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Abstract

In this paper we prove that, in a local neighborhood, Lipschitz
continuous free boundary of a solution of the one-phase Hele-Shaw
problem is indeed smooth if the solution is Lipschitz continuous and
non-degenerate in the neighborhood.

0 Introduction

Consider a compact set K C IR"™ with smooth boundary 0K. Suppose
that a bounded domain ) contains K and let Qg = Q2 — K and I'y = 90
(Figure 1). Note that 0Qy =T'o UOK.

Let ug be the harmonic function in €y with ug = f > 0 on K and zero
on I'g. Let u(z,t) solve the one phase Hele-Shaw problem



—Au=0 in {u>0}NQ,
(HS) u— |[Dul>=0  on d{u>0}NQ,

u(z,0) = up(z); wu(z,t) = f for x € OK.

where @ = (IR"—K)x(0,00). We refer to I';(u) := 0{u(-,t) > 0} —0K
as the free boundary of u at time t. Note that if u is smooth up to the
free boundary, then the free boundary moves with normal velocity V =
ut/|Dul, and hence the second equation in (HS) implies that V' = |Du|. The
classical Hele-Shaw problem models an incompressible viscous fluid which
occupies part of the space between two parallel, narrowly placed plates. The
short-time existence of classical solutions when I'g is C?**® was proved by
Escher and Simonett [ES]. When n = 2, Elliot and Janovsky [EJ] showed
the existence and uniqueness of weak solutions formulated by a parabolic
variational inequality in H'(Q).

Our goal is to prove that, in a local neighborhood, if the free boundary
I'(u) := Ug>ol't(u) is a Lipschitz graph in space-time and if u is Lipschitz
continuous and non-degenerate on the free boundary, then the free boundary
is indeed differentiable and u satisfies the free boundary condition V' = |Du|
in the classical sense. As for the notion of generalized solutions, we use
viscosity solutions whose existence and uniqueness were proved in [K1]. For
rigorous statements, see Section 1.

The above result - in short, Lipschitz free boundaries are smooth - is
proved in [ACS] for the Stefan problem

up—Au=0 in {u > 0},
(St)
ug — |Dul> =0 on 0{u > 0}

The underlying idea of such result is that the regularity of positive
level sets of u 'propagates’ to the free boundary over time. Concerning our
problem (HS), this idea doesn’t seem to apply since our solution w is har-
monic at each time, and thus the regularity of w in time is not necessarily
better in the positive set than on the free boundary. In other words the dif-
ficulty in our analysis lies in the hyperbolic nature of our problem. However
our result holds because (a) u has strong spatial regularity since u(-,t) is
harmonic for each ¢ > 0, and (b) the regularity of level sets in space and in
time affect each other by the free boundary motion.



In fact if we consider the blow-up solution of (HS)

u(z, t) = a(t)(z, + /Ot a(t)dt)y, z=(z',z,) € R" xR

where a(t) is only Lipschitz continuous in time, then u may not be differ-
entiable in time, but I'y(u) is differentiable in time with normal velocity
a(t).

Here is a summary of the paper. The main tools used in the following
sections are barrier arguments, properties of harmonic functions in Lipschitz
domains (see section 1), and the iteration method developed in [ACS] and
[C2]. In section 1 we introduce notations used in this paper and state our
main results. In section 2 we state and prove some preliminary lemmas which
will be used in later sections. In particular we show that positive level sets
of u do not change their normal direction too fast over time (Lemma 2.6),
which produces an ’interior gain’ for the positive level sets. In section 3 we
construct a family of perturbations to prove a propagation lemma (Lemma
3.4) which carries the ’interior gain’ to the free boundary over time. In
section 4 we adopt the iteration method and apply Lemma 3.4 to show that
the free boundary is differentiable in space. In section 5 using the spatial
regularity of u, we show that the free boundary is indeed differentiable in
space-time. Furthermore we prove that the spatial regularity of the free
boundary is strong enough for Du to exist on the free boundary, satisfying
the free boundary condition V' = |Du|. Finally in section 6, as an application
of the regularity results from previous sections, we transform (HS) into an
obstacle problem to prove that the free boundary of a viscosity solution of
(HS) with smooth boundary data becomes analytic after a finite time.

1 Notations and main results

We first introduce several notations that are used frequently in this paper.
e Let us assume that n > 0 is a given integer. Then we define

(a) For z € R" let By(z) ={ye R" : |z —y| <r}

(b) For (z,t) € R™ let
Bt (a,t) = {(y,5) € R"™ « |(z,1) — (y,5)] <r}.

e For D ¢ R™"! and a constant ¢, ¢cD = {y € R"" :y = cz,2z € D}.



e For a unit vector v € IR" and 0 < 6 < /2, we define

W(l,v) :={xr e R" :<x,v>>|z|cosb.}

Also we denote by afe, f) the angle between vectors e and f in IR™.
e A pair of functions ug, vg : D — [0, 00) are (strictly) separated (denoted
by up < vg) in D C IR™ if
(i) the support of ug, supp(ug) = {up > 0} restricted in D is compact and

(ii) in supp(ug) N D the functions are strictly ordered:

up(x) < vo(x).

e For a nonnegative function u(z,t) defined in D C IR™ x [0, c0),

u* (.’IJ, t) = lim SUP(y,s)e D— (1) U(y, S);
U (.’IJ, t) = lim inf(y,S)EDH(x,t) U(y, S);
Qu) = {(x,t) s u(x,t) >0}, Q(u) ={z: u(z,t) > 0};

I(u) = 0{(x,t) : u(x,t) =0}, TI'i(u)=0{z: u(z,t)=0}.

Below we state the definition of viscosity solutions introduced in [K1]:
We keep the notions used in the previous section.

Definition 1.1 (1) A nonnegative uppersemicontinuous function u defined

in @) is a viscosity subsolution of (HS) with initial data ug and fized bound-
ary data f >0 if

(a) u=ug att=0,u<f forze K;
(b) Q(u) N {t =0} = Qo(u);
(c) for each T >0 the set Q(u) N {t < T} is bounded; and

(d) for every ¢ € C*1(Q) such that u — ¢ has a local mazimum in
Qu) N {t <to}NQ at (z0,to),



(’L) — A¢(x0,t0) <0 if u(xo,to) > 0.

(17) min(—Ag, ¢y — |Dé|?)(z0,t0) < 0 otherwise.

(2) A nonnegative lowersemicontinuous function v defined in Q is a vis-
cosity supersolution of (HS) with initial data vy and fized boundary data

f>0if
(a) v=wvg att=0,v> f forx € K and

(b) if for every ¢ € C*Y(Q) such that v — ¢ has a local minimum in
Q)N {t <t} NQ at (x0,t0),

(4) — Ag(zo,t9) >0 if v(wo,t0) > 0,
(13)  Ifv(zo,to) =0 and if

D@l (0, o) # 0 and (x0,to) € (@) M50,

then
max(—A¢, (bt - ’D¢‘2)($0’t0) > 0.

(3) u is a viscosity solution of (HS) with boundary data ug and f if u*
is a viscosity subsolution and if u = u is a viscosity supersolution of (HS)
with boundary data ug and f.

(4) A nonnegative lower semicontinuous function u defined in the closure
of a cylindrical domain ¥ := D X (a,b) C IR"™ x IR where D is bounded in
IR" is a wviscosity solution of (HS) in X if (1)(d) holds for u* and (2)(b)
holds for u = uy with ¥ replacing Q.

Remark. It follows from the above definition that if u is a continuous
viscosity solution of (HS) in an open subset O in IR™" then for fixed ¢ u(-, )
is harmonic in Q¢ (u) N {(z,t) € O}.

The following two theorems state important properties of the viscosity
solutions: we refer to [K1] for proofs.

Theorem 1.2 (localized comparison principle) Let u,v be respectively
viscosity sub- and supersolutions in D x (0,T) C Q with initial data ug < v
in D. Ifu <wvondD andu < v on OD N Qu) for 0 < t < T, then
u(+,t) <wv(-t) in D fort e [0,T).



Theorem 1.3 Let ug be the harmonic function in Qg with ug = f > 0 on
K and ug = 0 on Ty, where f(z,t) is a smooth function in Q. In addition
suppose that Dug exists at each point at I'g as the limit from Qo and satisfies
|Dug| > 0 on T'g. Then there exists a unique viscosity solution u of (HS) in
Q with its boundary data.

Below we state the main result of the paper:

Theorem 1 Let u be a viscosity solution of (HS) in
S := Ba(zg) X (to — 2,to 4+ 2) and suppose (xg,ty) € T'(u). Moreover assume
that u satisfies the following properties in S:

(Pa) T'(u) is given by a Lipschitz graph {x, = f(z',t) : (z',t) € R"' x R}
with Lipschitz constant L.

(Pb) w is continuous and |us|/|Du| < My in Q(u).

(Pc) wy, = De,u > mgo > 0 in Q(u), where e, is a unit vector in the
direction of x,.

Then the following conclusions hold:
(1) T'(u) is a C graph in space and time in S’ := By (wg) X (to—1,to+1).
Moreover, for any n > 0, there exists a positive constant C' depending only
on the constants in (Pa) — (Pb) and n,n such that, for

(@', @n, t), (¥, yn, 8) € T(w) NS,
Vo f(z' 1) =V f(y 1) < C(—log|lz’ —y'|)~3/%tn,
[fe(a't) = fula', 5)] < C(loglt — s|)~1/>*n.
(2) u(-,t) € CH(Q(u) N By(xg)) for [t —to] <1 and
Vet = |Dul(z,t) on T(u) NS’
where Vg4 is the normal velocity of I'(u) at (z,t).

Remark

1. In addition to (Pa) and (Pc), condition (Pb) is necessary. For example
see the blow-up solution given in the introduction with discontinuous a(t).
2. By a barrier argument using radial solutions of (HS) and Lemma 2.2, one



can check that a viscosity solution of (HS) in S with condition (Pa)-(Pb)
satisfies

(Pb) |Du| < M = M(My, L) in B3/2(m0) X (to — 3/2,to + 3/2).

Due to the hyperbolic nature of our problem, to obtain further regu-
larity of T'(u) it is necessary to obtain more information for the regularity
of boundary data on 0S5, or alternatively the global properties of u if u is a
viscosity solution of (HS) in @ with S C Q. As a consequence of Theorem
1 and [K2], the following result is obtained in section 6:

Theorem 2 Let u be a viscosity solution of (HS) with boundary data f =1
and ug. Moreover suppose that |Dug| > 0 on I'g. Then there is 0 < Ty < 0o
such that T'(u) is analytic in Q N {t > Ty}.

For the sake of simplicity, from now on we assume that Ly < 1/4 in
(Pa). Hence for example if (z1,t1) € T'(u) NS’ then
the region By 4(w1 + 3/4ep) X [t1 — 1,¢1 + 1] is contained in Q(u). We leave
it to the reader to check that a parallel argument holds for the general L.

2 Preliminary results

First we state several properties of harmonic functions which are impor-
tant in our analysis.

Lemma 2.1 (Dahlberg, see [D]) Let ui,us be two nonnegative harmonic
functions in a domain D of IR™ of the form

D={(a,2,) e R" ' x R: |2'| < 1,|x,| < M,z > f(2')}

with f a Lipschitz function with constant less than M and f(0) = 0.
Assume further that uy = us = 0 along the graph of f. Then, on the
domain

Dyjp = {|2'| < 1/2, |zn| < M/2,2, > f(a')}
We have

uy (2, xy)  u2(0,M/2)
0<C; < . < C
sts ug (2!, ) wi(0,M/2) — 2
with Cq,Cs depending only on M.



Lemma 2.2 (Caffarelli, see [C2]) Let u be as in Lemma 2.1. Then u, > 0
on cD, c=c(M), and for 0 < d < cM
(0,d)d

Un,
0<Ch £ ———
=0

)

< O

5SS
~—

where C; = Cy(M).

Lemma 2.3 (Caffarelli, see [C2])
Let 0 < uy < wug be harmonic functions in B1(0). Assume that on
B1-¢(0)

ve(x) = sup u1(y) < uz(w)
Be(z)

and further

u2(0) — ve(0) > oeug(0).

Then, for some k,h > 0 (independent of €,0) we have
u2(T) — V(14on)e(T) > Koeuz(0)

m Bl/g(O)

Suppose ¢; — |D¢|*(z1,t1) > 0.
Lemma 2.4 (Caffarelli, see [C2]) Let u be harmonic in By. Then there
exists €g > 0 such that if

u(z + ep) > u(x) for e > g and z,x + ep € By

for a unit vector p € IR?, then Dyu >0 in By.

Next we show that for the most cases the first term on the variational
inequalities in Definition 1.1 can be omitted.

Lemma 2.5 Let u be a continuous viscosity solution of (HS) in S,

(w1,t1) € T(u) NS and let ¢ be a C*'-function in a local neighborhood of
(w1,t1) such that u—¢ has a local mazimum zero at (z1,t1) in Q(u)N{t < t1}
and |Do|(x1,t1) # 0. Then it follows that

(¢r — | Dg*)(x1,t1) < 0.



Proof.

1. By hypothesis, for any € > 0 there is a space-time ball B"*! with
BN {t <t;} C (S—Q(¢))N{t < t1} and with its outward normal vector
(v, ¢1/|Dd| — €) at (z1,t1) where v a unit vector in IR" such that

B AT(¢) N {t <t} = {(x1.t1)}.

Let a = |Dé|(z1,t1). Next we define a C?! function ¢(x,t) in a neigh-
borhood of (2B — B N {|t — t1| < ¢}, where ¢ << 1, such that

©>0,—Ap(x,t) >0 in (2B" — BN {|t — 1| < ¢},
=0 on B N {|t —t;1| < ¢},

|Dp| =a+e on OB" LN {t =t}

(For the construction of such test function, see Appendix A of [K1].)

2. By the regularity of ¢, |D¢|(z,t) < a + € in a small neighborhood of
(w1,t1) with ¢ < 0 on B™L. Tt follows that ¢ < ¢ in a neighborhood of
(w1,t1) in (2B — BTN {t <11} with ¢ = ¢ = 0 at (z1,t1). Since u— ¢
has a local maximum at (x1,t1) in Q(u) N {t < t1}, it follows that u — ¢
has a local maximum at (z1,#;) in the set Q(u) N {t < t;}. Note that by
construction —Ap(z1,t1) > 0. Hence by definition of u we obtain

(@1, 1) < [Dol(z1,t1) = [D@| (21, 1) + €.
D
On the other hand, note that the zero level set of ¢ is B! in a
neighborhood of (z1,¢) in IR"*'. Hence by the construction of B"*! the
normal velocity of the level set {¢ = p(z1,t1)} at (z1,t1), wi/|De|(z1,t1),
equals that of IR" ™! — B"+1 at (21,t;) and thus due to the above inequality

u‘ﬁ—ﬁﬂm,tl) e < |Dé|(z1 ) +e.

Since € > 0 is arbitrary, we can conclude.

Pt
|

0.
Lastly we give an estimate for the change of the normal directions of
the positive level sets. We say that a function f has a cone of monotonicity
W(0,v)in D C IR™ if f is monotone increasing along every direction
pe W(0,v)in D.



Lemma 2.6 Let u be as given in Theorem 1. Furthermore suppose
(x1,t1) € T(u) N S’ and

A< 2 < B and a(Du,e,) <6
Un,
in XN Q(u) where ¥ = By(x1) X (t1 —r,t1 + 7). Let us denote
w=max(0, B—A). If §/u < r, then there are 0 < ly,m9 < 1 only depending
on the constants in (Pa) — (Pc) and v € IR™ such that

3
a(Du,v) < lod in Byjg(wr+ Jeq) x (tr =100/, t1 + 100/ p1.)

Proof.

1. As before we change coordinates so that (z1,¢1) = (0,0). Due to our
hypothesis a(Du(z,0),e,) < §in By (0)NQ(u). In other words w is increasing
along the directions in the cone W(w/2 — d,e,,) in B1(0). In particular in
B1/4(%en) we have

(2.3) sup u(z — eep,0) < u(z,0).
Be)\o(z)

with small € > 0 and A\g = sin(7/2 — J§). We also observe that

u(%env O) - SupBE)\O (3/4en) u(y —€n, 0)
[ 3
(2.4) > S Du(ge,,0)

(by Lemma 2.2) > Céeu(2e,,0)

if € > 0 is small enough, where 7 := B—m(%en,O) and C = C(Ly).

2. Due to (2.3),(2.4) and Lemma 2.3, the technical arguments in section
5 and 6 of [C2] apply (Note that Lemma 2.3 does not directly apply since
e, may be different from 7)) and we obtain a unit vector v € IR"™ and A\ =

(1 + kd)Ao, with k£ > 0 independent of § and pu, such that

3
sup u(z — ev,0) < u(x,0) in By/g(-en).
BE)\(‘T) 4

In terms of Dwu this means that there is a unit vector v € IR"™ and
0 < h < 1, independent of § and p, such that

(2.5) a(Du(,0),v) < (1 — )5 in B1/6(Zen).
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3. Since |Du| > myg in X, for a unit vector p such that

a(p,v(0)) <7/2— (2= h/2)d,

1 3
u(- +€ep,0) > Zmohée + u(-,0) in Bl/g(Zen),O <e<1/16.

Moreover since |u;| < §|Dul,i = 1,...,n — 1 in Q(u) by our hypothesis,
by interior estimates of harmonic functions

juil = O0) Dl Sen )i = 1,..n — 1in Bys(Sen) x (—r,7).

Since u is harmonic in the region and |Du| < M (see the remark below
Theorem 1) we obtain |u,,| = O(d) and thus

3
|un (- + ep, t) — up (-, t)| = Cde in Bl/g(zen),

where C' is independent of 4, p.

4. Let us pick a small constant ¢y > 0. By the previous argument and
our hypothesis, there is rg > 0 independent of d, 4 and €y such that for
|t| < roepd/p the following holds:

1 3
u(-+ep,t) > gmoheé + u(-,t) in 31/4(1671)760 <e<1/16.
i.e., in terms of [C3] u is €g-monotone in the direction p in Bl/4(%en).

5. Thus if we choose €y small enough, then Lemma 2.4 applies and we
obtain

3 3
Dyu(z + Zenat) > 0in Bl/S(ZGn) x (=106/ 1,706/ 11)

which proves our assertion with lo = h/2.

3 Propagation of interior gain

In this section we prove a propagation lemma which carries the ’interior
gain’ in the positive set to the free boundary over time. For this purpose we
first construct a family of test functions (perturbations) to be used for local
barrier arguments.

11



Lemma 3.1 (Lemma 9, [C2]) Let p(z) be a C?-positive function in a do-
main D C B1(0) satisfying |Dyp| <1 and

|De|?
@

in B1(0), where C(n) is a dimensional constant. Let u be continuous,
defined in a domain D C IR" large enough so that the following function is
defined in B1(0) :

(3.1) Ap > C(n)

w(x) = sup u(x + p(z)v).

lv|=1

Then if w is harmonic in {u > 0} N B1(0), then w is subharmonic in
{w >0} N B;(0).

Lemma 3.2 For r,Cy > 0 and for sufficiently small h > 0 , there exist
constants k,C' > 0 independent of r and h and a family of C? functions
op(x,t), 0 <n <1, defined in

D = [B:(0) — Bl/S(Zen)] X (=r,7)

such that
(a) 1<, <1+ryh in D,
(b) ¢Agp > Co|Dy|? holds in D,
(¢) pn =1 outside B8/9(0) X (_%r’r),
(d) ¢y > 1+ rknh in By j5(0) x (—ir,7),
(e) 0 < |Dgl|, s < C'nh in D.

Proof

It is not hard to construct a smooth function ¢ in B;(0) — Bl/g(%en)
such that
0 <1 < (8/15)%

¥ = 0 outside Bgg(0);

|Dvy| < C1AY, for some large Cf;

¢ Z ko > 0 in Bl/Q(O)

12



Next we let U(xz,t) := (t+7/8)34(x) for —7/8 <t < 1 and ¥(z,t) := 0
for —1 <t < —7/8. Then ¢, (-,t) =1+ rnh¥(-,t/r) is our desired function,
provided that h = h(Cj) is small enough .

a

Now we construct a family of test functions based on {¢,}. For [,p >
0, we define an (n + 1)- dimensional ellipsoid

Ei(w,tip) = {(y,5) : ly —al* +p72(s = 1)* = 2.}
We also define Ej(z,t;0) := By(z) x {t}.

Lemma 3.3 Let u be a viscosity solution of (HS) with condition (Pa)-(Pc)
in 2D. Then there exists Cy > 0 only depending on My in (Pb) such that
for ¢y as given above with Cp and 0 < r,e <1

(32) 1}77('%.7t) - sSup U(y, S)
Eegon(ac,t) (J},t;p)

s subharmonic in D at each time for any 0 <n < 1,0 < p < 1.

Proof

1. Due to Lemma 3.1 we only have to prove the lemma for p > 0. Let
us fix t € (—r,7) and show that v, (-,?) is subharmonic in the set
{z : (x,t) € D}. Observe that from the assumption the level sets of u has
normal velocity less than My in 2D, and thus u assumes its maximum in the
ellipsoid Ee,, (,t; p) strictly away from the top and the bottom portions:
that is, there exists 0 < C' = C(Mp) < 1 such that v, (z,t) = supy, 4 u(y, s),
where

I(:th) = Eegon(z,t)(xat; P) N {(y’ S) HERS II(J},t)}a
and

Iy = {5 (@2 (x,t) — p~2(s — ))V/2 > Ceppy(, 1)}

2. Hence v,(z,t) = SUDserr, ws(x), where

1/2

ws(x) = sup u(z + (e2<p3](x,t) —p (s =)V, 5).

lv|=1

Let us fix s € I, ;) and let ®(z) = (62@727(56, t)—p~2(s—1)%)Y/2. Then
we have PDP = 62<ang0n and

13



PADP = (62<pnAg0n + 62]Dg0n]2) — ]DCIJ\Q

> (Co+ 1)e?|Dy,|? — |DP?

> Co|D®PE, — DD

252
€(pn

> (CoC?* —1)| DD

where the last inequality is due to the definition of I/, ;. Hence with

the choice of Cy > C~2(C(n) + 1) we can apply Lemma 3.1 to conclude

that for any s € 11, 4), ws(x) is subharmonic. Finally vy (-,t), supremum of
subharmonic functions, is subharmonic.

.

Now we are ready to state our main lemma for the iteration method.

Lemma 3.4 (propagation lemma) Let uy and ug be two viscosity solu-
tions of (HS) in B1(0) x (—r,r),0 < r <1 and assume that uy,us satisfy
(Pa)-(Pc) with (0,0) € T'(uz2). Suppose

ve(w,t) := sup wy <ug(x,t) in Bi(0) x (—r,7)
Ee(z,t;p)

with some p € [0,1] and there exist k,0 > 0 such that for some small
h >0,

3
uz(7,t) — V14anye(T,t) > maeuz(zen,t)

in Byg(3en) x (—r,7).
Then there exists 0 < €g,hg,co < 1 such that if 0 < € < €y and
0 < h < hg then

v(l—&—corah)e(x)t) < u2($7t) in Bl/Q(O) X (_T/27T)'

Moreover €y, hg and co only depends on k and the constants given in
(Pa) — (Pc).

Proof.

1. We only prove the lemma when » = 1,p > 0. A parallel argument
can be applied to prove the general case. Unless noted otherwise, we denote
by C positive constants depending only the constants given in (Pa)-(Pc).

14



2. Below we make use of the comparison principle (Theorem 1.2). Let
us set

U(.’E,t) = sup ul(y73)7
EﬂPo‘ (m,t;p)

where ¢, is as defined in Lemma 3.2 with Cj obtained in Lemma 3.3,
and let w(z,t) satisfy

—Aw(,t) =0 in DNQu);
w=0 in {uz = 0} U[0B1(0) x (~1,1)};

w=us(3e,,t) on aBl/S(%en) x (—1,1).

Note that by hypothesis and maximal principle of harmonic functions

(3.3) v+ koew < up in D — D', D" = [Bg9(0) x (=7/8,1)].

On the other hand, due to the Harnack inequality and by the boundary
condition of w, w > Cus at (%en,t),—l < t < 1. Thus Lemma 2.1 applied
to w and ug at each fixed t € (—1,1) implies that w > Cug in D’. It then
follows that © := (1 4+ Ckoe)v < ug on the parabolic boundary of D’.

3. Next we prove that © is a viscosity subsolution of (HS) in D’. Suppose
that there is a C*! function ¢(x,t) such that o — ¢ has a local maximum
zero at (w1,t1) in Q(v) N {t < t;} N D’. Since v is subharmonic, we only
have to consider the case (z1,t1) € I'(v). By definition of v, there is a point
(y1,s1) € I'(u1) such that

(yl’ 51) = Q(ul) N Eetpa(ivl,h)(xl’tl;p)'

and for (z,t) close to (z1,t1)

’U(Q?,t) > ul(f(x7t)>7 f(.%',t) = (x + V@U(x7t)7t + 51— tl)

where v = y; — z1/|y1 — x1| and

Pol,t) = 22 (a,1) — p~2(s1 — t1)2.

~ Hence u; — 6 has a local maximum zero at (yi,s1) in the set
Qu1) N {s < s1} where ¢(y, s) := (1 — Croe)p(f1(y,s)). Recall that due
to (Pb) and (Pb)’ we have

(3.4) |Dul|,ut/|Du| < M.
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Formally speaking (3.4) implies that the normal velocity of I'(u), u¢/|Dul,
is finite. More precisely, a barrier argument based on (3.4) and the defini-
tion of u yields that the ellipsoid E,_ (4, +)(71,%1;p) touches I'(u) at (y1,s1)
from outside of Q(u) uniformly away from the top and bottom of the ball.
In terms of ¢ and ¢ this means that @(x1,t1) stays away from zero and
moreover

eps(x1,t1)
3.5 L= 2 L (.
( ) @U(x17t1) o

It follows from (3.5), the regularity of ¢, and a straightforward compu-
tation that

0 < [D@sl, (Po)t < Ce|Dpy|, Ce(ps )t < Choe

near (z1,t1). Hence V(, 4 f = I + O(¢) and is in particular non-singular
near (z1,t1) if € is small enough. Hence f is invertible in a neighborhood of
f(x1,t1) = (y1, 1) if € is small enough. Furthermore f is C? in space-time
near (z1,t1) since ¢ is C? and @(z1,t1) > 0. Hence by the inverse function
theorem it follows that f~!is C? in a neighborhood of (y1, s1). Therefore )
is C? in space-time in a neighborhood of (y1, s1).

4. Moreover since u1 (-, 1) < ¢(-,s1) in Q, (u1) in a neighborhood of y;
and with uq(y1,$1) = <]3(y1, s1), (Pc) yields that

(3.6) |Do|(y1,51) > mo > 0.
Hence Lemma 2.5 applies to u; and we obtain

¢t < |DoJ* at (y1,51).

Once again using (3.5), a straightforward computation leads to

¢y — Choe|Dé| < (1 — Croe)(1 + Choe)?|Do|* at (x1,t1).

Rearranging terms, we obtain

¢t — |D¢|* < 0| Dg|[(Ch — Cr)|Dé| + Ch + O(e)] <0 at (x1,t1)

if e << h and h < Crmyg.
4. Thus v is a viscosity subsolution of (HS) and we can apply Theorem
1.2 to 0(z,t) and us(z + €ey,t) in D’ for every € > 0 to yield that
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v S’U,Q in D/,

which yields our assertion.

4  Regularity in space

In this section we use Lemma 2.6 and Lemma 3.4 to prove the spatial
regularity of I'(u) given in Theorem 1. First we state a basic iteration
lemma. Note that due to Lemma 2.2, u(-,t) given in Theorem 1 has a
cone of monotonicity W(f,e,) in a neighborhood of T'(u) N Bss(zo) for
|t —to| < 3/2, where the size of the neighborhood and # depends on Ly.

Lemma 4.1 Let u be a viscosity solution of (HS) in Bs(0) x (=57, 5r) with
(0,0) € I'(u), and with conditions (Pa)-(Pc). Furthermore suppose that
A < ug/u, < B and u(-,t) has a cone of monotonicity W(0,ey) in B1(0)
with 0 > 0y for |t| < r. Let us denote

0=m/2—-0 ; p=max(d,B— A).

and suppose that r > §/u. Then there exist constants 0 < ¢,7 < 1 and a
unit vector vy such that u(-,t) is monotone increasing in By X (—7d/u, 76/ 1)
along every direction n € W(01,v1) with

01 29+552/,u.

Moreover ¢,7 only depends on 0y and the constants given in (Pa)— (Pc).

Proof.

1. As before, unless noted otherwise, we denote by C positive constants
depending only on the constants in (Pa)-(Pc). Due to Lemma 2.6 there
is a unit vector v and b < 1 such that, for * = 7/2 — bd, u has a cone
of monotonicity W (6*,v) in Dy := Bl/g(%en) X (—=70/p,76/p). Consider
p € W(0/2,e,) — N where N denotes a neighborhood of the touching line
(if they touch) OW (6/2,e,) NOW (0* — 0/2,v).

2. For each t € (—70/p, 70/ 1), let

ui(x,t) = u(x — p,t) and € = |p|sin /2.

Now define o as
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o=[n/2— (alp,v)+6/2)] > (b+co)d

where ¢y > 0 depends on the size of the deleted neighborhood N
Since p + ep € W (6, e,,) for any unit vector p € IR", it follows that

ve <win Bi(0) x (—r,7),

where ve(z,t) 1= supyecp, (z) u1(y, ).
3. Note that for p=p+mn, |n| =1,

Hence it follows that in Bl/G(%en) X (=70 /pu, 70/ 1),

Dpu(z,t) > CDyu(3e,,t)
> Cun(3en, t)|pla(Du(3e,,t), p)
> Cu(3en,t))[p| cos[a(p, v) + bé]

> coeu(2en, t),

where ¢ = C¢y. The third equality is due to Lemma 2.2 and the cone of
monotonicity W (0*,v) of u with 6* = 7/2 — bd introduced in step 1. Thus
in D; we have

u(r —p,t) <wu(z,t) — Dpu(Z,t) < u(z,t) — coeu(x,t)

where T =z — \p for some 0 < A < 1.

4. Now we are ready to apply Lemma 3.4 with p = 0 to u; and u in
the domain in By (0) x (—7d/pu,76/1), which yields ¢,7 > 0 independent of
0 and p such that

U(l—l—Elsz/u)s(:Cv 0) < UQ(x70) in Bl(o) X (—775/2%7:5/2#)-

if 0 < € < €. Since o > bd the last inequality implies that, along
any direction of the form p + (1 + ¢hd?/u)en, n a unit vector in IR™ and
0 < € < €y, u is monotone increasing. The convex envelope of this family
of directions and the original cone W (6, e,,) is readily seen to contain a new
cone W (60q,1v1) with v depending on the direction of v and

0, — 0> C82/p.
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Recall that (HS) is invariant under the hyperbolic scaling
Up(z,t) = 2"u(27 "z, 27").

Using this scaling, an iteration of Lemma 4.1 centered at each point of
I'(u) NS (see the proof of Theorem 1 in [C2]) yields the following:

Corollary 4.2 Let u be given as in Theorem 1. Then the free boundary
Ty(u) is Ct in By(xo) for |t —to] < 1.

5 Regularity in time

Using the spatial regularity of I'(u) obtained in section 4, we now proceed
to show that I'(u) is C! in time in S’. First we prove that the free boundary
condition is satisfied in the classical sense almost everywhere on the free
boundary at each time.

Lemma 5.1  Let u be a viscosity solution of (HS) in a local neighborhood
O of (z1,t1) € I'(u) with conditions (Pa)-(Pc) in O. Suppose I'y, (u) is dif-
ferentiable at 1 with the inward unit normal vector v. Furthermore suppose
that Dyu(-,t1) has its nontangential limit ag from Q4 (u) at x1. Then T'(u)
is differentiable at (x1,t1) with

‘/(xl,tl) = aop.

Proof
For 6 > 0 let us define

W@, 1) = %u(ml 46w, ty + 6t) in By 5(0) x [~1/6,1/6].

Without loss of generality we may assume that v = e,. Since
|Dul, |ut|/|Du| < M (see the remark below Theorem 1), As 6 — 0 along a
subsequence u? converges locally uniformly to «° in IR"*! with

Du®, (u®); — Du®, (u®); w* - weakly in L™.

An iteration of Lemma 4.1, as mentioned before Corollary 4.2, yields
that there is a sequence of unit vectors v, € IR", k = 1,2,.. such that
a(Du'/* 1) — 0in Bg(0) for any fixed R > 0 as k — oo. Since I', (u) is dif-
ferentiable with the inward unit normal vector v, it follows that a(vg,e,) —
0. In particular
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<Dulep>—0 ifk#n

locally uniformly in IR"™*!. Since |Duf| is bounded, it follows that
De,u® = 0 if k # n and

uw(z,t) = ul(zn,t), Q) ={z:x, +b(t) > 0},b0) =0.

Moreover due to the stability property of viscosity solutions one can
check that u® is a viscosity solution of (HS) in IR™™!. In particular u(-,t)
is harmonic in 4(ug) for each ¢ and thus

W (2, 1) = a(t)(n + (D)),

where a(t), b(t) are Lipschitz continuous. Hence if we consider the limit

(up to a subsequence) of (u%)? we obtain u%: a viscosity solution of (HS) in
IR™! given as

(5.1) u® (x,t) = ag(xn + bo(t)) 4

where ag = a(0) and by(0) = 0, by: Lipschitz continuous. From barrier
arguments with classical solutions of the form

ae(Ty, + ac(t —te))+;  ae =ag L€t = e,

it follows that viscosity solutions of form (5.1) are uniquely determined
with by (t) = apt. Hence

u’(x,t) = ag(as + aot)+ + o(|z| + [¢]).

Finally notice that from the hypothesis ag, the nontangential limit of
D,u at (x1,t1), is unique. Thus our assertion is proved.
O
Remark
We mention that, for u given as in Theorem 1, the hypotheses of Lemma
5.1 is indeed satisfied almost everywhere on I';(u) N Ba(xg) for [t — to] < 2
with respect to surface measure (for example see Theorem 2.3 in [JK].)

The following lemma, a parallel statement of Lemmas 6 and 7 in [ACS],
can be proved with a slight modification of arguments in [ACS] using interior
estimates of harmonic functions, condition (Pa)— (Pc) and Lemma 2.2, and
thus we omit the proof.
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Lemma 5.2  Let u,7 be as in Lemma 4.1. with § << pu . Then

(a) u(z,1) = u(en, 0) + alen — 2) +a0(/n)

in 31/6(%%) X (=0/p, 6/ 1), where o = up(3ey,0).
(b) For all |t| < 0/,

7{ D — af2dS < a20(5/ ).
B1/6(0)NT¢ (u)

Using Lemma 5.1 and 5.2, we are able to show that u can decrease if
we stay away from the free boundary.

Lemma 5.3 Let u,«,d, 0 be as in Lemma 5.2 and suppose § << u>. If
a>b:=—-1A+3B (ora<b), then there exists c; > 0 such that

ﬂZA—Fcl,u (orﬂgB—cl,u)
U, Un,

in (z,t) € Bl/G(%en) X (=8/m,0/u). Here ¢ depends only on the con-
stants in (Pa)-(Pc).

Proof.
Suppose o > b. For [t| < §/p, let wt(x) be the harmonic measure in
Q¢ (u) N B2(0) evaluated at . Due to Lemma 5.1 , on I';(u) N B1(0) almost
everywhere with respect to surface measure we have

% = |Du|(1 + O(5)).

n

By Lemma 5.2(b), if we define

S0 = {p € Ty(u) N Bys(0) : un(p) = a(1+0(5"?))}

then |3y > $|T¢(u) N By/6(0)| for any [t| < §/p. Since (the restriction

of) wt(x) on I'y(u) is an Ay, weight with respect to surface measure, we have

ng)(Et) >ec.
On the other hand, on X,

|Dul = a+0(8Y3) > b+ 0(6Y3) > A+ p/2+0(8"3) > A+ .
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Therefore we can write, for (x,t) € Bl/G(%en) X (—0/p, /1)

(ug — Auy)(x,t) > / (ug — Aun)dw,gx) > ]Lawy)(ﬂt) > Cua
I't(u)B2(0)
which yields our assertion.
Similarly, we prove the complementary statement, too. O
Next we show that, using Lemma 3.4, the interior gain we obtained
from the previous lemma propagates to the free boundary over time. Let us

denote ¢; := (0,..,0,1) € R" x R.

Lemma 5.4 Let u,6, 1,7, v,v1 be as in Lemma 4.1. If § << u?, then in
B1(0) x (—=76/u, 76/ ) there exists ca > 0 independent of 6 and p such that
u s monotone increasing along the directions e — A1vy and —ey + Bivy with

0< By — A1 <pp and pyp < p— c20.

Proof.

1. First observe that the new axis vy of the enlarged cone obtained in
Lemma 4.1 is shifted from e,, by order less than §2/pu. Since § << p? Lemma
5.3 applies to yield

(5.2)
3
ug — Auy, > cpuy, or —uy + Buy, > cpuy, in Bl/G(Zen) X (=276 /1, 276 [ 10).

For simplicity suppose that the first inequality holds. Let now
p=r¢e; —Cv:=e; —C(r1,0) € R"™, C < A which makes an angle p with
e — Avy. Let p be any small vector in the p direction and set € = |p|sin p
and wuy(x,t) = u((x,t) — p). Then

Sup ul(y7t) < ’LL(LE,t) in Ql-
Be(x)

Moreover due to (5.2), we obtain that for |t| < 70/pu and p=p+ €€, £
a unit vector in IR",

u(Cent) = 1) < uCent) = Dyu(@ 0 < (1= ueuCent)

where 7 € Bl/G(%en). Hence Lemma 2.3 applies and there is x,h > 0
such that

sup  uy(z,t) < (1 — ckpe)u(zx,t) in B1/6(§€n) X (=70/p, 70/ 11).
B(1+cuh)e(x) 4
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2. Now if we define

ve(z,t) =  sup  wuy(y,s),
BIY (@,p)
then ve(z,t) < wu(z,t) in By x (=27/1, 270 /).
Moreover by (5.2) if we choose ¢ small enough - depending on the size
of u;/uy- then we can proceed as in Lemma 4.1 to obtain

K . 3 _ _
U(1+cuh)e(x7t) < (1 - §CH€)U($775) m Bl/S(Zen) X (_27'5//‘7 27’6/#).

Hence Lemma 3.4 yields that there is ¢ > 0 independent of the choice
of p such that

Vata)e(@,t) Sul@,t)  in Byjg x (=70/p, 76/ ).
This implies that u is monotone increasing along the direction
et — (A4 o).

Therefore the theorem holds with A1 = A+ ¢&f, By = B. O
Proof of Theorem 1.
1. Suppose (z1,t1) € I'(u) NS". Now combining Lemma 4.1 and Lemma
5.4, we can use an iteration argument using the hyperbolic scaling
Up(x,t) = 2"u(27"(x — x1),27"(t — t1)) to obtain

Oni1l = On — 02 /flny g1 = pin — COn; m=1,2,3, ..

for uy, in B1(0) X (=70, /tin, T0pn/1n) (see the proof of the main theorem
in [ACS].) From this relations we obtain the continuity mode of V,/f and
ft as stated in Theorem 1.

2. Next the spatial regularity of the free boundary and Theorem 2.4 of
[W] yields the existence Du up to (u) in S’. Lastly Lemma 5.1 leads to the
last assertion V' = |Du| on T'(u).

O

6 Long time regularity of the free boundary

Let u be the viscosity solution of (HS) in @ with its boundary data f =1
on K and u(x,0) = up(x). In addition let us suppose ug satisfies
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QCBR(O) ; ‘DU()’ > 0on Iy.
With the above assumptions it is proved in [K2] that

Ty = inf{t : BR(O) C Qt(u) U K} < o0

and that for any point (xg,to) € I'(u), tg > Ty, there is a neighborhood
of (zg,t0) in @ where (Pa) — (Pc) holds. Theorem 1 then yields that (i)
I(u) N {t > Ty} is differentiable, (ii) Du exists up to Q(u) and (iii) the free
boundary condition V' = |Du| is satisfied on I'(u) for t > Ty. As we show
below, (i)-(iii) provide enough regularity for us to apply the transformation
of [EJ] to obtain further regularity of I'(u) for t > T.

Proof of Theorem 2.

1. Let us define I(z) in K by

0 ifr e QQ
l(x) =

t:(z,t) € (u) otherwise.
Then it follows that
Ti(u) = {(z,t):  S(z,t) =t —1l(x) =0} for t <Tj.

Due to the additional assumption |Dug| > 0 on I'g one can easily check
that I'(u) strictly expands in time and [(x) is well defined. Moreover since
It (u) is differentiable for ¢ > Ty with its normal velocity bigger than mg > 0,
I(x) is differentiable in IR" — K for ¢t > Tj.

2. Since I'(u) is the zero level set of S(-,¢) with normal velocity |Du| for
t > Ty, it follows that

Sy
—— =D ['(uw) NA{t > T
DujDu]- D5~ Pulon L) O {t > To)
and thus
(5.1) Du-Dl=1onT'(u)n{t >Tp}.

3. Next let us apply the transformation introduced in [EJ]:
v(xz,t) = 0 forr e R"—K; 0<t<lI(z),
v(x,t) = flt(x) u(z,7)dr forx e R" - K; I(z)<t,
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Due to (5.1), Lemma 5.1 and the Lipschitz continuity of u the computation
in [EJ] holds for our solution for ¢ > T and the function v*(z) = v(z, t) solves
the following obstacle problem in R" — K:

—Avt— f>0, o >0;
—Avt — f=0 in {v' >0} = Q(u);

vt=Dvt =0  on d{v' =0} = Ty(u);

vt =t on 0K

where f(z) =1q, — 1.

3. Due to Theorem 3 of [C1], the C! regularity of T';(u) yields that
vt € C?(Qy(u) NN) where N is a neighborhood of T'y(u). Now we can apply
the Hodograph method (Theorem 1.1 of [F], also see [KN]) to v! to conclude
that I';(u) is analytic for each ¢ > T.

4. Finally using the analytic semigroup theory (see [A]), [ES] proved
the short time existence of classical solutions of (HS) when the initial free
boundary is analytic. Hence for any ¢ty > Tp there exists € > 0 and a classical
solution h(z,t) with initial free boundary I';,(u) and fixed boundary data
1 on I'y for tg < t < ty + €. Furthermore it is proven in [ES] that for
to < t < to+ € the free boundary I'(h) of h is analytic in time. On the other
hand by the uniqueness result of [K1] h = u for tqg < t < ty + €. Therefore,
I'(u) is analytic in time for tg < ¢ < to+e€. Since I'(u) N {t > Ty} is analytic
in space and the normal vector of I'(u) N {t > Ty} changes continuously in
time (this follows from the proof of Lemma 2.6), one can verify from the
arguments of [ES] and [A] that € = ¢(t) > 0 can be chosen uniformly for
compact subsets of time interval (Tj,o0). Thus we conclude that I'(u) is
analytic in time for ¢t > Tj. a
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