our assumption,
w(x,0) < ug(x).
Therefore, the maximum principle for caloric functions implies
w(z,t) < u(z,t)

where w solves the heat equation in the cylindrical domain D = Qg (@) x [0, 07/9]
with initial data (x,0) and zero boundary data on 9Q0 (@) x [0,7/6].
Now w; solves the heat equation in D,

wy =Aw > —C at t =0, and w; = 0 on 9Qp(@).
Therefore we conclude that w; > —C' in D. In particular

w(x,d) > u(x,0) — CI. (3.2)
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Next we compare u1(x,0) with w(z, §). Observe that for x € Br(0) — B+, (0),
ui(z,0) = a(z,0)+ f:/2((x —xg) - Du((1 4 s)(x — x9) + x0,0))ds
< a(x,0) — cpo/C
< i(x,0) — Cob/5
< w(x,d) <u(zx,d)

for 0 < 6 < 0%/%, where the first inequality follows from our assumption (I-
d) on ug, the second inequality follows if o is sufficiently small, and the third
inequality follows from (3.2). Hence we conclude (3.1).

3. Our goal is to prove that for 0 < § < ¢%/5,
ui(x,t) < wus(x,t) :=u(z,t +0) (3.3)

in (BR(0) — By te,(0)) x [0,0/%]. Note that the inequality holds at ¢ = 0 by step
2. However, we needs a bit more arguments since we do not know yet whether
the lateral boundary data on 9By, (0) is properly ordered.
Suppose
Quy) C Qu) for 0 <t <t

and Q(uq) contacts 9Q(u) for the first time at ¢t = t5. Observe then that
f(z,t) == u(z,t +6) — uy(z,t)
solves the heat equation in (u;) with nonnegative boundary data for 0 < ¢ < ¢,

with
f(2,0) >0 in Br(0) — Bry+e,(0).

Indeed following the computation given above, it follows that
f(2,0) = coo in Bryiey(0) = By, 1 <0 (0).
On the other hand, due to the fact that wy > —C and § < 06/5, we have
f(2,0) > (w(z,8) — w(x,0)) + (w(x,0) — ur(x,0)) > —Co®® in B, | < (0).
Therefore we have
f(x,t) > 0 on OBy te,(0) x [0, 0]

if tp << 1. But then this contradicts Theorem 2.11 applied to the region
(BR(O) - BT0+CO (0)) X [O,to].
4. From (3.3) of step 3, we obtain

uw((1+0)(x — o) + z0, (1 + 0)?t) < u(z,t +6) (3.4)

15



in (Br(0) — Byryte,(0)) x [0,0%/°] for any xo € B,,(0), as long as o and § are
sufficiently small and satisfy 0 < § < 05/5. As a result, for 0 <t < %01/5, we
can choose 0 = (2 + o)t < 0/5 such that

(1+o0)’t=1t+9.

It follows then from (3.4) that the function w(-,t) is o-monotone with respect
to the cone of directions Wy in (Br(0) — Byt (0)) for t € [0, 20/5].
(Here W,={reS":v= i

o — o

for some xg € B,,(0)}.)

O

Remark 3.2. For z € Iy, we may let e, = z/|x| after a rotation. Then due to
(I - b);

T2 T2

(x —71€r,0) u=(z +rey, 0)

t(z,d) = min{— }e [rT/0,r0/0) << 5 (3.5)
u

where t(xz,r) is the time it takes for the free boundary to regularize in By(0).
Therefore, we have, for 0 <t < t(xo,r),

u(-,t) is r*-monotone with respect to W, in (Br(0) — Bryieo(0)).

This property will ensure that our solution w has its level sets close to Lips-
chitz graphs in space variable in appropriate scale, which serves as the first step
towards the regularization argument: see Lemma 3.6.

Lemma 3.3. (Harnack at ¢t =0) Let u be as in Theorem 1.1. For xz € Ty, we
may set e, = x/|x| after a rotation. Then for all s > 0 and for 0 <t < t(z,s)
we have

ut(z — sep,t) < Crut(x — sep, 0)

and
u” (x4 sen, t) < Cru(x + sep,0)

where e, = x/|z|.

Proof. Let v** solve the one-phase Stefan problem (ST1) with initial data
vy*(x) = ud (z). Then v** is also a solution of (ST2) with ug(z) < v3*(w),
and thus by Theorem 2.11 we have

u(z, t) < v*™*(z,t).
Therefore it follows from one-phase Harnack inequality applied for v**(z, ¢) that
ut(x — sep, t) < v (z — sep, t) < C1v™(z — sen, 0) = Cru(z — sey,,0)

for 0 <t <ty where tg = s?/u(x — sep,0) > t(z, s).
As for u™ (z,t), we compare u~ with the solution v* of (ST1) with initial
data v (x) = ug (v) and with boundary data v* = 1 on 0Bg(0). The rest of the

argument is parallel to above.
O
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Lemma 3.4. (Backward Harnack at ¢ = 0) Let u be as in Theorem 1.1. Let
x € Ty and let e, = x/|z| after a rotation. Then for s > 0 and for 0 <t < t(z,s)

ut(x — sen,0) < Crut(z — sen, t)

and
u (x4 sen,0) < Cru™ (z + sen, t)

Proof. We will only show the lemma for 4. The other part follows by a parallel
argument. Let v* solve the one phase problem (ST1) with initial data u, and
with boundary data 1 on dBr(0). Then —v* is also a solution of (ST2) with
—v5 < ug, and thus by Theorem 2.11, —v* < u. This inequality implies that

{v* =0} C {u>0}.

Note that Q(v*) moves according to the one-phase dynamics, which has
been studied in detail by [CK2]. In particular we know that Q(v*) will be
Lipschitz at each time. Moreover, for a boundary point (z,t) € I'(v*) and
d := dist(z,To(v*)), the normal velocity V; ; satisfies

-

B

Vi@ +2den, 0) - go1 oyt (3.6)

Vi = |Dv*(x,t)] ~ 5

where the last inequality follows from Lemma 2.12. Let v.(x,t) solve the heat
equation in {v* = 0} with initial data uo(z) and boundary data 0 on the lateral
boundary of 0{v* = 0}, i.e., v, solves

Ove —Av, =0 in {v* =0} = Bgr(0) x [0,1] — Q(v*)
ve(2,0) = up(z) on {v*=0}N{t=0}
v, =0 on O{v*=0}Nn{t>0}.

Since

Qvy) = {v* =0} C {u >0},

we have v, (z,t) < u(x,t) in {v* = 0}. Moreover, for any givent > 0, 0~ (z, s) :=
v*(V/tz, ts) satisfies the assumptions of Lemma 2.5. Thus it follows that v*(-, )
is t?-close to a harmonic function in B ;(z) for some a > 0, where z € T'y.
Moreover, due to the assumption on the initial data, (vi); = Av, > —C at
t =0. Also on I'(vy),

* * L1

(va)e/|Dvu| = =(0")1/|Dv*| = —|Dv*| = —t3==.
Here the first equality follows since (v.)¢/|Dv.| and —(v*), /| Dv*| are the normal
velocity of their respective level sets I'(v,) and T'(v*), but T'(v*) = T'(v.) by

definition. The second equality follows since v* solves the one phase problem
(ST1), and the last inequality follows from (3.6).
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Since Q(v,) is Lipschitz and T';(v,.) = T't(v*) is regularized in space over time
(see Theorem 2.16), (3.6) also holds for |Duv,|.

Hence on T'(v.),

(5-1)
(vi)r = —|Dv*||Dvy| > s 2/s,

where « and (8 are the growth rates defined in (1.2), and the last inequality
follows from the assumption (I-b). Since (v.); solves a heat equation in Q(v,),
it follows that for = € 'y,

(v:)e = —t7% in B 7 /5(x — Vien) x [0, t]. (3.7)
Then since v, (z — v/ten,0) > (V) > (V1)7/6 = t7/12 for x € Ty we have
Ve(x — Vien,t) = vz —+le,,0)+ fot(v*)t(:v — /sep, 8)ds
> vz —Vten,0) — %t3/5

> %U*(ZE _ \/Een70) 4 %t7/12 _ %t3/5

2 %'U*(,T - \/Een,o)
if ¢ is sufficiently small. It follows that

ut (z — Vte,,0) = v.(z — Viten,0) 20, (z — Vtep, t)

2ut (z — Vtep, t)

where the first inequality follows from (3.7).

Since I'(v,) = T'(v*) is Lipschitz in a parabolic scaling, v, is almost harmonic.
Hence v, (-, t) is bigger than the harmonic function w*(z) in Q¢ (v.) N B 4 () with
its value

wh(z — Vten) = (C1) " 'ut (z — Vien, 0).

Note that if 0 < ¢ < t(z, s), then s < v/t. Hence for 0 < t < t(x, s),
Ciut(z — sen, t) > Crou(z — sep, t) > C1w'(x — se,) > Cu't (z — se,, 0),

where the last inequality follows since the one-phase result implies a power law
on the movement of I'(v*) = T'(v,) (see Lemma 2.5 of [CJK1]), and this yields
a bound on u™ (z — se,,0)/w!(z — se,).

Similar arguments apply to ™, if we consider the function v** solving (ST1)
with initial data ug, and the function v* solving the heat equation in {v** = 0}
with initial data ug and with boundary data 0 on I'(v**) and —1 on 0Bg(0).

O
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Lemma 3.5. (Distance estimate at t = 0) Let u be as in Theorem 1.1. Let
x € Ty and let e, = x/|x| after a rotation. Let s be a sufficiently small positive
constant. If

[ut(z — sen,0)]

S S

<m and PEEse Ol

f— 3

then for t € [0

vl
d(x,t) =sup{r:ax+re, or x —re, € I'y(u)} <s.

Proof. Let v** solve (ST1) with initial data u, and let v* solve (ST1) with
initial data uy and with v* =1 on Bg(0). Then by comparison, —v* < u < v**
and the lemma follows from the one-phase result Theorem 2.16. O

In the following lemma, we approximate our solution by harmonic functions.

Note that, due to Lemma 3.1, We know that the re-scaled function u(z,t)
as given (1.4) satisfies condition (B’) in space variable. On the other hand, it
is not clear whether the level sets of u are close to Lipschitz graphs in time
variable. The approximation by harmonic functions given by Lemma 3.6 as well
as Harnack-type inequalities obtained at ¢ = 0 and at future times will ensure
us that I'(u) is almost Lipschitz in time variable as well (Corollary 4.4). This

fact would serve as the first step towards the regularization procedure in section
5.

Lemma 3.6. (Spatial regularity in the whole domain) Let u be as in
Theorem 1.1. Then there exists ro: a positive constant depending only on n
such that the following holds: For xo € Ty and 0 < r < 1o, there exists a
function w(z,t) = wT (x,t) —w™ (x,t) such that

(a) w(-,t) is harmonic in its positive and negative phase in
(1+7)Q(u) — (1—7)Q(u), and Qw™), Q(w™) are star-shaped with respect
to By, (0) given in (I-a) ;

(b) For a dimensional constant C' > 0, we have
wh(z,t) <ut(z,t) < Cwt((1 -1z, t)
and
w(x,t) <u(z,t) < Cw ((1+ 7%z, t)
in By(z0) % [r?, t(xo,7)].

Note that t(xg,r) > r7/% > 72, and d{w* > 0} need not be d{w™ > 0}.

Proof. 1. We will only show the lemma for u*. For given zo € I'g, we may

Zo

assume that e, = Too] after a rotation.

First we will construct a barrier function v; which will serve as a super-
solution of (ST2). For this, let us first consider u*: the viscosity solution of

19



(ST1) with the initial data uar for 0 <t < ty. We may assume that for g small
compared to R the support of u* stays inside Br(0). Let us define

O = {ut >0}, T =0{u* =0}, QF = Bg(0) x [0,to] — 0.

Now let vy solve the heat equation in 2% and in Q*, with initial data wug
and with v; = —1 on 9Bg(0). In other words, v; = v;” — v; where

8tvf — Avf =0 in QF

vy (2,0) =ug (¥) on {t=0}

vy =0 on I

and

Oy —Avy =0 in QF

o7 (@,0) = ug (@) on {t=0}

vy =0 on I

vy =1 on  0Bg(0) x [0,1].
Note that vy solves the heat equation in two regions €% and *, with free
boundary T'*. Also note that v} = w* and v = |Dv{|? on T'* since the

boundary I'* is obtained from the one phase problem with initial data ug . Hence
we can observe that vy is a supersolution of the two-phase problem (ST2).

Similarly one can construct a subsolution of (ST2): let us consider @*: the
viscosity solution of (ST1) in Br(0) x [0,?o] with the initial data u, and fixed
boundary data 1 on 9Br(0) x [0, to]. Let us define

O = {i* >0}, T*:=0{a* =0}, O :=Br(0)x [0,t] — Q*.

Now let vy solve the heat equation in two regions Q* and Qj_, with boundary

data 0 on T* and —1 on dBg(0), and with initial data ug. Note that vy, = @*.
Then v9 is a subsolution of (ST2), and by comparison,

vg < u < g (3.8)

Hence the free boundary of u is trapped between the free boundaries of vy and vs.
Note that the free boundaries IT'* and I'* of v1 and vy are obtained from the one-
phase problem (ST1). Hence by (a) of Theorem 2.16, I* and T'* are Lipschitz
in space in Bg(xo) for a small constant d > 0. Also, (c¢) of Theorem 2.16 implies
that for § € [d/2,d] and xo + de,, € T}, the normal velocity Vi, +se, .+ of T* at
(xo + den, t) satisfies

ug (2o — dey,)

d
Vagtsen,t = [Doyf (20 + den, t)] ~ YT g4 S a1
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Since d/t < dP=1, we obtain
t>d> " > d%

Hence the above speed bound of I'* implies that €% and Q* are Lipschitz in
space and time, in parabolic scaling. Then by Lemma 2.5, Uf‘ and and vy
are almost harmonic up to d-neighborhood of their free boundaries for ¢ > d?.
Similarly, we obtain that v;r and v, are almost harmonic up to d-neighborhood
of their free boundaries for t > d2.

Next we fix » < d. Note that if ¢ < t(xg,7), then by (c) of Theorem 2.16,
both of the sets T't(vy) and T'y(ve) are within distance r of T'g(u) in B, (zo)
during this time. In particular, parallel arguments as in the proof of Lemmas
2.1 and 2.3 in [CK] yields that

sup{u(y, s) : (y,8) € Ba(zo) x [0,d%]} ~ u(z — de,,0).

Now using the almost harmonicity of v;” and v;, we conclude that for 0 <
t <t(xo,r)

va(g — 2ren, t) ~ ug(xo — 2re,, 0) ~ v1(xg — 2re,, t). (3.9)

2. Observe that by the definition of ¢(x¢,r) and the assumption on the
growth rates of uo,

1278 < t(xo,r) < r27 <%0 =1, (3.10)

Due to Lemma 3.1, we know that at each time, ;(u) is 7° -close to a star-shaped
domain D; up to the time t = 7, i.e.,

Dy € Qi(u) € (1+7°)D; C (1 4Dy (3.11)
for 0 <t < 7. Also note that by the first inequality of (3.10) with 8 > 5/6,

t(z, r13/20) > p132=5)/20 5 & for any z € Ty.

13/20

Hence we can apply Lemma 3.3 for s = r up to the time 7. Then by

Lemma 3.3 and (3.11) with 8 > 5/6,

F13/24

u(a:,t) < T<13/20)(5/6) _
for z € 9(1 — 7“13/20)D0 and for 0 < ¢t < 7. Then by the 7°-monotonicity of u,
u(z,t) < r'3/% on Br(0) — (1 — ¥/ £ 4D, (3.12)

for 0 < ¢ < 7. Since I't(u) is located between T'* and f‘*; the free boundaries
of one-phase problem, Lemma 2.12 with 8 > 5/6 implies that I'(u) stays in
the 79/7-neighborhood of T'g(u) up to 7. Also (3.11) implies that dD; stays in
the 7°-neighborhood of T';(u) up to 7. Hence we obtain that D, stays in the
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(1+4f2)Dtk

o t

Figure 2: Approximation of the positive phase by a star-shaped domain

7%/6_neighborhood of 9Dy up to the time 7. Since 7°/6 = 25/36 < #13/20 (3 12)
implies
w(x,t) < 13/ on Br(0) — D, (3.13)

for any 0 < s,t < 7.

3. Let
to=0<t1 =r* <ty =2r"< .. <ty, =kor’ <7

and fix a number b such that
5/4 < b < 61/48.
We will construct a supersolution of (ST2) in
(Br(0) — (1 +7°)Dy,)  [th, trg1)-
Let w”*(z) be the harmonic function in
Y= (1+4r")Dy, — Dy,

with boundary data zero on (1 + 4r*) Dy, and C,73/?* on 9D, , where C,, is
a sufficiently large dimensional constant. Extend w”(z) = 0 in IR" — . Next

define
b2

5

in (Br(0) — (1 +7°)Dy,) X [tk,tr+1]. We claim that ®* is a supersolution of
(ST2) in (Br(0) — (1 +7°)Dy,) X [tk,tk+1], since our constant b satisfies

OF (z,t) := inf{wh(y) : |z —y| < ¥ — (t — ty)

P2 s el (3.14)

For simplicity, denote ® = ®*. To check that ® is a supersolution, first note

that ®(-,t) is superharmonic in its positive set and ®; > 0. Hence we only need
to show that <1>
t

—— > |D® I'(®). 3.15

D) 2 109l on T(@) (315)
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Due to the definition of ®, I';(®) has an interior ball of radius at least 7*/2 for
try <t < tgy1. This and the superharmonicity of ® in the positive set yield that

Cp13/24

D) < =

on I'(®)

for a dimensional constant C' > 0. Moreover I'(®) evolves with normal velocity
27?72, Since (3.14) holds for our choice of b (i.e., for 5/4 < b < 61/48), we
conclude (3.15) for r smaller than a dimensional constant r(n). Now we compare
u with @ in

(Br(0) — (14 r")Dy,) X [th try1]-

Note that by (3.13),
ut < ® on d(1+r°)Dy,

if C,, is chosen sufficiently large. Also at ¢ = ¢, (3.11) implies
u(-,tx) <0 < ®(-, 1) on Br(0) — (1 +7°)Dy, .
Hence we get u < ® in (IR™ — (1 +71°)Dy, ) X [tk,tx+1). This implies
Qu) € Q@)U (1 +1°)Dy, X [tr, trs1]) == Q) (3.16)
for t, <t <tgi1.
4. Next we let v(z,t) solve the heat equation in
Q@) — (1= 3r)Q0(u) X [th, tr+1])

with initial data v(-,tx) = u(-,tx) and boundary data zero on I'(®) and v = u
on (1 —3r)To(u). Observe that, due to (3.16), we have

ut <wforty <t <tpya. (3.17)

Since Q(®) is star-shaped and expands with its normal velocity < =2 which
is less than r—!, Lemma 2.5 applies to o(z,t) := v(rz,r*t). In particular there
exists a constant C' > 0 such that

(1/Cyv(z,t) < hy(z,t) < Cv(z,t)

for (tx + tk41)/2 <t < tgy1, where hy(-,¢) is the harmonic function in
Q(v) — (1 —2r)Q(u) with boundary data zero on I';(v) and v on (1 —2r)Tg(u).
Hence we conclude that
ut <v<Ch
in (Br(0) — (1— 2r)Q0(u)) X [(t + tir1)/2, trsa).
5. Similar arguments, now pushing the boundary purely by the minus phase
given by the harmonic function yield that

b—2
I, := {x € Dy, : dist(z,dD,,) > 3r* + TT(t — i)} C Qu(u)
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for t, <t <tpy1. Let w(z,t) solve the heat equation in

IT— ((1 = 3r)Q(u) X [tr, trr1]))

with initial data u(-, ¢;) and boundary data zero on 9II, and w on (1 — 37)T(u).
Then u > w(x,t). Since II is star-shaped and it shrinks with its normal velocity
< 72 which is less than 7!, Lemma 2.5 applies to w(z,t) := w(rz,r?t). In
particular there exists C' > 0 such that

ut > w > (1/C)hy

for (tx + tkr1)/2 <t < tgy1, where ho(-,¢) is the harmonic function in
I, — (1 — 2r)Q(u) with boundary data coinciding with that of w.

6. Lastly we will show that hy and ho are not too far away, i.e.
hyi(x,t) < Chy(x — 81y, t) (3.18)
with a dimensional constant C' > 0. Since u is between (1/C)hy and Chy, this
will conclude our lemma for (tx + tg+1)/2 < t < tx+1. Then by changing the
time intervals [tg,tx11] to [ty + r%/2,tk41 + 72/2], we obtain lemma for any
t € [r? t(xo,7))
To prove (3.18), observe that by the construction of v and w,
Q(w) € Q(v) C (1 + 82 (w).
On the other hand, since ¢y, — t; = 2, Lemma 2.12 implies
sup{d(z,T(u)) : x € Ty, (u)} < P12/7
for ¢t € [tg, tk+1]. Then by (3.11),
sup{d(z,Ty(u)) : & € dD;, } < r2/7 4 < pb (3.19)
for t € [tx,tr+1].- Then we obtain
va(z,t) < w(z,t) <o ((1— 4z, (1 —4r°)%(t — tg) + t1) (3.20)

for ¢, < t < tp41, where the first inequality follows from (3.8) and (3.17),
and the second inequality follows from the comparison principle with (3.8),
v(+,tg) = u(-, t) and (3.19). Similarly,

va (14 4r)z, (1 + 4r°)%(t — tg) + t3) < w(x,t) < vi(z,t). (3.21)
Combing (3.20) and (3.21), we get

vo((1 + 4%z, (14 4r°)2(t — ty) + tx) w(z, t),v(z,t)

v1((1 = 4%z, (1 — 4r2)%(t — tg) + t1).
This and (3.9) yield

v(xg — 2ren, t) ~ w(re — 2rep, t) ~u(re — 2re,,0).
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It follows that

w(z,t) <v(z,t) < Cw(z — 8Pe,,t) on (1 — 21Ty X [tr, tri1].
Hence due to Dahlberg’s lemma, we conclude that

hi(x,t) < Cro(x,t) < Cow(x — 8y, t) < Csha(x — 8rbe,,t)

in By(zg) X [(tr + trt1)/2,tk+1]. Since the inequality holds for any 5/4 < b <
61/48, we can conclude the lemma.
O

Next we show that in the “unbalanced” region, where one phase has much
larger flux than the other, the regularization process occurs similarly to the one
in the one-phase problem. This observation will be useful for the analysis in
section 4.

Proposition 3.7. (Regularization in unbalanced region I) Let u be as
given in Theorem 1.1. For a fived zo € To(u), we may let e, = xo/|xo| after a
rotation. Suppose that either

ut (2o — ren, 0) > Mu~ (xg + rey,,0)

or
u” (2o + ren, 0) > Mu™ (g — rey,,0)

for M > M,,, where M, is a sufficiently large dimensional constant. Then for
r < 1/M,, there exists a dimensional constant C > 0 such that

(xg —r€n,0)

+ - 0
Du (1) < O ¢ Lo trenl)

and |Du™ (z,t)| < o
r

in By (xo) X [t(xo,7)/2,t(x0,7)].

Remark 3.8. 1. In the next section, we will extend Proposition 3.7 for later
times, i.e., for xg € I'y,. (See Lemma 4.7.)

2. Note that the situation given in Proposition 3.7 is essentially a perturba-
tion of the one-phase case in [CK]. The main step in the proof is in verification
of this observation: i.e., by barrier arguments we will show that our solution is
very close to a re-scaled version of the one-phase solution, for which the regu-
larity of solutions are well-understood (see Theorem 2.16).

Proof. Without loss of generality, we may assume that

ut (g —ren, 0) > Mu™ (zg + rey, 0).

1. First we will show that after a small amount of time v becomes almost
harmonic near the free bounadry. Lemmas 3.3 and 3.4 imply that for 0 <t <
t(zo,7),

*( T(zo —ren,0), u (xg+7ren,t) ~u (w9 +re,,0) (3.22)

u" (g — rep,t) ~u
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Also note that, by the assumption on the initial data ug, Lemma 3.6 holds at
t = 0. In other words, there exists a function w(z,0) = wp(z) such that

(a) wp is harmonic in its positive and negative phases in
(1+7)0(u) — (1 =)0 (u);

(b) Qwy) and Q(w, ) are star-shaped;
(¢) In B,(zg) , we have
wi () < ud (z) < Cwd (1 —1°/*)x) (3.23)

and
wy () < ug (z) < Cuwy (14 7/H)z). (3.24)

Next we will improve (3.23) and (3.24) for later times to obtain the inequal-
ities with C' = (1 4+ 7%) for t > r3/2. By the distance estimate-Lemma 2.12, the

free boundary of u moves less that %7 < r5/4 during the time ¢t = r3/2. Then
we let vy solve

o1 = Ay in (14 2r%MHQ(wh) x [0,73/2]

O = Avy in  (Br(0) — (14 2rH0(w™)) x [0,73/2]
vi(0)=uf  on (142r¥4)Qp(wh)

v1(0) =—ug  on  Bg(0) — (14 2r°/*)0(w™)

v1=0 on (14 2r°HTy(wt) x [0,7%/2]

v = —1 on  dBgr(0) x [0,7%/2].
Similarly, we let vo solve the heat equation in two cylindrical regions
(1= 2r%)Q0(w*) x [0,7%/%) and (BR(0) — (1 — 2r"/ ) (w*)) x [0,r*]

with initial data uar and —u, , and with lateral boundary data zero on
(1—2r%/"Tg(wt) x [0,73/2] and —1 on ABR(0) x [0,7%/2]. Then by comparison,

ve < u < 1. (3.25)

Also by Lemma 2.5 with 8 > 5/6,



and thus for a; = 1/24,

luy — va| < 7% |vy] on (1 — 79T\ (w™). (3.26)
Similarly,

[u1 — va| < 7% |vg| on (14 7%/ T\o(w™). (3.27)

By Lemma 2.5, v; and v, are almost harmonic in the 73/*-neighborhood of their
boundaries for %rg’/ 2 < ¢ < 13/2. Then the almost harmonicity of v; and v, with

(3.25), (3.26) and (3.27) imply the following: for 173/ <t < r3/2 there exist
positive harmonic functions @™ (-,¢) and &~ (-, ¢) defined respectively in

Q(v3) N (Br(0) — (1 = r'~")Qo(w ™)) and (7)) N (14 717")Q(w™))
where b = 1/7, such that for some a > 0
ot t) <ut(zt) < (14 rM)ot (1 — 47z, t) (3.28)

and
O (2,t) <u(2,1) < (1 4+ 1Y) ((1 4 4r° )z, t). (3.29)

Now on the time interval [0,73/2] + %7"3/2, 1 < k < m, we construct v; and
v9 so that they solve the heat equation in the cylindrical domains with

k k
D(er) = (1+ 290 () x (732, (1+ 2)r?)
and

k k
Dez) = (1= 240 aswh) x (57572, (14 2)r%/2)

Then by a similar argument as above, we obtain harmonic functions @*(-,¢)
satisfying (3.28) and (3.29) for

#r?’/? <t<(1+ g)ﬁ/?.

Hence we conclude (3.28) and (3.29) for r3/2 <t < t(zo,r).
2. Next we re-scale u(x,t) as follows:
a(z,t) = a tu(re + o, v’ 't) in 2Q,,,

where o := ut(xg — rey, 0) << r'/2. Then 4(z,t) solves

(ady — A)a =0 in Q(a)

V =|Da*|—|Da~| on I'(a)
i(—en,0) = 1

u(en,0) = —1/N where N > M.
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Furthermore, (3.22) implies that for 0 <t <1,

1
at(—en, t) ~1, @ (e, t) ~ —.
u(e’) 2 u(e7) N

Let @ be the corresponding re-scaled version of @ given in (3.28) and (3.29),
then in B,.—+(0) N Q(@) we have

(1 _ ,r,a),u'*fl*((l + 4765/4)367&751/2) < fﬁ(:v,ar’l/Q) < u?*(ac,ar’l/Q) (3'30)
and

(1 — 1o (z,ar ?) < @ (z,0r™ Y2 <@~ ((1 + 47z, ar~/?)  (3.31)
Here note that

oy —
Y2 = u™ (zg —ren, to) < pl/3,
r

«
Lastly, for given x¢ € I'(@) N B1(0), a similar argument as in (3.7) implies that
a(a,t) < (1+r)a(z,0) in 9By, (r "e,) x [0,1]. (3.32)
3. We claim that we can construct a supersolution U; and a subsolution Us
of (§T2) such that
Us(z,t) < a(z,t) < Up(z,t) < Us(x — eep,t) in By (0) x [ar_l/27 1]

and that Us is a smooth solution with uniformly Lipschitz boundary in space
and time. Then for sufficiently small » > 0 the lemma will follow from analysis
parallel to that of [ACS2].

To illustrate the main ideas, let us first assume that

(a) (3.30) and (3.31) hold in the entire ring domain R x [0, 1], where
R = {z:d(z,To(a)) < r %}

(b) a(z,t) < (1 +7°)a(x,0) on OR x [0,1].

Let
Y= {x:d(z, R" — Qo) <77’} x [ar™Y/2 1],

and let U 1+ be the solution of the one-phase Hele-Shaw problem in X:
AU =0 in  {U>01n%;
U = |DU; 2 on O{U >0}NY;

Ul (z,ar=1/2) = @t (2, ar1/2) :

U (x,t) = (1 +rY)a(z,0) for z€0%
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Let
Uy =Uf — U7 in R x [ar™'/21],

where U; (-, 1) is the harmonic function in R — Q(U;") with boundary data
U =0onI(U"), U =C/N ondR—QU).

Then U; is a supersolution of (ST2) in 3, and thus by Theorem 2.11 and the

assumptions (a)-(b) we have & < U; in X.

4. The construction of the subsolution U, is a bit less straightforward. We
use

US(x,t) == (1 —¢) sup U (1 + Ve)y,t),
ly—z|<Ve(1—c(t))
where € = 1/N and ¢(t) := t*/°. Then we define
Uy =Uj — Uy in R x [ar™Y21],

where R is the ring domain as given above and Uy (-, t) is the harmonic function
in R—Q(U,") with fixed boundary data zero on I'(U,) and C/N on R —Q(US").
Then U, satisfies the free boundary condition

Vi < (1+ QIDUS | - Ve (1)
Therefore, Us is a subsolution of (ST2) if we can show that
Ved (t) > e|DUS | + |DU, | on T'(Uz) (3.33)

and fol d(s)ds < 1.

The analysis performed in [CK], as in the proof of (¢) of Theorem 2.16, yields
the following: at a fixed time ¢, I'(U;) regularizes in the scale of d := d(t) which
solves

d2
R —
Ul(—den,O)
Therefore,
U (—dey, 0 U (dey, 0
pu| ~ Y20 puy ) & Yz den0)
d d
on

T(Uy) x [t/2,1].
Observe that since § > 5/6,

U (—de,,0) < d*/% and Uy (de,,0) < ed®/®,

then we have

+ _ —
eU2 (—dey,0) n U, (dep,0)

y y < €d71/6 < \/Et71/5'
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where the last inequality follows from
t = d*/U,(—de,,0) < d?/d™ < d°/°.

Hence c(t) = t*/° satisfies (3.33), and we conclude that U, is a subsolution of
(ST2) in %,
Now we can use the fact

Us <@ <Ujin B.(0) x [041"71/2,6]

to conclude that @ is /e- close to Uy: a Lipschitz (and smooth) solution in
B1(0) x [1/2,1], confirming (B’). Moreover (A) holds due to Lemma 3.3 and
Lemma 3.4. Once we can confirm this, we can conclude by the results of [ACS2]
with the choice of a sufficiently small e.

5. Now we proceed to the general proof without the simplified assumptions
(a) and (b) in step 3, which are replaced with local inequalities (3.30)-(3.31)
and (3.32). For this we need to perturb the initial data outside of By (0) (see
section 4, p 2781-2783 of [CJK2]), to obtain functions Wi (z) and Wa(z) which
satisfies the followings:

(a) {W) > 0} with k = 1,2 is star-shaped and coincides with €, 1/2(@) in
B,-+(0);

(b) {W2 > O} C Qar*1/2 (’II}) C {Wl > O} N
(¢) d(z, {Wi >0}) >r b withk =1,2forz € T, —1/2(0) N (IR" — By,—+(0));

(d) Wy is harmonic in {W}, > 0} — K with boundary data zero on I'(W},) and
(1 4+ r®) (2, ar~1/2?) on OK, where

K = {z:d(=,T(Wy)) > "},
Let Uy be the solution of Hele-Shaw problem in
1
R" — §{Wk > 0} x [ar~1/2,1]

with initial data W, and with lateral boundary data (1 4 r®)@(x, ar=/2). Due
to Proposition 4.1 of [CJK2], for sufficiently small » > 0, the level sets of Uy is
then ec-close to those of Uy in B1(0) x [0, 1]. Hence we can use Us instead of Uy
in step 4. and proceed as in step 4 to conclude. O

4 Decomposition based on local phase dynamics

Throughout the rest of the paper, let u be as in Theorem 1.1, and fix xg € [y
and a sufficiently small constant r > 0. We will prove the regularization of the
solution u in B, (zg) x [t(xo,7)/2,t(x0,7)]. After a rotation if necessary, we may

assume that % = e,.
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Let us fix a constant M > M,,, where M, is a sufficiently large dimensional
constant. If the ratio between ut(zg — ren,0) and u™(zg + rey,0) is bigger
than M, then we can directly apply Proposition 3.7 to prove the main theorem.
Therefore we assume that

M~ u™ (xg + re,,0) < ut(zg — ren, 0) < Mu™ (x + rey,, 0). (4.1)

Let
+ _ —
Co = rnax{u (zo rren,())’u (170—70:1"6",0)}' (4.2)

Then since uar and u, are comparable with harmonic functions, Cy is less than
a constant depending on n and M (See Corollary 2.15). Also note that

CO > Tocfl > T1/6.

Let us now sort out the initial free boundary points where the flux from one
phase dominates flux from the other phase. Let us define

ut(z — sey,0)

> MOy for some r®/* < s<r}
s

AT = {LL‘ elygN BQT(,T()) :

and

u” (x4 sen,0)

> MCj for some r°/* < s < r}.
s

A = {I elgN BQT(IO) :
We then denote
A=ATUA".

Throughout the paper we will let e, = 2/|z| for any boundary point x, after
a necessary rotation.

Lemma 4.1. Let u be as given in Theorem 1.1, and let M and C as given
above.

(a) If .
M > MCy for some s <,
then » 0
ut(x — sey,
ut@=sen,0) _
s
(b) If
- n; 0
M > MCy for some s <,
s
then ( 0)
u- (T + Seq,
——= < (.

S
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B,0Q x [0, t(xeN)]
u

Figure 3: Decomposition of the domain

Proof. Since uoi are comparable with harmonic functions h*, we can argue
similarly as in Corollary 2.15. Observe

ug (v — sen) g (v + sey) ht(z —sen) h™(x+ sey,)

~

S S S S

S Velr) S

O
Now for x € AT, there exists the largest constant r, < r such that
ut(x — ryep,0) MGy,
Tz
We then define ,
r — Br, 07 — .
Qs = Br. (@) ¥ 0. 575
Also for x € A™, we can similarly define r, and @,. Now we define
% = By(wo) x [0, t(x0,7)] = | Qu (4.3)

T€A

(See Figure 3). X is then the region where fluxes from both sides are initially
balanced. Our aim in this section is to prove that the balance is kept over time,
so that the interface remains close to a Lipschitz graph over time.

The following statement is a direct consequence of the definition (4.3).

Lemma 4.2. Ifx € Ty N Xy, then for all r°/* < s <r

ut(z — sen,0) u™(z+ sey,0)

S S

< MOy,
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The next proposition is the main result in this section, which states that the
solution is “well-behaved” in X.

Proposition 4.3. There exists a dimensional constant K > 0 such that for all
(z,t) eT'NX

T(z — sep, t) u™ nyl
()  emsent) w@Esent) _pprcy por 9 <osr
S S

Before proving Proposition 4.3, we show an immediate consequence of the
proposition: we are ready to show that I'(u) is close to a Lipschitz graph in time
as well as in space.

Corollary 4.4. for (x,t) € T NX, suppose (x + ke,,t + 1) € T'. Then there
exists a dimensional constant K1 > 0 such that

75/4

k| < r?/4 0, ————I.
k| <r if TE[,KlMOO]

Proof. Due to Lemma 3.6, at any time 0 <t < ¢(xq,r), we have

ht(x,t) < ut(z,t) < CLhT(z — e, t) (4.4)

and
h(x,t) < u”(z,t) < C1h~ (x4 17/ %e,,t) (4.5)
in B,(zg), where h := h*(-,t) — h™(-,t) is harmonic in its positive and

negative phase in (1 + r)Q(u) — (1 — r)Q(u), and the domains Q(h") and
Q(h™) are both star-shaped with respect to By, (0).

Let us pick (yo,t0) € I'NX. Due to Proposition 4.3, (4.4) and the Harnack
inequality for harmonic functions, we have

sup u(y, to) < CCLKMCyr®/* (4.6)

yEB ) 5/4(Yo)

where C' is a dimensional constant. On the other hand, due to Lemma 3.1 and
t5 < r?/6 we have

ul-to) < 0in By,s/a(yo + 17 en). (4.7)
Let
1
Y1 ‘= Yo + 7‘5/4€n, Cg = CClKMCO, T‘(t) = 57”5/4 — C3(t — to)

where C5 = CCy. Next we define ¢(x,t) in the domain

5/4

IT := By,s/4(y1) X [to,to + T]
3
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such that .
—A¢(,t) =0 in  Bys/a(y1) — Bry(y1)

¢ =2Cor"*  on  OBys/4(y1)

¢=0 in  By)(y)

Then by (4.4)-(4.5), (4.6) and (4.7), u < ¢ at t = to in II. Let Ty be the first time
where u hits ¢ from below in II. Since (4.6) also holds for any (z,t) e 'N¥ in
place of (yo,to), we have u < ¢ on the parabolic boundary of IIN{ty < ¢t < Tp}.
On the other hand, if C' is chosen sufficiently large, then

O _ 0y > [Do| on OB, (1) X [to, b1 1= ¢ +T5/4]
vt _ n — L
1Dyl 32 r(t)\Y1 0,01 0 1057
and thus ¢ is a supersolution of (ST). This and Theorem 2.11 applied to u
and ¢ in II yields a contradiction, and we conclude that T'(u) lies outside of
By,ss(yo + ro/te,) for tg <t < ty.

Similarly, by constructing a negative radial barrier and comparing it with
u, one can show that I'(u) lies outside of By ,s/4(yo — r/4e,) for tg <t < ty.
Hence we conclude.

O

e For xg € I'y,, define

7,2 T2

t(xg,r) := min , .
(w0, 7) {u+(x0—ren,t0) u*(aro—i-ren,to)}

We now proceed to show our main result, Proposition 4.3. First we show
Harnack-type inequalities for positive times.

Lemma 4.5 (Harnack at later times). Fiz s € [r°/*,7]. If (yo,t0) €' N Y,
then

ut (Yo — sen, to) > crut (yo — sen, to +7)

and
u” (Yo + sen,to) > cru” (Yo + sen, to +7)

for 0 <7 <t(yo,s)/2 and ¢1 > 0.

Proof. We will show the lemma for u™: the statement on u~ follows via parallel
arguments.

1. Let (yo,t0) € TN and let s € [r*/4,7]. Let h* be given as in (4.4). Due

to Lemma 3.3 and Lemma 3.4, we have
Rt (yo — 2ren, t1) u (yo — 2ren, t1)

Cut(yo — 2ren, ta) < Ch™ (yo — (21 + r5/4)en, t2)

IAIA
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for 0 < tq,t2 < to + t(yo,7)/2. (Here note that yo € B,(x¢).) In particular
ut(yo — 2ren, t) < Ch¥(yo — (27 + 1% Y)en, to) < CLht (yo — 2ren, to)  (4.8)
for t <ty + t(yo,s)/2.

2. Now let v** solve (ST1) in (IR"™ — (1 — 2r)Dy,) X [to,to + t(yo, s)/2] with
initial and boundary data Coh™t(x — 2se,,t). Since s > /4, (4.4) implies

Qi (u) C Qy(0™) C Qe(v™™) in Bas(yo) X [to, to + t(yo, s)/2]. (4.9)
Then by (4.9), (4.8) and (4.4),
u* <™ in By(yo) x [to, to + (Yo, 5)/2]

if we choose C5 as a multiple of C; by a dimensional constant. Moreover, due
to the Harnack inequality for one-phase (ST1), one can conclude that

ut(yo — sen,to+7) < 0*(yo — sen,to+7)
< Cv*™*(yo — sen, to)

= CCQh+(y0 — 3S€n,t0)

IN

Csht (yo — sen, to)

IN

Csu™ (yo — sen, to)

for

82

0o<r<— >
v** (yo — sen, to)

~ t(yo,s)/2.

Here the first inequality uses the fact u™ < v**, the second uses the Harnack
inequality for v**, the third one uses the Harnack inequality for harmonic func-
tions and the last one uses (4.4). O

Lemma 4.6 (Backward harnack). Suppose that (A) holds up to time t =
To < t(xo, 7). If (yo,t0) €T and tg < Ty, then for 0 < 1 < t(yo,s)/2,

ut (Yo — sen, to) < Cu't(yo — sen, to +7)

and
u” (Yo + Sen, to) < Cu™ (yo + Sen,to +7)

where 0 < s < r and C is a universal constant.
Proof. We will show the argument for u*, due to the symmetric nature of the
claim. The argument here will be similar to that of Lemma 3.4, replacing the

initial data ug and u, (used in the construction of barriers) by h*(z,ty) and
h~(x,to) given in (4.4)-(4.5).
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We consider v;: a solution of (ST1) in
= (1 + T)Qto X [to,to + t(y07 S)/2]

with initial and lateral boundary data C1h~. Then v; < u in II. Now let v,
solve the heat equation in {v; = 0} X [to, to + t(yo, $)/2] with initial data

(o to) in {vi(-te) =0} — (1 —r){h* (-, to) > 0}
UQ(',t ) =
’ h(-) in  (1—7r){h*t(.t0) >0},

where h(-) is a C? extension function of h™ (-, o) chosen so that h(-) < u™ (-, to).
The rest of the proof is the same as that of Lemma 3.4.
|

Next we show that in the unbalanced region, possibly forming at positive
times, the fast regularization phenomena still holds. This lemma will be used
in the proof of Proposition 4.3 to show that there cannot be a severe unbalabce
of flux in the initially balanced region X.

Lemma 4.7. (Regularization in unbalanced region IT) For a fized (zo,to) €
I'(u), and suppose

ut (2o — ren, to) > Mu™ (zg + ren, to)

or
u” (2o + ren, to) > MuT (g — re,, to)

for M > M,,, where M,, is a dimensional constant. Then for r < 1/M,,, there
exists a dimensional constant C' > 0 such that

Dut| < o u_(@o F ren, o)

and |Du~| < ol
r

in Br(zo) X [to + t(x0,7)/2,t0 + t(z0,7)].

Proof. The proof of this lemma is parallel to that of Proposition 3.7. We use
Harnack and backward Harnack inequalities (Lemmas 4.5 and 4.6) instead of
Lemmas 3.3 and 3.4. |

We are now ready to prove our main result, Proposition 4.3. Observe that
(A) holds up to some Ty > 0 by Lemma 4.2 and Lemma 3.3.

Proof of Proposition 4.3. Let K be a sufficiently large dimensional constant
such that K > M. Let us assume that (A) breaks down for u™ for the first

time at t = Ty. Then
(29 — T
M — KMC, (4.10)
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for some (z0,Tp) € 'N'Y and /4 < g <r. Let

+(20 — kep, T,
h:sup{h:—u (20 ke 0)

Note that h < /2 due to Lemma 3.3 and the definition of Cy, and h > 2s due
to Lemma 3.6. By the definition of h we have

> M?Cy for s < k < h}. (4.11)

ut (20 — hen, Tp)

_ 2
- = M2C. (4.12)

Let us find to: the closest time before Ty such that for some (yo,%p) € T
TQ — to = t(yo,h)/Q and y0/|y0| = ZQ/lZ()l.
Then Lemma 4.5 implies

ut(yo — hen,to)  ut(yo — hen,To)  ut(z0 — hen, Tp)
h h h

Since u™ (-, t9) and u™ (-, o) are comparable to harmonic functions (Lemma 3.6),
a similar argument as in Lemma 4.1 implies that

ui(yo + henvto) < C < iu+(y0 - h’enato)
h ~ 0~ 2 h

Hence by Lemma 4.7, we have
|Dut (-, To)| ~ M?Cq in By (yo)

Since Bs(z0) C B (yo), this would contradict (4.10) since K > M.
O
Due to Lemma 3.6, Proposition 4.3 and Corollary 4.4, we have shown (A)
and hat the level sets of u are close to a Lipschitz graph, and I'(u) is close to
a Lipschitz graph in space and time. (see detailed description of this fact in
the next section). On the other hand we do not yet have sufficient control for
the change of u over time to verify the condition (B’). We will therefore prove
Theorem 1.1 by carrying out a modified argument, combining arguments from

[ACS1]-[ACS2] and [CIK1]-[CIK2].
5 Further regularization based on Flatness

Let u,I'g be as given in Theorem 1.1.Recall that xg € I'g and r > 0 are fixed,
and they satisfy (4.1). Let Cy as given in (4.2) and t(zo,r) as given in (1.3).

Our goal is to prove the regularization of the free boundary after the time
t(zg,7)/2 in B, (x0). Define

(o) := Br(zo) X [t(wo,7)/2,t(z0,7)] C 2.
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Let us briefly review the information we have on u so far. As a result of Propo-
sition 4.3, (A) holds up to

t =t(xo,r) < Cr2=e < r3/4,

Also due to Lemma 3.6, our solution u is e-monotone in Q,(zg), with respect
to the space cone Wy (e,, ) satisfies

80 — 7 = O(L)

where L is the Lipschitz constant of the initial domain g given by (1.1).
Moreover Q,(z¢) C X, and thus Corollary 4.4 and Lemma 3.1 yields that the

free boundary I'(u) is 7*/3-monotone in Q,(zo) with respect to the time cone

Wi(en,tan=1(1/K1MCp)) and the space cone W, (e,,0p). Here g is the angle

corresponding to the Lipschitz constant of T'g, and t(xq,r) = CLO

On the other hand, by Lemma 3.3 and the definition of Cj,
u(zg — reg, —t(wg’”)

~ 1.
C()T

Since Q. (x¢) C X, Proposition 4.3 implies

u(zx,t)
Oo’l”

S KM in By(xzg) X [t(xo,7)/2,t(20,7)].

The main difficulty in applying the method of [ACS1]-[ACS2] lies in the fact
that we cannot guarantee the e-monotonicity of the solution u in time variable
(although we can obtain, as above, the r*/3-monotonicity of the free boundary
I'(u)). To go around this difficulty, we will first use the parabolic scale to
improve the regularity of the solution in space. Consider the function

1 t
u(w,t) = C—Oru(rx—l-xo,rzt—l- %) (5.1)

In [ACS1]-[ACS2], it was important that initially the time derivative of the
solution was assumed to be controlled by the spatial derivative, i.e.,

lug| < C(|Dut| + |Du~|). (5.2)
Using (5.2) one can prove that the direction vectors

Du™ Du~

m(—len,t), m(len,t)
do not change much for 0 < ¢ < [. This is pivotal in regularization procedure
since then I'(u) regularizes along the direction of the “common gain” obtained by
those two direction vectors, the regularity of I'(u) then makes above two vectors
line up better in a smaller scale, which contributes to further regularization of
I'(u) in a finer scale. In our case we do not know a priori that I'(u) is Lipschitz
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in either space or in time: in fact the Lipschitz continuity of I'(u) in time will be
proved at the very last stage of section 5 (see Theorem 5.7). Therefore, we do
not have (5.2), and thus extra care is required to show that the spatial gradients
Du* do not change their directions too rapidly.

In the following series of results, we will assume that @ is given by (5.1). The
lemmas and theorems will be proved to in the order they are stated, to improve
the regularity of u in multiple steps.

o Lipschitz continuity in space

First we prove that the e-monotonicity of I'(#) improves to Lipschitz conti-

nuity. Let a = Cor. Then in the domain B;(0) x [, 1], @(x,t) solves

a—Au=0 in  {a>0}
V =a(|Dut| - |Du~|) on 0{u>0}.
Here note that
P06 < < g <P < S0,
In this scale, since @ is Caloric and T'(#) is r'/?-close to a Lipschitz graph in
space and time, it follows that so does % in By /5(0) x [—% +1, %]

Note that in above step we are losing a lot of information over time: T'(a) is
in fact r'/3-close to a Lipschitz graph moving very slow in time, but this does
not guarantee that « also changes slowly in time.

We then follow the iteration process in Lemma 7.2 of [ACS1] to show the
following:

Lemma 5.1. If r is sufficiently small, then there exists 0 < ¢,d < 1/2 such
that the following is true: @ is Ar'/®-monotone in the cone of directions
W0, — 7% e,) and Wi(0; — r%,v) in the domain By_,(0) x [% 1,

’a

One can then iterate above lemma to improve the e-monotonicity to full
monotonicity, and state the result in terms of u:

Lemma 5.2. @ is fully monotone in By 5(0) x [0, 1] for the cone
C1 = Wa(0 — 1%, en) UW(0; — 1%, v),

for some constant 0 < d < 1/2.

o Regularity in time away from the free boundary

Now we suppose that « is Lipschitz in space and time. Then in particular, we
have the Lipschitz regularity of u in space (and very weak Lipschitz regularity
of u in time.) We are interested in proving the following type of statement:
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Lemma 5.3 (Enlargement for the cone of monotonicity). There exists A > 0
such that the following holds: Suppose U is Lipschitz with respect to the cone of
monotonicity Ay(en,00) in B1(0) x [-1, 1] Then in the half domain

B1/2(0) x [—%, %], u is Lipschitz with respect to the cone of monotonicity
Az (v, (14 N)by) with some unit vector v.

To prove the enlargement of the cone, we take a closer look at the change of
4 over time, in the interior region. More precisely, we need the following lemma
which follows the approach taken in [CJK1] and [CJK2].

Lemma 5.4.
|t¢| < a|Dul? < Ca in [B1/2(en) U Byja(—en)] x [~1/2a,1/2a],
where C is a dimensional constant.

Proof. 1. The proof is similar to that of Lemma 8.3 of [CJK2]. Note that @ is
a caloric function in Q1 (u) and Q (). Let us prove the lemma for u*, since
parallel arguments apply to u ™.

2. We divide u; into two parts. More precisely, let

ﬁt = U1 +’027

where both v; and vy are caloric in Q7 (%), v; has initial data zero and the
boundary data a|Dut|(|Dut| — |Du~|) on I'(u), and vy has the initial data
u¢(+,—1/a) and the boundary data zero on I'(a).

3. As for vy, we need to use the absolute continuity of the caloric measure
with respect to the harmonic measure, as well as the Lipschitz continuity of the
free boundary. we proceed as in Lemma 8.3 of [CJK1]. Note that we have

|Dut| ~ |Du~| ~ 1

in [By/2(en)U By 2(—en)] x [~1/a,1/a]: this follows from the assumption (4.1),
and Lemmas 3.3 and 3.4. Therefore we can proceed as in Lemma 8.3 of [CJK1]
to obtain

() < a/ DIt [2dw®™D < o Daf(z, 1)
T(a)n{—-1/a<s<t}
where w(®!) is the caloric measure for Q(a).

vi(x,t) > a/ —|Da"|Pdw™? > —a|Da)?(x,t).
I(a)n{-1/a<s<t}

4. As for vy, we conclude that it must be smaller than that of caloric
function solved in the whole domain with the absolute value of its initial data.
The advantage is that then we can use the heat kernel. Note that the initial data
is given at t = —1/a and has a compact support. The initial data is given by
v < %ven, where v, (z,t) is comparable to the derivative of harmonic function
in Lipschitz domain.
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Therefore the heat kernel representation is given as

1 s
m/m—ynlexp o=yl /UHL/9) y(y, —1/a)dy.

Since ¢ € [0,1/a], and kexp~®* < Cexp~ 5%, we get the effect of O(a).

o Further reqularity in space
Now that we have sufficient information on the change of u over time, we
change the scale following the one introduced in (1.4), and consider the function

t+1) (5.3)

(2,1) (rz + w0,
v(z,t) == —u(re + z9, —
’ C()T‘ o CO

Note that Co = 7~ c(zo,7), and thus v coincides with (u) defined in (1.4)
with the choice of ¢ = rCy.

Due to the previous results, this function is Lipschitz continuous, in space
and time, away from the free boundary. The following lemma suggests that
the cone of monotonicity improves away from the free boundary, as we look at
smaller scales. The proof is parallel to that of Lemma 8.4 in [ACS2].

Lemma 5.5. Let v given by (5.3). Suppose that there exists constants § > 0
and 0 < A< B,u:= B — A such that

Ut

a(Dv,—e,) < and A < <B

—e, - Dv

in By6(—3en) x (—=0/ 11,6/ 1) with % < 1. Then there exist a unit vector v € IR"
and positive constants ro,by < 1 depending only on A, B and n such that

(Dol 1)) < bob in Byjs(=en) x (1o, 702).
no

Now we can proceed as in section 6 of [CJK2] to obtain further regularity,
using Lemma 5.4 instead of the uniform upper bound on |Du| up to the free
boundary.

Theorem 5.6. T'(v) is C! in space in Q1/2- In particular, three exist dimen-
sional constants ly,Co > 0 such that for a free boundary point (zo,t0) € I'(v),
I'(v) N (By-i(xg) x [to — 27, to+27"] is a Lipschitz graph in space with Lipschitz

constant less than TO if 1 > 1.

o Regularity in time up to the free boundary

Lastly, proceeding as in section 7-8 of [CJK2| yields the differentiability of
I'(v) in time. The main step in the argument is the following proposition: the
statement and its proof is parallel to those of Theorem 7.2 in [CJK2] and the
blow-up argument as in section 8 of [CJK2]:
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1 u<0

Figure 4: Locally Lipschitz initial domain

Theorem 5.7. T'(v) is differentiable in space and time. More precisely there
exist dimensional constants ly > 0 and 1 < v < 2 such that for (zo,ty) €
L(v) N Qy, if | > lg then T'(v) N (By-i(w0) x [to — 27 tg + 271 is a Lipschitz
graph in space with Lipschitz constant less than ™7, and Lipschitz graph in time
with Lipschitz constant less than 1=1/3.

Corollary 5.8.

Do) _

-1 < + < -1 <
C™ <|Dv"|(z,t) <C, C < en ) =

in Q1/2, where C = C(n).

6 General case: solutions with Locally Lipschitz
Initial data

In this section, we present how to extend the result of the main theorem to
solutions with locally Lipschitz initial data. Our setting is as follows. Suppose
Qp is a bounded region in Br(0). Suppose u is a solution of (ST2) with ug > —1,
ug = —1 on Br(0) and uy < My. Further suppose that g is locally Lipschitz:
that is, for any 2o € T'o, To N Bi(zg) is Lipschitz with a Lipschitz constant
L<L,.

Let the initial data ug solve Aug = 0 in Bj(xg). Then we claim that the
parallel statements as in Theorem 1.1 hold in Bag,(x0) X [t(x0,do)/2, t(x0, do)],
where dj is a constant depending on n and My. More precisely:

Theorem 6.1. Suppose u is a solution of (ST2) with initial data ug such that
—1 < wug < My. Further suppose that for xo € T'g, ToN Bi(xg) is Lipschitz with
a Lipschitz constant L < L,, and Aug = 0 in the positive and negative phases
of ug in Bi(xg). Then there exists a constant dy > 0 depending on n and M
such that (a) and (b) of Theorem 1.1 hold for u and d < dy.
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The proof of the above theorem is parallel to that of Theorem 1.1 in section
5, after proving the following lemma.

Lemma 6.2. There exists a solution v of (ST2) with a star-shaped initial data
such that the level sets of w and v are edy-close to each other in Bag,(xo) up
to the time t(xo, do;u), where dg > 0 is sufficiently small. In particular, u and
I'(u) is e-monotone in a cone of Wy, and Wy in Bag, (x0) X [t(zo, do)/2, t(zg, do)]-

Even though our equation is nonlocal, the behavior of far-away region would
not affect much the behavior of solution in the unit ball, if the solution behaves
“reasonably” outside the unit ball. For example, in the star-shaped case, we
know at least that the free boundary is almost locally Lipschitz at each time.
In the locally Lipschitz case, we control the solution by putting an upper bound
My on the initial data ug. We will argue that in a sufficiently small subregion
of By(xg) x [0, 1], the solution is mostly determined by the local initial data in
Bi(zg). The perturbation method in the proof of Lemma 2.4 in [CJK1] will be
adopted here. Denote By (zg) = Bj.

1. Construct a star-shaped region ' C Bg(0) such that
(a) Q' NBy =QN By.

(b) € is star-shaped with respect to every z € K C £’ for a sufficiently large
ball K.

Let var be the harmonic function in Q' — K with boundary data 1 on K, and
0 on 9. Next, let vy be the harmonic function in B (0) — 2" with boundary
data 1 on 9BR(0), and 0 on 0. Let By be a concentric ball in By with the
radius of €%, i.e.,

By = Beko (CC()) C Bl(CC()) = B.

Let ko be sufficiently large. Then by Lemma 2.7, a normalization of v(j)[ by a
suitable constant multiple yields that for any = € By

()

o(7)

Let v solve (ST2) with initial data vy = v — vy . Then Theorem 1.1 applies for
v since vg is star-shaped with respect to K.

1—€e<

<l+e (6.1)

<

For the proof of the claim, we will find a sufficiently small dy such that v
is edp-close to u in Bag,(x¢) up to the time t(zg,dp). More precisely, we will
construct a supersolution w; and a subsolution wy of (ST2) such that in some
small ball By (xg), we have

wo < u < wy

and the level sets of w; and ws are he close to the level sets of v.

2. Let kp and ko be large constants which will be determined later. Define

H* := ([o(v) £ o *1e,) N By,
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Let
do = ehotkitks

and let ¢(dp) := t(xo,do;v) = t(xo, do; u). First note that
t(do) 2 dé*ﬁ 2 67(k0+k1+k2)/6'
Hence for v to be almost harmonic in a scale much larger than e*+%1 we need

\/t(do) > Eko, ie.,
7(I€0 + k1 + kz)/lZ < kg.

Observe that by the construction of H* and do,

Vt(d dius(B dist(H*,T dist(z, T 2

(do) > radius(Bsz) > dist(H™,T) >>meFmBI£%§t§t(do) ist(z,To) (6.2)
where the last inequality follows from Lemma 2.12 if we choose ko > 2k1. If ko
is sufficiently large, then one can prove from the last inequality of (6.2) and the
bound on v; that

vz, )] _ vz, 1) +

1—e< = <1l4eon H* x[0,t(dp)]- (6.3)
lvo(x)]  [uo(z)]

3. We do have an estimate, Lemma 2.12, on how far the boundaries move
away for the local one-phase case. If we take the one-phase versions with initial
data ug and ug, and compare with u, then we obtain that I'(u) N By stays in

2-a
the d; 7 -neighborhood of I'g(u) N B2 up to the time ¢(dy) = t(x0,dp). In other
words, the free boundary of u moves less than dg/ "in B, up to the time ¢(dp).

Now we let S be the region between H+ and H~. To construct a sub (or
super) solution in S, we take the fixed boundary data (1 — €)vg(z) on H~ (or
HT), and (1 + €)vg(z) on HT (or H~). To control the effect from the side

0By N S, we bend the free boundary TI't(v) by dgﬁ on each side of 9B; N S,
using the conformal mapping ® (or ®). (See section 4 of for the definition of &
and &)) More precisely, we bend the free boundary of v downward (or upward)
using the conformal map ® (or &)), and solve the heat equation in there. Then
similar arguments as in Lemmas 4.1 and 4.3 of [CK] yield that the solution is
still (almost) a supersolution, and it stays close to the original solution.

References

[ACF] H. W. Alt, L. A. Caffarelli, and A. Friedman, Variational problems with
two phases and their free boundaries, Trans. Amer. Math. Soc. 282
(1984), no. 2, pp 431- 461.

[ACS1] 1. Athanasopoulos, L. Caffarelli and S. Salsa, Caloric functions in Lips-
chitz domains and the Regularity of Solutions to Phase Transition Prob-
lems, Ann. of Math. (2)143 (1996) pp 413-434.

44



[ACS2] 1. Athanasopoulos, L. Caffarelli and S. Salsa, Phase Transition problems

of parabolic type: flat free boundaries are smooth, Comm. Pure Appl.
Math.51 (1998) pp 77-112.

[ACS3] I. Athanasopoulos, L. Caffarelli and S. Salsa, Regularity of the free

[C1]

[C2]

[C3]

[C-C]

[CPS]

[CS]

boundary in parabolic phase-transition problems. Acta Math. 176
(1996), pp 245-282.

L. Caffarelli, The regularity of free boundaries in higher dimensions, Acta
Math.139 (1977), pp 155-184.

L. Caffarelli, A Harnack inequality approach to the regularity of free
boundaries, Part I: Lipschitz free boundaries are C®, Rev. Mat.
Iberoamericana 3 (1987), no. 2, 139-162.

L. A. Caffarelli, A monotonicity formula for heat functions in disjoint
domains, Boundary value problems for partial differential equations and
applications, Masson, Paris, 1993, pp. pp 53-60.

L.A. Caffarelli, X. Cabre, Fully Nonlinear Elliptic Equations, Amer.
Math. Soc., colloquium publication, 43, Providence, R.I., 1995

L. Caffarelli, A. Petrosyan and H. Shahgholian, Regularity of a free
boundary in parabolic potential theory, Journal of AMS 17 (2004) pp
827-869.

L. Caffarelli, S. Salsa, A geometric approach to free boundary problems,
Graduate studies in mathematics, AMS (2005).

[CJK1] S. Choi, D. S. Jerison and I. C. Kim, Regularity for the One-Phase

Hele-Shaw problem from a Lipschitz initial surface, Amer. J. Math. 129
(2007) pp 527-582.

[CJK2] S. Choi, D. S. Jerison and I. C. Kim, A local regularization theorem

on one-phase Hele-Shaw flow, Indiana U. Math. Journal, 58 (2009) pp.
2765-2804

S. Choi and I. Kim, Regularity of one-phase Stefan problem near Lips-
chitz initial domain, to appear in Amer. J. Math. (2010).

S. Choi and I. Kim, Waiting time phenomena of the Hele-Shaw and the
Stefan problem, Indiana U. Math. Journal, 55 (2006) pp 525-552.

B. Dahlberg, Harmonic functions in Lipschitz domains, Harmonic anal-
ysis in Euclidean spaces, Part 1, pp. 313-322, Proc. Sympos. Pure Math.,
XXXV, Part, Amer. Math. Soc., Providence, R.I., 1979

[FGS1] E. B. Fabes, N. Garofalo and S. Salsa, Comparison Theorems for Tem-

peratures in non-cylindrical Domains, Atti Accad. Naz. Lincei, Read.
Ser. 8,78 (1984) pp. 1-12

45



[FGS2] E. B. Fabes, N. Garofalo and S. Salsa, Illinois Journal of Mathematics30

[GZ]

[OPR]

[RB]

(1986) pp 536-565.

I. G. Gotz and B. Zalzman, Nonincrease of mushy region in a nonho-
mogeneous Stefan problem, Quart. Appl. Math. XLIX (1991), no. 4,
741746.

D. S. Jerison and C. E. Kenig, Boundary behavior of Harmonic functions
in Non-tangentially Accessible Domains, Advan. in Math. 46 (1982),
80-147.

I. C. Kim, Uniqueness and Ezistence result of Hele-Shaw and Stefan
problem, Arch. Rat. Mech. Anal, 168 (2003), 299-328.

I.C. Kim and N. Pozar, Viscosity solutions for the two-phase Stefan
problem, to appear in Comm. PDE.

J. R. King, Development of singularities in some moving boundary prob-
lems, European J. Appl. Math. 6 (1995)

A. M. Meirmanov, The Stefan Problem, de Gruyter Expositions in Math-
ematics, vol. 3, Walter de Gruyter & Co., Berlin, 1992, ISBN

O.A. Oleinik, M. Primicerio, and E. V. Radkevich, Stefan-like problems,
Meccanica 28 (1992), 129-143.

W. Rogers and A. E. Berger, Some properties of the nonlinear semigroup
for the problem u; — D f(u) = 0, Nonlinear Anal., Theory, Methods and
Applications 8 (1984), no. 8, 909-939.

L. Rubinstein, The Stefan Prolem, American Mathematical Society,
Providence, R.I., 1971.

46



