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Abstract

In this paper we study periodic homogenization problems for solu-
tions of fully nonlinear PDEs, in half-spaces with oscillatory Neumann
boundary data. We show the existence, uniqueness of the homogenized
Neumann data for a given half-space. Moreover, we show that there ex-
ists a continuous extension of the homogenized slope as the normal of the
half-space varies over “irrational” directions.

1 Introduction

In this paper, we consider the averaging phenomena for solutions of uniformly
elliptic nonlinear PDEs, in half-spaces coupled with oscillatory Neumann bound-
ary data. To be precise, let M"~! be the normed space of symmetric n x n
matrices and consider the function F(M) : M"~1 — IR which satisfies

(F1) F is uniformly elliptic, i.e., there exists constants 0 < A < A such that

A|N|| < F(M)—F(M + N) < A||N|| for any N > 0;

(F2) (homogeneity) F(tM) = tF(M) for any M € M"~! and t > 0. In partic-
ular F(0) = 0;

The homogeneity condition (F2) can be relaxed (e.g. see (F4) of [3]). Typical
examples of nonlinear operators which satisfy (F1)-(F3) are the Pucci extremal
operators:

PHD*u(@) =AY i+ A ps P (D?u(@) =AY pmit+Ad>

1 <0 i >0 i <O i =0

where ji1, -+ , i, are eigenvalues of D?u(x).
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Let {(e1, ..., e,)} be an orthonormal basis of IR" and suppose g(x) : R" — IR
satisfies

(a) g € CP(IR™), for some 0 < B < 1;
(b) g(z+ex) =g(x) forx € R" for k=1,....n.

Next, for given p € IR" let II,(p) be a strip domain in IR™ with unit normal v,
that is
I, (p) ={z: -1 < (z—p) v <0}, where |v| = 1. (1)

With F,g and II, be as given above, our goal is to describe the limiting
behavior of u,. as € — 0, where u, satisfies

F(D%*u.) =0 in  II,(p)
(P.) v-Due=g(£) on TIg:={(x—p) v=0}

u=1 on Ty:={(zx—-p) v=-1}

The fixed boundary data on I'y is introduced to avoid discussion of the compat-
ibility condition on g and to ensure the existence of u°.

Homogenization of elliptic, divergence-form equations, with oscillatory coef-
ficients and co-normal boundary data, is a classical subject. Let € be an open
and bounded subset of IR". Consider u¢ : 0 — IR solving

V- (A(7)Vu) =0, 2)
with the Neumann (co-normal) condition
v (A(z/e)Vu)(x) = g(x/e), x € IN. (3)

The problem (2)-(3) has been widely studied and by now has been well-understood
(see [4] for an overview): first let us consider the case when (Q is a half-space:
ie. let

N=3%,={z:(r—p) v<0}

We define the averaged Neumann data

X
uive)i= [ o(Z)dr. (4)
(z—p)-v=0,]z—p|<1 €

By integration by parts one can show that u¢ locally uniformly converges to a
continuous function u® : Q — IR as € — 0 if and only if p(v) = lime_o pu(v,€)
exists, and that u° solves the averaged equation

B —V - (A°VuO)(z) =0 for x € Q,
(Pdiv)
v (AVu®) = u(v) for x € 09Q.

Therefore different results hold depending on the choice of p and v:



(a) If v is parallel to a vector in Z™ (i.e. v is a “rational” vector), then pu(v)
exists if p =0, and

u(v) = the average of g(y) on the hyperplane {z - v = 0}.

(b) If v is a rational vector and p # 0, then there may be no limit of pu(v,€)
and u€ can have different subsequential limits.

(c) If v is not a rational vector, then due to Weyl’s equi-distribution theorem
(Lemma 2.5) u(v,€) converges to

uv) =<g >::/ g(y)dy,
0,1

independent of the choice of p. In particular, the homogenized slope pu(v)
is discontinuous at every rational direction v, but otherwise continuous.

From above results, the divergence form of the operator, and the fact that
rational directions are of zero measure in S"~! := {z € R" : |z| = 1}, the
following results hold for the general domain €2: if 9€2 does not contain flat pieces
whose normal vectors belong to IRZ", then u¢ converges locally uniformly to
the solution u® of (Pg,) with p(v) replaced by < g >. We refer to [4] for
detailed analysis. Note that u° is smooth up to the boundary due to the fact
that < g > is continuous (constant in particular).

For nonlinear or non-divergence type operators, or for linear operators with
oscillatory nonlinear boundary data, little is known for the homogenization of
the oscillating Neumann boundary data. Most available results concern half-
space domains going through the origin with its normal pointing to a rational
direction. In [14], Tanaka considered some model problems in half-space whose
boundary is parallel to the axes of the periodicity by purely probabilistic meth-
ods. In [2], Arisawa studied special cases of problems in oscillatory domains
near half spaces going through the origin, using viscosity solutions as well as
stochastic control theory. Generalizing the results of [2], Barles, Da Lio and
Souganidis [3] studied the problem for operators with oscillating coefficients,
in half-space type domains whose boundary is parallel to the axes of periodic-
ity, with a series of assumptions which guarantee the existence of approximate
corrector.

In this paper we extend above results to the setting of general half-spaces II,,,
defined in (1), where p is not necessarily zero and v ranges over all directions in
IR"™. In particular we show the continuity properties of the homogenized slope
w(v) over the normal directions v (see Theorem 1.2 (ii)), with the hope that
such results will lead to better understanding of homogenization phenomena in
domains with general geometry (work in progress). Note that, as observed in
the linear case, homogenized slope may not exist if v is parallel to a vector in
Z" and if p # 0, therefore the best result we can hope for is the existence



of the continuous function fi(v) : S"~' — IR such that ji(v) = u(v) for v €
S" ' — RZ™. This is precisely what we will show.

Before stating the main theorem, let us introduce some notations.

Definition 1.1.
1. v € 8" is a rational direction if v € RZ".

2. v € 8" is an irrational direction if v is not a rational direction.

Theorem 1.2 (Main Theorem). For a given p € IR"™, let u. solve (P.). Then
the following holds:

1) Let v be an irrational direction. en there is a unique constant p(v) €
) Let v b irrational directi Then th ] j tant
[min g, max g] such that u® locally uniformly converges to the solution of

F(D?*u) =0 11,

(P) v-Du=pu(v) on Ty
u=1 on TI'g.

(ii) p(v) : (8" ' —RZ™) — IR has a continuous extension ji(v) : S*~1 — IR.

(i11) For rational directions v, if Ty goes through the origin (that is if p = 0),
then the statement in (i) holds for v as well.

(i) [Error estimate] Let v be an irrational direction. Then for u® and u solving

(P.) and (P), we have the following estimate: for any 0 < o < 1, there
exists a constant C,, > 0 such that

|uf —u| < Cow(e)® in 11,. (5)

Here w(e) depends on the “discrepancy” associated to v as defined in (7).

Remark 1.3. Our method can be applied to the operators of the form

F(D?u,z) = f(z) with F and f continuous in x, but we will restrict ourselves to
the simple case discussed in (P.) for the clarity of exposition. On the other hand,
our proof for the continuity of u(v) (Theorem 1.2 (ii)), presented in section 4.2,
cannot handle the case where the operator F' depends on the oscillatory variable

x/e (see Remark 4.9).

Acknowledgement We thank Takis Souganidis for helpful discussions
as well as motivating the problem. We also thank Luis Caffarelli for helpful
discussions regarding Remark 1.3.



2 Preliminary results

Let 2 be an open, bounded domain. Let I'; be a part of its boundary, and
define I'g := 02 — I';. For a continuous function f(x,v): R" x S" ' — IR, let
us recall the definition of viscosity solutions for the following problem:

F(D?*u) =0 in
(P)s v-Du= f(z,v) on 0Q-Ty;
u=1 on I,

where v = v, denotes the outward normal at x € 9 with respect to €.
The following definition is equivalent to the ones given in [8]:

Definition 2.1. (a) An upper semi-continuous function u : Q — IR is a vis-
cosity subsolution of (P) if

(i) u<1onTy;

(ii) For given domain ¥ C IR™, u cannot cross from below any C? func-
tion ¢ in X which satisfies

F(D?%¢) >0 in  QNY;
v-D¢> f(x,v) on ToN; B
p>u on (0XUT;)NX.

(b) A lower semi-continuous function u : Q — IR is a viscosity supersolution

of (P)s if
(i) u>1on K,

(ii) For a given domain ¥ C IR™,u cannot cross from above any C? func-
tion ¢ which satisfies

F(D%*p) <0 in QN
v-D¢ < f(x,v) on TogNX; B
o <u on (0XUT)NX.

(¢) u is a viscosity solution of (P)y if u is both a viscosity sub- and superso-
lution of (P)y.

Existence and uniqueness of viscosity solutions of (P); is based on the com-
parison principle we state below:

Theorem 2.2 (Section V, [10]). Suppose Q,I'r, T'g, F and v are as given above,
and let f : R"xS™ ! = IR be continuous. Letu and v respectively be a viscosity
sub- and supersolution of (P)y in a domain ¥ C R". If u < v on 0%, then
u<win .



For details on the proof of the above theorem as well as well-posedness of
the problem (P);, we refer to [8],[9], [10].

Next we state some regularity results that will be used in the paper.
Theorem 2.3. [Chapter 8, [5], modified for our setting] Let u be a viscosity
solution of F(D?u) = 0 in a domain Q. Then for any 0 < a < 1 and for any
compact subset Q' of Q, we have

[ullcaay < Cd™JullL=(q)
where C > 0 depends on n,\, A and d = d(Y',090).
Theorem 2.4 (Theorem 8.1 and Theorem 8.2 in [13]). Let
Bf :={lz| <r}n{z-e, >0} and T :={x-e,=0}NDB.
Let u be a viscosity solution of
F(D?u)=0 in B
v-Du=g m T

(a) Suppose g is bounded. Then w is in C"‘(Bf'/Q) for some a = a(n, A\, A).
Moreover, we have the estimate

HUHCQ(?/Z) < Clllull oo 57

+ max ||g])-
(b) Suppose g € CP(IR"™) where 0 < 8 < 1. Then u is in C’l*'V(Bf'ﬂ) where

~v = min(ag, 8) and ag = ap(n, A, A). Moreover, we have the estimate

il 75 < Cll 7, + lle)
In (a)-(b), C' denotes a positive constant depending only on n, A\, A and «.

Let us next discuss the averaging property of the sequence (nz), mod 1,
where z is an irrational number, and its applications to multi-dimensions which
will serve useful in our analysis in section 3. Since we obtain estimates on
the convergence rate of solutions for (P.) in our result, we are particularly
interested in the estimates on the rate of convergence of the sequence (nz), to
the uniform distribution (Definition 2.6). We begin with recalling the notion of
equi-distribution.

e A bounded sequence (1, 22, x3...) of real numbers is said to be equi-distributed
on an interval [a, b] if for any [e,d] C [a, b] we have

lim |{$1,...,In}ﬁ[C,d]| d—c

n—00 n T b—a’

Here [{z1,...,2n} N [c, d]| denotes the number of elements.

e The sequence (z1,x2,x3,...) is said to be equidistributed modulo 1 if (z1 —
[x1], x2 — [z2], ...) is equidistributed in the interval [0, 1].



Lemma 2.5 ([15], Weyl’s equidistribution theorem). If a is an irrational num-
ber, (a,2a,3a,...) is equidistributed modulo 1.

To discuss quantitative versions of Lemma 2.5, we introduce the notion of
discrepancy. The following definition is from the book [12].

Definition 2.6. Let (z),k = 1,2, ..., be a sequence in IR. For a subset E C
[0,1], let A(E; N) denote the number of points {x,}, 1 <n < N, that lie in E.

(a) The sequence (xy), n = 1,2, .... is said to be uniformly distributed mode 1
i IR if
. A(EN)
e

for all E = [a,b). Here u denotes the Lebesque measure.

(b) For x € [0,1], let us define the discrepancy
A(E;N
Dy(e) = swp [AE )|
E=la,b)
where A(E; N) is defined with the sequence (kx),k € IN, modulo 1.

It easily follows from Lemma 2.5 that the sequence (z1) = (k2)gen is uni-
formly distributed modulo 1 for any irrational number z € IR. In particular
Dy (z) converges to zero as N — oo.

Next, let S"~! = {v € R" : |v| = 1}. For adirection v = (11,...,v,) € "1,
let v; be the component with the biggest size, i.e.,
lvi| = max{|v;| : 1 <j <n}

(If there are multiple components then we choose the one with largest index).
Let H, be the hyperplane in IR", which passes through 0 and is normal to
v, ie.,

H ={zeR":z-v=0}
Since v; # 0, there exists m(v) such that (1,...,1,m(v),1,...,1) € H,, i.e.,
(1,..,1,m),1,..,1)-v=0 (6)
where m(v) is the i-th component of (1,...,1,m(v),1,...,1). Then we define
wy(€) := Dn(m(v)), where N = e 9/10, (7)

Note that, if m(v) is irrational, then w, (€) — 0 as e — 0.

Now we are ready to state our quantitative estimate on the averaging prop-
erties of the vector sequence (nv) with an irrational direction v, which will be
used in the rest of the paper. Recall that for v € S~ 1,

I, (p) ={z: -1 < (x—p)-v <0}. Denote 'y = {z: (x —p)-v = 0} and define

H,={z:2-v=0}



Lemma 2.7. For v € R" and xg € 11, let H(xo) := H, + x0. Let 0 < e <
diSt(xo, 1—‘0)

(i) Suppose that v is a rational direction. Then for any x € H(xg), there is
y € H(xzo) such that

v —y| < Mye; y—xo € eZ"
where M, > 0 is a constant depending on v.

(i4) Suppose that v is an irrational direction, and let w : [0,1) — IR defined
as in (7). Then there exists a dimensional constant M > 0 such that such
that the following is true: for any x € H(xo), there is y € IR" such that

le —y| < M0 oy — g € ez”
and
diSt(yv H({E())) < Wy (6)7 (8)
where w,, is as given in (7).

(iii) If v is an irrational direction, then for any z € IR™ and § > 0, there is
w € H(xg) such that
|z —w| < 8§ mod eZ".

Proof. The proof of (i) is immediate from the fact that for any rational direction
v, there exists an integer M > 0 depending on v such that Mv € Z".

Next, we prove (ii). Let v be an irrational direction in IR™. Without loss of
generality, we may assume

|n| = max{|v;| : 1 < j <n}.

Let 2 be any point on H(xg): after a translation we may assume that 2 = 0.
Choose m such that
e(1,1,..,1,m) € H(xo).

Note that M = |m| < n?. Also note that m is irrational since v is an irrational
direction. Since H(zg) contains z = 0,

ke(1,1,..,1,m) € H(xg) for any integer k.

Consider the sequence (km), k € IN. From the definition of w(e) and the
discrepancy function Dy (m), it follows that any interval [a, b] C [0, 1] of length
w(€) contains at least one point km (mod 1), for some k < N = ¢=9/10,

Hence for any
z = (05 07 ) Oa In) € [07 e]na

there exists
w=ke(1,1,..,1,m) € H(zg), 0<k<e 910



such that
|z — w|] < ew(e) mod eZ"™.

Similarly, for any z € [0, €], there exists w € H(zo) N (ke(1,1,...,1,m) + [0, €]™)
such that
|z — w| < ew(e) mod eZ™; 0 <k <e /10 9)

We continue with the proof of (ii). Recall that the coordinates are shifted
so that # = 0. Thus it suffices to find y € IR"™ such that

|z —y| = |y| < M/, ly — xo| = 0 mod eZ"

and
dist(y, H(z9))| < ew, (€).

By (9), there exists w € H(xq) such that
|z —w| = |w| < Mke < Me'/10 (10)

and
|zo — w| < ew,(e) mod eZ". (11)

Given w satisfying (11), we can take y € IR" such that
|zo —y| = 0 mod eZ", and |y — w| < ew,(€).
Then by (10)
19l < ly — w] + ] < M1 4 e (€) < M/,
Also since w is contained in H(xg),
dist(y, H(z0)) < |y — w| < ew, (€)

(iii) is a direct consequence of (9). O

3 In the strip domain
Fix p € IR" and v € 8" ! such that p-v # 0. Let
D=1, ={zeR":-1<(z—p) v <0}

We consider a bounded viscosity solution wu. of

F(D%*u.) =0 in II
(P.) Ouc/ov=g(x/e) on Tg:={z:(x—p) -v=0}
ue =1 on Ty:i={z:(x—p)-v=-—-1}

Below we prove existence and uniqueness of ..



Lemma 3.1. Let f(z) : R" — IR be continuous and bounded. Let 11, be as
given above and define Br(p) := {|x — p| < R}. Suppose wy and wy solve, in
the viscosity sense,

(a) F(D*wy) <0, F(D?*wy)>0 in Yg:=1L,(p) N Br(p);
(b) dw,/ov < f(z) < dws/dv on Ty;

(¢) wy=wy on Ty;

(d) wi =—M, wy =M on TINBg(p).

Then, for R > 2 and C = % we have

3CM
R2

wy < wy < wp + m HﬁBl(p).

Proof. Without loss of generality, let us set v = e, and p = 0. The first
inequality, w1 < ws, directly follows from Theorem 2.2 To show the second
inequality, consider @ := wy + M (hy + hs), where

1

—= ﬁ((xl)2 + o4 (z0)?) and hy = 2(1 — (z)?)

h1 2

nA
with C = S We claim wy < @. To see this, note that

F(D*®) = F(Dw; + D?hy + D?hs)

> F(D%*w) + %(C/\ —nA) > F(D?w,) in Xg.
On the boundary of ¥, w satisfies
Oz, @ = O, w1 = Oy, wo on g N {x, =0}
and
wy <& onTgN Br(0) and on dBR(0) NIL,(p).
It follows from Theorem 2.2 that wy < @ in Y, and we are done. |
Lemma 3.2. There exists a unique bounded solution u of (P.).

Proof. 1. Let ¥ be as given in Lemma 3.1, and consider the viscosity solution
wg(z) of (P.) in ¥ with with the lateral boundary data M = 1 on dBg(p) NII.
The existence and uniqueness of the viscosity solution wg is shown, for example,
in [8], [9], [10].

Note that, by the maximum principle, wg < 1+ max(g) in Xz. Due to
Theorem 2.4 and Arzela-Ascoli Theorem, wg locally uniformly converges to a
continuous function u.(x). Then the stability property of viscosity solutions it
follows that u.(z) is a viscosity solution of (P).

10



2. To show uniqueness, suppose u; and us are both viscosity solutions of
(P.) with |us], |ug| < M. Then Lemma 3.1 yields that, for any point ¢ € I'y and
any R > 2,

lup —ua| <O(1/R?*) in  By(q) NIL

Hence uq = us. O

The following is immediate from Theorem 2.2 and the construction of u. in
above lemma.

Corollary 3.3. Suppose u and v are bounded and continuous in IL,(p) and
solve

(a) F(D?u) <0< F(D?v) in IL,(p);
(b) u<wv on Ty
(c) 4 < f(x) < %% on Ty,
where f(z) : R" — IR is continuous. Then u < v in I, (p).

In the rest of this section we will repeatedly use the fact that linear profiles
as well as constants solve F(D?u) = 0.

Lemma 3.4. Let I1,(p) as given in (P.) and let 0 < ¢ < 1. Suppose that w
and wy are bounded and solve, in the viscosity sense,

F (D?w;) =0 in  IL,(p);

|w1—w2|§e on F];

Ow,/0v — Owy/Ov=A on Ty.
Then there exists a positive constant C = C(A) such that

|wi —wa| > C — e in I1,(p) N By a(p).
Proof. Let @ := wo+h, where h(z) = A(x—p)-v+A—e. Then 0w/0v = dw; /Ov
on I'g. Also, @ < wy on I';. Therefore Corollary 3.3 yields that we + h < w;.
Since h > A/2 — € in By/5(p), we are done. O

Lemma 3.5. Let let 11 = I + av for some 0 < a < Ae where 0 < A < 1.
Suppose u. and T, are bounded and solve (P.) respectively in the domains I1
and I1. Then we have

lue — @] < C(AP +€¥) in IINTI,

where « is as given in Theorem 2.4 and [ is the Holder exponent of g.

11



Proof. 1. Let ve(z) = @c(x + av) so that v. and u. are defined in the same
domain II. Since g(x) € CP(IR"), |0ve/Ov — Oue/Ov| < wh(e) on Ty.

2. On Ty, uc = v. = 1. Hence one can compare u. = w(e)(1 + (x — p) - v)
with v, and apply Theorem 2.2 to obtain

lue — ve| < wP(€) in II.

Due to the Holder continuity of u© given by Theorem 2.4, [v. — @] < CAP 4 ¢
in ITNII. This finishes the proof. O

The next lemma follows from Theorem 2.4 (b).

Lemma 3.6. Let v; be a bounded solution of (P.) with a constant Neumann
condition g(x) = pj;. If p1j — p, then v; converges to v such that Ov/0v = p on
Ty.

4 Proof of the Main Theorem

In this section, we prove the main theorem of the paper, Theorem 1.2.

4.1 Proof of Theorem 1.2 (i), (iii) and (iv)

Recall

Fo={x:(x—p)-v=0} Ty={z:(x—p)-v=—1}.
Due to the uniform Holder regularity of {u.} (Theorem 2.4(a)), along subse-
quences e, — u in II,. Note that there could be different limits along different
subsequences €;. Below we will show that if v is an irrational direction then all
subsequential limits of {uc} coincide.

Suppose
0Oell, ={-1<(z—p)-v<0}

Let us choose one of the convergent subsequence u.; and denote u., = u;. Then
for each j, there exists a constant p; and a function v; in IL, (p) such that

F(D?v;) =0 in I, (p)
Ovj/ov=yp; on Ty

v =uj; =1 on Iy

vj = Uy at x=0.

Lemma 4.1. p; — p for some p as j — oo. (p may be different for different
subsequences {¢;}.)

12



Proof. Suppose not, then there would be a constant A > 0 such that for any
N >0, |m — pn| > A for some m,n > N. Then by Lemma 3.4,

[um (0) — vn (0)] = Ca.
This contradicts the fact that v;(0) = u;(0), since u;(0) — u(0) as j — co. O

The next lemma states that u. looks like a linear profile with respect to the
direction v as € — 0.

Lemma 4.2. Away from the Neumann boundary o, ue is almost a constant
on hyperplanes parallel to Ty. More precisely, let xo € I1,(p) with dist(xg,Ty) >
€/20 Then for 0 < o < 1 the following holds:

(i) If v is a rational direction, there exists a constant C' > 0 depending on v,
a and n, such that for any x € H(xg) := {(x — x¢) - v =0}

|ue(z) — ue(zo)| < Ce®/2, (12)

(i) If v is any irrational direction, there exists a constant C' > 0 depending
on « and n, such that for any v € H(xo)

lue(x) — ue(zo)| < Ce®/20 4 Cw, (e)” (13)

where w, : [0,00) — [0,00) is a mode of continuity given as in (ii) of
Lemma 2.7.

Proof. First, let v be a rational direction. Lemma 2.7 implies that for any
x € H(xo), there is y € H(xo) such that |z — y| < Mye and u.(y) = uc(zo).
Then by Theorem 2.3,

[ue(x0) — uc(z)| < Ce /2 (M, €)™ < Ce/?.

Next, we assume that v is an irrational direction and x € H(x(). By (ii) of
Lemma 2.7, there exists y € IR™ such that |z — y| < Me'/10, y — o € eZ" and

dist(y, H(zo)) < ew(e). (14)
Then we obtain

[ue(w0) — e (y)] + [uc(y) — ue(w)]

Cw(e)’ + Juc(y) — ue()|

Cw(e)ﬂ + Ce_o‘/20(M61/10)o¢

C ( )ﬂ+C€a/20, (15)

|uc(zo) — ue()]

€

VAN VAN VANVAN

w(€e

where the second inequality follows from Lemma 3.5 with (14), and the third
inequality follows from Theorem 2.3. |

13



By Lemma 4.2 and by the comparison principle (Theorem 2.2), we obtain
the following estimate: For x € II,

ue(@) — ve(2)] < Ae) (16)
where

Ceo/? if v is a rational direction
Ale) =

Ce*/?0 + Cw,(e)? if v is any irrational direction.

Lemma 4.3. limv; = limu; and hence du/0v = p on T.

Proof. Observe that v; solves (P,;) with g = p;: Note that v; is then a linear
profile, i.e., vj(z) = pj((x — p) - v+ 1) + 1. Let z be a point between I'y and
H(0). Then by Lemma 4.2, applied to u; and v;,

(u;(#) — v;(x)) = (u;(x0) — vj(20))| < Cri(e;). (17)
for all @ € H(x), if j is sufficiently large. Suppose now that
uj(zo) — vj(xo) > ¢ > 0 for sufficiently large j.

Then due to (16) u; —v; > ¢/2 on H(zo) if j is sufficiently large. Note that u;
can be constructed as the locally uniform liimt of u; r, where u; r solves

F(D?uj ) =0in Br(zo) NIl; ujr =v; on dBr(xo) NI
with
ir=1onTy; gu () = (E)onl"
Uj,r = 1 on Ly oy M R\L) = g o 0-
Comparing u; r and vj; + ¢((z — x¢) - ¥ + 1) on the domain

Br(zo)N{z: 1< (x—p) -v<(x—1x0) -V}

for sufficiently large R then yields that u; g(0) > v;(0) + ¢o for all sufficiently
large R, which would contradict the fact that v;(0) = u;(0). Similarly the case
liminf; (u;(zo) — vj(xo) < 0 can be excluded. and it follows that

luj(xo) — vj(zo)] — 0 as j — oc.

Hence we get v; — wu in each compact subset of II. By Lemma 4.1 and
Lemma 3.6, the limit v = v of v; satisfies du/Jv = p on T'y.
O

Lemma 4.4. If v is an irrational direction, Ou/0v = p, for a constant i,
which depends on v, not on the subsequence ¢;.
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Proof. 1. Let 0 < n < € be sufficiently small. Let
ue(er) Uy (1)
we(x) = , wy(x) =
€ n
and denote by I'y and I's as the corresponding Neumann boundary of w. and
wy,, respectively. By (iii) of Lemma 2.7, for a point p € IR", there exist ¢1 € 'y
and g9 € I'y such that

[p—qi| <n mod Z", and |p—qz2| <n mod Z".

Hence after translations by p — ¢; and p — ¢2, we may suppose that we(x) and
wy(x) are defined, respectively, on the extended strips

QE::{:E:—ES(HU—]?)'VSO}

and
Q, =

—-~

x:——<(zx—p)-v<0}

| =

Here w, = 1/e on {(z —p)-v = =1} and w, = 1/pon {(z —p) - v = —21}.
‘v

n
Moreover on I'g := {(z — p) - v = 0} we have

Ow [0V = g1(x) := g(x — z1) and Jw, /Ov = ga(x) := g(x — 22)
where |z1], |z2] < n. Observe that since g has Holder exponent 0 < § < 1,
91— g <0°.

Let v be a solution of the problem (P.) with constant Neumann data
Ove/Ov = e on Ty such that v, coincides with u. at © = 0 and on I';. By (16)

a/20 B
U€(€$)| < Ce + Cw(e) ' (18)

€ €

|w6($) -

Note that v, is a linear profile: indeed

ve(ex) 1, 1
D @ —p) v
(From (18) and the comparison principle, it follows that

(e =A@ —p) v+ 1) < welw) =+ < (e + A@) (@ —p) v+ ) (19)

where A(e) = Ce®/?0 4 Cw(e)P.
2. (19) means that the slope of w, in the direction of v (i.e. v - Dw,) is

between pie + A(e) and pe — A(e) on {z : (x —p)-v = —1}. Now let us consider
linear profiles

l1(z) = a1(x — p) - v+ by and la(x) = as(x — p) - v + b,

15
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whose respective slopes are a1 = pue + A(e) and ags = p. — Ae). Here by and b
are chosen such that

li =1y =wy(xz) on {x:(x—p)-u:—%}.

3. Now we define

[ i {~1/n<(@—p) v < -1/e}
we(z)+ec; in {-1/e<(x—p)-v<0}
and
o Iy(z) in {-1/n<(z—p)-v<-1/e

we(x)+c2 in {—-1/e<(z—p)-v<0}

where ¢; and cp are constants satisfying I3 = w. + ¢; and los = we + ¢ on
{(z —p)-v=—1/¢}. (See Figure 2.)

Note that, due to (19), in {—1 < (z — p) - ¥ < 0} we have
w(x) = min(ly (z), we(x) 4+ ¢1) and w(z) = max(la(z), we(x) + c2),

and thus it follows that w and w are respectively viscosity super- and subsolution
of (P).
4. Let us define
hi(z) = n’((z —p)-v +1/n).

Then w' :=w + h; and w™ := w — hy respectively solves the following:
F(Dw*) <0 in  Q
Ow™

W:g(x)‘f'??ﬂ on T

16



and

F(Dw™)>0 in
Sw-
g}y =g(x)—n® on Ty
Since [g — §| < n® and wt = w™ = w, on {(z —p) - v = —%}, from the
comparison principle for (P,) it follows that
w” <w, <w" in Q. (20)
Hence we conclude
|y — el < Ale) + 77, (21)

where p,, is the slope of v, and A(e) = Ce®/?0 4+ Cw(e)? — 0 as e — 0.
O

The proof of the following lemma is immediate from Lemma 4.4 and (21) .

Lemma 4.5. [Error estimate: Theorem 1.2 ()] For any irrational direction
v, there is a unique homogenized slope u(v) € IR and ey = €o(v) > 0 such that
for 0 < € < €y the following holds: for any 0 < a < 1, there exists a constant
C =C(a,n, A\, A) such that

Jue(@) = (1+ p(v)((z = p) - v+1))| < Ale) = Ce* + Cw, (€)* in IL(p), (22)
where wy(€) is as given in (7).

Lemma 4.6. Let v be a rational direction. If the Neumann boundary I'y passes
through p = 0, then there is a unique homogenized slope u(v) for which the result
of Lemma 4.5 holds with A(e) = Ce®/?.

Proof. The proof is parallel to that of Lemma 4.4. Let w,. and w,, be as given in
the proof of Lemma 4.4. Note that since (2. and €2, have their Neumann bound-
aries passing through the origin, dw./0v = g(z) = dw, /v without translation
of the x variable, and thus we do not need to use the properties of hyperplanes
with an irrational normal (Lemma 2.7 (b)) to estimate the error between the
shifted Neumann boundary datas.

O

Remark 4.7. As mentioned in the introduction, if v is a rational direction with
p # 0, the values of g(-/€) on 0Q and 0Q, may be very different under any
translation, and thus the proof of Lemma 4.4 fails. In this case ue may converge
to solutions of different Neumann boundary data depending on the subsequences.

17



4.2 Proof of Theorem 1.2 (ii)

Proposition 4.8 (Theorem 1.2 (ii)). The homogenized limit u(v), defined in
Lemma 4.5 for irrational directions in S"~1, has a continuous extension ji(v) :

S 15 R.

Proof. Let us fix a unit vector v € S"~!. Then we will show that there exists
a positive constant C' > 0 depending on v such that the following holds: Given
d > 0 there exists € > 0 such that for any two irrational directions v, € S~}

(1) — p(e)] < €82 whenever 0 < |y — v, |vo — 1] < e (23)

1. To simplify the proof, we first present the case n = 2. For simplicity of
notations, we may assume that |v - e1]| < |v - e2| and p = 0. First we introduce
several notations. Again for notational simplicity and clarity in the proof, we
assume that v = es: we will explain in the paragraph below how to modify the
notations and the proof for v # e;. Let us define

Qo :=10,(0) = {(z,y) € R*: -1 <y <0}
and for i =1,2
Q; :=10,,(0) = {(z,y) € R*: —1 < (x,y) -v; <0}

Let us also define the family of functions
. . 1
gi(x1,22) = gi(x1) = g(x1,6(1 — 1)), where i = 1,...,m := [3] + 1.

(see Figure 3).

If v is a rational direction different from e, take the smallest K, € IN such
that K, = 0 mod IN?. Then ¢ can be considered as a K,-periodic function
with the new direction of axis of v. If v is an irrational direction, take the
smallest K, € IN such that |K,v| < § mod IN?. Then g is almost K- periodic
up to the order of § with the new axis of v. We point out that it does not make
any difference in the proof if we replace the periodicity of g by the fact that g
is almost periodic up to the order §.

Before moving onto the next step, we briefly discuss the heuristics in the
proof.

Proof by heuristics:

Since the domains €; and 5 point toward different directions v and vs,
we cannot directly compare their boundary data, even if 92, and 02 cover
most part of the unit cell in IR"/Z". To overcome this difficulty we perform a
two-scale homogenization.

First we consider the functions g; (i = 1,..,m), whose profiles cover most
values of g in IR? up to the order of 67, where 3 is the Holder exponent of g.
Note that most values of g in IR? are taken on 9Q; and on 995 since v and vo

18
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are both irrational directions. On the other hand, since v, and v, are very close
to v which may be a rational direction, the averaging behavior of a solution .
in 3 (or Q2) would occur only if € gets very small.

If |11 — v| = |v1 — es] is chosen much smaller than d, we can say that the
Neumann data g1 (-/€) is (almost) repeated N := [§/|v1 — v/|] times on 9; with
period ¢, up to the error O(6”). (See Figure 4.) Similarly, on the next piece of
the boundary, ga2(-/€) is (almost) repeated N times and then gs(-/¢) is repeated
N times: this pattern will repeat with g; (k € IN mod m).

If N is sufficiently large, i.e., if |14 — v| is sufficiently small compared to ¢,
the solution u. in €2 will exhibit averaging behavior, Ne-away from 9€);. More
precisely, on the Ne-sized segments of hyperplane H located Ne-away from 01,
ue would be homogenized by the repeating the profiles of g; (for some fixed 1)
with an error of O(6”). This is the first homogenization of u, near the boundary
of Q;: we denote by u(g;), the corresponding values of the homogenized slopes
of u. on H.

Now a unit distance away from 9€2;, we obtain the second homogenization of
ue, whose slope is determined by p(g;), i = 1, .., m. Note that this estimate does
not depend on the direction vq, but on the quantity |1 —v|. Hence applying the
same argument for vo, we conclude that |p(v1) — p(v2)| is small. Note that ()
and p(v2) are uniquely determined because v and vy are irrational directions
(Lemma 4.6).

A rigorous proof of above observation is rather lengthy: the main difficulty
lies in the fact that, to perform the first homogenization Ne-away from the
boundary, one requires the solution u. to be sufficiently flat in tangential di-
rections to v, which we do not know a priori. We will go around this difficulty
by constructing sub- and supersolutions by patching up solutions from near-
boundary region and from the region away from the boundary. The proof is
given in steps 2-8 below.

19



N e-boxes N e-boxes

GQI
ou
Neg Hxg(/e) = ~g,(/e)
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Figure 4

2. Given 6 > 0, let us choose irrational unit vectors v, v € IR? such that

0< é(1)/1000 < 6(1)/1000 "y
whereeg = |v1 — es|, € = 6(2)1/20 and € = |vy — esl, € = €2/%0. Let us also define
0 5
N = [m = a]- (24)
Then Ne = 56(1)/20 := dg. Note that
o > /2% and 6y > 6%,
With above definition of € and N, consider the strip regions Iy = [—Ne, 0] x
R, I, =[0,Ne] x R, .1 = [-2N¢,—Ne¢|] X R, I = [N¢,2N¢e] X RR,..., i.e.,
Iy = [(k—1)Ne,kNe x R for k € Z.
Let k € [1,m] denote k in modulo m, where m = [l] + 1. Note that, since

Nlvy —en| =9, gj(-/€) is (almost) repeated N times on I}, N 0€2;. This fact and
the Holder continuity of g yield that

|g(—7—)—g;€(£)| <C8P on o NI, forkecZ. (25)
€
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3. Let w, solve (P): F(D?w.) = 0 in £y with

ow, T
e (0,0) = gi(D) for (@0) € L {y = 0)
we =1 on {y = —1}

Next let u, solve (P) in ©; with
Oue o ry B
o (I5 )_ (272) on {(I,y)'Vl—O},
ue =1 on {(z,y) v =-—1}.

Let p(we) (p(ue)) be chosen as the slope p; in the linearized problem (P, )
in section 4, where w; is replaced by w. (u.) and the reference point = 0 is
replaced by z = —e3/2 = (0,—1/2). (Recall that we assumed 0 € 09y, and
(0,—-1/2) € Q; for i = 1,2.) p(we) and p(ue) then denote the slopes of a linear
approximation of w. and u.. From (25) it follows that

|(we) = plue)| < C8°. (26)
We point out that pu(w.) and u(u.) respectively converge to a unique limit
as € — 0 since v is irrational.

4.
We begin with introducing 1 ,x(gz), which denotes the average of slope for
our solution, §p = Ne-away from the Neumann boundary {y = 0}, in Ij.

Let us define
H := 009 — Nev = 0Qy — Neea = {(z,y) : y = —do}.

Let n =1/N and let w, 1 solve

F(D*wy,) =0 in {-d<y<0}
Wn,1 = ’LUE(O, _5) on H= {y = —60}
8107711 =

ay (.I,O) :91(;,0) on 890: {y:O}

where g1(z,0) = g1(z + k,0) for k € Z. Let p (g1) be the slope of the linear

approximation of wy, 1, defined as below: choose a linear solution v, 1(-) such
that
F(D?v,1) =0 in  {-6<y<0}

vp,1 = wy,1(0, —do) on H={y=—-b}

Uml(ov _6_20) = wml(ov _570)

61)77,1

Dy (2,0) = p1 (1) on 09 = {y=0}.

1
N
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Since g1(z,0) is periodic on {y = 0} with period € and §y = Ne, we can
apply Lemma 4.2 (i), using the fact that 6y > ¢'/2° | to conclude that

0 0
fn,1(,9) = (g 10, =) + myw(91)(y + 5)) < C5F - (27)
on{y = —%“} N1;. Similarly one can define w;, ,, and vy j, for k € Z to conclude

that
o do 1483
2. 9) — (g~ D~ 2) 4 () + DN < 007 (28)

on {y = —%0} N 1.

5. We will now construct barriers which bound w, from above and below,
by pasting together the near- boundary and the rest of the region together as
follows. First we construct a supersolution of (P.). Let p. solve the Neumann
boundary problem away from the boundary {y = 0}:

F(D?p)=0 in {-1<y<—do}

Ipe
82 =Ax) on H={y=-b}
pe=1 on {y=-1}

Here A(x) is a holder continuous function obtained by approximating
/N (gr) +265° in each Ne-strip, where the constant 0 < ap < 1 will be decided
below. Here the holder continuity of A(z) is obtained by the fact that gi and
g; differs from each other by ((k — 7)dp)” and they are apart by (k — j)Ne >
(k — )3,

Then Theorem 2.4 (b) yields that p. € CYY up to H, where v depends on
B and n. Therefore there exists a constant 0 < ap < 1 such that the following
holds: in each 5é_a°—neighborhood of a point (zg, —dp) € H, we have

|pe(, —80) — pe(xo, —00) — eu(mo)(z — x0)| < 857, (29)

where a(xg) is the tangential derivative of p. at (xg, —do).

6. Next we construct the near-boundary barrier:

F(D*fe)=0 in {-d <y <0}

fezpe on H:{y:_éO}
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Let us now estimate the slope of f. on H. Let us choose a constant u. and the
corresponding linear profile ¢. such that

F(D%¢c) =0 in {~d<y<0}
d)E(Ia _5) = f5(07 _60) on H
$e(0,—3) = fe(0,—%)

99
8—q;=u6 on 99y ={y =0}

(29) and and the comparison principle (Theoren 2.2), as well as the localization
argument as in the proof of Lemma 3.1 applied to the rescaled function

(%)‘%(% +a0, L)~ aleo)@ - 20)

in the region {—1 <y < 0} N {|z| < §; “} yields that

b — fe] < O in {—6 <y <0} N {|z] < 55} (30)

Putting the estimates (28) and (30) together, it follows that for any
(xo, —00) € H we have

|fe(z,y) — (a(zo)(® —z0)+  p1/n(gr)(y + 62—0))| < gyt
on {y = -2} N {|z — x| <55},

for appropriate k in each d-strip. Using (29), (4.2) and the C*7 regularity of f.
up to its Dirichlet boundary, we obtain that

Ofe

which then makes the following function a supersolution of (FP):

pe in {-1<y< b}

fe in {_50 S Y S O}

Similarly, one can construct a subsolution p. of () by replacing A(z) given
in the construction of pe by A(z) := A(x) — 465°, such that

Pe Swe < p. (31)

7. Parallel arguments as in steps 2 to 4 apply to the other direction vy: if
we define é, M and H by

S _
s —es] =é<e, M=[~2], and H={y=—Mé},
€
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then we can construct barriers ps and P, such that

pe < we(w) < p_ (32)
with their corresponding Neumann boundary conditions on H:

0 _ 0 o L
970 oyl = M (95) +O(65°) on H N Iy, (33)
where their respective derivative is taken as a limit from the region
{=1<y < —do}

8. Now we proceed to estimate the averaging behavior of u¢ away from the
Neumann boundary. By Lemma 4.6,

1 1

g (95) = g (9] < () + (57)7, (34)

L
M

1 _
where m(ﬁ) = CN~/?0, Let us denote 111 (9;) = pj .y and let b and h

respectively solve

F(D*h)=0 in {-1<y<—Ne}

h=1 on {y=-1}
oh
Foie Bi N on HNI
and _
F(D*h) = in {-1<y<-Me}
h=1 on {y=-1}
oh

EZWC’M on HNI.

Let u(h) and u(h) be the respective slope of linear approximation for h and h.
Then it follows from (34) that if 69 ~ Ne ~ Mé is sufficiently small,

[0(h) — p(R)] < Clm(5) + (32)°). (3)

Lastly, observe that by (31) and (32), there exists 0 < v < 1 such that
|u(we) — p(h)| < €67 and |p(we) — u(h)| < C37.
The above inequalities and (35) yield

1) — plwe)| < O +m(x) + (7))
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Then we conclude from (26) that

) — (ue)| < O+ m(=) + (5)°). (36)

9. Lastly we estimate the rate of convergence of u(u€) to u(v1) as e — 0.
The claim is that

1(v1) = plue)| < Cleg + 631“/200 + 65/20).

We will argue similarly as in the proof of Lemma 4.2 (ii). Let us define v¢,
the linear approximation of u¢, as in (P,;) of section 4.1, where the reference
function u; is replaced by u°.

Recall that Q1 = {y: —1 <y -1 <0}. We define

Q=0 N {y:y-1n < —Neé_lul},

and L := 0Q; — Neé vy, Then for any given zg € L and for any x € L, there
exists y € IR? such that |z — y| < Nem, zo — y = 0 mod eZ?, and

dist(y, L) < €|y — ea| = eeq.
1
(recall that m = [5] + 1.) Then by arguing as in (15), for z € L,

lue(z0) — ue(z)| < Cel + C(Ned 1) (Nem)® < C(el) 4 €/19).

Hence due to the comparison principle (Theorem 2.2) applied to u. and v, in
the domain € , we obtain

[ue —ve| < C(eg + €Y/ L Nes™) = CO( g + eéla/mo + 6(1)/20). (37)
Following the proof of (21) using (37) instead of (16), to conclude
() = )] < C(e + "> + ™) <6

Parallel arguments applies to v5. Combing the above inequality with (36),

1) — plw2)] < O +m() + (32)°),

Since N and M grow to infinity as € and € go to zero, the above inequality
proves the lemma.

10. For the general dimensions n > 2, let us define
gi(xlu cey :En—lu ‘T’n) = gi(x].? "-7:'[;77,—1) = g(xlu cey ‘T’Il—l7 5(7/ - 1))
for i = 0,1,...,m := [61]. Let us also define
Iy ko by = [(k1 — 1)Ne, ki Ne] x ... X [(kn—1 — 1)Ne, k—1Ne] x R.
Then parallel arguments as in steps 1 to 9 would apply to yield the proposition
in R".
O
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Remark 4.9. The proof breaks down for F = F(D?u, 2) since the idea of
perturbing the problem by tilting the Neumann boundary and its boundary data,
i.e., the approximation of u, by w, in step 3., does not apply if the inside
operator also depends on %.
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