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Abstract

In this paper we show that, starting from Lipschitz initial free
boundary with small Lipschitz constant, the solution of the one-phase
Stefan problem (ST) immediately regularizes and is smooth in space
and time, for a small positive time.

Consider ug(z) : IR™ — [0,00). The one-phase Stefan problem is given
by

uy—Au=0 in {u>0}
(ST) ug = |Dul? on Ofu >0}

u(" 0) = Uo

The classical one-phase Stefan problem describes the phase transition be-
tween solids and liquids, for example melting of the ice ([M],[R]). In this
setting u describes the temperature of the liquid, and the region {u = 0}
describes the unmelted region of ice. The main interest is then on the be-
havior of the free boundary 0{u > 0}. The second condition of (ST') implies
that the normal velocity V,; at each free boundary point (z,t) € 9{u > 0}
is given by
Vet = |Dul|(z,t) = Du(z,t) - vy,

where v,; denotes the spatial unit normal vector of d{u > 0} at (x,t),
pointing inward with respect to the positive phase {u > 0}.

*Department of Mathematics, University of Arizona, Tucson, AZ 85721. Partially
supported by NSF 0713598

fDepartment of Mathematics, UCLA, LA CA 90095. Partially supported by NSF
0700732



In general, solutions of (ST) develop singularities in time, and much of
work has been done to prove local regularity of ”weak” solutions of (ST).
Here we use the notion of viscosity solution (see [K]| for its definition, exis-
tence and uniqueness). In [C1], [ACS2], [ACS3] and [CPS], local regularity of
the viscosity solutions and their free boundaries has been obtained in neigh-
borhoods away from the initial time and the initial free boundary position
(see the discussion in this section). On the other hand, the free boundary
behavior is more complicated near the initial time. It is shown in [CK] and
[King] that if Ty is locally a sharp wedge of angle 6 < 6y, then the wedge
on the free boundary persists for a finite waiting time (also see Remark 4
below). Furthermore, the threshold angle 6y depends on the profile of uyg.

Our main result states that when I'y has no sharp corner, then the free
boundary immediately regularizes after ¢ = 0 and the free boundary speed
averages out in proportion to the distance it has moved. For a rigorous
statement, first we introduce a series of assumptions on the initial data:

(I-a) Qo = {up > 0} satisfies
Qo N By(0) = {(2',2,) € R" ' x R : |2/| < 2,2, < f(2')} N By (0)
where f satisfies f(0) = 0 and |f(z) — f(¥')] < L|z' — /|

For a locally Lipschitz domain such as €2, there exist growth rates 0 <
8 < 1 < a such that the following holds: if H is a positive harmonic function
in Qo N B2(0) with Dirichlet condition on I'g N B2(0) and with value 1 at
—eép, then for z € Ty N B1(0) and = — se,, € B1(0)

sY < H(zx — se,) < s°. (0.1)
Now we precisely describe the range of L:
(I-b) L < L, for a sufficiently small dimensional constant L,, so that

1/2<pf<1<a<2and a<24.

Observe that if L is close to 0, then o and 3 are close to 1 and we obtain
the above inequalities.

The remaining conditions are on the regularity of ug:

(I.c) —Co < Aug < Cp in Qg N By(0),



(I-d) uo(x — de,) > d?~% with § > 0 for # € Tg N B2(0) and for 0 < d < 1.

Now we are ready to state our main theorem. For a nonnegative function
u(z,t) : R x [0,00) — IR, let us denote

Q(u) ={z :u(z,t) >0}, Qu) ={(z,t) : u(z,t) > 0}

and
Fi(u) = 0% (u), T'(u)=02(u).

Theorem 0.1. Suppose u is a solution of (ST') in Ba(0) x [0,1] with the
initial data ug, where ug satisfies (la)-(1d) in B2(0) with ug(—ey,) = 1. If
Supp,0)x[01] & < M, then there exists a small s > 0 depending on Cy, 9,
M and n such that u and T'(u) solves (ST), in the classical sense, in Bs(0).
Precisely,

(A) The free boundary T'(u) is C1 in space and time in {(x,t) : & € Ty(u)N
Bs(0)}, |Du| exists on I'(u) as a limit from the positive region Q(u),
and the spatial normal is continuous in space and time.

(B) T'y(u) is a Lipschitz graph with respect to e, with Lipschitz constant
L' < Ly in By(0).

(C) If x € T'o(u) N Bs(0) and = + dey, € T't(u) N Bs(0), then
CY|Du(x — dey,0)| < |Du(z +de,, t)| = Vitdent < ClDu(z —dey, 0)|

where C depends on n and M. Hence

u(z — dey, 0)

d
e |Du(z + dep, t)| ~ =

Our main theorem states that if the initial data has bounded Laplacian
with sub-quadratic growth rate, and if the initial free boundary is Lipschitz
with small Lipschitz constant, then the Stefan free boundary regularizes in
space, in a scale proportional to the distance it has traveled. We point out
that the regularity results hold up to the initial time and all the regularity
assumptions are imposed only on the initial data.

Remark
1. As in [ACS2]-[ACS3], our methods presented in this paper and in
[CJK2] apply to free boundary motion laws of the type

V = G(v,|Dul) or V = g(v)| Del,



where G(v, p) is Lipschitz continuous with respect to v and p with 0G/dp >
¢ > 0 and where g(v) is a continuous positive function.

2. (I-c) and (I-d) are rather technical conditions, which ensures that
the size of u does not change too much over time, in the regions away from
the free boundary (see Lemma 2.3 and Corollary 3.3). Indeed we will see
that with (I-c) and (I-d) up is comparable to a harmonic function (see(0.3)
below).

3. (I-d) holds when (I-c) holds with Auy < ¢p << 1.

4. The restriction on the Lipschitz constant, L < L,, is necessary. Indeed
there is a waiting time phenomena of Stefan problem with initially sharp
corners (see [CK]). For n = 2 the threshold for waiting time phenomena is
1, (i.e., if the initial free boundary has a corner with angle less than /2
then the corner does not move for a positive amount of time), which is also
our value for Ly (For a wedge domain, we can put a =2 and 5 = 1.)

For local solutions of Hele-Shaw problem

—Au=0 in  {u>0}
(HS)
ug = |Dul?, on O{u >0}

a corresponding result has been recently shown in [CJK2]|. Below we state
a simplified version of Theorem 1.1 in [CJK2]:

Theorem 0.2. [CJK2] Let Q1 = B1(0) x [0,1] € IR"™ x IR. Suppose u is
a solution of (HS) in Q1 with initial positive phase Qqy in B1(0). Further
suppose u(—ey,0) =1, supg, v < M and that, for some a >0,

u(z,s) < Mu(z,t), w(z,t) > At tu(z,t) for 0 < s <t <1. (0.2)

Then there is a constant s > 0 depending on n, M and A such that (A),
(B) and (C) of Theorem 0.1 holds for the solution u of (HS) in Bs(0).

Note that for (HS) the solution at each time is harmonic in the positive
phase, including at ¢ = 0 (the initial data). In particular the spatial geome-
try of the positive phase determines the geometry of the level sets of u. For
the Stefan problem this is no longer true, which adds additional dimension
of difficulty to our analysis.



For later use, we show below that, with conditions (I-c)-(I-d), the initial
data ug is comparable to the harmonic function. Indeed with normalization
ug(—en) = 1, (I-c) and (I-d) imply that wy is comparable to a positive
harmonic function H, which vanishes on I'g N B2 (0) and has value 1 at —e,,.
Since —Cy < Aug, ug + Co|z|? is a subharmonic function with boundary
values Cy|z|> on Ty N B(0) and with value 1+ Cp at —e,,. Hence one can
observe that for 0 < s <1

ug(—se,) + Cos? < CH(—sey,) < Cs?

where the first inequality holds for C' depending on n and Cy, since H has
growth rate less than 2, i.e., @ < 2. On the other hand, since Auy < Cy
and ug has sub-quadratic growth (I-d), we can observe that ug — Co|x|? is
a superharmonic function with boundary values —Cp|x|* on T'o N B2(0) and
with a value larger than rg_‘s /2 at a point —rge,, where ry is a sufficiently
small constant depending on Cy and §. Hence for 0 < s < ryg

Cs™ < CH(—sep) < ug(—sen) — Cos?

where C and rg depend on n, Cy and §. Without loss of generality, we
conclude that in {x : d(z,Tg) < ro} N B1(0),

CiH <wuy < CoH (0.3)

where C1, Cy and rg depend on n, Cy and 6.

We finish this section with a brief outline of the paper. For the Stefan-
type free boundary problems, it has been shown in slightly different contexts
(see [AC],[ACS1], [ACS2] and [CPS]) that if the level sets of u are close
to Lipschitz graphs in a local space-time neighborhood, then it is indeed
smooth. Therefore the key step in the proof of our main theorem is to show
that the free boundary as well as nearby level sets of u remain close to a
Lipschitz graph, a scale proportional to the distance the free boundary has
travelled (see Proposition 5.4).

Observe that, after a hyperbolic blow-up, the solution of (ST) solves
(HS). Hence the regularization phenomena of (ST) resembles that of (HS)
in hyperbolic scale, while in small (parabolic) time scale, the free boundary
is frozen and the solution regularizes in the positive phase. The barriers
constructed in section 2-4 are illustration of this phenomena.

In section 1 some preliminary lemmas are introduced. In section 2 we
establish that (u) has bounded speed of propagation in parabolic scaling.



With this bound, we compare u with barriers constructed in section 3-4,
apply regularity results known for caloric functions in Lipschitz domains (see
section 1), and establish the e-flatness of I'(u) in section 4. In section 5 it is
shown that the positive level sets of u are also e-close to Lipschitz graphs.
In section 6 and in the appendix we outline further procedure to prove
the main theorem, which is a rather technical combination of arguments in

[ACS2] and [CJK2].

1 Preliminary lemmas and notations

We introduce some notations.

e For z € IR", denote = = (2',2,) € IR" ! x IR where x,, = z - ¢,,.

e Let B,.(z) be the space ball of radius r, centered at x.

e Let Q, := B,.(0) x [-r%,72] be the parabolic cube and let K, := B,.(0) x
[—7,7] be the hyperbolic cube.

e A caloric function in 2N @), will denote a nonnegative solution of the heat
equation, vanishing along the lateral boundary of €.

e For z € T'y, d(x,t;u) is the maximal distance I';(u) has moved by time ¢
near x. More precisely,

d(z,t;u) = sup{d : u(x +dey,t) >0, =+ de, € Bz(0)}.
e For z € 'y, t(x + dey; u) denotes the time I'y(u) reaches = + dey,, precisely
t(z + dep;u) = inf{t : u(x + dey, t) > 0}.

The first lemma is a direct consequence of the interior Harnack inequal-
ities proved in [C-C].

Lemma 1.1. [C-C] Suppose w(zx) : IR™ — IR has bounded Laplacian. Then
w s Holder continuous with its constant depending on the Laplacian bound.

Lemma 1.2. [DiBenedetto, Chapter V. Theorem 8.2] Suppose u satisfies
heat equation in IR"™ x [0,00), ug = u(-,0) € C}} (IR") and satisfies

luo()| < Aexp Blal?.

Then there exists a constant C depending only on n, A, B,~y and the Hdélder
constant of ug over the ball B1(0) such that

|ut(x7t)| + |ufl'ifl‘j (m7t)| < Ct’yﬂ_l

m Ql-



Lemma 1.3. [FGS1, 1984, Theorem 3] Let 2 be a domain in IR™ x IR such
that (0,0) is on its lateral boundary. Suppose ) is a LipYY/? domain, i.e.,

Q= {(x,’xmt) : |:C/| <1, |m,| < 2L, [t| < 1,2 < f(x’,t)},
where f satisfies |f(2',t) — f(y/,s)| < L(la' — /| + |t — s|Y2) If u is a

caloric function in ), then there exists C' = C(n, L), where L is the Lipschitz
constant for 0, such that

u(—Ley, 1/2)
v(—Ley,—1/2)

for (z,t) € Qy)2-
Lemma 1.4. [ACS1, 1996, Theorem 1] Let Q be a Lipschitz domain in
IR" x IR, i.e.,

Ql nQ = Ql N {(:C’t) txp < f(x/’t)}’
where f satisfies |f(x,t) — f(y,s)] < L(lx —y|+ |t — s|). Let u be a Caloric
function in Q1 N Q with (0,0) € 92 and u(—ey,0) =m > 0 and supg, u =
M. Then there erists a constant C, depending only on n, L, 1; such that

u(z,t + p*) < Culx,t — p?)
for all (z,t) € Q12N Q and for 0 < p < dy .
Lemma 1.5. [ACS1, Lemma 5] Let u and Q2 be as in Lemma 1.4. Then

m

there exist a,d > 0 depending only on n, L, 3} such that

a 1+a

wy =u+ut and w_ =u—u
are subharmonic and superharmonic, respectively, in Qs N QN {t = 0}.
Next we state several properties of harmonic functions:

Lemma 1.6. [Dahlberg, see [D]] Let uy,us be two nonnegative harmonic
functions in a domain D of IR" of the form

D={(,z,) € R" ' x R: |2'| <2, |z,] < 2L, 2, > f(z')}
with f a Lipschitz function with constant less than L and f(0) = 0. Assume
further that u1 = ug = 0 along the graph of f. Then in
Dyjy ={|2'] < 1,|wn| < L,an > f(2')}

we have
ur(a’,xy) ug(0,L)

0<C <
"= ' xy) u1(0,L)

< (Cy

with Cy,Co depending only on L.



Lemma 1.7. [Jerison and Kenig, see [JK]| Let D, ui and uz be as in
Lemma 1.6. Assume further that

u1(0, L/2)

w(0,0/2) "

Then, uy (2, xy) Juo (2, x,) is Holder continuous in Dl/Q for some coefficient
a, both o and the C* norm of uy/us depending only on L.

Lemma 1.8. [Caffarelli, see [C2]] Let u be as in Lemma 1.6. Then there
exists ¢ > 0 depending only on L such that for 0 < d < ¢, %u((),d) >0
and

u(0,d) _ Ou u(0,d)

< —(0.d) <
d _6xn(0’)_02 d

C1
where C; = C;(M).

Lemma 1.9. [[JK], Lemma 4.1] Let Q be Lipschitz domain contained in
Bi19(0). There exists a dimensional constant (3, > 0 such that for any ¢ €
00, 0 < 2r < 1 and positive harmonic function u in QN By, ((), if u vanishes
continuously on Ba,(¢) N 0N, then for x € QN B,((),
u(z) < C(M)ﬁ"su :
< p{u(y) - y € 0B (¢) N Q}

r

where C' depends only on the Lipchitz constants of ).

Lastly we point out that we use the notion of viscosity solutions for our
investigation. For definition as well as properties of viscosity solutions, see
[K]. Below we state the central property of viscosity solutions, which is used
frequently throughout the paper.

Theorem 1.10. [Comparison principle, [K1]] Let u,v be respectively vis-
cosity sub- and supersolutions of (ST) in D x (0,T) C Q with initial data
ug <vo in D. Ifu<w ondD andu < v on dDNQ(u) for 0 <t < T, then
u(+,t) < v(-t) in D fort e [0,T).

2 An upper bound on the free boundary speed

In this section we estimate how far the free boundary of u would move
by time t. Our claim is the following: The upper bound on the distance
I's(u) moves by time t has to be significantly smaller than v/t (Lemma 2.2).



This would guarantee the free boundary not to be perturbed too much from
its initial Lipschitz shape before the initial data regularizes in the positive
phase. We also show that u does not increase too fast in parabolic cubes
centered at I'(u) (Lemma 2.3).

Lemma 2.1. Suppose that |Aug| < Cy and supg, u = M. Then there exists
a constant C = C(Co, M,n) such that uy > —C in By;5(0) x [0,1]. In
particular for 0 <t <1

u(—V'ten,s) > Cu(—Vte,,0) for 0 < s <t.

Proof. The first claim follows since u; solves heat equation with w(-,0) =
Au(-,0) > —Cp in B1(0), us > 0 on I'y(u) and 0 < u < M on 9B;(0) x [0, 1].
Since u; > —Cy and u(—v/te,,0) > t*/? with a < 2 by our hypothesis, one
obtains

u(—V'ten,0) < Cu(—V'te,,s) for 0 < s < t.

The following is the main lemma in this section.

Lemma 2.2. There ezists tyg = to(Co, M,n) > 0 such that if xo € TN B1(0)
and t < tg, then
d(zo, t;u) < CtY/2=0) (2.1)

where B is given in (0.1) and C depends on Cy, M and n.

Proof. Tt suffices to prove the lemma for g = 0 € I's. Using a radially
symmetric barrier, one can show that d(z,to;u) < 1/10 if 2 € T'o N By;10(0)
and tg is a sufficiently small time depending on n and M.

We will construct a barrier function w > wu using a Hele Shaw flow and
show that w satisfies Lemma 2.2 at xog = 0. Let ¢y > 0 be a sufficiently
small constant. Let w be a solution of (HS) in

2= B1(0)n( | To+ sen)

s>—€g



such that

( —Aw =0 in {w>0NX
w=Cy on I'o—epen
w=0 on 0B;(0)NXE

Fp(w) =To(u) in X

w = |Dwl?, on D(w)NX
where (1 is a sufficiently large constant depending on Cy, M and n. Since
Au > —Cy, u+Co|r—1yo|? is subharmonic for any yog € Qo(w). Also since the

maximal decay rate « is less than 2, one can observe that if C is sufficiently
large (depending on Cy, M and n), then by Lemma 1.6

wgy > 100ug, w > 100u on I'y — €pen.

Next, we bend up the free boundary of w (using a conformal map é
constructed in [CJK] and [CJK2]) so that ¢(I's(w)) is located above I't(u)
in B1(0) — By/2(0). Let ¢ be the following conformal map

v 1
P(x) = W - (1, ...,xn,1,2|x|2 — )

and let o

¢ =(r +en) —en.
Then ¢ fixes 0 and it bends up the free boundary I';(w) at least by 1/10 in
B1(0) — By /2(0). Now define w as follows:

)

—Aw(,t) =0 in  @(Q(w))

)

w(-,t) =C1/50 on (Lo — €oen)
w(-,t) =M on  9By;10(0) N G((w))

Then, one can show that w is a supersolution of (HS) in Bj/5(0) if € is
sufficiently small. (See [CJK] for a detailed proof.) w is also a supersolution
of (ST) in By 3(0) since wy > 0. Since I';(w) is contained in the zero set of
u in By19(0) — By2(0) and w > v at t = 0 and on its lateral boundary, we
conclude w > u in Bg;14(0)

10



Now it suffices to prove d(0,t;w) < Ct'/=5) . Using a speed estimate
for a Hele-Shaw flow (Theorem 0.2 and Lemma 1.8), we obtain for dy :=
d(0,t; w)

average speed of I'y(w) = % ~ W.
0

Therefore, d3 ~ tw(—dpen,t) < Ctdg for C' depending on Cy, M and n.
This yields
d(0, t; w) < CtH/2=0).

JFrom the construction of w, one can observe that I';(w) is contained
in the 40d%-neighborhood of T't(w) in Bag,(0). Hence if ¢t < ty and ¢ is
sufficiently small, then

d(0, ;) < Ctt/2=0).
O

Note that Lemma 2.2 yields us that in each parabolic scaling we have
a Lipschitz domain in time. To apply Lemma 1.5 in parabolically scaled
neighborhoods of each free boundary point, we need to keep track of the

ratio % in each scale.

Lemma 2.3. Suppose (z,t) € T'(u) N Qq/3(0) with 0 < t. Then
u(y, s) < Cu(z — V'te,,0) for (y,s) € B j(z) x [0,1].

where C'= C(M,Cop,n).

Proof. Fix (z,t) € I'(u) N Q2/3(0). Consider the re-scaled function

u(z + V/ty, ts)

Wy s) = u(z — Vten,0)
in Ql-
Due to (I-a), (I-b) and (2.1)
[ii(y,0)] < Cp——r— < Ci,

u(—+/tey,0)

Therefore i(-,0) € CP(IR") by Lemma 1.1, and by Lemma 1.2 (y, s) < C
in ()1, where C depends on M ,Cy ad n. Hence we conclude. O

11



In the following two sections we will construct barriers which approx-
imate u better than w does, and will prove that I';(u) is very close to a
Lipschitz graph. In other words, we prove the e- monotonicity of the free
boundary of u by constructing barriers which stays close to u, at the places
V/t away from the free boundary.

3 Constructing a barrier function v with Lipschitz
free boundary

In this section, we will construct an approximation of u using a parameter-
ized solution of (HS). This enables us to apply regularity results for solutions
of (HS) obtained in [CJK] and [CJK2].

Let € > 0 be a sufficiently small constant, and let ¢; be a small time such
that
t1 =€e™ (3.1)

where my > 0 is a sufficiently large number which will be determined later.
Let to be a small time bigger than ¢; such that

ty =t 2> . (3.2)

Let r be a constant bigger than /¢ such that

r= 62&/4.
Then
Vil < Vtg < ér (3.3)

and (2.1) implies that for any = € T'o N B1(0)

7“2

d(z,ty;u) < Ot/ @77 < o=V (3.4)
if € is sufficiently small. (Here ¢1, t2 and r are constructed so that they
satisfy (3.3) and (3.4).)

We construct a caloric function v in B,(0) x [0, t2], whose free boundary
does not move for 0 < t < t; and then it moves as it does for a Hele-shaw
flow (with a proper scaling) for ¢; <t < t5. Our hope is that by time ¢ = ¢;
the caloric function v regularizes enough so that it is "almost harmonic” in
the sense of Lemma 1.5. To this end it is important to choose ¢; and ¢y such

12



that ¢; is neither too small compared to t2 (so that the solution has time
to regularize) nor too large compared to to (so that the distance I'(u) has
moved by ¢ is ignorable and v approximate u well enough). Equation (3.4)
ensures that ¢; is not too small compared to tg, and later (Lemma 5.1) we
will see that ¢; is not too large compared to ts.

The construction of v is as follows: Let I = T'g(u) N B1(0) and let

UBm) if o<t<t

xel
A=

UB\/Z(x) if 4 <t<to

xel
Set

T= (] Agx{t}

0<t<to
and let v solve
(v, —Av=0 in  {v>0}NII

vo= (1 —10€)ug in A gz NB(0)
v=(1—-10€)u on  9A ;N B(0)

(3.5)
v=0 on  9B.(0)NA 4

I'i(v) =To(u) for 0<t<ty

| h/|DB|=|Dh|  on  T(v)N{ty <t<ts}

where h(-,t) is the harmonic function in A, 4z N B;(0) N {v > 0} such that

0 on T'y(v)UdB,(0)
h(-,t) = (3.6)
v(-t7) on =0\, 4 NB(0)N{v >0}

(Here v(-,t~) denotes the limit from past times.)

Note that h is a solution of the Hele-Shaw problem (HS) in
A. 7 N Br(0) x [t1,t2]. Later we will apply the regularity result for (HS)

13



obtained in [CJK2] (Theorem 0.2) to h, to derive regularity of the free
boundary I'y(v) = T'y(h) for ¢ € [t1,1s].

Since u < w, arguing as in section 2 it also follows that v < w. Then by
(3.4)
d(z, t;v) < d(z, t;0) < CtY/CP) < /4, (3.7)

for 0 <t < t9. Below we state several properties of v.

Lemma 3.1. The following properties hold for v:
(a) v(z,t) < Cv(x,0) in A ;7 — A 7, where C = C(M,Cop,n).

(b) vy > —C with C = C(M,Cy,n) and v < (1 — 10€)u for 0 <t <ty

(c) There exists A > 0 such that for t; <t <ty andxz € A 5 — N2 47
vy(,t) > — At 20 (x, t).

(d) T'y(v) as well as the level sets of h(-,t) is a Lipschitz graph with respect
to en-axis in B(l—e)r(o) for t < ts. Furthermore the associated Lips-
chitz constant is close to L and less than L,,.

(e) The normal velocity Vi of T'(v) at (x,t) satisfies

C
Vit = |Dh|(z,t) ~ |Dh|(—dey,t) < 7 for t € [ts, t2] and x € T't(v)NB, 2(0),

where t(d) = t(z,t; h)

2—f

t <tz:=t; +t;0 7 <2ty

C
Moreover, the average speed of T't(v) over [t,t3] is less than — in

NG
Br/2(0)

Proof. (a) follows from Lemma 2.3 and (3.7).

Proof of (b): vy > —C since vy solves heat equation with
Vtlt=0 = Av(-,0) = Au(-,0) > —Cp in Ay v =u > —C on OA s due to

14



Lemma 2.1 and v; > 0 on I't(v). The second claim is a consequence of the
maximum principle, using the fact that the positive phase of u expands in
time.

Proof of (c): Recall that vy > —C and d(y,t;v) < €2\/f; for any y €
o N B1(0). Then v; > w, where w solves heat equation in

= |J ((+EVEen) NA 40 B(0)) x {t}
0<t<ts
withw =—-Catt=0,w=—Con 8A\/EU6BT(O), and w = 0 on [g+€2\/%1e,.
Let @ solve the heat equation in ¥ with @ = 0 on Ty +€2\/#1e, and &(z,t) =
v(xr — €2\/tien, t) on OA ;U 0B, (0) and at t = 0.
Then by comparison

&(z,t) < v(z — EVien,t)

and 1
D(—Vten,t) > o(—Vten,0) — Ct > §ta/2

for t1 <t < t9, since the maximal decay rate « is smaller than 2.
Hence it follows that for ¢t; <t <ty and z € A\/z — Aeg\/g

w(—+ten, t)

v(x,t) > w(x,t) > C——F=—Sw(x,t)

of)(—\/z_fen,t)
> —C’tfa/zv(ac — 62\/Een,t)

> —Ctu(x,t)

where the second inequality follows from the Lemma 1.3 applied to w and @
and the last inequality follows the interior Harnack inequality for the heat
equation - note that (z,t) is at least €2y/f;-away from T'(u).

Proof of (d): Let h be local solution of (HS) given in (3.6). Due to (a)-
(b),
h(z,t) < Ch(z,t1) in ¥:= A, 7 N Br(0) x [t1,t2].
Next due to Carleson’s lemma and (3.7) we have h(x,t) < Ch(—ey/tien,t1)
in ¥. Also, by (c) and the fact that h; > 0 on I'(h), it follows that
hy > —At~*2h in ¥. Now (d) follows from Theorem 0.2 applied to

ﬁ(m, 5 - h(ev/tiz, Tt + t1) B €2ty

 h(—eytien,t1) g h(—ev/tien,0)
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Proof of (e): Fix zg € To(v) N B, /2(0). For t € [ty,t], let y = y(t) =
xo + dey, € T'y(v). (From the construction of v,
hy
V,
Yyt — ‘DU"(y’ ’Dh“ y,t)
where h solves (HS) for t; <t < ty. Let H(x,t) = h(x,t+t1), then H solves
(HS) for 0 <t< tQ - tl and
hy o = H, |
’Dh‘ (y,t) ‘DH‘ (yt—t1)-
Define
_2-8_
ty =t +t;0 0.
Then for t € [tg, tg]
H;
Dol = gy~ IDHI(z0 = den,0)
- Cd(xtt;flm <C@t-t)7s <Ct V2
— 1

where the first approximation and inequality follow by Theorem 0.2, and
the second inequality follows from (2.1).

Here the first inequality follows from Theorem 1.2 of [CJK2], the second
inequality is due to d(x,2(t —t1); H) < C(t — tl)ﬁ and the last inequality
holds since

s (ts—t)TF = 72 for te[ts20]
(t—ty) 278
Ct=7 < t7Y2 for te[2,ts]
Lastly,
d(z, ts — t1; H)

48 —-1/2
The average speed on [t1,t3] := <C(ts—t1)2=F =Ct; '~

ts —t
O

For the proof of main theorem, we will approximate u by a function v,
whose free boundary is Lipschitz in parabolic scaling. More precisely, we
would like v to satisfy

vy /|Dv| < Ct 12 for 0 <t <ty
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so that one can apply strong properties of caloric functions in Lipschitz
domains such as Lemma 1.4. By (e) of Lemma 3.1, this upper bound holds
for t € [0,¢1] U [ts,t2] and it holds for the average speed on [¢1,t3]. Hence we
modify v as follows: Let ¥ solve

(0, — AV =0 in {0>0}NII
V=" at t:OandonaA\/i.
['(0) =Ty (v) for ¢t € [0,t1] U [ts, o]
L Ti(0) = (1 =), (v) + b0, (v)  for ¢ = (1—0b)t; + btz € [t1,13]

Parallel arguments as in the proof of Lemma 3.1 show that (a), (b) and
(d) of Lemma 3.1 also hold for this modified v. (c) and (e) of Lemma 3.1
can be improved as follows.

Lemma 3.2. () Let 0 <t <ty and let x € Qu(?), dist(z,[4(7)) < V1.
Then
By, t) > —Ct=%5(x,t).

(¢') For 0 <t <ty the normal velocity of T'+(0) satisfies
o /|Do| < Ct~4/?
on I'y(0) N B, 2(0). Furthermore for t3 <t <tz we have
(1 —2¢)|Do| < 9/|Dd] < (1 + 2¢€)|Dv| (3.8)

on T'y(9) N B, /2(0).
Proof. Proof of (¢): The proof is similar to that of (¢). Let w solve heat
equation in () NII with w(-,0) = —C'in Qp(?) NI, w = —C on OII N (D)
and w = 0 on I'(9), where C is the constant given in Lemma 3.1, (a). Then
by maximum principle of the heat equation v; > w.

Observe that 2(0) is Lipschitz in parabolic scaling, more precisely, for
any y € I's(0) and s € [0, t2]

wle ) =005 ) +2.50 -5 +5)
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has uniformly Lipschitz free boundary in Q1(0). Hence if z € Q;(0) and
dist(z, T¢(9)) < v/, then

w(=Vtent)
(—Vten,t)

where the second inequality follows from Lemma 1.3 applied to w and v and
the last inequality is due to Lemma 2.1.

Proof of (€):

1. We first claim that

Oz, t) > w(z,t) > C o(x,t) > —tgf}(a@,t)

(1-Ce)v <o < (1+Ce)vondA, s X [t1,12]. (3.9
Observe that due to Lemma 2.2 and (3.6),
wy < u,v,0 <wyin IIN{s <t}

where wy and wo are caloric functions respectively in cylindrical domains
Q0 N B1(0) x [0,#] and (g + €2/t1e,) N B1(0) x [0,t], with initial data ug
and lateral boundary data uw on 0B;(0). Due to their kernel representation,
foer@Ae\/Handtlgtgtg,

wi(z,t) < wa(z,t) < (1+ e)wi(z — €V/Eien, t).

But due to Lemma 1.5, there exists 0 < a < 1 depending on M,Cy and n
such that w; + wﬁa is subharmonic. Also due to the properties of harmonic
functions in Lipschitz domain, one can check that

evh)
d((L‘,Fo)

(wy + 0l (@ — Ve t) < 1+C )(wr + wi ) (@, 1)

< (14 Cewi(x,t)

where C' = C(M,n). Thus w; < wg < (14 Ce)w; and which implies (3.9).
2. Next, by (e) of Lemma 3.1 and the modification of v, for t; <t <ty

/| Do| < Ct~1/?
on I'y(9) N B,./5(0). Also for 0 <t <y,
0¢/|Do| =0

on I'y(9) N B, /5(0).
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This upper bound on speed and (d) of Lemma 3.1 imply that Q(?) is
Lipschitz in parabolic scaling. Now due to Lemma 3.1 (a), Lemma 2.3 and
Lemma 1.5, there exists 0 < a < 1 depending on M,y and n such that
o+ 0" is subharmonic in A_ 4 N B,(0) for t; <t < ty. Moreover, by (3.9)

40T < (14 Ce)v = (14 Ce)h

on OA, s X [t1,ta]. Since r = o(t}/él) >> /t1, due to Lemma 1.7 we obtain
that for t3 S t S tQ

0 <0+ 0 < (14 26)h in A sz N Brya(0).

Hence
|Dv| < (14 Ce)|Dh| on T'y(9) N BT/Q(O).

Similarly using the fact that © — 9'7¢ is superharmonic we obtain that
(1—=Ce)h < v in Az sz N B,2(0)

and thus
(1 = Ce)|Dh| < |Dv| on T'y(v) N BT/Q(O).

Now we can conclude since I'(v) = I'(v) for t3 <t < t9. In other words,
0t /|D?| = v /|Dv| = |Dh| on I'(0) N {t3 < t < ta}.
O

For the rest of the paper, we will replace v with v and denote it by v for
convenience. In the following corollary, we show that v is increasing in time
in the e-scale.

Corollary 3.3. Let 0 <t < ty, then for any s € [0,t] and x € Qs(v)
v(z,s) < (1+e€)v(z,t).
Proof. Assume that
to :=inf{t € [0,t2] : v(x, s) > (14€)v(z,t) for some s € [0,t], x € Qs(v)} < to.

Then there exist so € [0,t0] and z € Qg,(v) solving v(z, sg) = (1+€)v(z, tp).
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Case 1. If dist(x, s, (v)) < /50, then

to
v(x,tg) > v(m,so)—C/ =2y (x, T)dr
50

> wv(x,s0) — Cv(x,to)tga/%rl
> wv(w, s0) — 2v(z, o)

where the first inequality follows from (c¢’) of Lemma 3.2, the second in-
equality is due to the definition of ty. But this contradicts our definition of
to.

Case 2. Suppose /sg < d := dist(z, s, (v)) < V/to. First observe that,
by the almost harmonicity of v,

d(xz,Ts,(v))* < wv(z,s0) (3.10)

where 0 < o« < 1. Therefore

to
v(z,to) > w(w,s) —C(d2—s0)—C [ t72u(x,7)dr
d2

Y

to
v(x,s0) — Cd® — C/ t= 2y(z, T)dT
50

> ’U(CC, 50) - C(’U(x, 80))2/a - €2U($,t0)
> v(z,50) — €v(, 50) — €*v(x, to)

where the first inequality follows from v; > —C and (¢) of Lemma 3.2,
the third inequality follows from (3.10) and the last inequality holds since

v(z,s0) < C’tg/2 < tg/Q < €™ for a sufficiently large m. Again we get a
contradiction.

Case 3. Lastly suppose /ty < dist(z,'s,(v)). Then similarly as in Case
2,

v(z,tg) > v(x,s0) — Cty > v(z,80) — Cd(x,Tsy (v))% > v(x,50) — 2v(x, 50)

and we conclude. O
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Recall that T'y(v) is a Lipschitz graph with respect to e,-axis, with Lip-
schitz constant close to L (in particular less than L,) for 0 < ¢ < t5. This
and (¢/) Lemma 3.2 invoke Lemma 1.5 to yield the following statement.

Corollary 3.4. If x € Qy(v) and d := dist(z, Ty (v)) <V, then
d® < wv(z,t) < dP. (3.11)

4 Constructing a subsolution w** and a superso-
lution w**?

In section 3 v is constructed as an ”approximation” of u. Based on v, we
construct a subsolution w** and a supersolution w*“P such that Wi < g <
w*"P and that w**? and w**? have sufficiently close Lipschitz free boundaries.

1. Construction of a subsolution: Recall that v is a caloric function
in A ;N B, (0) x [0, t2] with vg = (1—10€)ug, v = (1—10€)u on OA ;N B,(0),
and with free boundary satisfying (3.8) in B,./5(0).

Due to (3.8), (1 + 2¢)v(x,t) is a subsolution of (ST) in B, /2(0) x [t3,t2],
and one can prove (1+2¢)v < wu at t =t3, and on A ;M B, 5(0). However,
this function (1 + 2¢)v is not guaranteed to be smaller than u on the sides
0B, 2(0) N A 7. Hence to control the values of v on the sides, we will use
a conformal map which bends down the free boundary of v and locates it
below the free boundary of w in the annulus (B,(0) — B,./2(0)) N A .

Let 1& be the following conformal map

o) = — :

= @_T . (1'17 ---7xn—1,2‘$ _ 2671‘2 _ xn)
n

and let ¢ = )(x + en) — e,. Then for = € T'y(v) N (B,(0) — B, 2(0)),
d(z) € x —r?/10e, + W(n/3, —ep)

where W (0,v) := {y € R" : (y,v) > |y|cos(#)} is a cone with axis v and
opening angle 260. Figuratively speaking, q; bends down the free boundary
I'y(v) toward —ep-direction at least by 72/10 in B,(0) — B, 2(0). Also in
B,(0), ¢(T'y(v)) is contained in the 10r2-neighborhood of I';(v), and

Vé—1|<Cr
where I is the identity matrix. (Due to this bound on Vgg, the speed of

~

¢(I'¢(v)) will be sufficiently close to the speed of I';(v) in B,(0) if r is small
enough.)
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Next define v in B, (0) x [0, t2] as follows:
(0 — A0 =0 in  {v>0}
[y (0) = &(Ft(v)) in  B,(0)
V= on (OA ;N B.(0))U(A ;N 0B.(0))

~

V9 = Vg in {’170 > 0} N BT(O)

Note that since ¢(I'o(v)) is located below Ig(v), the initial positive set {6y >
0} is a subset of {vg > 0} and the initial value 9y has discontinuities on the
initial free boundary T'o(?).

Now define our barrier function w*“? as below:
w* (z,t) = (1 + 5€)d(z, t).

Our first task is to prove that w**® < u for 0 < t < t5. Let us begin by
enlisting some properties of w"®.

Lemma 4.1. (a) wi"* — Aws*® =0 in Q(ws?).
(b) w® < (1 —5e)u for 0 <t < t3.

(c) Forty <t <ty the free boundary velocity of w**® satisfies
wi™ /| D™ < |Dw™| on Ty(w™) N B, p0). (A1)
(d) For 0 <t <ty
(Te(w™™) N (Br(0) = By2(0))) € Qu(u).
(e) For 0 <t <t
w* < u on (OA 7 N Bsyy4(0)) U (0B3,/4(0) NA 7). (4.2)

Proof.  Proof of (b): Let x € T'g(u). Using a barrier argument with ug(—se,,) >

s%, one can prove that
1

d(z,t1;u) > tha.
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Also observe that
1 1

1 —_
d(z,t3;0) < (t3 — )78 = ;7 <27 < d(z,t1;u),

where the second inequality follows from the assumption o < 23. Hence we
conclude that Q:(v) is contained in Q(u) for 0 < ¢t < t3. (b) then follows
since Q;(w*?) is contained in Q(v) and w**® < (1+5€)v < (1 —5¢)u on the
parabolic boundary of II.

Proof of (c): By (3.8), v/|Dv| < (1 + 2¢)|Dv| on T'y(v) N B, 5(0).
Since I'y(w*™) = ¢(Ty(v)) with |[Vé — I| < r < € in B,(0), the normal

velocity Vi; of T'y(w*™’) at (x,t) satisfies the following inequalities: For
z € Ty(w™?) N B, 5(0) and t3 < ¢ <t

Vz,t = wfub(xat)”Dwsub(x’tN
< (1+Qu(d~(x),)/|Do(¢™" (x),1)]

< (1+43¢)[Du(¢7 " (), 1)
where the last inequality follows from (3.8). Hence it suffices to prove
(14 36)[Do(¢~" (2),1)] < [Dw™(x,1)]

for z € Ty(w™) N B,j5(0) and t3 < ¢t < tg. Let ¢ = (1 + 5e)v — w®
in {w*" > 0}. Then ( is a positive caloric function with the following
boundary values:

0 on (DA 50 B.(0) U (AN DB, (0))

(145e)v  on  Ty(wsb).

Recall that T'y(w*") is contained in the 10r2-neighborhood of I';(v) in B,.(0),
and by (3.4)
102 < 62\/5.

On the other hand, by Lemma 1.5, v(-,¢) and w*“*(-,t) are almost har-
monic in v/#/2-neighborhood of To(v) N B(1_¢),(0) because the free bound-
aries of v and w**® are Lipschitz in parabolic scaling. Since T'y(w**?) is
contained in the €2,/f;-neighborhood of T'y(v), Lemma 1.9 implies that for
z € Ty(w™) N B(1_0)r(0)

v(z,t) < Ce¥Pu(x — gen,t). (4.3)
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By definition ¢ has boundary values (14+5¢)v on T'y(w**?) and ¢ = 0 elsewhere
on its parabolic boundary. Therefore (4.3) implies that for z € OA s /5 N

B(1-2¢)r(0)
((z,t) < Csup{((z,t) 1z € B sz(2) N Ly(w*)} < CePo(z,t).

Hence
¢ < Ce®v < evon ON 775 N B(1-26(0).

Since ¢ = (1 + 5¢e)v — w*"?, the above inequality implies

(1 +4€)v < w* on A 5772 N B(1-26)(0). (4.4)
Using the property |V¢ — I| < ¢, (4.4) and the almost harmonicity of v and
w? | we conclude

(14 36)[Do(¢~" (2),1)] < [Dw™(x,1)]
for z € Ty(w*™) N B,2(0) and t3 <t < t,.

Proof of (d): In B,.(0) — B, 5(0), ¢ bends down the free boundary I';(v)
at least by 72/10. Also, (3.4) implies that I';(v) moves at most by r2/10 in
B,.(0) for t < ty. Hence

(Te(w™) N (B1(0) = By 2(0))) C Qo(v) C Qy(u).

Proof of (e): On OA ;N By, 4(0), the inequality follows from the con-
struction of v and w***. On 0B3,/4(0) N A s, we prove (e) by showing that

w <y <,

where u; solves

( (ul)t — A’U,l =0 in {u1 > 0}
ui(-,0) =u(-,0) in A z0B(0)
up =u on OA ;N B (0)

u; =0 on  9B.(0)NA 4

Ti(ur) =To(u)  for 0<t <ty
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By maximum principle for the heat equation u; < w. Next we show
w* <y on 0B3,/4(0)NA 7. Observe that w** and u; are almost harmonic
with

w*™ < (1 —5e)u = (1 — 5e)up on OA ;N By, /10(0).

Moreover by construction
{w™® >0} N (Bor/10(0) = Br2(0)) € {ur > 0}

Since the length 7 of the strip A ;7 N (Bg,/10(0) — B;2(0)) is much larger
than its width /%, i.e., since » > v/t/e, it suffices to prove the following
inequality : for some ¢ > 0

sup{v(z,t) : © € (0Bo,/10(0) U OB, 2(0)) N A 4}
< e “sup{v(z,t) : ¥ € OB3,4(0) N A 7}

But this is a direct consequence of (3.11). O
Now we prove the following corollary of Lemma 4.1.
Corollary 4.2. w**® < in Bs,/4(0) x [0,t5].

Proof. By Lemma 4.1 (b), w* < wufor 0 <t < t3. Fort > t3, Lemma 4.1 (b
and (e) imply that w*“® < u on the parabolic boundary of A ;N B3y 4(0) %

[ts, t2]-
Lemma 4.1 (d) implies that I'y(w***) cannot hit T'y(u) in B,(0) — B, ;5(0),

and Lemma 4.1(c) implies that Ty(w***) cannot hit Ty(u) first in B, 2(0).
Hence we conclude w*"? < u in Bs,./4(0) x [0, t2]. O

2. Construction of a supersolution: The function v will be again
used in the construction of w*"P as in the construction of w*"’, so that the
free boundary of w*"P is very close to that of ws"®.

To make w*“P larger than u on 0Bg,. /4, this time we will bend up the
free boundary of v toward e,-direction so that it is located above I';(u) in
B.(0) = B, 2(0). Let ¢ be the conformal map constructed in section 2. Then

& bends up the free boundary I'y(v) at least by r2/10 in B,(0) — B, 2(0). ©
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is then defined in B, (0) x [0, ¢2] as follows.

0 — A0 =0 in {v >0}

Ty() = ¢(Te(v))  in Br(0)

D= on (OA ;N B-(0)) U (A 7N 0B(0))

o

U9 = vg in AsiNn B,(0)

To construct a supersolution based on ¥, we state some properties of ¥
in Lemma 4.3. Proof of the lemma is parallel to that of Lemma 4.1.

Lemma 4.3. (a) Forts <t < ty, the normal velocity of T'y(v) satisfies

/|1D¥| > (1 — 5€)|D¥| on Ty(8) N B, (0). (4.5)

(b) To(9) N (B-(0) — B, 2(0)) is located above T'y(u) for 0 <t <to, ie.,
Lo(0) N (Br(0) = B,/2(0)) C {x : u(w,t2) = 0}.
(¢) On OA ;0 By 4(0) and 0Bs,,4(0) N A
0> (1 — 15€)u. (4.6)
(a) of Lemma 4.3 yields in particular that the free boundary of w :=
0(x, (1+6€)t) moves with its normal velocity faster than |Dw| for t3 < t < ts.
However w is not quite comparable to u, since w is not a supersolution of the

heat equation. Hence we still need more (rather technical) work to construct
our supersolution w*“P. This is done below.

Corollary 4.4. Forts <t <ty let

w¥P(z,t) = a(t)v(x,t + €g(t))

" t

where at) = 14€f(t), f(t) = 20(t—)(1*ﬁ)/m1 and g(t) = / 10f(s)ds. Then
3 t

w*P is a supersolution in A ;N Bs,.4(0) X [ts,ta + t3] anc?

u(-,t) <wP(- t + t3).
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Proof. 1. In A ;N B;(0) x [t3,t2 + t3]
wi? — Aws? = o/ ()0 + (1 + eg'(t))a(t)v; — a(t)Av
= o)+ (14 €d (t)a(t)v — a(t)v,

= ef' ()0 + 10ef (£)(1 + ef (1)),

1 BVis
A=OF% o F(1 4 206()a=8)/m ) cp=ar2y

Y

mqt t3
> SPAZB yhea g 20e(2)(1-3)/mr)y2=e)/2)
t mi i3
> SUAZ0 yoea g 20€L/2)¢{* /)
t mq
> 0

where the first inequality follows from (c¢’) of Lemma 3.2, the last inequality
is due to (3.1) and (3.2), and the third inequality holds since

(z_z)um/ml < (B2 _ (B20))2 o )2,

Now on the free boundary I'y(w**F) N By, /4(0),
w;'™® = (14 10ef)a(t)v;
> (14 10ef)(1 — 5¢)a(t)|Dv|?

_ (1 + 10€f)(1 — 56) |Dwsup|2
1+ef

> |Dwsup|2

where (4.5) yields the first inequality, the construction of w*“P yields the
second equality and f(t) > 20 yields the last. It is verified now that w*“? is
a supersolution in A ;N Bs,/4(0) X [t3, 12 + t3].

2. We will compare u(-,t) and w**P(-,t+t3), at t = 0 and on the lateral
boundary
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In A\/g N B3r/4(0)

v(-,0) ol )
u(-,0) = 1— 10¢ = (1— 106)?1 —€)
0(-, t3)
= (1-106)(1 —¢)
WP (-, t3)

(1 —10€)(1 — €)(1 + 20¢)
< wsup(.’tg)

where the first inequality follows from Corollary 3.3. Therefore u(-,t) <
WP (-t + tg) at t = 0.
Next on X

v(-,t) v(,t+ts+eg(t+t3))
u ) S 79 S (1—?56)(1—6)3

0(-,t +t3 + eg(t + t3))
(1—15€)(1 —¢)

IN

WP (-t + t3)
(1 - 156)(1 — e)alt)

S wsup(_7 t+ tg)

where the first inequality follows from (4.6), the second inequality from
Corollary 3.3 and the last inequality due to the fact a(t) > 1+ 20e.

3. By step 1., w*"P(x, 1 +t3) is a supersolution in A ;N Bs,/4(0) x [0, t2].
By 2, u(x,t) < w“P(x,t+t3) on the parabolic boundary. Hence we conclude
that in A\/E N BgT/4(O) X [O,tg],

u(z, t) < wP(x,t + t3).

5 e-monotonicity of u

In sections 3 and 4, we construct a subsolution w***(x, t) and a super solution
wP(z,t + t3) such that

W™, 1) < ule,t) < wP(a,t 4 13) in By,ya(0) x [0,t5]
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Hence we can locate the free boundary I'y(u) of u between the Lipschitz free
boundaries I'y(w*"?) and T'y(w*“P(-,- +t3)). Recall that I'y(w**) = T4(d) =

&(Ft(v)) and
Co(w™P (-, +13)) = Tigpyqeg(erts) (0) = <5(Rf+t3+eg (t+t5) (V).

Here one can observe

t+t3)%+1 C(t—f—tg

eg(t +t3) < Cets(
ts ts

IN

) (t+t3)

1-3

< CE(Z) (t+1t3)

< CelmBU=BN/2(4 4 t3)

IN

/8 (t + tg).
Hence, Ty (u) is located between ¢(I'y(v)) and qZ(F(HJ/S)(Hts)(v)).

Clearly our hope now is to show that these two trapping boundaries are
close to each other, in comparison to the distance it has moved. For this
purpose it is necessary to first show that the distance I'(v) has moved by
time ¢ = tg is small.

For x € Ty denote d(z,t) to be the distance I'(v) has traveled in the
direction of e, by time ¢: ie., d(z,t) = {d : x + de,, € T'y(v)}. (Note that
such d is unique since I';(v) is Lipschitz with respect to e,-axis.)

Lemma 5.1. For any x € T'o N B1(0) and for t; <t <o,
t
d(z,t) < C(t—)wd(x,tg),
2
where C depends on M and 0 < v < 1 depends on L and n.
Proof. Let x € Ty N B1(0). Recall that Lemma 2.3 and Corollary 3.3 imply

o1 < v(x — Viten,t) <c
~o(x — Ve, 0) T

Also due to Lemma 3.2 (¢’), I'(v) is Lipschitz in space and time, and hence
v is almost harmonic. Since d(z,t2) < €2\/#1 (see (3.7)), we have

o — ey/fien, 1)
o(@ — ey/Eien, 0)
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Recall that I'(v) is determined by I'(h), where h (constructed in (3.5)-
(3.6)) solves the Hele-Shaw equation on [t1,?s]. Since h = v on A, 47, (5.1)
enable us to apply Theorem 0.2. Hence for d := d(z,t),

d2
~N —_— .2
t h(z — dep,t) (5:2)

Choose ¢ = ¢(z,t) < 1 such that d := d(z,t) = cd(z,t2) := cda. Then by
Holder continuity of harmonic functions in Lipschitz domains (Lemma 1.7)

h(z — daen,t) > ¢ Ph(z — dep, t).
Combining this inequality with (5.2),

e B
h(x — dep,t) — Ph(z — daen,t)

where the last approximation follows from Lemmas 2.1 and 2.3, the fact that
h(x — daey,t) ~ v(z — daep,t) (0 <t <ty) and (5.2). Hence we obtain

d(z,t) ty1/2-5)
AL« - )
d(.’E,tz) €= C(tz)

Lemma 5.2. Let s be the distance I'y(v) moves by t =ty near 0, i.e.,
s =d(0,ta;v).

Then for 0 < t < ty the free boundaries ¢(I'y(v)) and qZV)(F(HJ/S)(HtS)(v))
are \/es-close in Bag(0). In particular, T't(u) is v/es-close to T't(v) in Bas(0).

Proof. Since |Dé—I| < e and |Dd — I| < € in B,(0), it suffices to prove the
lemma for T;(v) and T';(v), where £ = (14 €7/®)(¢ +t3). First we prove that
for z € Tg(v), 0 <0 <1andts <t <ty

d(z, (1+0)t) —d(z,t) < Cdd(x,t). (5.3)

To prove (5.3), recall that v remains comparable in time on JA, X [ts, ta].
Then by Theorem 0.2, for y := = + de,, € I't(v) and 2 € I's(v) N Bya(y)

Vi = [Dh(z,5)| ~ |Dh(y, )] = Vys ~ d/t (5.4)

where V, 5 and V,; denote the normal velocities of I'(v) at (2,s) and (y,1).
This implies (5.3).
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Now fix ¢ € [0,?2]. Then
F= (14 €73 (t +t3) < t+ 23+ 27/51. (5.5)

We divide into two cases.
Case 1. If t3 < €'/3t, then for x € T'y(v) N Bay(0)

d(z,0)—d(z,t) < d(x, t+4e/3t)—d(z, t) < C/Bd(x,t) < Ce™¥d(x,ty) < Ves

where the second inequality follows from (5.3) and the last inequality follows
from d(x,ty) ~ d(0,t3).
Case 2. If €7/8t < t3, then

t3

~ t3
t < —= 67"

S 4tz <
Hence for = € I'g(v) N Bas(0)

- - t t
d(z, 1) — d(z,t) < d(z,1) < d(z, 66%) < C(ﬁyd(gg,tz) < Ves

where the third inequality follows from Lemma 5.1 and the last inequality
follows since t3/ty is sufficiently small. O

We use the corollary in the proof of Proposition 5.4.

Corollary 5.3. There exists 0 < y(n,L) < 1 such that for s = d(0,12;v)
and 0 < t < ta, the free boundaries ¢(I't(v)) and O(T' (14 7/8)(1444) (V) are

e/4s-close in B.—v(0).

Proof. Let v > 0 be a sufficiently small constant and let zg € T'g N B.—+4(0).
Recall that I'y(v) is well approximated by a free boundary I';(h) of a Hele-
Shaw flow, with v = h on OA /g, . Since v remains comparable in time on
OA /e, , one can prove that

Ay 12:0) < (0, 1550)

where 0 < a < 1 is a constant depending on n and L. (See Lemma 2.5
of [CJK] for a detailed proof.) Combining this inequality dswith Lemma
5.2, we obtain that ¢(I't(v)) and @(I'(1 4 c7/s) (144, (v)) are €'/~ 75 close in

1
B.-+4(0). By choosing v < o e conclude. O
a

Now we show that the positive level sets of u is close to those of h.
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Proposition 5.4. The level sets of u are €'/*s-close to those of v and there-
fore to those of h defined in the construction of v in Bag(0) X [t1,ta].

Proof. Recall that T'y(u) is trapped between T'; and I'? where
T} = ¢(Ty(v)) and TF = G(T (1 s 1114 (0))-

Also note that I'} and I'? are €!/*s-close in B, 4(0) by Corollary 5.3. Now to
prove the positive level sets of u are close to Lipschitz graphs, we invoke the
arguments used in the proof of Lemma 3.2 (¢/): more precisely two caloric
functions w; and wy will be constructed with Dirichlet boundaries F} and
I'Z, to confine u in between.

Construct parabolic domains IIy and Ils as below: for any t € [0, 5],
define

N {t =t} = (|J T = nen)) N AN Bero(0)
n=0

and

M N {t =t} = (| J T2~ nen)) N Ay 1 Br g 0).
n=>0

For ¢ = 1,2 let w; be the caloric function in II; with w; = 0 on Fi and
w; = u on the rest of the parabolic boundary of II;. Observe that I'} and
I'? are e'/*s-close in a ball B,—-,(0), whose radius e Vs is much larger than
dist(T'g — sen,'?). Using this fact, one can compute as in step 1. of the
proof of Lemma 3.2 (¢’) to show that

wi(z,t) < uz,t) < wy(x,t) < (14+Ce/Ywy(z—e*se,,t) in Byg(0). (5.6)

The above inequality concludes the proof of Proposition 5.4.

]
t
Corollary 5.5. (Harnack-type inequality) Let x € T'g N Bag(0), 52 <t <ty
and let d = d(z,t;u). Then
d? d?
t o~ ~ (5.7)

w(x —dep,t)  u(r —depy,t1)’

t
Proof. For © € Ty N Bys(0) and t € [52

Corollary 5.3 and (5.4)

,to], let d = d(z,t;u). Then by

d ~ d(0,t;v) ~ d(z,ta;v) = d(x,ta; h).
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Combining above approximation with (5.2), we get

d2
fo—
h(z — dep,t)

Then Corollary 5.5 follows since
h(z — dep,t) ~ h(z — dey,t1) ~ v(x — dey, t1) ~ u(z — dey, t1)

where the first follows from (5.1) and Theorem 0.2, the second follows from
the almost harmonicity of v, and the last follows from (5.6). O

Due to Proposition 5.4, the level sets of u is €!/4s-close to those of h in
Bss(0) by the time I'(u) reaches se,. We mention that ¢ can be chosen as
small as we need: indeed 0 < € < ¢y(n), and s depends on ¢, Cy and M.

Now define a re-scaled function in @Q1:

a(z,t) = p tu(se, s*p H +t1), p=u(—sent1) (5.8)
where s = d(0,t2;u)(1 + O(e)) and s?p~! ~ t3 by Corollary 5.5. Then @
solves

puy —Au =0, in Q(a)
(5.9)
i = | Dl on I'().

Next Corollary is due to Proposition 5.4 and the non degeneracy of h.
The proof is parallel to that of Proposition 5.1 and Corollary 5.2 in [CJK2].

Corollary 5.6. u(z,t) is non-degenerate on its free boundary in e'/*-scale:

sup iy, t) > Ce'/?,
yeB 1/4(0)

where C = C(L,M,n).

Let h be the correspondingly scaled version of h, i.e,

h(z,t) = ptu(sz, s*p 1t +t1), p=u(—sen,t1).

The next corollary is a re-scaled version of Proposition 5.4, combined
with properties of the level sets of h. Below (h),, denotes Dh - (—ey).

Corollary 5.7. The level sets of @ is €'/4- close to those of h. Moreover
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(a) The positive level sets of h are Lipschitz graphs in space with Lipschitz
constant less than L,,.

(b) h < M in Qq;

(c) F(ﬁ) s a Lipschitz graph in space and time, with spatial Lipschitz con-
stant less than L,,.

(e) hy > —Ahy,, where A is given in Lemma 3.1 (c).

Proof. 1. The first statement is a direct consequence of Proposition 5.4,
thus it remains to check the properties of h. (a) is due to Lemma 3.1 (d).

2. (b) follows from Lemma 3.1 (a), (3.7), the Harnack inequality in
Theorem 1.2 of [CJK2] and the Carlson Lemma for harmonic functions.

3. (c) follows from (b) and Lemma 3.2 (¢’).

4. (d) follows from Theorem A of [ACS], Lemma 3.1 (a) and Lemma 3.2(e’).

5. (e) is due to (b), Lemma 3.1 (b) and Lemma 1.8. O

6 Free boundary regularity based on flatness

Based on Proposition 5.4 and Corollary 5.5, the proof of Theorem 0.1
follows from the iteration method developed in [ACS2] and [CJK2].

Let @ be as in (5.8). Since s — 0 as € — 0, the following proposition
yields the main theorem (Theorem 0.1):

Proposition 6.1. In By(0) x [1/2,1] the free boundary T'(d) is a C*t graph
in space and time. Moreover, i € C1(Q(@)) and

¢! < |Dil(a,1) < C,
where C' only depends on M and n.

Theorem 1.4 in [ACS2] yields the corresponding result for @ solving (5.9)
with p =1, and Theorem 1.1 in [CJK2] for @ solving (5.9) with p = 0. For
general case 0 < p < 1, the proof of Proposition 6.1 follows by interpolating
the proof of Theorem 1.4 in [ACS2] and Theorem 1.1 in [CJK2]. In the
appendix we outline the series of technical modifications which is necessary
to prove the proposition.
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A Regularity of the free boundary

Let @ as defined in (5.8) and let e; = (0, ..., 1) be the unit vector in the time
direction. Following the notations in [ACS2] we define e-monotonicity as
below:

Definition A.1. (a) Given € > 0, a function w is called e-monotone in
the direction T if

u(p + A1) > u(p) for any X > e.

(b) Wo(6%,e) and Wy(0!,v) with e € IR™ and v € span(ey, ;) respectively
denote a spatial circular cone of aperture 20% and axis in the direc-
tion of e, and a two-dimensional space-time cone in (e, e;) plane of
aperture 20 and axis in the direction of v.

(c) w is e-monotone in a cone of directions if w is e-monotone in every
direction in the cone.

1/4

Due to Proposition 5.4 and Corollary 5.7, @ is ¢*/*-monotone in

C = Fz(Hz, en) U Ft(¢9t, Z/)

with cot 0, < L,,v € span(ey,e;).
Moreover due to Corollary 5.7 (a),

u(—ep,0) =1, supa < M.
Q1

A.1 Lipschitz in space

First we follow the arguments in [ACS2] to show that @ is fully monotone
in a smaller cone in Q1/,. Without loss of generality we replace /4 by e.

Let us consider w(z,t) := u(x, pt). Then w solves the heat equation in
B1(0) x [0, p7 1], and w is e-monotone in W, (0, e,) (the same space cone as
@), and ep-monotone in a time cone W;(f;, e,) with aperture bigger than a
constant ¢(M,n).

For later purpose we state a modification of Lemma 9 in [ACS], with the
minimal assumptions on the caloric function v necessary in the proof:

Lemma A.2. Let v satisfy avy — Av < 0 in {v > 0} and v is monotone
for the space cone T';(0y,ey). Moreover suppose |avi| < Cvy,. Then for the

35



function defined in Lemma 9 in [ACS] with its constants depending on n, 6
and C,

o(z,t) := Bsup u(y, s)
w(z,t)

is sub-caloric in {v >0} N D" and in {v <0} ND’.
We apply above lemma to w and proceed as in the proof of Lemma 7.2

in [ACS2| to derive full monotonicity (space-time) in half of the original
domain. Note that w satisfies the free boundary velocity law

w; = p|Dw|* on T'(w),

which is slower than the one in (ST) by a factor of p and thus will slow down
the regularization of the free boundary in the proof of Lemma 7.2. On the
other hand we also have a long time interval [p~!, p~!] for the regularization
over time. Hence we obtain the following lemma:

Lemma A.3. There exist constants 0 < €y, A < 1 depending on n,d, u
such that if € < €g,0 then w is Aep-monotone in the cone of directions
T.(0,—c€?,e,) and Ty(0;—c€®, v) in the domain By_ca(0)x [p~ (1 —€%), p~!]
where 0 < a < 3 < 1/2.

The proof of Lemma A.3 is parallel to that of Lemma 7.2 in [ACS2].
One can then iterate above lemma to improve the e-monotonicity to full
monotonicity, and state the result in terms of u:

Lemma A.4. @ is fully monotone in Qy/y for the cone
Cr:=T,(0, — Ce® e,) UT(0; — Cpe®,v),
for some constants C,a, 3 > 0.
Corollary A.5. u satisfies
lpty| < @p in Q.

A.2 Regularity in space

To Proceeding from Lipschitz to C' regularity in space, we first estimate
Du

| Dul

the change of away from the boundary:
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Lemma A.6 (Interior enlargement of the space cone). Let 4 as above. In
addition suppose that u(-,t) is monotone for the cone Wy (v, 6;) in By—1,1(0)x
(0,27L6;) with i(—27"e,,0) =271 and & = /2 — 6; > 172, Then for | > Iy
where lg depending only on 6y and n, there exists a unit vector v, 1 € IR",
0 < ho(n) <1 and 0 < ro(n) <1 such that u(-,t) is monotone increasing in
Bo-1_5(—27"1e,) x (0,72716;) for the cone n € W (viy1,0i41) with

o141 < hody-

The proof of above lemma is parallel to that of Lemma 6.1 in [CJK2],
and uses Proposition 5.4 instead of Proposition 4.1 in [CJK2].

The second lemma, combined with the one above, states that for any
free boundary point (zo,t), % converges as we approach the point. The
rate of this convergence determines the regularity of I'(u) in space.

Lemma A.7 (basic iteration). Let @ solve (5.9) in Q1 with (0,0) € T'(@), a(—2e,,0) =
1 and |Da| > mg in T'(@). In addition suppose that |at| < Ct, and there
exists a unit vector v € IR"™ and 0 < by < 1 such that

a(Du, —ey,) < 6 in B1(0) x (—2r,2r)

and
a(Du,v) < bod in Byjie(—en) X (—2r,2r).

Then there exists a unit vector v1 € IR™ and a constant 0 < ¢ < 1 depending
on n,mqy and by such that

a(Di(x,t),v1) < 01 in By/a(0) X (=r,7)
where 61 < § — cor.

Now proceeding as in section 6 in [CJK2] yields the C! regularity of the
free boundary:

Theorem A.8. I'(@) is C' in space in Q1/2- In particular, three exist
constants lg,Cy > 0 depending only on L,n and M such that for a free
boundary point (xo,t9) € I'(4), I'(@) N By—i(xo,to) is a Lipschitz graph with

Lipschitz constant less than TO if 1 > .
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A.3 Regularity in time

Lastly, proceeding as in section 7-8 of [CJK2]| yields the differentiability of
I'(u) in time. The main step in the argument is the following proposition:
the statement and its proof is parallel to those of Theorem 7.2 in [CJK2].

Proposition A.9. There exist constants lg > 0 and 1 < v < 2 depending
only on L,n, M such that for (zg,ty) € T'(a) N Q1, if I > ly then T'(a) N
By-i(xg, to) is a Lipschitz graph with Lipschitz constant less than 177,

Above proposition and the blow-up argument in section 8 of [CJK2]
yields the desired result:

Theorem A.10.
ot < |Da|(xz,t) < C in Q(&) N Q1/27

where C' = C(M,n). Moreover I'(u) is differentiable in time with its normal
velocity Vs = |Du| on I'(a).
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