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Abstract

We investigate a one-dimensional model describing the motion of liquid drops sliding
down an inclined plane (the so-called quasi-static approximation model). We prove existence
and uniqueness of a solution and investigate its long time behavior for both homogeneous
and inhomogeneous medium (i.e. constant and non-constant contact angle). We also obtain
some homogenization results.

1 Introduction

1.1 Equilibrium drops and quasi-static approximation

Consider a liquid drop lying on an inclined plane. We introduce a coordinate system such that
this plane is the (z,y)-plane, and we assume that the free surface of the drop (the liquid/vapor
interface) can be described as the graph of a function (z,y) — u(x,y). For small droplets, the
energy of an equilibrium drop can be approximated by

1 u(z,y)
/(U):0/11@2§|vu|2+ﬂx{u>0}dxdy+/mz/o I'dzdxdy (1)

where o denotes the surface tension coefficient and B(z,y) is the relative adhesion coefficient
between the fluid and the solid. If the support plane is inclined at an angle « to the horizontal
in the z-direction, the gravitational potential I' can be written as

I' = pg(zcosa — zsina) (2)

and the Euler-Lagrange equation for the minimization of ¢ with volume constraint is the fol-
lowing equation (known as the Young-Laplace equation):
3)

—Au=\—ukcosa+ zksina in {u >0}
V|2 =3 on O{u > 0}.

with k = pg/o and where A is a Lagrange multiplier associated with the volume constraint. Note
that the Dirichlet integral [ |Vu|? dx dy is an approximation of the surface tension energy, which
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classically involves the perimeter [ /1 + |Vu|?dzdy (see [3]). This perimeter functional leads
to a mean curvature operator which would be much more delicate to deal with than the Laplace
operator appearing in (3).

It is well-known (see [3]) that when $ is constant and x > 0, then (3) has no solution (this
can be seen by multiplying the first equation in (3) by u, and integrating over {u > 0} - it is
also obvious that any translation of u down the z-axis will decrease the energy #).

This means that on a perfectly homogeneous surface, any drop should slide down the inclined
plane, no matter how small the inclination of the plane «. This is not the case when [ is a
function of z. In that case, one expects some drops to stick to the inclined plane, at least for
small inclination (or small volume). This sticking phenomenon was rigorously investigated by
Caffarelli-Mellet [2] when § is assumed to be periodic with period € < 1.

In any case, large drops will always eventually slide down the inclined plane and it is the
purpose of this paper to investigate the motion of such drops, when § is constant (homogeneous
surface) and when it is not (heterogeneous surface). There is a number of papers (see for instance
[1, 5, 7, 12] and references therein) in the fluid dynamics literature discussing the behavior of
sliding drops. Interesting phenomena are observed. In particular, the shape of the drop can
change drastically when the velocity is increased, and a singularity (corner) develops at the rear
of the drop when the velocity exceed a certain critical value (and a cusp may form at even higher
velocity).

In this paper, we aim at studying such phenomena in the framework of a (relatively) simple
model for the motion of liquid drops usually referred to as the quasi-static approximation. We
will see that this model does allow for singularity formation of the type discussed above.

1.2 The quasi-static approximation model.

In the quasi-static approximation regime, the speed of the contact line is much slower than the
capillary relaxation time, so that at each instant there is a balance between gravitational force
and surface tension (see [5, 7]). The free surface of the drop is thus at equilibrium at all time,
and can be described by a function u(z,y,t) solution of:

—Au = At) —ukcosa+zrsina  in {u(t) > 0}, (4)

where the constant A(t) is determined by the volume constraint

/u(ac,t) dz = V.

Along the free boundary (or contact line) 0{u > 0}, the equilibrium contact angle condition
is assumed to be satisfied only at some microscopic scale, and the deviation of the “apparent”
contact angle @ = |Vu| from the equilibrium value 6, = /23 is responsible for the motion of the
contact line. The relation between the velocity of the contact line and the contact angle 6 is not
a settled issue, and various velocity laws have been proposed (see [5], [7], [12]) and studied (see
[4]). Following Blake and Ruschak [1], we assume that the speed is proportional to §2 —#2. More
precisely, we assume that the normal velocity V' of the contact line 9{u > 0} is given by

V= %\Vu|2—ﬁ on d{u > 0}. (5)

This particular velocity law has the advantage of leading to a gradient flow formulation for (4)-
(5). This gradient flow formulation will be discussed in the next section, but let us already



stress out that (5) leads to an obvious problem when the drop is sliding down: In the rear of
the drop (where V' < 0), the speed |V| is bounded by # while in the front of the drop (where
V > 0), the speed can increase without bounds (and is expected to increase if the volume of
the drop, or the inclination increase). This would lead to ever-increasing support of the drop,
which is incompatible with (4) (indeed, we will see (4) does not admits positive solutions on large
domains). This problem can be fixed by noticing that (5) should not be expected to hold in the
degenerate case where Vu = 0 along the free boundary. In the next section, we will see that the
gradient flow formulation naturally leads to an obstacle problem type formulation of the velocity
law of the form (see (9))

min{V+;|Vu|26, |Vu|} =0 on 0{u > 0}. (6)

The free boundary problem (4)-(6) has been studied by Grunewald and Kim [6] in the par-
ticular case o = 0. In that case, we always have |Vu| > 0 along the free boundary, and so (5)
holds (instead of (6)). In the present paper, we are interested in the case a > 0, for which the
degeneracy of |Vu| cannot be ruled out. In that case, the existence of solutions (which is the
main focus in [6]) is not the only interesting issue. Indeed, one would also like to know whether
a given drop will stick or will slide down the plane. And when it does slide down the plane, one
would like to characterize the motion of the drop. We will see that there exist some traveling
wave type solutions which describe the asymptotic speed and profile of any sliding drops. Finally,
one would like to determine the effects of heterogeneities of the inclined plane on the motion of
the sliding drops. We refer to [9, 10] for results concerning the motion of liquid droplets on a
horizontal heterogenous plane (see also [11] for similar results in the framework of Hele-Shaw
flow).

Such issues are rather delicate to investigate in full generality. In this paper, we develop the
analysis of (4)-(6) (and answer all the above questions) in the one-dimensional case. In particular,
we prove the existence and uniqueness of solutions (for general functions /) and we study their
long time behavior when  is constant, and when ( is periodic. This one-dimensional model
could be interpreted as modeling the motion of a fixed volume of fluid initially placed uniformly
across the inclined plane (ridge of fluid). However, such a configuration is not usually stable (the
leading edge may become unstable in the span-wise direction as it flows down the inclined plane).
We thus prefer to think of this study as a starting point for a more general study involving the
higher dimensional case.

As we will see, even this (simpler) case already leads to interesting behaviors. In particular,
the profile of the drop may degenerate in the rear of the drop (touching the ground tangentially).
Of course, in dimension two and higher, the dynamics of the drops is much more complex since
topology changes seem unavoidable (splitting and merging of droplets).

Finally, let us mention that one of main difficulty in studying this problem (regardless of
the dimension) is the lack of comparison principle due to the volume constraint (no viscosity
solutions), since A depends on ¢ in (4). And there is no way to get rid of this volume constraint,
especially when addressing the long-time behavior of the drops. Indeed if we were to fix A(t) = Ag
and solve (4)-(6), it is easy to check that in most cases the drop would simply vanish in finite
time.



1.3 Gradient flow structure

As mentioned above, the system of equation (4)-(5) has a natural gradient flow structure: For a
given function v, we denote by

1 2
F(v) = / ~|Vol? + Y kcosa — vaksinadx dy
w2 2 2
the energy of the corresponding drop, and for a given Caccioppoli set W C R2, we define
uw = argmin{.Z (v); v € Hy (W), v >0, /v =V} (7)

When o = 0, it is easy to show that the solution of (4) with support W and volume Vj is
nonnegative in W. When « > 0, this may not be the case for large set W. This is the reason
why we need the additional obstacle condition v > 0 in (7). As a consequence, we may not have
supp uw = W, which is the main difference with the case o = 0.

We now define the energy of a Caccioppoli set W as:

EW) = y(uw)—l-/wﬁda:dy

Formally, (4)-(5) is the gradient flow for the energy & over the set of Caccioppoli sets with respect
to the usual Riemannian structure. Indeed, let us consider a solution W (t) of the gradient flow

OW = —diff £(W)

and denote by V the normal velocity of W. We can show that V satisfies (5) as long as W =
suppuw: Let © be a normal velocity field applied to OW and let @ be the variation of wuy,
induced by ©. Assuming that |Duy/| # 0 on OW, we get

diffeE(W)(v) = / Duw - Dot + (uw K cos & — zk sin «)da dx —|—/ {B + ;|Dﬂw|2] 0dS
w o

w

1
:/ [—AuW+uwmcosa—x/£sina]6ada:+/ [—|Duw|(5ﬂ—|— (6+D@W|2> 5} as
w ow 2

:)\/ 5adx+/ {|Duw|2+ <ﬂ+1|DaW|2)]@ds
w ow 2

_ / (3 _ 1DuW|2> 5ds,
ow 2

where in the first equality we used the fact that uy = 0 on W, and the third inequality is a
consequence of the following expansion:

0t = 0| Duw | + o(0) on OW. (8)

This implies
~ 1
V = §|DUW|2 — ﬁ

However, as mentioned above, when « > 0, the solution of (7) may have a support strictly smaller
than W when W is large (because gravity is pushing v ”downward”, in the direction of increasing



x). In that case, the obstacle free boundary condition yields |Vuw| = 0 along d{uw > 0} \ OW
and we do not recover (5). If we denote by V' the normal velocity of supp uyw, it is clear that
whenever supp uy # W, we have V < V. Since this can only happen when |Vuw | = 0, we
obtain the following equation for the velocity V:

min{—V—l—;VuWF—ﬁ, |Vuw|} =0 on d{uw >0}. (9)

In one dimension, one can rigorously show that the above heuristics is valid, using the discrete-
time (JKO) scheme introduced in [6] (see also [8]): For a given initial open interval I° and time
step size h > 0, let us consider the sequence of open intervals Iﬁ with ¢ = 1,2, 3, ..., iteratively
defined by

. . 1 -2
It = argming onen interval {hdzst (I, 1)+ 5([)} , I =1 (10)

where dist is a modified “distance” between open intervals (see [6] for general formulation and
references)

dist’((a,b), (c,d)) = / d(z, {a,b})dz. (11)

(a,c)U(b,d)

Let up(-,t) and Ay (-, t) be the associated function and lagrange multiplier to I;"" defined at
discrete times t = ¢h. Lastly, define

up (-, 1), An (- t) = up (-, 3h), Ap(-,th)  for t =ih <t < (i+ 1)h.
Following [6], we can then show:
Proposition 1.1. Let up and I, be as given above.
(a) Suppose there exists a classical solution ¢ of
—A¢ < A (t) — 0 — prcosa + xksin in {¢ >0}
{ V< 5lVe]?-p—6 on 0{¢ > 0} N{|Dg| # 0}
If h is sufficiently small depending on &, then ¢ cannot cross uy from below.
(b) Suppose there exists a classical solution ¢ of
—A¢p > M (t) + 9 — prcosa + zrsina in {¢ > 0}
{V>§|V¢2—ﬂ—5 on {¢ > 0}
If h is sufficiently small depending on &, then ¢ cannot cross uy, from above.

The proof of Proposition 1.1 follows that of Proposition 3.1 and Proposition 3.3 in [6]. Note
that from (10) it follows that I} cannot move its endpoints by more than Ch from the endpoints
of I,il_l, where C depends on the energy associated with I°. It follows that along a subsequence
up, Ap and Iy locally uniformly converge as h — 0. Proposition 1.1 then ensures that the limiting
solution satisfies (7) and that the motion law satisfies (9) in the viscosity sense.

This discrete-time scheme, which relies on the gradient-flow structure of our problem, can
thus be used to prove the existence of solution. However, it is not a very practical scheme,



especially in one dimension. For this reason we will use a different, simpler, discrete-time scheme
to construct classical solutions of (7)-(9) (see Section 4.2).

In the next section, we will state all the results proved in this paper. The rest of the paper
(Sections 3 to 7) will be devoted to the proof of these results.

2 Main results and outline of the paper

Throughout the paper, the volume of the drop Vj is fixed (we only compare drops with same vol-
ume), and we assume that the drop is invariant in the y direction. As discuss in the introduction,
the sliding drop problem then reduces to finding a function u(x,t) and a set W(t) = {u(t) > 0}
such that
u(t) = argmin{.Z (v); v € H3(W(t)), v >0, /vdx =W}
1 (12)
min {—V + §\ux|2 -5, ux|} =0 on d{u > 0}.

where V' denotes the normal velocity of OW (t) and .# is given by

1 2
F(v) = / §|vgc|2 + %mcosa—vxmsinadz.
R

We note that in one dimension there is no mechanism which would allow a connected drop to
split into several droplets (we will show this rigorously in Section 4, when we construct a solution
using a time-discretized scheme). We thus assume that the drop is connected at time ¢ = 0, that
is ug(z) satisfies {ug > 0} = (ag, b) and

ug = argmin{.Z (v) ; v € Hg(ao,bo), v >0, /vdx =Vo}. (13)
Our problem then reduces to finding W = (a(t), b(t)) satisfying (12). This leads to the following

definition:

Definition 2.1. Given an initial data ug satisfying (13), we say that u(x,t) is a solution of (12)
if there exist some Lipschitz functions a(t) and b(t) defined for t > 0, satisfying

a(O) = ao, b(()) = bo
and such that
{z; u(z,t) > 0} = (a(t),b(t)) forallt >0, (14)

b(t)
u(-,t) = argmin{.Z (v) ; v € H}(a(t),b(t)), v > 0, / v(x)dx =Vy} for allt >0, (15)
a(t)
and

a.e. t>0.

{ min{a’(t) + 3lus (a(t))[* = B(a(t)), [us(a(t)[} = 0
min{—0(t) + 3lus (b(t))|* — B(b(1)), |uz(b())[} = 0
With this definition in hand, our first result is the following:

Theorem 2.2. Assume that © — B(x) is a Lipschitz continuous function. For any ug satisfying
(13), there exists a unique solution u(x,t) in the sense of Definition 2.1.



Furthermore, we have the following “comparison principle”, which plays a crucial role in our
analysis:

Proposition 2.3. [Comparison principle and uniqueness] Assume that x — B(z) is a Lipschitz
function, and let uy, ua be two solutions of (12) (in the sense of Definition 2.1) with support
(a1(t),b1(t)), (a2(t),ba(t)) such that

a1(0) S ag(O) and bl(O) S bQ(O) (16)

Then
ai(t) < aqo(t) and b1(t) < by(t) for allt > 0. (17)

Furthermore if the inequalities are strict in (16), then they are strict also in (17).

We stress out the fact that the solutions w1 and us correspond to drops with the same volume
Vo (the result would obviously not hold for two drops with different volume). The result is not
trivial because u; and ug do not satisfy the same equation (different Lagrange multipliers).

Next, we investigate the existence of particular solutions characterizing the asymptotic be-
havior of general solutions. We start with the case where 3 is constant, and we show that there
exists a unique traveling wave solution (for a given volume and up to translation in time), which
is stable:

Theorem 2.4. When 3 is constant, Problem (12) has a traveling wave type solution of the form
u(z,t) = v(xz — ct). The profile v(z) is unique (up to translation), and the speed c is given by

K sin a (18)
Voksina — 3 if Vo > 2B

K sin a

c—{ %Vof-isina if Vo <2 8

Finally, any solution of (12) converges as t — oo to a translation of this traveling wave u.

Note that the speed c of the traveling wave is a piecewise linear function of V4, which increases
faster once the drop reaches a critical volume (we will see that this correspond to the volume for
which the receding contact angle - or the gradient in the rear of the drop - becomes degenerate).
Note also that for small volume, the speed is independent of the relative adhesion coefficient .

We emphasize the fact that when ( is constant, one can easily show that any drop will be
sliding down the inclined plane (no stationary solutions can exist in that case). However, the
coefficient 3 depends on the properties of the materials (solid and liquid) and it is very sensitive
to small perturbations in the properties of the solid plane (chemical contamination or roughness).
In the last part of this paper, we thus consider the case of non-constant coefficient 3, and to
simplify the analysis, we restrict ourself to periodic settings.

Our goal is to characterize the effects of these heterogeneities on the speed of the sliding
droplets. To this end we consider a simple case in which the constant 3 is replaced by a periodic
function

z — B(x).

In that case, we will see that stationary solutions do exist, at least for small volume, and
that small enough drop may stick to the inclined plane. Large volume drops, however, will
slide down, and the notion of traveling wave solution is replaced by that of pulsating traveling
solutions (which are global in time solutions whose profile exhibits some periodic behavior). More
precisely, we will show:



Theorem 2.5. Assume that x — B(x) is a periodic function. Then the following hold:
(i) 1f

max § — min 5 < Vpksina,

then there exists a unique pulsating traveling solution u(x,t) solution of (12) (that is a global
in time solution satisfying u(z,t +T) = w(x + 1,t) for all t). Furthermore, any solution will
eventually start sliding with positive speed (b'(t) > 0 for t > to) and will converge to the unique
pulsating traveling solution as t — oo.
(i) If
max § —min 8 > Vyksina,

then there exists & such that if the period of B is less than §, then any solution will stick to the
inclined plane. More precisely, we have

either a(t) > a(0) = C  orb(t) >b0)—C  for allt > 0. (19)

Finally, our last result concerns the homogenization of the problem above: We now assume
that  — B () is a e-periodic function (for the sake of simplicity, we take S.(z) = B(z/¢)).
First, we state the following lemma which will be proved in the appendix:

Lemma 2.6. Assume that x — ((x) is periodic. Then, for all ¢ € R, the equation

2'(t) = q — B(x(t))
has a unique global solution (up to translation in time), which is periodic in time. We define by

x(t) — =(0)

r(q) := lim (20)

t—o00

its effective speed. The function q — r(q) is monotone increasing and continuous, and satisfies

r(q) =0, for q € [min 3, max f].

Note that the fact that r(g) can be zero in a non trivial interval is a classical and important
aspect of the homogenization of contact angle dynamics (see Figure 1). It typically implies
pinning of the contact line: for related results in higher dimensions, we refer to [9] and [10].

We can now state our homogenization result:

Theorem 2.7. Let u® be a solution of (12) with initial value uy and where 8 = f(x/e) with 8 a
periodic function. When € goes to zero, u® converges uniformly to a function u(x,t) solution of
(14)-(15) satisfying the following velocity law:

{ min{a’(t) +r(5lua (a(t)*), [us(a(t))[} =

a.e. t>0. 21
min{—b'(t) + (3 |uz (b(t))?), |ua (b(t))[} = 0 : 2y

Furthermore, there is at most one solution u of the homogenized problem (14)-(15)-(21) with
given initial data ug.

To conclude this analysis, we note that the homogenized problem described in Theorem 2.7
has traveling wave solutions for all volume (for small volume, the traveling wave has speed zero,
so it is really a stationary solution). The speed of that traveling wave can be determined as
follows:
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Figure 1: Homogenized velocity function r(g) as a function of the slope ¢ when § is given by
B(z) =14 0.3sinz. The straight line is the curve y = ¢ — (3)

o If r(Vprsina) + r(0) < 0, then there exists go such that
r(qo + Vorsina) + (o) = 0
and the speed of the traveling wave solution is given by
c=1(qo + Vorsina) = —r(qo)
(note that go may not be unique, but ¢ is unique).
o If r(Vorsina) 4+ r(0) > 0, then the speed of the traveling wave solution is given by
c=r(Vorsina)

(when this happens, the gradient in the rear of the drop of the traveling wave solution is
7Z€ero)

Of course, we recover the speed of the traveling wave for constant coefficient 5 (formula (18))
when we take r(q) = ¢ — f. Figure 2 compares the speed of the traveling wave as a function of
Vok sin a for the homogenized problem (21) when 5. (x) = 1+ 0.3sin(z/e) (i.e. with the function
r shown in Figure 1) and for the constant case 8 = (8.) = 1. Note the Lipschitz corner near
Vok sina = 2 which corresponds to the critical volume for which the gradient in the rear of the
drop becomes zero.

The rest of the paper is devoted to the proof of these results.

3 Preliminaries

3.1 Another formulation for (12)

Definition 2.1 gives the most natural notion of solution for (12). However, it is not the most
practical one. In this section, we derive an equivalent formulation which will be more convenient.



Figure 2: Speed of the traveling wave solution as a function of Vjyksina for the homogenized
problem (21) when S.(z) = 1+ 0.3sin(x/¢e) (solid line), and for the constant case 5 = (5.) = 1.

First, we note that if u is a solution in the sense of Definition 2.1, then u(-,t) solves:
—Ugzy = A(t) —ukcosa + (x — b(t))ksina in (a(t),b(t))
u(a(t),t) = u(b(t),t) =0,

/udm =V.

It is tempting to replace (14)-(15) by (22); However, solutions of (22) might take negative
values (for large intervals (a(t),b(t))). We thus write:

(22)

Definition 3.1. Given an initial data uy satisfying (13), we say that u(z,t) is a solution of (12)
if there exist some Lipschitz functions a(t) and b(t) satisfying

CL(O) = ao, b(O) = b()
such that u(-,t) solves (22) for allt > 0 and a(t), b(t) satisfy
{ min{a’(t) + 3|u(a(t))* — Bla(t)), us(a(t))} =0
b(t) = 3lus (b(1)* = BD(L)).

In this second formulation, the positivity of w in (a(t),b(t)) is enforced by the condition
ug(a) > 0. Indeed, we can show:

(23)

Lemma 3.2. Let u(-,t) be the solution of (22), then —ug(b(t),t) > 0. Furthermore, u(x,t) > 0
in (a(t),b(t)) if and only u,(a(t),t) > 0. In particular, Definitions 2.1 and 3.1 are equivalent.

Note that it might have seemed more natural to write the second equation in (23) as

min{ /() + Sl (b()? — B(b()), —ur (B(2)}

However, lemma 3.2 shows that the condition —u,(b(¢)) > 0 always holds.

10



Proof of Lemma 3.2. We drop the ¢t dependence in what follows. Since V; > 0, there exists
xg € (a,b) such that u(zo) = max,e(q,p) u > 0. Since —u’(xg) > 0, (22) implies

A+ (zo — b)ksina > u(xg)k cosa > 0. (24)

Assume now that v has a local minimum at a point 1 € (a,b). Then —u"(x1) < 0, and so (22)
implies
A+ (z1 — b)rsina < u(zy)k cosa.
Since u(z1) < v(zg), we deduce
1 < Zo,

and so we always have u(z) > 0 in (xo,b). In particular, we have —u/(b) > 0. In order to show
that —u/(b) > 0, we note that (24) also implies A > 0, and so the function h(z) = —p(x —b)
satisfies

—h" <X —hkcosa+ (x —b)rsina =\ — [uk cosa + ksinal(b — z)

in a neighborhood of b. A Hopf’s Lemma - type argument yields —u’(b) > 0.

Assume now that u/(a) > 0, and that there exists z¢ € (a,b) such that u(xo) < 0. Using the
boundary conditions, we deduce that there exist at least three distinct points in [a, b] where v’
vanishes, and so there exists at least two distinct points y1, y2 in (a,b) where «” vanishes.

Therefore, the function w = uk cosa — A — (x — b)k sin o, which solves

w” = kcosaw in (a,b)
is such that w”(y;) = w(y;) = 0, i = 1, 2 and the maximum principle implies w = 0 in (y1, y2)
and thus w = 0 in (a,b), which is impossible (look at the values of w at a and b).
We have thus shown that v'(a) > 0 implies that v > 0 in (a,b). Conversely, if u > 0 in (a,b),
it is readily seen that u/(a) > 0.
O

Finally, we give a third definition which will be very useful later on. We will show in Propo-
sition 3.5 (iv) that there exists a critical length ¢. > 0 (depending on the volume V; and the
inclination «) such that the solution of (22) is positive in (a(t), b(t)) if and only if b(¢) —a(t) < £..
This length /. is the longest possible length of the support of the drop. This leads to the following
third formulation:

Definition 3.3. Given an initial data ug satisfying (13), we say that u(x,t) is a solution of (12)
if there exist some Lipschitz functions a(t) and b(t) such that u(-,t) solves (22) and

a(0) = ao, b(0) = by

e { min{a’(t) + 3 u, (a(®) 2 — B(a(®)), alt) — b(t) + £} = 0 o)
V' (t) = 3lua(b(t))* = Bb(1)),
a.e. t>0.
Equivalently, denoting £(t) = b(t) — a(t), we can write:
{ e {10 = [Hc(BOD + H () P = 5(0(0) = BOOD] A0~ k) =0
b(t) = 5lua (b(6)[* — B(b(1)),

where u,(b(t)) and uy(a(t)) only depends on I(t) (see Proposition 3.5 (ii4)).
We then have:

11



Proposition 3.4. Definition 3.1 and 3.3 are equivalent.

In order to prove this proposition, we will need to derive several important properties of the
solution of the obstacle problem (15), which is done in the next section. Proposition 3.4 will be
an immediate consequence of Proposition 3.8 below.

3.2 Analysis of the obstacle problem (15)

Throughout this section, we fix a volume V{, and all constants will depends on V, o and k.
Given a < b, we consider u solution of

b
u = argmin{.Z (v); v € Hy(a,b), v >0, / v(z)de =Vp}. (27)
Then classical arguments for obstacle type problems yield that u € C!!(a, b) solves
min{—u" — X\ — (z —b)ksina+ukcosa,u} =0 in (a,b), wu(a)=u(b) =0, /udm =Ty (28)

(where A € R is determined by the volume constraint).
The main properties of u are gathered in the following proposition:
Proposition 3.5. Let u be a CY! solution of (28), then:
(i) {u > 0} is an interval of the form (a’,b) and —u'(b) > 0.
(i) w is the unique solution of (28), and is also solution of (27).

(i1i) A, —|{u > 0}|, —u/(b) and v'(a’) only depends on a and b through (b— a) and are decreasing
functions of b — a.

(iv) There exists €. > 0 such that {u > 0} = (a,b) if and only if b—a < {.. Furthermore, u'(a) >0
if and only if b—a < L.

The critical length /. is the longest possible length of the support of the drop. We recall that
it depends on Vy, k and «. It will play a very important role in the analysis of our problem.

In view of (i), we can define
1 U 2 1 ! 2
Gb—a):= §|u (a)]*, H(b—a) ::i‘u ()] (29)

where u is the solution of (28). The functions £ — G(¢) and ¢ — H({) are then both monotone
decreasing, and multiplying the equation (28) by w’ and integrating over (a’,b) yields

1 1 .
§U/(b)2 - iu’(a')2 = ksinalVy
or
H(¢) — G(¢) = ksinalp. (30)
We also define
F:l— GU)+ H(Y), (31)

which is a decreasing function as well.
Finally, we have the following lemmas, which will be useful later on:
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Lemma 3.6 (Lipschitz regularity). For all 69 > 0, there exists C > 0 such that
0 < H(l) — H(to+n) < Cn

and

0<G(lo) —G(lo+m) <Cn

for Ly > 8o and n > 0. In particular, it follows that H and G (and therefore F) are locally
Lipschitz on (0, 00).

Lemma 3.7 (Non-degeneracy). For all o > 0 there exists ¢ > 0 such that
H(loy) — H(lo +n) > cn (32)
for all by < €. — o and n such that by +n <l
Next, we consider the following boundary value problem with volume constraint:
—v" =X—vkcosa+ (z —b)ksina in (a,b)
{ v(a) =v(b) =0and [vdz = V).
where A is a Lagrange multiplier for the volume constraint. Then, we have:

Proposition 3.8. Let v be the solution of (83). Then there exists {. depending on Vp, o and K
such that the followings are equivalent

(i) v'(a) =0
(i1) v > 0 is also the solution of (27)
(ii) b—a <L,
Furthermore, v'(a) > 0 if and only if b —a < L.

This proposition implies Proposition 3.4.
The remainder of this section is devoted to the proof of these results.

Proof of Proposition 3.5.
(i) Let (¢, d) be a connected component of {u > 0}, then
—u”" =X+ (z — b)rsina — uk cos (34)

in (¢,d). Multiplying (34) by v’ and integrating over (c, d) yields:
d
u'(d)? = u'(c)? + 2/<;sina/ udx > 0.

c

If d # b, then the regularity of u implies u/(d)? = 0, a contradiction. So d = b, |v/(b)| > 0 and
(¢, b) is the only connected component of {u > 0}. We also have the following formula:

u'(b)? —u/(a')? = 2k sinaVj (35)

13



(ii) To prove the uniqueness of the solution of (28), we assume that w;, us are two solutions of
(28) (with A; and A respectively). We know that {u; > 0} = (af,b) and we can assume (without
loss of generality) that a < a} < af.

If v = w1 — uo, then
—v" =X\ — X2 —vkcosa in (a},b).

Furthermore, v(a}) < 0, v(b) = 0 and f:, vdx > 0. So v reaches its positive maximum value
1

somewhere in (a},b). We deduce
A1 > Ao

Next, we note that since
—u > M\ + (z —b)ssina —uykcosa  in {ajy, b},

we also have
—v" >N — X2 —vkcosa > —vkcosa  in (ay,b),
with v(a}) = v(b) = 0 and fab/ vdx =0. If v # 0, then v has a (strictly) negative minimum value
2

in (ah,b), a contradiction. We deduce v =0 and so u; = us.

(iii) Equation (28) is invariant by translation, and thus the uniqueness obtained in (ii) implies
that u(- +b) and A only depends on ¢ = (b— a) (in particular, v'(a) and —u'(b) only depends on
0).

The proof of (ii) above also implies that A is a decreasing function of (b — a). We now take
az < a; < b and let uy (resp. uz) be the solution of (28) on the interval (ai,b) (resp. (az,b)).
The function v = u; — ug satisfies

b
v(a1) <0, wv(b) =0, and/ v>0

ai

so there exists a point zo € [a1,b) such that v(z) = 0. Since
—v" +wvkcosa =X\ — Ay >0 in (,b),
the maximum principle gives v > 0 in (zg,b). In particular, —v’(b) > 0 and so
—u(b) > — (D).
Finally, if u}(ag) = 0, then u)(az) < uj(a1), while if u5(az) > 0, then (35) implies
uh(as)? = ub(b)? — 2k sinalj

and
u)(a))? = uy(b)? — 2k sin aVy > ub(b)? — 2k sin aVy = uj(as)?

hence af = ay and v} (a1) > uh(ag).

(iv) Note that if {u > 0} # (a,b), then wu is the unique solution of (28) in any interval larger than
(a,b). So we can define

¢, :=min{¢ ; the solution of (28) in (0, ¢) satisfies {u > 0} # (0,¢)}

14



We only need to show that this set is non empty (that is £, < c0), and that this is equivalent to

u'(a) # 0.
Assume that {u > 0} # (a,b). Then

—u”" <A+ (x —b)rsina in (a,b)

and so )
—u'(b) +u'(a) < A(b—a) — i(b —a)’ksina

Since u/(a) > 0 and v'(b) < 0, we deduce
(b—a)ksina < A
Since A is a decreasing function of (b — a), this implies that (b —a) < C for some constant C.

Finally, we note that if b — a < £, then «/(a) > 0, while the regularity of w implies u'(a) = 0
when b —a > /..
O

We now turn to the proof of the Lipschitz regularity of the functions G and H:

Proof of Lemma 3.6. Note that H and G are constant for £ > /., so we can always assume that
6o <Ly < Lo+ < L. (36)

We now consider the solution u of (28) with @ = 0 and b = £y and we denote by A({y) the
Lagrange multiplier appearing in (28). We recall that A is a decreasing function of ¢y and we
claim that

A(fo) = A(fo+1) < Cny (37)

for some constant C' depending on §y. To prove this, we consider v solution of the same equation
as u (with the same \) but on the interval (0, ¢y + n) instead of (0, £y):

—v" = Alp) + (x — bo)ksina —vkcosa  in (0,4 +1n), v(0)=v(lp+n)=0.
We note that v > w and that the function h = v — u solves
hrcosa—h"” =0 on (0,4).

In particular, on the interval (0,%p), h must take its positive maximum at x = ¢3. Now on
(Lo, 2o + 1) we have h = v < Cyn for some C7 > 0 with C; depending on dg. We conclude that
h < Cynin (0,4 +n) and thus

/vd:rgVoJrC{n (38)
for some constant C] depending on ¢y and £, (recall that £y +n < £.).
Next, we consider w the solution of (28) with a =0 and b = £y 4+ n (and so A = A(¢g + 7).

The function g = v — w solves
11

grcosa—g' =ao
in (0,49 +n), with g(0) = g(¢p +n) = 0, where (since A is decreasing)

o= Aly) — Ao +n)+nssina > 0.
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Finally, we note that the solution of —¢” = uc in (0,49 + 1) with zero boundary condition
satisfies ¢rcosa — ¢ < o, if p is small enough. The comparison principle thus implies that

g > ¢ and so
/gdmz/vdm—VoZ/q’)daszC,uo

for some small p > 0. Equation (38) implies
Cin > Cuo

and so
A(lo) = A(lo +mn) < Cn

which proves (37).

We can now prove the Lipschitz bounds for the functions H and G by comparing u (solution
of (28) on (0,4p)) and w (solution of (28) on (0, £y +n)): The function ¢(z) = u(zr) — w(x) solves

grcosa—q" = Xlo) — Alo +n) +nrsine, in (0, £p)
with ¢(0) = 0 and ¢(¢y) = —w(¥y) < 0. So (37) implies
gicosa—q" < Cn in (0,4y), with ¢(0) =0 and q(¢y) < 0.

We deduce ¢'(0) < Cn and so
u'(0) < w'(0) +Chp

which proves our statement for G. The proof for H is similar (fixing b = 0 and choosing a = —¢;
ora=—Ly—n). O

The proof of Lemma 3.7 follows from similar argument:

Proof of Lemma 3.7. We recall that £y < £.—dp and we fix b= 0, az = —(¢g + 1) and a3 = —¥.
We note that it is enough to prove (32) for n < (€. — £y)/2, so that we can assume that ¢y +n <
b — 60/2.

We now consider uy (resp. uz) the solution of (28) on the interval (a1,0) (resp. (az,0)). The
function h = u; — uy satisfies in particular

h(a1) <0, h(0) =0

and we are going to show that max(,, oy h > cn for some ¢ > 0.

First of all, the volume constraint implies that

b al
/hda::/ ug dz >0 (39)

Furthermore, since ¢y + 7 < £. — §p/2 the monotonicity of G implies

uy(az) > /2G(le. — 60/2) > 0
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and so us(ay) > en for some ¢ > 0. Also, Lemma 3.6 gives

W(ar) = wi(ar) —us(ar)

G(ly) — us(ar)

G(lo +n) + Cn — uy(ar)
Cn + uy(ag) — us(ar)
Cn

IA A CIA

We deduce that there exists ¢ > 0 such that
h(ay) = —uz(a1) < —en  and h'(a1) < en. (40)
Finally, we have —h” + hx cosa = A\ — A in (a1,0), and so (37) implies
0<—h"+hrkcosa <Cn. (41)

Consider now g solution of —g” + gk cosa = C on (a1,0) with g(a;) = —c and ¢'(a;) = c.
Then (40) and (41) imply that h < ng in (a1,0).

Let now yo € (a1,0) be such that g < 0 in (a1,y0) and g(yo) = 0 (yo only depends on the
constant ¢ and C appearing in (40) and (41)), then

Yo Yo
hdxgn/ gdx < —cn (42)

ay ay

with ¢ > 0.
Equations (39) and (42) imply that

/0 h(z)dz > cn

Yo

and so there exists a point zg € (yo,0) where h(zg) > ¢n. A Hopf’s lemma type argument (using
(41)) now yields |#/(0)| > ¢n and so

[y (0)] > [u5(0)] + en.
The result follows. O

Proof of Proposition 3.8.

(i)=(ii) If v'(a) > 0, then Lemma 3.2 implies that v > 0 in (a,b), and so v is also the solution of
(28), and thus of (27).

(ii)=-(iii) If v is solution of (33), then v > 0 in (a,b), and since v cannot be zero a an interval of
(a,b), we must have {v > 0} = (a,b). Proposition 3.5 (iv) gives b —a < £..
(iii)=(i) Finally, if b — a < /., then the solution u of (27) satisfies {u > 0} = (a,b), and is thus
also a solution of (33). If follows that v’(a) = w/(a) > 0.
O
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4 Proof of Theorem 2.2

4.1 Uniqueness and Comparison principle

In this section, we prove the comparison principle, Proposition 2.3, which also implies the unique-
ness part of Theorem 2.2:

Proof of Proposition 2.3. Thanks to Proposition 3.4, we can assume that u is a solution in the
sense of Definition 3.3. Using the notations of (29), we can rewrite (25) as follows

{ min{a’(t) + G(£(t)) — Bla(t)), e — £(t)} = 0 (43)
b'(t) = H(£(t) — B(b(t)),
with ¢ — H({) and £ — G(£) monotone decreasing. We now define
f(t) = max{ay(t) — ax(t), br(t) — ba(t)}.
Since the functions a;(t) and b;(t) are in Wllo’fo(O7 00), f(t) is in Wllo’fo(O7 oo) and we have
af(t) — ah(t) if a1 (t) — az(t) > by (t) — ba(?)
if aq (t) — G,Q(t) < by (t) — bg(t) ae t>0

f1t) = bilt) = by(t)
1(8) = b5(t) = ay () — as(t) i as(F) — aa(t) = ba(t) — ba(t)

Ft) = aj(t) — ah(t) if Lo(t) > (L)
S| ) - bh(t) i La(t) < Gi(t)

When #5(t) > ¢1(t), we have in particular £1(t) < £., and so (43) gives
ay(t) = —G(1(t) + Blas(t), a5(t) = —G(l2(t)) + Blax(t)).
We deduce

G(lo(t)) — G(6a () + B(ar(t) — Blaz(t))  if La(t) > £a(2)

H(li(t)) = H(E2()) = B(br(8)) + B(ba(t))  if £o(t) < £a(?)

and the monotonicity of G and H implies

. { Klai(t) — ax(t)]  if ay(t) — as(t) > by () — ba(t)
Kby(t) — ba(t)|  if ay(t) — an(t) < by(t) — bo(t)
with K = ||8|| . We thus have
F() < KIF0)] ae t>0.
In particular, f/(t) < K f,(t) and so f4(t) < f1(0)eX?, so if £(0) <0, then f(t) <0 ae. ¢ > 0.

We also have f’ (t) > —K f’(t) and so f_(t) > f_(0)e= 5t so if f(0) <0, then f(t) < 0 a.e.
t > 0. The result follows. O
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4.2 Existence of a solution

Observe that, when 8 does not depend on z, formulation (26) implies that the problem can be
reduced to solving first an equation for ¢(t), of the form

max{'(t) — [F(((t)) — 26], £(t) — L} = 0} (44)
with F' defined by (31), and then an equation for b(t) of the form
() = H (1) — B (45)

When 8 depends on z however, one cannot decouple the equations for a and b. We will thus use
a discrete scheme to prove the existence of solutions in this general framework.

4.2.1 Discrete-time scheme

To prove the existence of a solution for general coefficient 3, we introduce a simple discrete time
scheme (simpler than the gradient flow scheme described in the introduction): For A > 0 small,
we describe the evolution of the drop as follows:

Assume that the support of the drop at time ¢, = nh is the interval (a,,b,) and denote by
un(x) the corresponding solution of (27). We define

an+1/2 =an + {ﬂ(an) - %lu;z(an)|2:| h
buti2 = bo + [ 31 (ba) 2 = B(ba) | 1

Next, we define u, 1 as the solution of the obstacle problem (27) with @ = a,,11/2 and b = b, 1 /5.
Proposition 3.5 (i) implies that there exists a1 and b,11 = bp41/2 such that

{un+1 > 0} = (an+17bn+1)~

This scheme defines a sequence of functions {u, () }»en and a sequence of intervals {(a,, by) fnen.
We then define u"(x,t), a”(t) and b"(t) continuous piecewise linear functions such that

ul(x,nh) = up ()
a™(nh) == a,, b"(nh) = b,.
Our goal is now to pass to the limit A — 0.

First, we observe that since b, 11 = by, 11/2, we have

bn+1 - bn _ 1 / 2

On the other hand, we only have a1 > @y41/2 and if apy1 > @12, then vy, (an41) = 0. So
we can write

n - Un 1 . . .
% > Blay) — i\u;(an)ﬁ with equality if u;, 1 (ans1) > 0,
which implies
. An+1 — an 1 / 2 /

e + §|Un(an)\ — Blan), tpy1(ans1) p = 0. (47)

Finally, using Proposition 3.8, we can also write:
— 1
min {‘L”“ha" 5[ (@) = Blan), an = bo + ec} - 0. (48)
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4.2.2 Limit h —» 0

We now study the limit A — 0 of the discrete model introduced above. Note that u,, satisfies,
for some \,,,

—ull =\, —upkcosa+ (z — by )ksina in (an, by),
n(@n) = tn(b) =0, ()
[ un dz = V.

We then have the following proposition:
Proposition 4.1. For all n, the following holds:

(i) |ul,(an)| and |u),(by)| are uniformly bounded. More precisely, there exists a constant M
depending only on k, o, Vi and the initial data such that

[y (an)] < Jug, (bn)| < M.

(i) There exist constants £ > 0 and A depending only on k, a, Vy such that b, — a,, > £ and
[An| <AL

(iii) a”(t) and b"(t) are uniformly Lipschitz continuous with respect to h and t.

Before proving this proposition, we show that it implies the existence of a solution (Theo-
rem 2.2):

Proof of Theorem 2.2. Proposition 4.1 implies that a”(t), b"(t) and £"(t) = b"(t) — a(t) are
Lipschitz continuous uniformly with respect to h and that there exists ¢ independent of h such
that

L< M)y <L, Vt>0. (50)

In particular there exists a subsequence h — 0 and some Lipschitz continuous functions a(t) and
b(t) such that

a(t) — a(t), b"(t) — b(t) uniformly with respect to t € [a, D]

for all a < b e R.
Next, we note that for any t > 0, u”(x,t) solves

—Uge (-, 1) = A" (t)) — kcosau + (z — b (t))ksina, in (a”,b")
and so the function v"(x,t) = u”(a”(t) + x£"(t),t) solves
Vg (-, 1) = Zh(t)2 [A(€"(t)) — kcosav + £"(t)(z — D)rsina] ,  in (0,1)

with
v"(0,t) = v"(1,¢) = 0.

In particular, it is readily seen that = — v"(x, t) is bounded in C2(0, 1) uniformly with respect
to ¢, and that v" and v are Lipschitz continuous with respect to ¢, uniformly with respect to h.
Finally, v" converges locally uniformly (with respect to 2 and t) to a function v solution of

—ga (1) = £()? [NU(t)) — kcosaw + £(t)(x — 1)rsina], in (0,1) with v(0,t) = v(1,t) = 0.
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Writing

ul(z,t) =" (W,t) ,

we deduce that u” converges locally uniformly (with respect to  and ¢) to a function u solution
of
—Ugz(t) = MU(t)) — kecosau + (x — b(t))ksina,  in (a(t),b(t))
satisfying
u(a(t),t) = u(b(t),t) =0 and /u(, t)dx = V.

Furthermore, u”(a”(t),t) and u(b"(t),t) are Lipschitz continuous function in ¢, uniformly

with respect to h. We can thus pass to the limit in (46) and (48). For instance, we note that
(46) implies

bpy1 —bn 1
b (1) = T = Sl (b))l — B(ba)-

for t € (nh, (n+ 1)h), and so the Lipschitz continuity in time implies
1
DY (1) = Sl (" (), ) = BO (1) + O(h) ae. £ 20

Passing to the limit ¢ — 0 and repeating this argument with (48) yields (25). O
Proof of Proposition 4.1. For the sake of clarity, we drop the index m when no ambiguity is
possible.

(i) In view of Poposition 3.5, we only need to show that the length of the support b — a cannot
be too small: First, if u/(a) = 0, then Proposition 3.5 (iv) implies that b — a = £., and (30) gives
1

§|u’(b)|2 = Vorsina.

Next, if u'(a) # 0, then (46) and (47) implies that the length of the interval b — a at the next
time step will be given by

u/(b)Q u/(a)Q

p—at S8 O ta,) — bt 20—+ [“00

D) — B(an) — B(bn)

2 2

In particular, if |u'(b)| > 2sup +/f3, then the length of the interval increases and therefore |u'(b)]
decreases. We deduce that if u'(a) # 0, then

[/ (a)| < | (b)] < max{2sup /B, up ()|}

and the result follows.

(ii) The proof of (i) above clearly implies that b — a is bounded below. Furthermore, integrating
the equation satisfied by u over (a,b), we get:

1
Ab—a) = u'(a) —u'(b)+ Voksina — 5(1)2 —a?)ksina
< 2M + Vhyksina.

The result follows.
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(iii) The discrete motion law (46) and (i) imply that there exists a constant C' > 0 such that

bn+1 - bn

o <C for all n > 0.

Similarly, if |uj, 1 (an+1)| # 0 then (47) and (i) imply

an+1 — Qp

o <C for all n > 0.

Finally, if u;, , 1 (an41) = 0, then b, 41 — any1 = {c and since b, — a,, < £, we have

anJrl — Qp anrl - bn

< <C,
h - h -
and (47) implies

Apt1 — Ap 1.5 1
_— > n) — =M* > —=
= Blan) =M= =3
The result follows. O

M?2.

5 Asymptotic behavior when [ is constant: Existence of
traveling wave solutions

In this section, we study the long time behavior of the drops when £ is constant (homogeneous
media), and prove Theorem 2.4.

As mentioned earlier, Problem (12) is much simpler in this case since the length of the support
L(t) = b(t) — a(t) solves

max {£/() — [F(€(t)) — 26],0() — £} = 0 (51)
with I defined by (31). Once the solution of (51) is found, the solution of (12) is fully determined
by solving

b'(t) = H(L(t)) — B
A traveling waves type solution of (22)-(25) is a solution of the form
u(z,t) = v(z — ct).
For such a solution, the endpoints of the support (a(t),b(t)) of u satisfy
a'(t) = cand ' (t) = c for all ¢. (52)

and the length b(t) — a(t) is constant equal to some ¢y. Equation (51) thus reduces to finding ¢y
such that
max {— [F({y) — 20],4p — £.} = 0. (53)

To solve this equation, we recall that F' is continuous and monotone decreasing on the interval
(0,£.]. So we have the following:

1. Either F'(¢.) < 28, in which case, there exists a unique ¢y < £, such that F(¢y) = 28.
2. Or F(¢.) > 20, in which case we have ¢y, = /..
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This proves the existence of a unique traveling wave, and we now derive the formula (18) for
the speed ¢: Let a and b be such that b — a = £y and let u be the corresponding solution of (7)
with support (a,b). If u,(a) > 0, then (25) and (52) imply

@ =f-c SO =5+

and so (30) yields

- %(H(ﬁo) —G(l)) = %Vo/isina.

This is possible only if 8 — ¢ = %|um(a)|2 > 0, that is if %V()KZ sina < .
If uy(a) = 0, then (52), (25) and (30) imply

c=H(ly) — B =Vyksina — f.

This implies formula (18).

Finally, the stability of ¢y is an immediate consequence of the monotonicity of F' since it
implies that any solution of (51) satisfies

V) <0if <ty
U(t) >0if £ > 4.

and so £(t) — £y as t — oo. Since the profile u(z,t) is completely determined by the length of
the support, the convergence of £(t) implies the uniform convergence of u(zx,t) to the profile of
the unique traveling wave.

6 Asymptotic behavior when [ is periodic: Existence of
pulsating traveling solutions

In this section, we investigate the long time behavior of the solution when the function S is

periodic, and prove Theorem 2.5. This is of course more delicate than the case where [ is

constant, since we cannot reduce (12) to a single equation for the length £(¢) of the support.
First, we observe that for any solution we have (using (30)):

1 1
d(®)+V' () = Sl - lu(a@) + Bla(t) — BOE)
> Vorsina + B(a(t)) — B(b(t)). (54)
In particular the condition
max [ — min B < Vprsina + 6  for some § > 0 (55)

guarantees that a'(t) + b/(t) > § for all time. This implies that no stationary solution can exist
under condition (55), and that any drops must slide down the inclined plane.

In order to prove the first part of Theorem 2.5 (existence and stability of Pulsating traveling
solutions), we will prove that (55) actually implies that b'(¢) > 0 for all (large enough) time,
and that we can thus rewrite the equations for a(t) and b(t) using = = b(t) instead of ¢ as a
parameter. We thus start with the following lemma:

23



Lemma 6.1. The function t + b(t) is in C11 and if (55) holds then there exists n > 0 such that
b'(t) > n at least fort > Ty = 2%‘

Proof. Let n € (0,0/8) be a small number, to be chosen later. Equation (54) and condition (55)
implies
a(t)+V(t) >4, forallt>0. (56)
So as long as b/(t) < n, we have o'(t) > 6 — n and thus
) =Vt)—d(t) <—0+2n<—5/2.
In particular, we cannot have b'(t) < in (0,Tp) (with Ty = 25(‘5—0)), or the length of the droplet

would shrink to a point.

Therefore if the lemma is false, then there exists ¢y > t; such that ' (to) = 7 and b'(¢t) > n
for t € (t1,tp). Next, we note that t — £(t) and ¢t — b(t) are Lipschitz continuous and so (43)
implies that ¢ — /() is also Lipschitz continuous. Therefore, there exists h < & (where K is
the Lipschitz constant of b') such that

b'(t) <2n forte (to— h,to). (57)
Proceeding as before (using the fact that n < 6/8), we deduce that
(t) < —§/2 for t € (tg — h,tg)

and so 5
Z(to) < f(fo — h) — ih

(in particular, £(t) < £. and so ugz(a(t),t) > 0 for t € (to — h,ty)). Lemma 3.7 implies
H(l(to)) = H({(to — h)) + codh (58)
for some ¢y > 0. Finally, (57) implies
|b(to) — b(to — h)| < 2hn
and so (43) gives
n="(to) = H(l,) = B(blto)) > H(l(to — h)) + codh — B(b(to — h) — ||5'|sc2hn
> b (to — h) + codh — ||8]|c02hn

Since we can always choose h such that b'(tp — h) > n (by taking h < to — t1), we obtain a
contradiction if we choose 7 such that

606

n < )
2[18[1oo

O

Proof of Theorem 2.5 (i). Lemma 6.1 implies that ¢ — b(t) is bijective from (T}, o) onto (b(1p), 00).
We can thus re-parametrize the motion of the drop using x = b(t) as our new parameter. We
now write the equation satisfied by y(x) = £(b=1(x):

max{y'(x)b' (6~ (z)) - [F(y(z)) - Bla(db™(2))) — B(x)], y(z) — Lc} = 0.
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Using the fact that &' (b=1(x)) > 0 and a(t) = b(t) — £(t), the equation can be written as

miaely/ () = o P (0(e) = Bl = (@) = B y(a) ~ £} = 0.

Finally, using the equation for b'(t), we deduce that y solves

max{y'(z) — F(y(x), z),y(x) — L} = 0. (59)

with
' Fly(x)) - Blx — y(a)) — Bla)
o) =)

In particular, the function (x,y) — F(z,y) is periodic with respect to .

f(xvy) =

We now need the following lemma which will be proved later on:

Lemma 6.2. There exists a 1-periodic function z(x) such that

lim y(n+ z) = 2(x).

In order to conclude, we rewrite the equation for b(t) as
V() = H(yb()) - Bb())
= H(b()) + »(b(1))
with H(b) := H(z(b)) — B(b) periodic function, and ¢(b) := H(y(b)) — H(z(b)) satisfying
lp(b)] — 0 as b — oc.

Since b'(t) > 7, there exists a sequence t, — oo such that b(¢t,) = n. Let us consider
b (t) := b(t, +t) — n, which solves the following equation:

b, (6) = Hbu (D) + p(ba(t) + 1), ba(0) = 0.

We deduce
[bnik(8) = ba (1) < e (lp(n)] + o(n + K)]),

and thus {b,} is a Cauchy sequence: it converges to a monotone increasing function b (t). Since
bn(tn-‘rl - tn) = bn—i—l(o) +1,

we deduce that ¢,41 — ¢, converges to the unique ¢y satisfying b, (t9) = 1 and that b, is
to-periodic.
Hence, we can show that b(t) — boo(t) converges to 0 as ¢t goes to oo, and defining ¢ (f) =
2(boo (1)), and aeo(t) = boo(t) — €oo(t), we obtain a pulsating solution (@ (), beo (t)).
Lastly, the uniqueness of the pulsating solution with positive speed (which is guaranteed by
Lemma 6.1) follows from the comparison principle (Proposition 2.3).
O
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Proof of Lemma 6.2. We recall that y(x) is a bounded solution of (59). For n € N, we denote
yn(x) = y(x+n). The periodicity of F with respect to = implies that it is also a bounded solution
of (59) with initial condition y, = y(n).

If y1 = yo, then the uniqueness implies that y(z + 1) = y(z) for all  and we can take
z(z) = y(x). Otherwise, if, for instance y; > yo, then the uniqueness implies that y; (z) > yo(z)
for all x > 0 and so yo = y1(1) > yo(1) — y1. We deduce yo(x) > yi(x), and iterating this
argument, we get

Ynt1(x) > yn(z) for allm € N.

So {yn(x)} is monotone and bounded, and thus there exists z(x) such that lim, . yn () = z(x).
Since y,(x + 1) = yn11(x), it follows that z(x + 1) = z(x), which completes the proof. O

To complete the proof of Theorem 2.5, it remains to investigate the case where
max 3 —minfS > Voxsina + ¢ (60)

for some § > 0. The comparison principle (Proposition 2.3) implies that stationary solutions act
as barrier and prevents the motion of the drop down the inclined plane. However, condition (60)
does not automatically imply the existence of a stationary solution. Nevertheless, we can show
that stationary solutions do not exist provided the period of 3 is small enough.

Proof of Theorem 2.5 (ii). We denote by L the period of S.

We first fix ¢y such that H(¢y) = max /. We note that we can always find such an /.
Indeed, H({) — 400 as ¢ — 0, and using the fact that G(£.) = 0 together with (30), we get
H(¢.) = Vhrsina. Condition (60) thus implies

H({.) = Vpksina < max 8 — min 8 < max 3.

and the intermediate value theorem implies the existence of £y < £, such that H({y) = max 3.
We now fix a such that 5(a) = min 3, and we find b € [a+£o, a+£o+ L] such that 8(b) = max
(we can always find such a b thanks to the periodicity of 3).
Consider now the solution of (7) with support (a,b). Since £y < b —a < £y + L, we have

Slual?(0) = H(b — ) < H(ly) = max

and so (thanks to the choice of b)

Slual () — 6(8) <. (61)

We also have (using Lemma 3.6, and the fact that £y < ¢;)
1
§|uw|2(a) =G(b—a)> G+ L) >G(b) —CL, (62)

as long as L < 1(£. — £p). Finally, (30) implies

G(ly) = H(Ly) — Vpksina = max 8 — Vpk sin a.

In particular (62) yields
1
L uaf?(a) > Bla) = min
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as soon as
max 8 —minf > Voksina + CL

which holds for all L < §y in view of (60). Therefore we deduce
Lo
Bla) — (@) < 0 (63)

The comparison principle together with (61) and (63) implies that if a(0) < a and b(0) < b,
then the corresponding solution will satisfy

a(t) < aand b(t) < b for all t > 0,

hence the result. O

7 Homogenization of the velocity law

We now prove our last result, Theorem 2.7. Recall that the function r(q) is defined for all ¢ # 0
as in (20), as the effective speed of the global (periodic) solution of the ODE

'(t) = q — Bla(t)). (64)

(see Lemma 2.6, whose proof is provided in appendix A).

Now, let u®(z,t) solve the inhomogeneous problem with period £ and with given initial data
ug. We also denote by a®(t) and b°(¢) the left and right endpoints of the support of u°.

Convergence. First, we obtain a priori estimate on u° in the same way that we did in the
construction of a solution in Section 4.2:

We recall that a®(t), b°(¢) and € (t) = b°(t) — a®(t) are Lipschitz continuous (bounded speed
of the endpoints) uniformly with respect to ¢ and there exists £ independent of £ such that

C<EW) <L, V>0 (65)

In particular there exists a subsequence ¢ — 0 and some Lipschitz continuous functions a(t)
and b(t) such that

a®(t) — a(t), b°(t) — b(t) uniformly with respect to ¢ € [a, D]

for all a < b € R.
Next, we note that for any ¢t > 0, u®(z,t) solves

—Ugz (-, t) = ANE(t)) — kcosau + (x — b°(t))ksine, in (a®,b%)
and so the function v®(x,t) = u(a®(t) + x€(¢), t) solves
—vga (-, ) = ()P N (1)) — keosav + () (z — 1)ksina], in (0,1)

with
v¥(0,t) = v°(1,t) = 0.
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In particular, it is readily seen that x +— v°(z,t) is bounded in C?(0, 1) uniformly with respect
to ¢, and that v® and v are Lipschitz continuous with respect to ¢, uniformly with respect to e.
Finally, v® converges locally uniformly (with respect to « and t) to a function v solution of

—ga (1) = £(8) [NU()) — kcosaw + £(t)(z — 1)rsina], in (0,1) with v(0,t) = v(1,t) = 0.

w (z,) = v (Wt)

Lemma 7.1. The function x — u®(z,t) is bounded in C*(a®,b%) uniformly w.r.t. t, and u® and
u, are Lipschitz continuous with respect to t, uniformly with respect to €. Finally, u® converges
locally uniformly (with respect to x and t) to a function v solution of

Writing

we deduce:

—Ugz (1) = MU(t)) — keosau + zksina,  in (a(t),b(t)) with u(a(t),t) = u(b(t),t) =0

and
/u(-,t)dx =W.

We can now prove Theorem 2.7:

Proof of Theorem 2.7. We first consider the equation for b°(¢), which reads
b°'(t) = H(E°(t) — BO°(t)/e).
Since t — ¢¢ is a Lipschitz continuous function, we can also write
V(1) = ¢ (1) — BOE (1))

with ¢°(¢) uniformly (w.r.t. €) Lipschitz function converging (uniformly) to q(t) = H(4(t)).
For a given ty > 0, the function

1
z5(t) = Ebe(to + et)
solves

2! (t) = ¢° (to + et) — B(a°(1)).

Since ¢°(to +¢t) is Lipschitz and ¢°(f9) converges to ¢(to), we have that for all 6 > 0, there exists
€o such that
lg% (to + et) — q(to)| < 0 + Ket Ve < gg, Vit

and so 5
lg°(to +et) —q(to)| <26 Ve <ep, V|t| < e (66)
It follows that
1)
() < q(to) + 26 — B(z°(t)) Ve < eg, V|t < e
and 5
(1) > q(to) — 26 — B(2°(t)) Ve <ep, V|t < e
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Denoting by T (respectively z) the solution of (64) with ¢ = ¢g(tg) + 20 (respectively ¢ =
q(to) — 20) satisfying 7(0) = z(0) = 2°(0), we deduce

z(t) <a°(t) <T(t) Ve<ey, 0<t<o—. (67)

Equation (67) implies

3=

r(q(to) —20)t — 1 < z°(t) — 2°(0) < r(q(to) +20)t +1 Ve <egy, 0<t<

and so

]

r(q(to) —20)t —e < b°(tg+1t) — b°(to) < 7(q(to) +20)t +&  Ve<eg, 0t X

IN

Passing to the limit € — 0, we deduce

blto +1) = blto) _ 5

r(qlto) — 26) < t (alto) +26)  0<t<—.

and taking the limit ¢ — 0T and then § — 0, we obtain (using the continuity of the function
q—r(q)):

r(q(to)) < liminf —b(to +1) — blto) < lim sup —b(to +1) — blto) <r

t—04 t—04 t

(q(to))-

Furthermore, using (68) instead of (67), we can show that a similar inequality holds for the limit
t — 01. We thus deduce that b is differentiable at t, and satisfies

V' (to) = r(q(to))

where q(to) = H({(to)) = 5|us(b(to), to)|?.
The equation for a°(¢) is handled in a similar fashion. Recall that

—a®'(t) < G(E°(t)) — Bla”(t)/e),

with equality if |ug (a®(¢))] > 0.

If lim, o |uS(a®(to))| > 0, then we have |[uS(a®(t))| > 0 for ¢ in a neighborhood of ¢y and for
small e, and the argument presented above applies. If lim._,q |u$(a®(to))| = 0, then the above
argument applies, but we have ¢(to) = 0 and so we only get

)
—a(to +1) +a(to) <r(20)t+e  Ve<eg, 0<t< e

Passing to the limit € — 0, we deduce

_a(to + t) — a(to)

p <r(28) 0<t<

9
=.
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and taking the limit ¢ — 07 and then § — 0, we obtain (using the continuity of the function
q—r(q)):
4 t) — alt
Jim sup — o £ — alto)
t—>0+ t

< r(0).

and a similar limit for ¢ — 07.
This prove that u® converges (up to a subsequence) to a solution of (14), (15), (21).

To complete the proof of Theorem 2.7, it remains to prove the uniqueness of the solution
of the homogenized problem, which also implies the convergence of the whole sequence u® to wu.
For that, we will show that a comparison principle similar to that of Proposition 2.3 holds (note
that we cannot deduce this comparison principle by passing to the limit € — 0 in Proposition 2.3
since two solutions of the homogenized problem may be obtained by passing to the limit along
different subsequences of ¢).

Using the notations of (29) we first rewrite (21) as follows

{ min{a/(t) + r(GL(t))), e — £(t)} = 0
b'(t) = r(H(L(t))).

We now consider two solutions of the homogenized problem w; and ws with initial data with
support (a1(0),b1(0)) and (a2(0), b2(0)) satisfying

(69)

a1 (O) S CLQ(O), and b1 (O) S bg(())

We then define
f(t) = max{ay (t) — az(t), br(t) — ba(t)}.
Since the functions a;(t) and b;(t) are in W,>°(0, 00), f(t) is in W,2>°(0, 00) and we have

loc loc

) — ay(t) —ab(t) if Lo(t) > £1(t)
Fo= Vi(t) —bh(t) if La(t) < 44(2)

When £5(t) > £1(t), we have in particular ¢1(t) < ¢., and so (69) gives
ay(t) = —r(G(1(1)), a5(t) = —r(G(La(1))).
We deduce

r(H(G(1)) = r(H(E2(1))  if £o(t) < 6(1)

and the monotonicity of G, H and r implies

F(1) < { r(G(la(t)) — r(G(LL(t)))  if lo(t) > £1(t)

(@) <o.

We deduce that if f(0) < 0, then f(¢t) < 0 a.e. ¢ > 0 which implies the comparison result, and
the uniqueness of the solution. O

30



A The function r(q): Proof of Lemma 2.6

In this section, we prove Lemma 2.6. We recall that S is a periodic function (with period 1 for
instance) and for a given ¢ > 0, we consider the following equation:

'(t) = g — B(z(t)). (70)

Since S is a Lipschitz function, (70) has a unique solution for any initial data x(0) = o and two
solutions can never cross.

Our first remark is that if ¢ € [min 8, max ], then any solution of (70) will be trapped in the
sense that z(t) € [£(0) — 1,2(0) + 1] for all ¢. Indeed, periodicity of 8 implies that there exists
z1 € [2(0) — 1,2(0)) and x5 € (2(0),z(0) + 1] such that ¢ — B(x1) > 0 and ¢ — B(z2) < 0. It is
then easy to show that x(¢) € [x1,z2] for all ¢.

In that case, the effective speed of any solutions of (70) is zero. We thus have

r(¢) =0, ¢ € [minfS, maxf].

For ¢ > maxf and ¢ < min/3, on the other hand, any solution of (70) will be strictly
monotone, with lim;_, . () = +oo. In particular, we can then show that all solutions are
equal, up to a translation in time. Assuming that 2(0) = 0 (without loss of generality), there
exist a unique ¢, such that z(¢.) = 1. Uniqueness for (70) implies that ¢ — z(t) is then periodic
with period ¢. and that its effective speed is given by

We then have

Proposition A.1. The function r : ¢ — r(q) defined above is a non-decreasing function. Fur-
thermore,

(i) g — r(q) is locally Lipschitz in (max f3,00) and [0, min 3)

(i) If go = max (3, then we have

r(q) <Clg—q)'/*  forq>qo
if x — B is C2, and
r(q) <C(=In(g—q0))  forg>qo
if x — B is only Lipschitz. In particular r is a continuous function in [0, 00)
Proof of Proposition A.1. To prove the first part, we consider g2 > ¢ > maxf and we set

7 =q2 —q1. Let x(¢t) and y(¢) be the solution of (70) with ¢ = ¢; and ¢ = g2 respectively, and
2(0) = y(0) = 0. Since z'(t) > g1 — max 8 =0 > 0, we can define

h(s)=yoa™'(s) = s,

solution of

Wes) = 0= ﬁq(lerﬁfzg)) +n
Blx) — Bz + h(x)) +n
@ — B(x)

< L)+ )
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Since h(0) = y(x~1(0)) — 0 = 0, the Gronwall’s lemma implies
h(1) < Ch. (71)
If we denote . such that z(t.) =1 (so that r(q1) = 1/t.), then (71) implies
y(te) <1+ Cn.
Finally, since y'(t) > §, this implies ¢5, such that y(t2) = 1 satisfies to > t. — C'n and so
r(g2) < (@) +Cn

for some C depending on ¢; and 7(q1).

The constant C' degenerates when r(q) goes to zero, so we need different argument to prove
(ii): Let n = g — qo. Assume (with loss of generality) that max 8 = 8(0) (and so 8'(0) = 0). If 8
is C?, then

B(x) > B(0) — Ca? = g — Cx?, forallz

and so
q—Blx) <n+Cz?.

Let now z(t) be the corresponding solution of (70). Up to a translation in time, we can always
assume that z(0) = 0. We then have

2'(t) < n+ Cx(t)?

We deduce Ot
n -1
)< ———  fort < (C .
") S T pm o< OV
In particular, t., defined by z(t.) = 1 satisfies
1
7 = Cn++vn)
(&

hence the first result.
When g is only Lipschitz, a similar argument yields

2'(t) < n+ Cx(t)

which gives the second result. O
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