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Abstract

In this paper we investigate qualitative and asymptotic behavior of solutions for a class of
diffusion-aggregation equations. The challenge in the analysis consists of the nonlocal aggrega-
tion term as well as the degeneracy of the diffusion term which generates compactly supported
solutions. The key tools used in the paper are maximum-principle type arguments as well as
estimates on mass concentration of solutions.

1 Introduction

In this paper we study solutions of a nonlocal aggregation equation with degenerate diffusion, given
by

pr=Ap" + V- (pV(p*V)) in R? x [0, 00) (1.1)

with initial data pg € L'(R%; (1 + |z|?)dz) N L>=(RY). Here m > 1, d > 3 and * denotes convolution
operator. In the absence of the aggregation term (when V' = 0, our equation becomes the well-known
Porous medium equation (PME):

pe — A(p™) = 0. (1.2)

Note that, formally, the mass of solution is preserved over time:

/ p(+,0)dx = / p(-, t)dx for all t > 0.
R4 R4

Nonlocal aggregation phenomena have been studied in various biological applications such as pop-
ulation dynamics ([BoCM], [BuCM], [GM], [TBL]) and Patlak-Keller-Segel (PKS) models of chemo-
taxis ( [KS], [LL], [P],[FLP]). In the context of biological aggregation, p represents the population
density which locally disperses by the diffusion term, while V' is the interaction kernel that models
the long-range attraction. Mathematically, the equation models competition between degenerate
diffusion and nonlocal aggregation.

Recently, there has been a growing interest in models with degenerate diffusion to include over-
crowding effects (see for example [TBL], [BoCM]). The Keller-Segel model where V' is the Newtonian
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kernel and m = 1 (full-diffusion), and the PKS model where V is the Newtonian and m > 1
(degenerate diffusion), are the most widely studied models for aggregation with diffusion. On the
other hand in population dynamics one often considers smooth kernels with fast decay at infinity.
In this paper we consider the following two types of potentials:

(A) (PKS-model) V(x) is a Newtonian potential:

Cd
V(.I) :N:: _|$|d_27 (13)
1
where c¢q := ——————, where 04 is the surface area of the sphere S%~! in R,
(d—2)oy
(B) (regularized Newtonian potential)
V(z) = (N *h)(x), (1.4)

where * denotes convolution and h(x) is a radial function in L'(R? : (1+ |z|?)dx) N L>(R?) which
is continuous and radially decreasing. We mention that, even though the kernel given by (A)-(B)
has slow decay at infinity, our results are relevant for kernels with fast decay at inifinity, since our
solutions have compact support with finite propagation property (see Theorem 3.1). In fact in the
subcritical case (m > 2 — 2/d), radial solutions starting with compact support, has their support
uniformly bounded for all times (Corollary 5.5).

Note that (A)-(B) covers all attractive potentials V' with its Laplacian being nonnegative and
radially decreasing. The restrictions on AV turns out to be necessary for obtaining the preservation
of radial monotonicity (see Proposition 4.3) as well as the mass comparison principle in section 5.

The dynamics in (1.1) is governed by the “free energy” functional

Flp) = /Rd ﬁpm + %p(p * V)da. (1.5)

Indeed (1.1) is the gradient flow for F with respect to the Wasserstein metric (see for example
[BCalC] and [BCarC]). Depending on m, the solution of (1.1) exhibits different behavior. For
1 <m < 2—2/d, the problem is supercritical: the diffusion is dominant at low concentrations and
the aggregation is dominant at high concentration. As a result supercritical and critical problems
with singular kernels may exhibit finite time blow-up phenomena ([DP], [HV], [S1], [BICM]). On
the other hand solutions globally exist with small mass and relatively regular initial data, and here
the diffusion dominates at large length scale (see [C] and [S2]). Indeed using the entropy dissipation
method ([CJMTU]) it is shown that the solutions with small L' and L(~™%/2_ norms converge to
the self-similar Barenblatt profile ([LS1]-[LS2] and [B2]).

On the other hand, in the subcritical regime (m > 2 — 2/d), the diffusion is dominant at high
concentration. For this reason there is a global solution for all mass sizes ([S1], [BCL], [BRB]). Since
aggregation dominates in low concentration, there are compactly supported stationary solutions for
any mass size (see Proposition 2.1). In fact there is no uniqueness result for stationary solutions,
even for radial solutions, except the well-known result of Lieb and Yau ([LY]) for the PKS model.
Furthermore, even for the PKS model, there are few results addressing the qualitative behavior of
general radial solutions: this is perhaps due to the fact that entropy methods faces challenge due



to the strong aggregation term and the generic presence of the free boundary. This motivates our
investigation in this paper.

The main tools in our analysis are various types of comparison principles. While maximum-
principle type arguments are natural to parabolic PDEs, the classical maximum principle does
not hold with (1.1) due to the nonlocal aggregation term, and therefore the standard comparison
principle or the corresponding viscosity solutions theory does not apply. Instead we establish order-
preserving properties of several associated quantities: the radial monotonicity (section 4), the mass

concentration (section 5), and the rearranged mass concentration for non-radial solutions (section
6).

The following existence and uniqueness results will be used throughout our paper.

Theorem 1.1 (Theorem 3 and 7 in [BRB]. Also see [BS] and [S1]). Let V' be given by (4) and
(B) and d > 3. Suppose po be a nonegative function in L'(R%; (1 + |x|?)dx) N L>=(R?). Then for
m > 2 — 2/d there exists a unique, uniformly bounded weak solution p of (1.1) in R? x [0, 00) with
inatial data po.

Acknowledgments: We thank Jacob Bedrossian and Thomas Laurent for helpful discussions
and communications.

1.1 Summary of results

First we investigate properties of radial, stationary solutions of (1.1):

Theorem 1.2 (Properties of Stationary solutions ). Let V' be given by (A) or (B) and let m > 2— 2,
Let pa be a non-negative radial stationary solution of (1.1) with [ pa(z)de = A > 0. Then

(a) pa is radially decreasing, compactly supported and smooth in its support; (Proposition 2.1)

(b) pa is uniquely determined for any given A. (Theorem 2.2 and Theorem 2.3.)

When V is given by (A), uniqueness of radial stationary solution is the well-known results of Lieb
and Yau ([LY]). Their proof is based on the fact that the mass function satisfies an ODE with
uniqueness properties: this property fails when V' is given by (B). Instead, we look at the dynamic
equation (1.1), and prove uniqueness out of asymptotic convergence towards stationary solution.

A more direct proof of uniqueness and the uniqueness of general (possibly non-radial) stationary
solution are interesting open questions.

Next we show several qualitative behavior of the solutions:

Theorem 1.3 (Properties of solutions). Suppose m > 1. Let V be given by (A) or (B), and let
p(x,t) be a weak solution to (1.1), which is uniformly bounded in R x [0,T), where T can be either
finite or co. Then the following holds:

(a) For any § >0, p is uniformly continuous in R¢ x [8,T); (Theorem 3.1)

(b) {p > 0} expands over time period T with mazimal rate of Ct=/%; (Theorem 3.1)



(¢) If p(-,0) is radially decreasing, then so is p(-,t) for any t € [0,T) (Theorem 4.2).

The preservation of radial monotonicity is new, to the best of the authors’ knowledge, for any
type of diffusion-aggregation equation. For the first-order aggregation equation ((1.1) without the
diffusion term), this property has been recently shown in [BGL] for the same class of potentials, via
method of characteristics.

Based on Theorem 1.2 as well as the mass comparison (Proposition 5.3), the following results are
obtained for general (not necessarily radially decreasing) radial solutions:

Theorem 1.4 (Asymptotic behavior: subcritical regime). Let V' be given by (A) or (B), m >2—2,
and let p(x,t) be the solution to (1.1) with radial, compactly supported initial data po(x) € L*(R%; (1+
|z|2)dx) N L (RY) which has mass A. Let pa be a radial stationary solution with mass A. Then

(a) The support of p, {p(-,t) > 0} stays inside of a large ball {|x| < R} for all t > 0, where R
depends on m,d,V and the initial data po (Corollary 5.5);

(b) p converges to pa exponentially fast in p-Wasserstein distance for all p > 1 (Corollary 5.8),
and ||p(-,t) — pallpeo@ey — 0 as t — oo (Corollary 5.9).

The mass comparison property have been previously observed for two-dimensional Keller-Segel
model ([BKLN]) , however the property has not been taken full advantage of, perhaps because of
the success of entropy method for the KS model.

Our method also provides interesting results for asymptotic behavior of radial and non-radial
solutions in supercritical regime, when the solution starts from a sufficiently less concentrated initial
data in comparison to a re-scaled stationary profile:

Theorem 1.5 (Asymptotic behavior:supercritical regime). Let V(x) be given by (A) or (B), and let
l<m<2-— %. Assume po is compactly supported and has mass A. Then there exists a sufficiently
small constant 6 > 0 depending on d,m, g and V', such that if

po(N) < 8%a(5N)
where pa(N) is given in (5.31), then the weak solution p with initial data po exists globally and
algebraicaly converges to the Barenblatt profile (Corollary 5.14).

Even for the Newtonian potential, the asymptotic behavior of non-radial solutions in subcritical
regime remains open, except in some cases with sufficiently large m (in progress by authors). In
particular we do not know if the solutions lose part of their mass over time to infinity.

Lastly we state a comparison principle in terms of the symmetric rearrangement.

Let us recall that, for any nonnegative measurable function f that vanishes at infinity, the sym-
metric decreasing rearrangement f* is given by

[ () 3—/0 X{f(z)>t}-dt (1.6)

where Q* denotes the symmetric rearrangement of a measurable set  of finite volume in R,



Theorem 1.6 (Rearrangement comparison and instant regularization). Suppose m > 1. Let V be
given by (A) or (B). Let d > 3 and let p be the weak solution to (1.1) with initial data po(x) €
LY (R4 (1 + |2[?)dx) N L (RY).

(a) Let p be the solution to the symmetrized problem, i.e. p is the weak solution to (1.1) with
initial data pi(x). Assume p exists for t € [0,T), where T can be either finite or co. Then
p (- t) < p(-,t) for all0 <t <T (Theorem 6.1)

(b) Suppose m > 2 — %, then for every t > 0 we have
o0, )| oo (ray < c(m, d, A, V)t~

for 0 <t <1, where A= [ podz and o := (Proposition 6.6).

__d
d(m—1)+2"

Rearrangement results have been obtained before for (1.2) (Chapter 10 of [V]) and for the two-
dimensional Keller-Segel model ([DNR]). We largely follow the arguments in [V]. The new compo-
nent in the proof is introduction of approximate equations to deal with both the degenerate diffusion
and the nonlocal aggregation term. The L°°-regularization result is interesting on its own: similar
results has been recently obtained for Keller-Segel model in [PV], by a De-Giorgi type method.

Remark 1.7. All of our results presented in the paper extends to general degenerate-diffusion type
of solutions

pt =Af(p) +V - (pV(p*V)),

where f is a smooth, increasing and convez function with f'(0) = 0.

2 Properties of the radially symmetric stationary solution

In this section we consider non-negative radially symmetric stationary solutions of (1.1), given by

M mly 0k V =C in{p >0}, (2.1)
m—1
where we assume m > 2 — %, and the constant C' may be different in different positive components
of p. When V is given by (A) or (B), for any mass A > 0, the existence of stationary solution p with
mass A is proven in [L] and [B2].

Let us define the mass function as follows:

M(r) = /B(o,r) p(x)dz,

Since both p and V are radially symmetric, we may slightly abuse the notation and write p = V' as
a function of r. When V = N, by the divergence theorem and radial symmetry of p and V' we have

M(r)

Ude_l ’

D pevyir) = 22)



where oy is the surface area of the sphere S?~! in R?.

Similarly, when V is given by (B), where V = N x h, for all radially symmetric function p, we
have p x V is radially symmetric, and

(2.3)

where M (r) := fB(O P ¥ AVdzx. Note that in both cases, we have 9,(p* V) > 0.

Proposition 2.1. Let V given by (A) or (B) and suppose m > 2 — 2. Let p(z) € L*(R?) be a
non-negative radially symmetric solution of (2.1). Then (a) p is smooth in its positive set; (b) p is
radially decreasing; and (c) p is compactly supported.

Proof. 1. To show (a) for V = N/, note that the right hand side of (2.2) is continuous since

M(r)

ogrd—1

Fr) =

is continuous at all 7 > 0, and f(r) — 0 as r — 0. By (2.2), p * V is differentiable in the positive

set of p, which implies that p™~! (hence p) is also differentiable in the positive set of p. Therefore

M(Tl) is now twice differentiable, hence we can repeat this argument and conclude.

rd—
When V is given by (B), we can apply the same argument on (2.3) and conclude.
2. By differentiating (2.1) we have

0
2 om—1 - _ 3

and due to (2.2) and (2.3), the right hand side of (2.4) is non-positive. Hence we conclude (b).

3. Tt remains to check (c¢). Rewriting (2.1) and using the fact that p is radially decreasing and
thus have simply connected support, p can be written as

1

p(r) = (C = px V(r) ™.

When V = N the proof is similar to that of Theorem 5 in [LY]: since p * V vanishes at infinity, we
have

= M(s)

pxV(r) = — s ds
_$ - /00 dc_d2p(s)sds (2.5)

where cg is the volume of a ball with radius 1 in R?. Since p is radially decreasing, we have

1
p*xV(r)<0and —pxV(r) ~ —— asr — oo. (2.6)
r

If C =0, (2.6) implies that
d—2

pr) = (=p* V(1) 7=t ~ ™=,




where the exponent is greater than —d when m > 2 — %, which contradicts the finite mass property

of p. Therefore C must be negative and thus p(r) needs to touch zero for some 7.

For the case when V = N % h, we have
pxV = (pxN)x*h,

where N is the Newtonian potential. Arguing as in (2.5), we have p x N (z) ~ \z\% as |z| — oo.
Since h is integrable in R? and radially decreasing, we have p* V(z) ~ ‘w‘% as |z| — oo as well,
hence by same argument as above, we can conclude. O

Next we state the uniqueness of the radial stationary solution when V = N.

Theorem 2.2 ([LY]). Let V = N, and suppose m > 2 — %. Then for all mass A > 0, the radial
stationary solution for (1.1) with mass A is unique. Moreover, the stationary solution is the global

minimizer for the free energy functional (1.5).

This theorem follows from a slight modification from the proof of Theorem 5 in [LY], which proves
uniqueness of the stationary solution of a slightly different problem. Roughly speaking, their proof
is based on two steps: for any mass A, they first show the radial global minimizer of free energy
functional (1.5) with mass A is unique, and secondly they prove every radial stationary solution is
a global minimizer for some mass.

We point out that the proof in [LY] cannot be generalized when V is given by (B): the difficulty
lies in the second step. When V = N, for any radial stationary solution p, its mass function
M(r) = flrl<r p(x)dz solves a second order ODE

(L(M/(T) )m—l)’: M(r)

m—1 ogrd-1 ogrd—1’

where M (0) = 0 is prescribed. Thus, once p(0) = lim, o M'(r)/(c4r%"1) is known, M(r) would be
uniquely determined for all » > 0, which implies that p can be uniquely determined by p(0). This
property is crucial for the second step, since if this property holds, then both the radial stationary
solutions and the radial global minimizers can be parametrized by their value at the center of mass
(see Lemma 12, [LY]).

However, when V is given by (B), the mass function solves a nonlocal ODE, hence different
stationary solutions may have the same center density: thus their approach cannot be applied to
prove the second step. Hence when V' is given by (B), it is necessary to take an alternative approach.
Instead of dealing with the stationary equation (2.1) directly, we will consider the dynamic equation
(1.1) and prove the uniqueness of the radial stationary solution by their asymptotic convergence (see
Corollary 5.10).

Theorem 2.3. Let V be given by (B), and suppose m > 2 — 2. Then for any mass A, the radial

d
stationary solution of (1.1) with mass A is unique.

When V = N, the following results can be checked with straightforward computation, making
use of the uniqueness result in Theorem 2.2 (see Figure 1).
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Figure 1: Stationary solutions with different mass for different m, where [ padx < [ ppdz

Proposition 2.4. Let V = N and let m > 2 — 2
unit mass. Then all other radial solutions pa of (2

and let py be the radial solution of (2.1) with
1) with mass A are of the form

_ -2z
pa(z) = apl(a_%x) with a := Adlm=2+2/d)) (2.7)
In particular, let A > B and let pa and pp be the radial stationary solutions with mass A and B
respectively. Then the following holds:
(a) When m > 2, pa have larger support and smaller height than pp.
(b) When m = 2, all stationary solutions have the same support.

(¢) When 2 — % <m <2, pa. have smaller support and bigger height than pp.

3 Qualitative properties of solutions

In this section several regularity properties will be derived for general weak solutions of (1.1). We
point out that the results in this section hold for general (non-radial) solutions.

Theorem 3.1. Suppose m > 1. Let V given by (A) or (B), and let p be a weak solution of (1.1)

with its initial data po: bounded with compact support. Further suppose p is uniformly bounded in
R? x [0,T]. Then
(a) For any 6 > 0, p is uniformly continuous in R% x (8, T].

(b) [Finite propagation property] For given 0 <t < T, if {x: p(-,t) > 0} C Br(0), then
{z:p(,t+h) >0} C Brycp/z(0) for 0 <h <1,

where the constant C > 0 depends on m, d, po and ||AV]|;.

Proof. Let us take our most singular potential V' = A. Parallel (and easier) arguments hold for V
given by (B). Let
Co = sup{p(x,1) : (x,t) € R" x [0,T)}.



Observe that, treating the convolution term ® := V % p as a priori given, p solves

pr=A>p")+ V- (pVO). (3.1)

Note that for all ¢ € [0,T), ® satisfies

DB|(1) < Cofyyye IDNI@)dy + (o, )2)([;, oy DA (y)dy)"?

IN

S Clu

where C; depends on Cj, the L; and sup-norm of p (both of which depend only on pg), and the
dimension d. Also
[AD|(-,t) < ||pllree < Co for all t € [0,T).

Therefore, due to Proposition 3.4 of [BH], comparison principle between weak sub- and supersolution
of (3.1) holds. Moreover, Theorem 6.1 of [Dib] yields that p is uniformly continuous in R? x [4, T').

Now let us define

J — ; —Ct _
U(z,t):=A |m—y|ugﬁ(;‘—c‘te (|x| + wt — B) 4,

where w =1+ (m —1)(d — 1)A.
Then due to Proposition 2.15 in [KL], U satisfies
U; < (m —1)UAU + |DU|? + C|DU| + CU

in ¥ := {|z| < 2B} x [0,w"'B]. Hence j := (==-17)" ("~ satisfies

_ . . c .
pr < A(p™) + C|Dp| + ——p in X.
m—1

Moreover, observe that pm =1 ~ U is Lipschitz continuous in space, and continuous in space and time.
Using this regularity of p as well as above estimates on the derivatives of ®, it follows that p is a weak
supersolution of (1.1) in ¥, if we choose C' greater than (m — 1)C;. More precisely the following is
true: for all times 0 < ¢ < w1 B and for any smooth, nonnegative function 1 (z,t) : R" x (0,00) — R
with {¢(-, ) > 0} C {|z| < 2B} for 0 <t < w™ !B, we have

/ﬁ(-,t)w(-,t)d:c > /ﬁ(-,O)d)(-,O)dz + //(ﬁmmp + pipy — pVD - Vip)dadt.

Hence by comparing p with pin ¥ = {|z| < 2B} x[0,w™'B], with B = R+h'/? and A = 2Coh~1/2,
we conclude that (c¢) holds. O

Remark 3.2. Due to [BRB], when m > 2 — 2 there exists a global weak solution p of (1.1) with
initial data po. Moreover, p is uniformly bounded in R? x (0,00) due to Theorem 10 in [BRB], so
in that case we may let T = oco.

We finish this section with an approximation lemma which links case (A) and (B). Let

he = e_dh(f)
€



with A being the standard mollifier in R? with unit mass, and let p¢ be the corresponding solution
of (1.1) with V' = A % h® and with initial data py. Then Lemma 8 in [BRB] yields that {p}cs0
are uniformly bounded for ¢ € [0, 7] for some 7. This bound as well as Theorem 6.1 of [Dib] yields
that the family of solutions {p} are equi-continuous in space and time. This immediately yields the
following result:

Proposition 3.3. Let pg be as given in Theorem 3.1. Let V. = N *h¢ and let p¢ be the corresponding
weak solution of (1.1) with initial data po. Let p be the unique solution to (1.1) with V.= N and
initial data po, and assume p exists for t € [0,T), where T can be either finite or co. Then the
solutions p¢ locally uniformly converge to p in R? x [0,T).

4 Monotonicity-preserving properties of solutions

In this section, we show that when V is given by (A) or (B), solution with radially decreasing initial
data remains radially decreasing for all time. The central observation is that maximum principle
type arguments works for the double-variable function

D(z,y;t) = p(z,t) — p(y,t) in {[z] = |y[} x [0, 00)
to ensure that ¢ cannot achieve a positive maximum at a positive time.

We begin with an observation on the convolution term:

Lemma 4.1. Let V(z) be given by (B). Let u(xz) be a bounded non-negative radially symmetric
function in R% with compact support. Further suppose u(x) is not radially decreasing, then there

exists a1 = («,0,...,0) and by = (8,0, ...,0) with a,, 3 > 0 such that

u(br) —u(ar) = |S|1iﬁ)b\ u(b) — u(a) > 0. (4.1)

Then we have

(ux AV)(b1) = (ux AV)(a1) < |AV |21 (u(br) — u(a1)).

Proof. Observe that AV is nonnegative and radially decreasing, and thus it can be approximated
in L'(R?) N L>(R?) by the sum of bump functions of the form €XB(0,r), Where ¢ > 0. By linearity
of convolution, it suffices to prove that for each bump function xg(o,,), where r is any positive real
number, we have

(u*XB0,r))(b1) = (u* xB(0o,r)(a1) < X, (u(b1) —u(ar)). (4.2)

Observe that

I
s
5
2

S

8

Y

=

|
T
B
>

S

8

~—

Y

=

S
w
S~—

(u* xB(0,r))(01) = (u*XB(0,r)(a1)

Where Q4 := B(ay,r)\B(b1,r) and Qp := B(b1,r)\B(a1,r) (see Figure 2).
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Figure 2: The domain Q4 and Qp

Note that Q4 and Qp are symmetric through the hyperplane H = {x : 1 = O‘T*'B} For any

x € Qy, use f(x) to denote the reflection point of = with respect to H, then we have

/QB u(x)dx — /QA u(x)de = /szA u(f(z)) — u(z)dz.

Since |x| < |f(z)| for x € Q4, we can use the assumption (4.1) to obtain

/ u(f(2)) - ulz)dz < / u(b) — ula)dz < [B(O, 7)|(u(b) - u(a)),
Qa

Qa
which completes the proof. |

Theorem 4.2. Let V(z) be given by (A) or (B). Suppose that the initial data p(z,0) € L*(R%; (1+
|z|2)dz) N L>®(R?) is radially decreasing, i.e. p(x,0) is radially symmetric and is a decreasing
function of |z|. We assume p exists for t € [0,T), where T can be either finite or co. Then p(z,t)
is radially decreasing for allt € [0,T).

Proof. 1. Without loss of generality we assume that V' is given by (B), and p(z,0) is positive and
smooth. Then p(-,t) exists for all ¢ > 0, and we want to show p(-,t) is radially decreasing for all
t > 0. When V = N, we can use mollified Newtonian kernel to approximate A; and for general
radial decreasing initial data, we can use positive and smooth functions to approximate p(z,0).
Then the result follows via Proposition 3.3.

2. Radial symmetry of p for all ¢ > 0 directly follows from the uniqueness of weak solution. Let

us define
w(t) := sup p(b,t) — p(a,t).
lal<]b]

then since p is uniformly bounded and uniformly continuous in R% x [0, 00), w(t) is continuous in ¢,
and uniformly bounded for ¢ € [0, c0). Moreover, p(z,0) being radially decreasing implies w(0) = 0.
We will use a maximum principle-type argument to show that w(t) = 0 for all ¢ > 0, which proves
the theorem.

To prove the claim, suppose not. Then for any A > 0 the function w(t)e~** has a positive maximum
at t = t1 for some ¢1 > 0. We will show that this cannot happen when we choose A := 4|p[|«||AV 1.

11



At ¢ = t; there exists a1 = («, 0, ...,0) and b; = (5,0, ...,0) such that o < § and
p(b1,t1) — plar,t1) = w(ty) >0 (see Figure 3). (4.5)

,0(7“, tl)

Figure 3: Graph of p at time ¢,

Moreover by definition p(b1,t) — p(a1,t) < w(t), and thus

d
E((p(bl,t) —plar,t))e ) =0 att=ty,
which means
pi(bi,t1) — pe(ar, t1) = A(p(b1, t1) — plar, t1)). (4.6)

Further observe that p(z,t;) has a local minimum (in space only) at a; and p(z,t;) has a local

maximum at by. This yields
Vp(ai,t1) =0,Vp(br, t1) =0,
and
Apm(alutl) 2 OaApm(blatl) S 07

Let us now make use of the equation (1.1) that p satisfies to get a contradiction: we have

pe(bi,t1) = pi(ar,t1) = Ap™(b1,t1) + V- (pV(pxV))(b1,t1)
—Ap™(a1,t1) = V- (pV(p*V))(a1,t1)

IN

p(b1,t1)(p* AV)(by,t1) — plax, t1)(p* AV) (a1, t1)

= p(br,t1)((p* AV)(b1,t1) — (p+ AV)(a1, 1))
+(p(b1,t1) — plai, t1))(p x AV)(a1,t1).

By Lemma 4.1 we have
(px AV)(br,t1) = (px AV)(ar, t1) < [[AV[1(p(b1,11) — plar, t1)).
Since (p * AV)(a1,t1) < ||plloo|]AV]|1, we have

pe(bi,t1) = pelar,t1) < 2[pllocl| AV (1 (p(b1,t1) = plar, t1))
A
< §(P(b1,t1) = pla, 1)),
which contradicts (4.6). O
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The following proposition sates that in the previous theorem, the condition that AV is radially
decreasing is indeed necessary.

Proposition 4.3. Let V(z) be radially symmetric, AV > 0, and AV is continuous, but not radially
decreasing. Then there exists a radially decreasing initial data py such that the solution p(x,t) of
(1.1) with initial data po is not radially decreasing for all sufficiently small t > 0.

Proof. Since AV is not radially decreasing, we can find 21,22 € R?, such that 0 < |z1| < |22/, and
AV(xl) < AV(xg)

For a small € > 0, let po(x) be given as below:

po(x) = EXB(0,z2+1) * o(x) + %¢(ex),

where y is the indicator function and ¢ is a radially symmetric mollifier with unit mass and
supported in B(0,min{1, |x1|/2}). Note that in a small space-time neighborhood of z; and 2, p
solves a uniformly parabolic equation, and thus is smooth.

Since Ap™(x4,0) = Vp(x;,0) = 0 for i = 1,2, we have
pe(@i,0) = po(zi)(po * AV)(xi), i=1,2.
Since po(x1) = po(x2), to show p(z1,0) < pi(xe,0), it suffices to prove
(po * AV)(x1) < (po * AV )(x2). (4.7)

Note that pg * AV locally uniformly converges to AV (z) as € — 0. Since AV (x1) < AV (x2), if
we let € be sufficiently small, we would have (4.7). In particular p(x1,t) < p(x2,t) for small ¢t > 0,
which means p(x,t) becomes non-radially decreasing as soon as t > 0. O

5 Mass Comparison and asymptotic behavior for radial so-
lutions

Recall that there is no classical comparison principle for (1.1), due to the nonlocal term; however,
we will prove that a comparison principle actually hold for the mass function

M(r,t) = M(r, t; p) := /B(o )p(a:,t)dt (5.1)

(see Proposition 5.3). We point out that the corresponding property has been observed for (1.2)
([V]) and also for the Keller-Segel model ([BKLN]). It turns out that mass comparison holds for
(1.1) if the potential V satisfies AV > 0 in the distribution sense (Proposition 5.3.) As we will see
later, mass comparison effectively describes asymptotic behavior of radial solutions in both sub- and
supercritical regime.
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5.1 Mass comparison

First note that, in the positive set, p is at least C'' in space and time variable, since it is a bounded
solution of uniformly parabolic, divergence-type equation with continuous coefficients. Therefore it
follows that M (r,t) is C? in space and C! in time in {p > 0}.

Next we compute the PDE that M (r,t) satisfies in {r < R(t)}:

OM
—(r,t) = / - (Vp™ + pV(p+V))dx
ot oB(0,r)
o oOM 1 oM 1 M
o d—1/% 2% = \ym e N
- g (87“ or odrd_l) ) Or ogrd—1 odrd—l))
0, OM 1 oM 1 ~
_ d—1 %Y ¢/ Z m - M 2
adr Br( or UdT‘d_l) )+( or ogrd=17""" (5:2)
where
Ni(r,t) = NI(r,t: p) = / (p(+1) * AV)(2)dz. (5.3)
B(0,r)

Definition 5.1. Let p; and pay be two non-negative radially symmetric functions in L'(RY). We
say p1 s less concentrated than ps, or p1 < p2, if

/ p1(z)de < / p2(x)dx  for all r > 0.
B(0,r) B(0,r)

Definition 5.2. Let pi(x,t) be a non-negative, radially symmetric function in L'(R?) N L>=(R?),
which is C' in its positive set. We say py is a supersolution of (5.2) if My(r,t) := M(r,t; p1) and
My := M(r,t; p1) satisfy

oMy 4,0 OMy 1 . oMy 1 -
>
ot = 74" 8r(( or Udrd_l) )+ or Ude_l) !

(5.4)

in the positive set of p1.

Similarly we define a subsolution of (5.2).

Proposition 5.3 (mass comparison). Suppose m > 1. Let V be given by (A) or (B), and let p1(x,t)
be a supersolution and pa(z,t) be a subsolution of (5.2). Further assume that p;’s preserve its mass
over time, i.e., [ p1(-,t)dz and [ pa(-,t)dx stays constant for all t > 0. Then the mass functions are
ordered for all times: i.e., if p1(x,0) = pa(x,0), then we have pi(x,t) = pa(x,t) for all t > 0.

Proof. We claim that Mi(r,t) > Msy(r,t) for all » > 0,¢ > 0, which proves the lemma. For the
boundary conditions of M;, note that

Ml(O,t) = MQ(O,t) =0 for all t,
lim, oo (M1 (r,t) — Ma(r,t)) = [pa(p1(z,0) — pa(z,0))dz >0 for all ¢.

As for initial data, we have M (r,0) > My (r,0) for all » > 0.
To prove the claim, for given A > 0, we define

w(r,t) :== (Ma(r,t) — My(r, t))e_)‘t,

14



If the claim is false at ¢t = T, then w attains a positive maximum at some point (r1,¢1) in the
domain (0, 00) x (0, T]. Moreover, since the total mass of p; and po is preserved over time and thus
is ordered, we know that (r1,¢;) must lie inside the positive set for both p; and ps2, where M;’s are
021

x,t"

At (r1,t1), since w attains a maximum, we have

My — M
w =0 = % = MM — M) (5.5)
OM, OM,
wr=0= 5= % 56
O2M;  92M,
< D
Wrr > 0 = oz = o2 (57)

Now consider the first term on the right hand side of (5.4), and the corresponding inequality for
M>. Using (5.6) and (5.7), we have

0, 0M 1

o O OMy 1
o (o g )™) 2 5, ((

—_— )" t ty). 5.8
5 Ude,l) ) at (r1,t) (5.8)
Subtracting the inequality (5.4) with the corresponding inequality for My, and using (5.8), we

obtain
6(M2—M1) < 8M1 1

8t S 87” O'defl)(M2 —Ml) at (T‘l,tl). (59)

We next claim ~ .
(Ma — M;y)(r1,t1) < C(Ma — My)(ry,t1),

where C only depend on V. For Newtonian potential this is obvious, since M = M. For mollified
Newtonian potential, we estimate (M — M1)(r1,¢1) as following:

My(ri,ty) = My(r,t) = /d((Pz —p1) * AV) xB(0,r)d
R

= /d(m — p1)(XB(0,r) * AV )dx
R

By our assumption, AV is radially decreasing, thus xp(o,,) * AV is radially decreasing and has
maximum less than or equal to [|AV||;. Therefore we can use a sum of bump function to approximate
XB(0,r) * AV, where the sum of the height is less than |[[AV]|;. Hence

Mg(rl,tl) — Ml(Tl,tl) S ||AV||1 sup(Mg — Ml)(l',tl) = ||AV||1(M2 — Ml)(Tl,tl).

Once we get this estimate, plug it into (5.9), which then becomes

O(My — M
% < pi(My— My)  at (ri,t). (5.10)
Now choose A > supgn (o, 7] p1, then (5.10) will contradict (5.5). O
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Observe that (1.1) can be written as a transport equation
pt +V - (pv) =0,

where the velocity field ¥ is given by

F(@,t;p) = ————V(p™ 1) = V(p* V). (5.11)

m—1

Then the mass function for a radial solution of (1.1) satisfies

ﬁM(T, t) = —p(r, t)/ U - Tids. (5.12)
ot 9B(0,r)

Above observation along with Proposition 5.3 immediately yields the following corollary:

Corollary 5.4. Suppose m > 1. Let V be given by (A) or (B). Let po(x) be a continuous radially
symmetric function, which is differentiable in its positive set. We assume the velocity field of po is
pointing inside everywhere, i.e., for U as defined in (5.11),

_» —Z .
0(x; po) - Tl >0 in{po>0}. (5.13)

Let p be the weak solution of (1.1) with initial data p(x,0), where p(-,0) = po. Then p(-,t) = po for
all t > 0.

Proof. Let us define
p1(x,t) := po(x), for z € R4t € RY.

Then (5.12) and (5.13) yield that p; is a subsolution of (5.2). Therefore, Proposition 5.3 applies to
p and p; and we can conclude. O

As an application of Corollary 5.4, we will show that when the initial data is radially symmetric
and compactly supported, the support of the solution will stay in a large ball for all times.

Corollary 5.5 (compact solution stays compact). Let V' be given by (A) or (B), and suppose
m > 2—2. Let p be the solution to (1.1), where the initial data p(z,0) € L'(R%; (1+|z|?)dz)NL> (R?)
s continuous, radially symmetric and compactly supported. Then there exists R > 0 depending on

m,d, ||AV |1 and p(-,0), such that {p(-,t) > 0} C {|z| < R} for all t > 0.

Proof. 1. We will first assume that p(x,0) > 0.

2. Let A := [p,p(x,0)dz, and let pa(x) be a radial stationary solution with mass A. For any
continuous radial initial data with p(0,0) > 0, we can choose a > 0 sufficiently small, such that

pl(xvt) = adpA(a;v) = p(l', 0)
Our aim is to show that the velocity field of p;(x,t) is pointing towards inside all the time, i.e.,

. -z 0 ,,_ 0
v(r,t; pr) = 0(r,t; p1) - = o Hr) + G p1xV)20. (5.14)
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Let us assume that V' is given by (B); the argument for V' given by (A) is parallel and easier.
Recall that the stationary solution p(x,t) satisfies the following equation in its positive set:

m_ 0t M(ripa)

=0 5.15
m—1 Or oqrd—1 ( )

Therefore it follows that
m  9pht
m—1 (;r (ar)

(m—1)d+1 M(W; pa)
—a — A
oq(ar)d=1

mfl(,r) _ a(mfl)dJrl

Secondly observe that M (r,t; p;) satisfies

M(r,t;p1) = /B(O )/Rd a’pa(ay) AV (y — x)dydx

/ / pa(y)a AV (a~ (y — x))dydx

B(0,ar) JR?

> / pax AVdr (since a AV (a"'z) = AV when 0 < a < 1)
B(0,ar)

= Mlar;pa).
(Note that when V is given by (A), direct computation yields M (r,t; p1) = M (ar; pa).)

Due to (2.3) and above inequalities, it follows that

a . o
o(r,t;p1) = EN4! 1(7")‘*‘5@1*‘/)
6 m—1 M(r;pl)
> = — :
= A (O pop (5.16)
S (1= qdm=2+2/)) a1 M (5.17)

Since m > 2 — 2/d, above inequality yields that the inward velocity field v(r, p1) > 0 when a < 1.
Therefore Corollary 5.4 implies that p(-,t) > p; for all ¢ > 0. Since they have the same mass A, it
follows that

suppp(-,t) C suppps, for all t > 0,

and we can conclude.

3. The assumption p(0,0) > 0 can indeed be removed, since p(0,t) would still become positive in
finite time even if p(0,0) = 0. That is because, for (1.2), it is a well-known fact that the solution
will have a positive center density after finite time: this can be verified, for example, by maximum-
principle type arguments using translations of Barenblatt solutions.

Note that a solution of (1.2) is a subsolution in the mass comparison sense. Hence one can compare
p with a solution v of (1.2) with initial data pg and apply Proposition 5.3 to conclude that ¢ < p.
Now our assertion follows due to the continuity of ¢ and p at the origin. O
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5.2 Exponential convergence towards stationary solution in subcritical
regime

As an application of Proposition 5.3, we will prove asymptotic convergence of general radial solutions
to the unique radial stationary solution when the potential is given by (A) or (B).

Theorem 5.6 (Exponential convergence for Newtonian potential). Let m > 2 — 2 and let V be
given by (A) or (B). For given py > 0: a continuous, radially symmetric function with compact
support, let p(x,t) be the solution to (1.1) with initial data py. Next let pa be a radial stationary
solution with mass A := [ po(x)dz. Then M(r,t) := M(r,t;p) satisfies

|M(r,t) — M(r;pa)| < Cre™™, for all v > 0,

where Cy depends on pg, A, m,d,V, and the rate X\ only depends on A,m,d,V .

Proof. 1. We will only prove the case when V satisfies (B); the case for (A) can be proven with a
parallel (and easier) argument. Also note that we may assume pg(0) > 0 since otherwise p(0,t) will
be come positive in finite time as explained in step 3. of the proof of Corollary 5.5.

2. Let pa be a stationary solution with same mass as pg, given as in the proof for Corollary 5.5.
Since pg is compactly supported, continuous and with po(0) > 0, we can choose 0 < a < 1 to be
sufficiently small, such that

a’palax) < po  and a %pa(a™rz) = po.

3. With above choice of a, we next construct a self-similar subsolution ¢(z,t) of (5.2) with initial
data ¢(z,0) = a?pa(az) such that My(-,t) := M(-,t;$) converges exponentially to M(:;pa) as
t — o0.

Here is the strategy on construction of ¢(x,t) . Due to (5.17), for all 0 < a < 1, the inward
velocity field v(r) := v(r;a?pa(az)) given by (5.14) satisfies

M(ar:
L Maripa)

o(r) > (1 — adm=2+2/d)) (ar)?
oqlar

> 0.

dM (ar; pa) . .
“onla)t equals the average of pa * AV in the ball {|z| < ar}. By Proposition 2.1,
oqlar

pa (hence py x AV) is radially decreasing, and thus we have

Observe that

M(ar;pa)

= calar)d

IN

<Cy in{pa >0} (5.18)

where C1, Cy only depend on A,d, m,V. That gives a lower bound for the inward velocity field v
v(r) > Crat(l — a®m=2+2/d)yy, (5.19)

Now if we have a self-similar function ¢(x,t) where every point is moving towards center with the
speed exactly Cra?(1 — a®™=2+2/4)); then we would expect it to be a subsolution of (5.2).

Let us define
o(r,t) = kd(t) A (k(t)r), (5.20)
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where the scaling factor k(t) solves the following ODE with initial data k(0) = a:
K'(t) = Cu(k(0) ™ (1= (k(t) =229, (5.21)

Since m > 2 —2/d, k'(t) > 0 when 0 < k < 1, and since k = 1 is the only non-zero stationary point
for the ODE (5.21), for 0 < k(0) < 1 we have lim;_. k(t) = 1. Since

C1k4(1 — kAm=242/d)y — _Cid(m — 2+ 2/d)(1 — k) + o(1 — k),

it follows that
0<1—k(t) S e Crdm=2+2/d)t (5.22)

which implies

0 < My(r,t) — My(r,t) < e Crdm=242/dt o all 2, (5.23)

Next we claim that ¢ is a subsolution of (5.2), i.e.,

OMy _ 41 D OMy 1 oM, 1

5 o 50 W)m) (WW)N@ in {¢ > 0} (5.24)

To prove the claim, first note that by definition of ¢(r,t) we have My(r,t) = M (k(t)r; pa). Hence
the left hand side of (5.24) is
oM,
o (1) = OML(k(t)r) K (t)r
= oarlpak(t)r)ET LK (1)
= ogrle(r,t)Cr k(1 — km=22/D)  (due to (5.21) and definition of ¢)

On the other hand, we can proceed in the same way as (5.19), replacing a by k, to obtain

m 0 m—1
m—1§¢ *

My

ogqrd—1

> Clkd(l _ k‘d(m_2+2/d))’f‘.
Therefore

RHS of (5.24)

9 y
Udrd_1§¢m + oM,
m 0

o d—1 Y am—1
- g (b(m—larq5 +

My
UdT‘d_l

)

Y

O_d,r,d¢Clkd(1 _ kd(m72+2/d)),

thus My, indeed satisfies (5.24), and the claim is proved.

4. Similarly one can construct a supersolution of (5.2). Let us define

n(r,t) = kd(t) pA (k(t)f‘),
where k(t) solves the following ODE with initial data k(0) = :

]{,‘I(t) _ C2kd+l(1 _ kd(m—2+2/d))'
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Parallel arguments as in step 2 yields that 7 is a supersolution of (5.2) and

0 < M, (r,t) — M(r;pa) < e”C2dm=242/dt - for all 1 > 0. (5.25)

5. Lastly we compare ¢, n with the weak solution p of (1.1). Since

o(-,0) < p(-,0) < n(-,0) (see Figure 4),

Figure 4: Initial data for ¢, p and n

Proposition 5.3 yields that
M¢7('a t) < M(vt) < Mﬁ('vt)a

By (5.23) and (5.25), we obtain
|M(r,t) — M(r;pa)| S e~ Crd(m=2+42/d)t "y
O
Using the explicit subsolution and supersolution constructed in the proof of Theorem 5.6, we get
exponential convergence of p/A towards the ps/A in the p-Wasserstein metric, which is defined

below. Note that the Wasserstein metric is natural for this problem, since as pointed out in [BD]

and [BS], the equation (1.1) is a gradient flow of the energy (1.5) with respect to the 2-Wasserstein
metric.

Definition 5.7. Let 1 and po be two (Borel) probability measure on RY with finite pth moment.
Then the pth Wasserstein distance between p1 and pe is defined as

Wy (1, p2) == ( inf {/Rded |a — y|pp(dxdy)})%,

PEP (p1,p2)

where Py, o) is the set of all probability measures on RY x R with first marginal py and second
marginal ps.

Corollary 5.8. Let p,pa, A,C1, X as given in Theorem 5.6. Then for all p > 1, we have

ot ~
WP(%,%‘) < Cye,
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In fact one can also obtain uniform convergence of p to p4 in sup-norm, however the convergence
rate would depend on the modulus of continuity of p. Theorem 5.6 and the uniform continuity of p
and pa, as well as the fact that p, is compactly supported, yields the following:

Corollary 5.9. Let p,pa, C1 and X as given in Theorem 5.6. Then we have

Qi [lp(z,t) = pa(2)|| L ey = 0,

Note that uniqueness of p4 is not required in the proof of Theorem 5.6. Indeed, uniqueness of p4
can be obtained as a consequence of asymptotic convergence of p: if there are two radial stationary
solutions pl and p% with the same mass, Corollary 5.9 implies p(-,t) — p% in L° norm for i = 1,2
when p is given as in Theorem 5.6, which immediately establish the uniqueness of radial stationary
solution:

Corollary 5.10. Let V be given by (A) or (B), and let m > 2 — 2. Then for all A > 0, the radial
stationary solution pa for (1.1) with [ pa(x)dz = A is unique.

5.3 Algebraic convergence towards Barenblatt profile in supercritical regime

In this section, we consider the asymptotic behavior of radial solutions in the supercritical regime,
ie. forl<m< 22— %. In this case the diffusion overrides the aggregation and thus the solution
is expected to behave similar to that of Porous Medium Equation (PME) in the long run. In fact
recently it is shown in [B1] (and also in [S1]), by making use of entropy method as well as functional
inequalities, that the solution of (1.1) with a general class of V' and with small mass and small
LEZ=m)4/2 norm converges to the self-similar Barenblatt solution U (x,t) with algebraic rate,

a0

2
— , (5.26)

where C' is some constant such that |[U/(-,0)]1 = ||p(-,0)]1-

As another application of mass comparison, we will give an alternative, simpler proof for above
result in the case of radial solutions, by using mass comparison (Proposition 5.3). We point out that
in our result the mass does not need to be small, and provides an explicit description of solutions
which are “sufficiently scattered” so that it does not blow up in finite time. We also point out that,
of course, the method presented in [B1] is much more delicate and yields optimal convergence results
for general solutions with small mass in the supercritical regime.

Let p be the weak solution to (1.1). Following [V], we re-scale p as follows:
pNT) = (t+1)%(x,t); A=zt +1)77 17=In(t+1). (5.27)

where

d
dim—1)+2’
Then p(X,0) = p(x,0), and p(\, 7) solves

o =

0 =a/d
AP

pr = A"+ BV (V) + 1OV (uV (o (N B(A 7)), (5.28)
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where

h(\,7) = e¥TAV (NPT (5.29)
(when V = N one should replace the last term by e(*=7V - (uV (1 * N)).

In the absense of the last term, equation (5.28) becomes a Fokker-Planck equation

2
o= a9 7 -
which is known to converge to the stationary solution p4 exponentially, where 4 has mass A :=

[[z2(-,0)|lx and satisfies
AP

A
:(0—57

_m o m-1

p— 1;/;{ )+ for some C' > 0. (5.31)

In Therorem 5.13, we will prove for m < 2 —2/d, if the initial data is sufficiently less concentrated
than pa, then u(-,7) also converges to the same limit 4 exponentially as 7 — oo.

The proof of Therorem 5.13 is obtained by mass comparison. We define the following mass
function for u: M*H(r,7) := M(r 7; 1), where M is as given in (5.1). Also, for any function f, we
define M(r,7; f) : fB 0.) ,T)d\, where h is as given in (5.29). (For V. = N, h(-,7) is the

delta function for all T, hence J\/l =M)

Then M* satisfies the following PDE in the positive set of pu:

M(r, 73 1)

ogrd—1

oM* 1 o, o0M* 1
" 2 iy i

m— 1 5 or ogrd—1 ) ) (5.32)

or ogrd-1

First we prove that mass comparison also holds for the rescaled equation (5.28).

Proposition 5.11. Let V(z) be given by (A) or (B), and let m < 2 — 2. Assume p1(\,7) is a
subsolution and p2 (X, 7) is a supersolution of (5.32). Further assume that u;’s preserve its mass
over time, i.e., [ pi(-,7)d\ and [ po(-, T)d\ stays constant for all t > 0.

Then the mass is ordered for all times: i.e., if p1 (X, 0) < p2(A,0), then we have py (A, 7) < p2(A, 1)
for all T > 0.

Proof. Let p;(x,t) be the corresponding re-scaled versions of y;, then p; (p2) would be subsolution
(supersolution) of (5.2). The proof is straightforward from Proposition 5.3 and from the fact that

M(r, 7 p5) = e P M(rePT e7; py).

O
Now we state a technical lemma which is used later in the proof of the convergence theorem.
Lemma 5.12. Let k(t) solve the ODE
E(t) = Cik(1 — k%) 4 Cok@Hle=Ft, (5.33)

where C1, Ca, a, B are positive constants. Then there exists a constant 6 > 0 such that if 0 < k(0) < 0,
then k(t) — 1 exponentially as t — oo.
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Proof. When 0 < k < 1, the right hand side of (5.33) is bounded above by (Cy + C2)k. Hence if the

initial data satisfies 0 < k(0) < 1, the inequality k(t) < k(0)e(“1+¢2) will hold until k reaches 1. In
In k(0)

other words, k(t) is guaranteed to be smaller than 1 until time ¢; := —o10,

Now if we choose k(0) to be sufficiently small such that 0 < k(0) < ¢, where

C1+Co

5= (aC1Cy 127" 5
then ¢; would be sufficiently large such that

Cg2d+16_ﬁt1 < @
- 2

We claim g(t) := 1 4+ e~“(*"%1) is a supersolution of (5.33) for t > t;, where € := min{g, 1Cra}. Tt
is obvious that g(¢1) > 1 > k(t1), thus it suffices to show

g'(t) > Crg(l — g%) + Cog®™le Pt fort > t,. (5.34)

By definition of g, we have

RHS of (5.34) < —Crae <(t7t) 4 0y2d+le=Ftip=At=t1) (5.35)
1

< —EClae_E(t_tl) (5.36)

< —ee (7t — LHS of (5.34). (5.37)

Therefore k(t) < 1+ e <"1 for all t > t;. Similarly we can show that k(t) > 1 — e~ (=11 for all
t > t1, thus
k(1) — 1] < Ce™,

where C := e~ depends on C1, Cs, o, 3.
O
Now we are ready to prove the main theorem. We will first prove it for radially decreasing
solutions.

Theorem 5.13. Let V(z) be given by (A) or (B), and let 1 < m < 2— 2. Assume pio(\) is radially
decreasing, compactly supported and has mass A. Then there exists a sufficiently small constant
0 > 0 depending on d,m, g and V', such that if

po(A) < 6% (6N),

where pa(N) is given in (5.31), then the weak solution u(\,7) to (5.28) with initial data po ex-
ists globally. Furthermore, the mass function M (r,7;u) defined in (5.1) converges to M(r,T; )
exponentially as t — oo and uniformly in r.

Proof. The proof of theorem is analogous to that of Theorem 5.6: we will construct a self-similar
subsolution ¢(\, 7) and supersolution (A, 7) to (5.28), both of which converge to 14 exponentially.

Observe that (5.28) can be written as a transport equation

pe + V- (uv) =0,
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where the velocity field ¥ is given by

7= %V(um‘l) + 02+ IV x (W by, 7).

Hence that the inward velocity field v(r, 75 ) := —0 - I;_I for the rescaled PDE (5.28) is

m 0, .. oy M T )
v(r i) = —— 5 (1 )+ Br+e )W'

We first construct a self-similar subsolution ¢(X, 7), which is a continuous scaling of p4 with the
scaling factor k(7) to be determined later:

O\, 7) 1= K(r)a(k(T)N),
Since 4 satisfies (5.31), the inward velocity field of ¢ is then given by

_ _ M(TT'¢)
. _ d(m—1)+2 1—a)T s 1y
o(rmi0) = (1= K02 g (e ZU

Note that the last term of v(r, 7; ¢) is always non-negative, thus v(r, 7; ¢) > (1 —k4“™=D+2)3r That
motivates us to choose k(7) to be the solution of the following equation

K(1) = Bk(1 — k4012, (5.38)
with initial data k(0) sufficiently small such that ¢(-,0) < pa and ¢(-,0) < p(-,0).

One can proceed as in the proof of Theorem 5.6 to verify ¢ is indeed a subsolution. Moreover, it can
be easily checked that k(1) — 1 exponentially, hence M (r, T; ¢) converges to M (r; pua) exponentially
as t — oo and uniformly in r.

In the construction of the supersolution
N\ 1) = k(7 pa (k(T)A),

the main difficulty comes from the aggregation term, which might cause the solution to blow
up in finite time. To find an upper bound of the inward velocity field, we first need to control
M(r, 7, ke pa(kN)):

M7k a(ky) = / k() % 97 AV (€77 (\)dA
B(0,r)

IN

AV, / KA (FA)AA
B(0,r)

AV, / paNdx < C(kr)/og,
B(0,kr)

where the first inequality is due to Riesz’s rearrangement inequality and the fact that pa is radially
decreasing; and C' is some constant that does not depend on k,r, 7.

The above inequality gives the following upper bound for the inward velocity field of #:

v(r,mm) < (1— kd(m_1)+2)ﬁr + Cklel =7y,
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Therefore we let k(t) solve the following ODE
K (1) = k(1 — k4m=1+2) 4 Ol (5.39)

and choose the initial data k(0) such that 7(-,0) = k%(0)pa(k(0)A) = u(-,0), then 1 would be a
supersolution to (5.28).

Now it suffices to show the solution to (5.39) exists globally and converges to 1 exponentially.
From the assumption that p(\,0) < 6%ua(0)), we may choose k(0) = §. Due to Lemma 5.12,
k(1) — 1 exponentially when k(0) = ¢ is sufficiently small, hence M (r, ;1) converges to M (r; j14)
exponentially.

Since the supersolution 7 exists globally, we claim the weak solution p exists globally as well.
Suppose not, then due to Theorem 4 of [BRB], u has a maximal time interval of existence T, and
lim; ~ps ||pu(-, 7)||oo = 00. On the other hand, Proposition 5.11 yields that

p(m) <, 1) for all 7 < T™. (5.40)

Note that Proposition 4.2 implies that p is radially decreasing for all 7 < T*, (Proposition 4.2 is
proved for the solution to (1.1), however it works for the solution to (5.28) as well, since (5.28) is
derived from a continuous scaling of (1.1)), which gives

(s ) oo < (-, 7)o for all 7 < T (5.41)

The above inequality implies lim, -« ||1(-, 7)||oc = 00, which contradicts the fact that ||n(-, 7)||so is
uniformly bounded for all 7.

Once we have global existence of y, Proposition 5.11 yields
o(-,7) < p(,7) < n(-,7) for all 7 > 0.

Since both ¢ and 1 converges exponentially towards p4, we can conclude. O

The following generalization of Theorem 5.13 will be proved in section 6. We mention that the
conditions on the initial data given in this section does not restrict to solutions with small mass.

Corollary 5.14. Let V(x) be given by (A) or (B), and suppose 1 < m < 2 — %. For a nonnegative
fuention po in LY(RY), define A := [ po(N)dX, and let pa(\) be as given in (5.31). Then the

followings are true:

(a) there exists a sufficiently small constant 6 > 0 depending on d,m, o and V', such that if
5 (N) =< 8%pa(dN),

then the weak solution p(\, ) to (5.28) with initial data pg exists globally.

(b) If o is radially symmetric and compactly supported, the mass function M (r,7;u) defined in
(5.1) converges to M(r,7;ua) exponentially as T — oo and uniformly in .
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. . . . 2
Remark 5.15. [t is shown in [L] that when V is given by (B) and m < 2 — 3,

stationary solution to (1.1) for large mass. We suspect that in this case similar techniques as in

[BKLN] may yield stability.

there erists a

If we rescale back to the original space and time variables, Theorem 5.13 immediately yields the
algebraic convergence of mass function for the solution to (1.1).

Corollary 5.16. Let V. m, u and ug be as given in Corollary 5.14, and let p be given by (5.27). Let
U(z,t) denote the Barenblatt function defined in (5.26). Then p is a weak solution to (1.1), and p
vanishes to zero as t — oo with algebraic decay. In particular if po is radially symmetric then

|M(r,t) — M(r,t;U)| < Ct™7, for all r >0,

for some C,~ depending on p(x,0),m,d and V.

Corollary 5.17. Let V,m, p, 10, A and p be as given in Corollary 5.16. If po is radially symmetric,
then for all p > 1 we have

R R

)< Ct,

where C,~ depend on p(x,0),m,d and V.

6 A comparison principle for general solutions and Instant
regularization in L™

In this last section we consider general (non-radial) solutions of (1.1). Our goal is to prove the
following result:

Theorem 6.1. Suppose m > 1. Let V be given by (A) or (B), and let p be the weak solution to (1.1)
with initial data p(x,0) = po(x). Let p be the weak solution to (1.1) with initial data p(x,0) = p§(x).
Assume p exists for t € [0,T), where T can be either finite or co. Then p*(-,t) < p(-,t) for all
tel0,T).

As an application of Theorem 6.1, we will show that solutions of (1.1) with its initial data in L*
immediately regularizes in L>° (see Proposition 6.6.)

The proof of Theorem 6.1, which we divide into several subsections follows that of the correspond-
ing theorem for solutions of (1.2) (see Chapter 10 of [V]). The theorem in [V] is proved by taking
the semi-group approach and applying the Crandall-Liggett Theorem. The challenge lies in the fact
that our operator in (1.1) is not a contraction, in either L' or L>°. For this reason the proof requires
an additional approximation of our equation with the one with fixed drift: see (6.5).

6.1 Implicit Time Discretization for PME with drift

Consider the following equation
pr =Ap" + V- (pVO), (6.1)
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where ® is a priori given function such that ®(z,t) € C(R? x [0, 00)), and ®(-,t) € C?(R?) for all ¢.

Following the proof in the case of (1.2) in [V], let us approximate (6.1) by an implicit time discrete
scheme. For a small constant h > 0, U; is recursively defined as the solution of the following elliptic
equation:

Uy —U;- .
Tl = AU+ V- (UV®,), i=1,2,... (6.2)
where Uy = u(+,0), ®; = ®(-,ih). Now define

pn(t) :=U; for (i —1)h <t <ih wherei=1,2,.. (6.3)

The following result, whose proof is given in the Appendix, states that our approximation scheme
is valid.

Proposition 6.2. Let ug € L'(R%; (1 + |z|?)dz) N L>®(R?), and let py, be defined by (6.3). Then we
have

pla,t) == }llli% pn(z,t), (6.4)

where the convergence is in L'(R?) in x-variable and uniform on t € [0,T] for all T > 0. Moreover,
p coincides with the unique weak solution for (6.1).

6.2 Rearrangement comparison

For a given function u(z) : RY — R, let us define u* as given in (1.6).
Consider the following equation, where f(x,t) € C([0,0); L*(R)) be a given function:
pr=Ap™ +V - (pV(f = V)), (6.5)

Let us first prove the rearrangement result for above equation.

Theorem 6.3. Suppose m > 1. Let V be given by (A) or (B), and let p be the weak solution to
(6.5) with initial data p(xz,0) = po(x). Let p be the weak solution to the symmetrized problem

pr=A0p" + V- (pV(f* V), (6.6)
with initial data p(xz,0) = p§(x). Then we have p is radially decreasing, and
p (s t) < p(-,t) for allt > 0.
Due to Proposition 6.2, it suffices to show the following Proposition, whose proof will be given in

the appendix.

Proposition 6.4. Suppose m > 1, and let V be given by (B). Let u € D (the domain D is defined
in (A.1)) be the weak solution of

—hAu™ — hV - (uV(f *V)) +u =g, (6.7)

where f,g € L*(RY) is nonnegative. And let w € D be the solution to the symmetrized problem, i.e.
u solves (6.7) with f,g replaced by f and g respectively, where f and g are radially decreasing, have
same mass as f and g respectively, and satisfy f* < f and g* < g. Then u* < .
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Proof of Theorem 6.3:

We can prove p is radially decreasing by using a similar argument as in Theorem 4.2. In fact the
argument is easier here since we already know f* x AV is a radially decreasing function.

Now we prove p* < p for all ¢ > 0 when V is given by (B). Let U; be the discrete solution
for the original problem, and let V; be the discrete solution for the symmetrized problem. Due to
Proposition 6.2 it suffices to prove that U < V; for all i € N. Here U; solves

Ui —U;_

Tl =AU+ V- (U;V(fi V), (6.8)
where Uy = u(+,0), fi = f(-,ih), and V; solves

Vi = Vi

S = AV V- (VY V), (6.9)

where Vy = u*(-,0).
Since Ug < Vg, by applying Prop 6.4 inductively, we can conclude.

When V = N, we can use mollified Newtonian kernel to approximate N, and the result follows
via Proposition 3.3. O

Now we are ready to prove our main result:
Proof for Theorem 6.1:
Let us define a sequence {p; }ien as follows:

Let us first prove the theorem when V' is given by (B), where we have global existence of solutions.
Let p1(-,t) :== p*(-,t) for all t > 0, where p(x,t) is the weak solution of (1.1) with initial data
p(x,0) = po(x). For i > 1, we let p; be the weak solution to the following equation:

(pi)e = A(pi)" + V- (pi - V(pi-1 % V), (6.10)
with initial data p;(x,0) = p*(x,0). Observe that p;(-,t) is radially decreasing for all i € N* ¢ > 0.

By Theorem 6.3, we have p; < p;+1 for all © € N. Hence we have

p*(ut) = pl(vt) = p2('7t) = p3('7t) <. for all . (611)

Due to Theorem 3.1, {p;} is locally uniformly continuous in space and time. Hence by Arzela-Ascoli
Theorem any subsequence of {p;} locally uniformly converges to a function p along a subsequence.
On the other hand p is the unique weak solution for (1.1) with initial data p(x,0) = p§(x). This
means that the whole sequence {p;} locally uniformly converges to p. Now we can conclude due to
(6.11).

When V = N, we can use mollified Newtonian kernel to approximate N, and the result follows
via Proposition 3.3. O

Corollary 6.5. Suppose m > 1. Let V be given by (A) or (B), and let p be the weak solution of
(1.1) with initial data po(x). Let p be the solution to the symmetrized problem, i.e. p is the weak
solution to (1.1) with initial data pi(x). Assume p exists for t € [0,T'), where T can be either finite
or oo. Then for any p € (1, 00] we have

||p('7t)HLP(]Rd) < ||f_)('7t)HLP(]Rd)7 fOT all t € [OvT)
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We are now ready to generalize Theorem 5.13.

Proof of Corollary 5.14: Let (A, 7) be the weak solution to (5.28) with initial data u§(N).
Then fi(-,0) meets the assumptions for Theorem 5.13, which implies the global existence of fi. Due
to Corollary 6.5, ||u(-,7)||ec < [|A(+,7)|| for all 7 during the existence of p; hence the uniform

boundedness of fi yields that p cannot blow up and thus must exist globally.

When p is radially symmetric and compactly supported, once we obtain global existence of u, we
can construct subsolution and supersolution as in the proof for Theorem 5.13 and conclude. O

6.3 Instant regularization in L™

Lastly, we present the following regularization result as a corollary of Theorem 6.1.

Proposition 6.6. Let V' be given by (A) or (B), and let m > 2 —2/d. Let p(x,t) be the weak
solution for (1.1), with initial data py € L*(R%; (1 + |z|?)dz) N L>®(R?). Then for every t > 0 we
have p(-,t) € L= (R?) with

o )] oo (ray < c(m,d, A, V)t for all t < 1

where A = ||po|l1 and o := cl(m+l1)+2'

Proof. By Corollary 6.5, it suffices to prove the inequality when pg is radially symmetric. Also, in
this proof we denote ¢(m,d, A, V') by all constants which only depends on m,d, A, V.

Let pa to be the radial stationary solution of (1.1) with mass A. Note that p4 is radially
decreasing, and thus pa(0) > 0. Since ug is a radial function in L°°, we can scale ps to make
it more concentrated than ug, i.e. we choose 0 < a < 1 to be sufficiently small, such that

uo < a pa(az).
As in the proof of Theorem 5.6, let us define
n(r,t) 1= K4(t) pa(k(t)r),
where k(t) solves the following ODE with initial data k(0) = a~!:
E'(t) = e(m,d, A, V)@ (1 — gpdm=2+2/d)y,
where ¢(m,d, A, V') corresponds to Cy in the proof for Theorem 5.6. It is shown in the proof that
p(-,t) < n(-,t) forallt >0,
which in particular yields that
19 Dll ity = 1o Dll ety for all ¢ 0.

Observe that, by definition,

h(t) = ||77('= t)”LOO(]Rd) = kd(t)pA(O) = c(m, dv A7 V)kd(t)'

29



Therefore to prove our proposition it is enough to show
h(t) <e(m,d, A, V)t~ for all h(0) > 0,
which becomes an ODE problem: h(t) solves

R'(t) = c(m,d, A V)ET1E
c(m,d, A, V)h? (1 — hm=22/4),

Hence when h > 2, h(t) satisfies the following inequality
R'(t) < —c(m,d, A, V)hm+2/4,

If we replace h(t) with ¢(m, d, A, V)t~ with « as given above, then it will achieve equality. Therefore
h(t) < n(t) for t > 0 and we can conclude. O

A Appendix

A.1 Proof for Proposition 6.2
The proof for Proposition 6.2, which is an application of Crandall-Liggett Theorem ([CL], also see
Theorem 10.16 in [V]), are based on the following two lemmas.

Let us consider the following domain:

D:= {u € L'(RY) : u™ € WU RY), Au™ € LY (RY), |Vu™| € Md/<d*1>(Rd)}. (A1)

loc

Here, the Marcinkiewicz space MP(R%),1 < p < oo, is defined as set of f € L} (R?) such that

loc

/ |f(@)|dz < C|F| @D/,
K

for all subsets K of finite measure. The minimal C' in the above inequality gives a norm in this
space, i.e.

£ Il pzp (ray = sup {meas(K)_(p_l)/p/K |f|dz : K ¢ RY meas(K) > O}.

A parallel argument as in Theorem 2.1 of [BBC] yields existence for the discretized equation.

Lemma A.1 (existence). Let d > 3 and let ug € L*(R?),® € C*(R?). then there exists a unique
weak solution u € D of the following equation:

U — up

= Au™ +V - (uV®). (A.2)

Next we state the L!-contraction result. The proof is parallel to that of Prop 3.5 in [V] for (1.2).
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Lemma A.2 (L! contraction). Let ® € C?(R%), up; € LY (R?) and let ui,us € D be the weak
solution to the degenerate elliptic equation

U; — U

= Aw)" + V- (0 VR), i=1,2 (A-3)
Then u; satisfies
|ur — w2l L1 ray < [Juor — woz|[ L1 (ra)- (A4)

Proof for Proposition 6.2

Proof. Let us define the nonlinear operator A : D — L'(R?) by the formula
Alu) = —=Au™ — V(uV),
in the domain D defined above.

Then Lemma A.1 and Lemma A.2 yields that for any kA > 0, there is a unique solution u in D for
the equation

hA(u) +u = f,

and the map f ~— u is a contraction in L'(R?). Now arguing as in [V], the Crandall-Liggett Theorem
yields the conclusion. O

A.2 Proof for Proposition 6.4

The proof for Proposition 6.4 is parallel to that of Theorem 11.7 in [V] for (1.2). First we state a
lemma which deals with the extra convolution term.

Lemma A.3. Let V be given by (B). Let f € LY(R?) and ¢ € W, *°(R?) be non-negative functions.
Then for any non-negative number a,b, we have

/ V(f*(-V))- Vo < / (f* * AV)(max{¢", b} — a), (A.5)
{a<p<b} {¢p*>a}

where the equality is achieved if f, ¢ are both radially decreasing.

Proof. Let
b i 6(z) > b,
n(z) =14 ¢(x) —a ifa<d(x)<b,
0 if p(z) < a.

Then n(z) € Wy™(R%), V¢ = Vi in {a < ¢(z) < b}, and Vi = 0 in R4\ {a < ¢(z) < b}. Therefore

LHS of (A.5) = /Rd V(f*(=V))-Vn

IN

/ (% AV)y = / (f* % AV)(max{¢*,b} — a).
R4 {¢*>a}

where the inequality comes from Riesz’s rearrangement inqeuality. Note that it would be an equality
if f= f* and n =n*, hence the lemma is proved. O
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The following lemma corresponds to the Theorem 17.5 in [V].

Lemma A.4. Let V be given by (B). Let f, f and g be non-negative radially decreasing functions
in L*(RY), where f < f.

Let h > 0, and let v1,v5 € D be two non-negative radial decreasing functions. Assume vy satisfies
—hA(v1)™ = hV - (nV(f*xV))+v1 < g, (A.6)

and vy solves -
—hA(va)™ = hV - (0 V(f*V))+va =g (A7)

Then we have v < vs.

Proof. Let u; := v!™ and define u := u3 — ug, v := v1 — vg, A(r) 1= fB(O_T)v(x)dx. Our goal is to
show A(r) <0 for all » > 0.

For all r > 0, subtracting (A.6) from (A.7) and integrating it in B(0,r) yields

/ —hAudx — h(v1 (r) / [ AVdr — vy(r) / f= AVd:c) + A(r) <0, (A.8)
B(0,r) B(0,r) B(0,r)

which can be written as

—hegrd™! (r) — hv(r)/

f*AVdr — hvg(r)/ (f = f)* AVdx + A(r) < 0. (A.9)
B(0,r)

B(0,r)

(Here the existence of u/(r) is guaranteed by the assumption that v; € D for ¢ = 1,2, which implies
that Auisin L'.) Due to our assumption f < f and V given by (B), we have fB(o ” ((f=f)*AV)dx <
0 for all » > 0. Therefore

—hegr®™ 1/ (r) — hv(r)/ [+« AV + A(r) <0 forall r > 0. (A.10)
B(0,r)

Note that since u; and v; both vanishes at infinity, from (A.10) it follows that lim, ., A(r) < 0.
Hence suppose A(r) is positive somewhere, it must achieve its positive maximum at some ro > 0.
At r = rg we have v(rg) = A'(r9) = 0, and (A.10) becomes

U/(To) > A(TO)

= hegrd—1 >0,

which means us — u; is strictly increasing at rg: hence vy — vy will also be strictly positive in
(ro,mo + €) for some small €, which implies A(rg +€) > A(rg), contradicting our assumption that
A(r) achieves its maximum at 7. Therefore A(r) must be < 0 for all r, which means vy <v;. O

Proof of Proposition 6.4: The proof is parallel to that of Theorem 11.7 as in [V]. For any test
function ¢ € W, > (R%), we have

h Vum-VqS—i—h/RduV(f*V)-V¢—|—/Rdu¢=/Rdg¢, (A.11)

Rd

32



where ¢ € W, >°(R?) is any test function. Now let us plug in ¢(z) := (u(z) — t); for any real
number ¢ > 0, and differentiate the equation with respect to ¢t. Then we have:

d d m
ng [ e [ e vty [ u= [y
dt {um>t} dt fum>ty M+ 1 {um>t} {um>t}
—_— Y
I 1o I3 Iy
(A.12)
Following the proof of Theorem 17.7 in [V], one can check that
L < / RA((w*)™), (with equality if u = u™)
{(w)m>t}
Ig = / u*,
{(wr)m>t}
Iy < sup / g = / g
1Ql=|{um>t} JQ {(u=)m>t}
It remains to examine I5. Using Lemma A.3, it follows that
1 m
I, = hlim- —— V(f*(=V)) V(™!
=0 € Jycumaryey mt1 (F(=1)- VI )
o] m * m+1 1+ 1+
< hliminf - ——— ("« AV)(max{u™ T, (t+e€) Tm} -t Twm),

e—0 € {t<(us)m <t4e} m+1

ht / % AV
{(wr)m >t}

Plug in the four inequalities into (A.12), the following inequality holds for all ¢ > 0:

—/ hA((u*)m)_ht%/ f**AV—i—/ u* g/ g, (A.13)
{(u)m>1) {(uw)ym>t) {(w)ym>t) {(w)m>1)

since t > 0 is arbitrary, the above inequality implies

“hA((w)™) = hY - (VY (f* * V) +u* < g*. (A.14)

On the other hand, by assumption, % solves

—hA@™) —hV - (aV(f*V)) +u =g, (A.15)
where f >~ f* and g = ¢g*. Note that v € D implies u* € D, hence we can apply Lemma A.4 and
get u* < u. O
References

[B1]  J. Bedrossian, Intermediate asymptotics for critical and supercritical aggregation equations
and Patlak-Keller-Segel models, submitted.

[B2]  J. Bedrossian, Global minimizers for free energies of subcritical aggregation equations with
degenerate diffusion, submitted.

33



[BRB] J. Bedrossian, N. Rodriguez, and A.L. Bertozzi, Local and global well-posedness for aggre-
gation equations and Patlak-Keller-Segel models with degenerate diffusion, submitted.

[BBC] Ph. Bénilan, H. Brezis and M. G. Crandall, A Semilinear Equation in L'(R"Y), Ann. Scuola
Norm. Sup. Pisa, 2 (1975), 523-555.

[BCalC] A. Blanchet, V. Calvez and J. A. Carrillo, Convergence of the mass-transport steepest
descent scheme for subcritical Patlak-Keller-Segel model, STAM J. Num. Anal., 41, (2008):
691-721.

[BCarC] A. Blanchet, E. A. Carlen and J. A. Carrillo, Functional inequalities, thick tails and asymp-
totics for the critical mass Patlak-Keller-Segel model, Preprint.

[BCL] A. Blanchet, J. Carrillo, and P. Laurengot. Critical mass for a Patlak-Keller-Segel model
with degenerate diffusion in higher dimensions, Calc. Var., 35:133-168, 2009.

[BICM] A. Blanchet, J.A. Carrillo, and N. Masmoudi. Infinite time aggregation for the critical
Patlak-Keller- Segel model in R?. Comm. Pure Appl. Math., 61 (2008):1449-1481.

[BoCM] S. Boi, V. Capasso, and D. Morale. Modeling the aggregative behavior of ants of the species
polyergus rufescens. Nonlinear Anal. Real World Appl., 1(2000):163-176.

[BuCM] M. Burger, V. Capasso, and D. Morale. On an aggregation model with long and short range
interactions. Nonlinear Anal. Real World Appl., 8 (2007):939-958.

[BD] M. Burger and M. Di Francesco. Large time behavior of nonlocal aggregation models with
nonlinear diffusion, Netw. Heterog. Media, 3(4):749-785, 2008.

[BDP] A. Blanchet, J. Dolbeault, and B. Perthame. Two-dimensional Keller-Segel model: Optimal
critical mass and qualitative properties of the solutions FE. J. Diff. Eqn, (2006):1-33.

[BF] M. Burger and M. D. Francesco. Large time behavior of nonlocal aggregation models with
nonlinear diffusion. Netw. Heterog. Media, 3 (2008):749-785.

[BGL] A. Bertozzi, J. Garnett and T. Laurent, Characterization of radially symmetric finite time
blowup in multidimensional aggregation equations, submitted.

[BH] M. Bertch and D. Hilhorst, A density dependent diffusion equation in population dynam-
ics:stabilization to equilibrium, SIAM. J. Math. Anal, 17 (1986) No.4: 863-882.

[BKLN] P. Biler, G. Karch, P. Laurencot and T. Nadzieja, The 8m-problem for radially symmetric
solutions of a chemotaxis model in the plane, M3AS, 29 (2006): 1563-1583.

[BS]  A.L. Bertozzi and D. Slepcev, Existence and uniqueness of solutions to an aggregation equa-
tion with degenerate diffusion, Comm. Pure. Appl. Anal., 9 (2010): 1617-1637.

[C] J. Carrillo. Entropy solutions for nonlinear degenerate problems, Arch. Ration. Mech. Anal.,
147(4):269 361, 1999

[CIMTU] J. Carrillo, A. Jiingel, P. A. Markowich, G. Toscani and A. Unterreiter, Entropy dis-
sipation methods for degenerate parabolic problems and generalized Sobolev inequatlieis,
Montash. Math. 133 (2001): 1-82.

[CL] M. G. Crandall and T. M. Liggett, Generation of semigroups of nonlinear transformations
on general Banach spaces, American J. Math. 93 (1971), 265-298.

34



[Dib]

[DP]

[DNR]

[PV]

[S1]

[S2]

[TBL]

E. Dibenedetto, Continuity of Weak solutions to a General Porous Medium Equation, Indi-
ana Univ. Math. Journal, 32 (1983) No.1: 83-118.

J. Dolbeault and B. Perthame. Optimal critical mass in the two dimensional Keller-Segel
model in R?, C. R. Acad. Sci. Paris, 339 (2004):611-616.

J. Diaz, T. Nagai and J. M. Rakotoson, Symmetrization Techniques on Unbounded Domains:
Application to a Chemotexis System on R?, Journal of Differential Equations. 145 (1998):
156-183.

F. Filbet, P. Laurencot, and B. Perthame, Derivation of hyperbolic models for chemosensitive
movement, J. Math. Biol. 50 (2005): 189-207.

E. M. Gurtin and R.C McCamy, On the diffusion of biological populations. Math. Biosci.,
33 (1977):3547.

M. A. Herrero and J. L. Velazquez, Chemotactic collapse for the Keller-Segel model, J. Math.
Biol., 35(1996):177-194.

I.C. Kim and H. K. Lei, Degenerate diffusion with a drift potential: a viscosity solutions
approach, DCDS-A (2010): 767-786.

E. F. Keller and L.A. Segel, Model for chemotaxis J. Theor. Biol., 30 (1971) : 225-234.

I. R. Lapidus and M. Levandowsky, Modeling chemosensory responses of swimming eukary-
otes. In Biological growth and spread (Proc. Conf., Heidelberg, 1979), volume 38 of Lecture
Notes in Biomath., pages 388-396. Springer, Berlin, 1980.

S. Luckhaus and Y. Sugiyama, Large time behavior of solutions in super-critical case to
degenerate Keller-Segel systems. Math. Model. Numer. Anal., 40 (2006) :597621.

S. Luckhaus and Y. Sugiyama, Asymptotic profile with optimal convergence rate for a
parabolic equation of chemotaxis in super-critical cases, Indiana Univ. Math. J., 56
(2007):12791297, 2007.

E.H. Lieb and H.-T. Yau, The Chandrasekhar Theory of Stellar Collapse as the Limit of
Quantum Mechanics, Comm. Math. Phys. 112 (1987): 147-174.

P.L. Lions, The concentration-compactness principle in calculus of variations. the locally
compact case, part 1. Ann. Inst. Henri. Poincare, 1(1984):109-145.

C. S. Patlak, Random walk with persistence and external bias, Bull. Math. Biophys., 15
(1953):311-338.

Perthame and Vassuer, Regularization in Keller-Segel type systems and the De Giorgi
method, preprint.

Y. Sugiyama, Global existence in sub-critical cases and finite time blow-up in super-critical
cases to degenerate Keller-Segel systems, Diff. Int. Eqns. 19(2006):841-876.

Y. Sugiyama, The global existence and asymptotic behavior of solutions to degenerate to
quasi-linear parabolic systems of chemotaxis, Diff. Int. Egns., 20(2007):133-180.

C. M. Topaz, A. L. Bertozzi, and M. A. Lewis. A nonlocal continuum model for biological
aggregation. Bull. Math. Biol., 68(7):1601-1623, 2006.

35



[V] J. Vazquez, The Porous Medium Equation: Mathematical Theory, Oxford University Press,
2007.

36



