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Abstract: We introduce a notion of viscosity solutions for a nonlinear degenerate diffusion
equation with a drift potential. We show that our notion of solutions coincide with the weak
solutions defined via integration by parts. As an application of the viscosity solutions theory,
we show that the free boundary uniformly converges to the equilibrium as ¢ grows. In the case

of a convex potential, an exponential rate of free boundary convergence is obtained.

1 Introduction

Consider a C? function ®(z) : R® — R, and consider a nonnegative, continuous function
po(x) : R™ — R which has compact support €. In this paper we study the porous medium
equation with a drift

pr = L(p"™) + V- (pVD), (1.1)
for m > 1, with initial data po(x). Note that, at least formally (and proven in [4] for the
weak solutions), the solution of (1.1) preserves its L' norm.

It will be convenient to change from the density variable to the pressure variable

m _
U=——727p - U= mPBn g (1.2)

so that the equation becomes
(PME-D) ug = (m — Dudu + |Vul?> + Vu - VO + (m — 1)uAd

(for more on the density to pressure transform see e.g., the discussions in [5]). We consider
continuous and nonnegative solutions in the space-time domain Q@ = R? x (0,T) for some
T > 0, with prescribed initial conditions u(zx,0) = ug(z) € C(R™).



Note that, formally, the free boundary 0{u > 0} moves with the outward normal velocity

Ut Du Du
Du] = P4 PV gy =P DR

V:

where the first equality is due to the fact that w =0 on I'(u) .

The weak solution theory for (PME-D) has been developed in [4] and [10]. Further, L' and
uniform convergence to equilibrium have also been shown in [4] and [8] (see Theorem 3.1
and Theorem 3.2); in the latter work, an exponential rate of convergence is also obtained.
In fact, in these works a more general form of the equation is actually considered, i.e.,
pe = A(@(p)) + V- (pVV) with suitable assumptions on ¢. It is the case that almost all
of our results would also go through for a general equation of this form, but for ease of
exposition we will restrict attention to (PME-D).

When ® = 0, (PME-D) is the widely-studied Porous Medium Equation (PME): We refer
to the book [17] for the references. Moreover when V = |z|?, (PME-D) is obtained as a
re-scaled version of the (PME) with new variables

0(n,7) :=t “u(x,t),n =zt P 7 =Int.

where u solves (PME). This suggests that the local behavior of (PME-D) is similar to that
of (PME), with perturbations due to the inhomogeneity of ®. We will illustrate this fact in
the construction of various barriers in section 2 and 3.

We introduce a notion of viscosity solution for the free boundary problem associated with
this equation, which we will show to be equivalent to the usual notion of weak solutions
— see [9] for the general theory of viscosity solutions. In this regard we closely follow the
framework and arguments set out in [6] (see also [13] and [5]), where the viscosity concept
is introduced and studied for the Porous Medium Equation. We point out especially that
[5] extends the result of [6] to the case where the diffusion term is multiplied by more
general nonlinearities; our focus, however, is on the added drift term, which introduces
spatial inhomogeneities. The key utility of the viscosity concept here is that we will be able
to describe the pointwise behavior of the free boundary evolution by maximum principle
arguments with local barriers. As an application, we are able to extend the results of [4]
and [8] to a stronger notion of free boundary convergence.

Main Theorem. There exists a viscosity solution of u (PME-D) with f(mT_luo)l/mfldx =
[ po(z)dx = mg. Further:

(a) u is unique and coincide with weak solutions studied in [4] and [8].

(b) If |D®| > 0 except at © = x¢ where ® achieves its minimum, then from [4] there
exists a unique Co > 0 depending only on mqg such that u uniformly converges to



Uso 1= (Cop — ®(x))+. Then we have

sup  d(y,(us)) — 0 as t — oo.
yed{u(-,t)>0}

(c) For a strictly convexr ® with ky < A®, there exists K,a > 0 depending on ug, ko, the
C?-norm of ® and n such that

sup  d(y,T(us)) < Ke™ .
yed{u(-,t)>0}

Remark. 1. We point out that the free boundary convergence may not hold if | D®| vanishes
at some points, even though the uniform convergence of the solution still holds.

2. In the case of ®(x) = |x|* (that is for the renormalized (PME)) corresponding results
were proved in [7] using techniques from [8]. In general dimensions, in [15] it was shown
that the interface becomes convex in finite time. It is unknown whether such results hold for
general convex potentials: we shall investigate this in an upcoming work.

2 Viscosity Solution

In this section we introduce the appropriate notion of viscosity solution for (PME-D) and
show that it is equivalent to the usual notion of weak solution. Our definition descends from
those in [6] and [13]. For more details we also refer the reader to the definitions, discussions
and results in [5].

2.1 Definition and Basic Properties

Let @ := R"™ x (0, 00). For a nonnegative function u(x,t) in @), we denote the positive phase
Qu) ={u>0}, U(u):={z:u(z,t) >0}

and the free boundary
D(u) = 0Qu), Ty(u) =0 (u).

As in [6], to describe the free boundary behavior using comparison arguments we need an
appropriate class of test functions to deal with the degeneracy of (PME-D).

Let 3 be a smooth, cylinderlike domain in R™ x [0, 00), i.e.,

Y= U ¥(t) x {t}, where %(t) is a smooth domain in R". (2.1)

t1 <t<to



Definition 2.1. A nonnegative function u € C?!({u > 0} NX) is a classical free boundary
subsolution in ¥ if u satisfies (PME-D) with < replacing = in the classical sense in {u >
0} N3, [Du| >0 on I'(u) N X with the outward normal velocity

Vu

[Vl

V < B|Vu| +Vo- on I'(u)
or equivalently,
ug < B|Vul? + V& - Vu on I'(u).

We define a classical free boundary supersolution by replacing < with >. Finally, u is a
classical free boundary solution if it is both a sub and supersolution.

Before proceeding further it is convenient to introduce some auxiliary definitions.

Definition 2.2. Let ¢ be a continuous, nonnegative function. Now if v is another such
function, then we say that ¢ touches ¥ from above at (xo,t9) in X if ¢ — ¢ has a local
minimum zero at (xg,tp) in X N {t < to}. We have a similar definition for ¢ touching
from below.

Definition 2.3 (Strictly Separated Data). For two nonnegative functions w,v : R — R,
we write ug < vg if the following holds: supp(ug) is compact and supp(ug) C Int(supp(vp))
and inside supp(uo), uo(x) < vo(z).

We note that e.g., due to the maximum principle, a classical free boundary subsolution
that lies below a classical free-boundary supersolution at time ¢; > 0 cannot cross the
supersolution from below at a later time t5 > ;. This observation leads to a notion of
viscosity solution which takes into account the free boundary:

Definition 2.4. Let u be a continuous, nonnegative function in .

o w is a wviscosity subsolution of (PME-D) if, for any given smooth domain ¥ given in
(2.1), for every ¢ € C*!(X) that touches u from above at the point (7,to), we have

vt < aplp + BIVe|2 + V- (pVP) (2.2)

o w is a viscosity supersolution of (PME-D) if, for any given smooth domain ¥ given in

(21),
(i) for every ¢ € C*1(X) that touches u from below at the point (zg,t9) € Q(u) NE,
we have

0t > aplp + V|2 + V- (pV D) (2.3)

(ii) for every classical free-boundary subsolution ¢ in X, the following is true: If
@ < w on the parabolic boundary of ¥, then ¢ < w in ¥. That is, every classical



free-boundary subsolution that lies below u at a time t; > 0 cannot cross u at a later
time to > t1.

o wu is a wviscosity solution of (PME-D) with initial data ug if u is both a super— and
subsolution and u uniformly converges to ug as t — 0.

Remark 2.5. In general one can define viscosity sub— and supersolutions respectively as
upper— and lower semicontinuous functions. Such a definition turns out to be useful when
one cannot verify continuity of solutions obtained via various limits. This problem does
not arise in our investigation here thanks to [4], and our definition assumes continuity of
solutions.

It is fairly straightforward to verify that a classical free boundary sub— (super)solution is
also a viscosity sub— (super)solution.

Lemma 2.6. If w is a classical free boundary sub— (super) solution to (PME-D), then w
is also a viscosity sub— (super) solution.

Proof. We will be brief: The subsolution case presents no difficulty since if contact with
some ¢ € C*(X) occurs in Q(w) then we use the fact that w is classical there, whereas
no contact can occur on the free boundary unless |Vw| = 0, in which case the differential
inequality is satisfied since then ¢ = |Vp| =0 and ¢; < 0.

If w is a classical free boundary supersolution, then (i) in Definition 2.4 follows as before.

To see (ii), let us note that if ¢ is a classical free boundary subsolution which crosses

w, then since the free boundary is C?, Hopf’s Lemma implies that at the touching point

IVo| < |Vw| (see e.g., [16]). On the other hand, since ¢ started below w, at the touching

point we must have vn (¢) > vp(w), which leads to a contradiction since it is also the case
Yw ©

that we have W = W

O]

Next we have the following stability result.

Lemma 2.7. Let u® be a smooth solution of (PME-D) with initial data ug+ ¢ and let u be
its uniform limit. Then u is a viscosity solution of (PME-D) with initial data ug.

Proof. Let ¥ be as given in (2.1) and let p € C*1(X).

1. Let us first show that u is a subsolution. First suppose that ¢ touches u from above
at the point (xg,t9). We may assume that u — ¢ has a strict maximum at (zg,tg) in
Q(u) N X N{t <tp} by replacing ¢ by

@z, t) = p(z,t) + o((z — $0)4 —(t— t0)2)7 oc>0



if necessary. By uniform convergence there exists a sequence (x¢,t.) converging to (zg, o)
such that u® — ¢ has a local maximum at (z.,t.). Now if we we let

@(l‘vt) = (p(aj,t) - Sp(xE?tE) + ue(xsatﬁ)

Then u® — ¢ has a local maximum at (z., t-) with (u® —@)(ze,t:) = 0. We can now conclude
by taking the limit of the viscosity subsolution property of uc.

2. Next we show that u is a supersolution. Let ¢ be a classical free-boundary subsolution
such that p(z,t1) < u(x,t1). Since the u.’s are strictly ordered, u < u. and hence ¢(x,t1) <
u(z,t1) < ue(x,t1). Now suppose ¢ touches u. at some point (x2,t2), then ¢(x2,t2) > 0
since u, is positive, so by continuity, there is a parabolic neighborhood of (z2,t2) in which
both functions are classical and positive. By the Strong Maximum Principle, the touching
cannot have occurred at (x2,t2), a contradiction. We conclude that ¢ < u. so that in the
limit ¢ < u,.

O]

An immediate consequence of above lemma is that weak solutions are viscosity solutions
(see Corollary 2.11). We shall introduce the precise notion of weak solutions in the next
subsection, and summarize some results from [4].

2.2 Weak Solutions

To be consistent with the setup in both [4] and [8], let us return to the density variable and
consider the solution of (1.1) in a bounded domain € with Neumann boundary condition:

pr=0p"+V-(pV®) in QxRT,
(N) Lpm+pd2 =0 on 00 xRT,

p(x,0) = po(z) in Q.

We will see shortly that we need not worry about the fact that we are on a bounded domain,
but for now we will let @ = Q x RT and Q; = Q x (0, ¢]. Following [4],

Definition 2.8. We say p: [0,00) — L'() is a weak solution of (N) if

(i) p € C([0,t]; L1 (2)) N L*®(Q,) for all t € (0, c0);



(ii) for all test functions ¢ € C%!(Q) such that ¢ > 0 in Q and /v = 0 on 9N x R,
we have

| ooetty = [ s+ [ | (e " B~ 9D V)

We also define a weak subsolution (respectively supersolution) by (i) and (ii) with equality
replaced by < (respectively >).

From [4] we have existence, regularity, uniqueness and comparison principle for weak solu-
tions:

Theorem 2.9 (From [4]). Under the assumption that ® is C? in Q

(a) The problem (N) has a unique solution;
(b) The solution is uniformly bounded in Q and is continuous in any set Q x [0,T].

(c) Suppose p(t) is a subsolution and p(t) is a supersolution, then if p, < py in §, then
p(t) < p(t) in Q fort > 0.
The existence of solutions is obtained as the uniform limit of solutions to uniformly problems
(equicontinuity is obtained from [10]). For our purposes, a very simple approximation
basically suffices and we summarize the relevant result in the following:

Lemma 2.10 (From [4]). Let u® be a solution of (N) with initial data uy = ug + €, then
uf is equicontinuous and there exists a subsequence which uniformly converge to u which is
the unique weak solution to (N) with initial data ug.

While a priori our viscosity solution is defined in all of R?, since (formally at least) solutions
of (PME-D) should have finite speed of propagation, the boundary conditions should be
inconsequential if we take Q2 sufficiently large. (Later we will also establish finite propagation
for viscosity solutions — see Corollary 2.16.) Control on the speed of expansion of the
support can be done via comparison with any (weak) supersolution. In particular, when ®
is monotone (that is, when |D®| > 0 except at one point where ® achieves its minimum),
we can use the stationary profiles of the form ¥(z) = (C — @), with sufficiently large C' as
a supersolution (see Theorem 3.1).

Combining Lemma 2.7 with Lemma 2.10 and the uniqueness statement in Theorem 2.9, we
obtain:

Corollary 2.11. Any weak solution is also a viscosity solution.

We will eventually establish uniqueness of viscosity solutions via maximum-—principle type
arguments, which culminates in the identification of the two notions of solution.



2.3 Construction of test functions

In this subsection we collect some test functions, i.e., (classical free boundary) sub— (super)
solutions, to (PME-D) which will be useful for comparison purposes. In the first couple
of lemmas (Lemmas 2.14 and 2.18), the idea is to control the ® dependence via Taylor
expansion in a small neighborhood of a point, so that we can appropriately perturb the test
functions for (PME) constructed in [5] and [6] for our purposes.

The starting point is to observe that if we consider (PME-D) in some small cylinder Q,, :=
Ba(z0) X [to — @, to + ] and define vy (z,t) = o~ tu(a(x — x0), a(t — tp)), then vy satisfies,
in the unit cylinder B;(0) x [—1, 1], an equation of the type

(v1); = (m — 1), Avy + |[Dvi|? + b - Doy + O(a)Dvy + a(m — 1), A®,
where b = V®(xg,tg). The size of the last two terms depends on the C?-norm of ® in Q.

Next we take
v(z,t) = v (z — bt,t) (2.4)
Then v satisfies

vy = (m — 1)vAv + |Dv|? + O(a)Dv + O(a)v. (2.5)

Next proposition illustrates the necessary perturbation one needs to perform on solutions
of (PME) to arrive at (2.5).

Proposition 2.12. Let u(z,t) be a viscosity subsolution of (PME) in Bi4+q(0) x [—1,1].
Then for 0 < a < 1,

up(z,t) ==  sup e “u(y,t)
yGBa_at(x)
is a subsolution of
(PME—-sub) (u1); = (m — Duy Aug + |Dug |* — | Dug | — oy

in B1(0) x [—1,1]. Similarly, if u(x,t) is a viscosity supersolution of (PME) in B1(0) X
[—1,1], then for0 < a < 1,

us(x,t) := inf  eu(y,t
s(et)i= nd )
is a supersolution of
(PME-super) (u2)r = (m — 1)usAus + ’DU2|2 + a|Duz| + aus

in B1(0) x [—1,1].



Proof. We only show the supersolution part. Let us be as given above. Suppose then that
¢ is classical and touches uy from below at some point (xg,ty). We first note that there
exists (21,t1) € Ba—at(w0,t0) such that ug(zo,tg) = et u(w,t1).

Next for any unit vector l;, let us consider
P, t) = e~ =70 — (21 — 20) — ab(t — to), t — (t1 — to)).

Then we note that 1) ¢(x1,t1) = ¢(zo,t0) and so (u—@)(z1,t1) = 0 and 2) by the definition
of ug as an infimum and by continuity of ¢, in a small parabolic neighborhood of (zo, to),
it is the case that ©w — @ > ug — @ > 0; we therefore conclude that ¢ touches u from below
at (r1,t1) and so we have,

[pAp + |[Vol*(zo,t0) = e [@AG+ |VE[*](w1,t1)

S eat1¢t(x17t1)

= [pt — ap —ab- Vy|(w, o).
Now the desired inequality is achieved by setting b = %(5607 to).
Indeed the above calculation shows that if u is a viscosity supersolution of (PME), then us
should be a viscosity supersolution of (PME-super): If a classical free boundary subsolution
¢ of (PME-super) crosses ug from below, then the corresponding ¢ is a subsolution of

(PME) and crosses u, yielding a contradiction (there is no distinction between the interior
and boundary cases). O

Lemma 2.13. [CV] Consider the function
H(z,t; A,w) = A(|Jz| + wt — B)+

with R/2 < B < R. Then w is a classical free boundary supersolution of (PME) in the
domain {|z| < R} x [w™Y(R — B),0] if

R-B

%>1+2(m—1)(d—1)

Proposition 2.12 and Lemma 2.13 yields the following:

Corollary 2.14. Let us fix xg € R™ and let H be given as in Lemma 2.13. Then the inf
convolution of H, given as

H(z,t;0) =e™ inf H(y,t
H( ) st (y,1)

is a classical (free boundary) supersolution of (2.5). Consequently, there exists C = Cy
which only depends on the C%-norm of ® in By (xq) such that

H(z,t) == aH(a  (z — z0 + b(t — to)),a” (t — to); Ca)
is a classical (free boundary) supersolution of (PME-D) in Qq := Ba(x0) X [to — a, to].



Proof. By Lemma 2.6 and Proposition 2.12, H is a viscosity supersolution of (PME-super),
so it is sufficient to show that it has the required regularity. For this, note that for simplicity
we have only taken the supremum over space and the reader can readily check that in this
case the infimum for H(x,t; ) is achieved at the point y which minimizes |y| subject to the
constraint that |y — 2| = a — at, and thus an explicit expression is possible for H. ]

Remark 2.15. In fact due to the explicit form of H it follows that the free boundary velocity
of H is given by

By comparison with these supersolutions, we immediately obtain

Corollary 2.16. Any viscosity solution has finite propagation speed and is bounded in a
big ball in any local time interval. Further, if ® is convex, then via comparison with the
stationary solutions of the form given in Theorem 3.1, the above holds globally in time.

For the analysis in section 3, we will make use of the Barenblatt profiles (see e.g., [CV] and
)2
Lemma 2.17. [Barenblatt] Let B(x,t;,C) be the family of functions
(C(t+1)* = Kl|z*)+
(t+71)

B(z,t;7,C) =

with constants A\, K,C,7 > 0 such that
A=(m-1d+2)7!, 2K =\

Then B(x,t;7,C) is a classical (free boundary) solution of (PME).

Using Proposition 2.12 (see also the proof of Corollary 2.14) once again, we obtain the
following:

Lemma 2.18. Let us fix xg € R™ and let B be a Barenblatt function. Then there exists C
which only depends on the C%-norm of ® in By(xq) such that

Y(x,t) = ae”Celt=to) sup Bla~ (y — 2o + ab(t — tg)), a~*(t — to))
YEBCa—C(t—10) (@)

is a classical (free boundary) subsolution of (PME-D) in Qu := Ba(x0) X [to — o).

Remark 2.19. The reason for taking the hyperbolic scaling is because we will have occasion
to require rather fine control on the boundary velocity (see Lemma 2.23) and this is the
scaling which preserves the velocity — in contrast to the parabolic scaling, which dramatically
reduces the effect of the drift ® in the bulk (the positivity set), but unfortunately at the cost
of severely disrupting the boundary velocity.

10



To establish the Comparison Principle, we will need the following weak analogue of (ii)
in the definition of viscosity supersolutions for subsolutions, the proof of which utilizes an
approximation lemma from [5].

Lemma 2.20. Let u be a viscosity subsolution of (PME-D), and let ¢ be a classical free
boundary supersolution from Lemma 2.14 which lies above u at some time tog. Then
cannot cross u from above at a later time t > tg.

Proof. Let ¢ and u be as described in the statement, and suppose that ¢ touches u from
above at some point (xg,tp). From Lemma 2.14, we have that ¢ is given as the inf convolu-
tion of some spherical traveling waves from Lemma 2.13, which we denote . Further, let
us suppose the infimum is achieve at (z1,t1) so that 1) ¢(zo,t9) = ¥(x1,t1) and 2) by the
definition of ¢ as an inf convolution, the translated function

Y(x,t) = Y(z + (21 — 20),t + (t1 — t0))

also touches u from above at the point (zg,%p). From Lemma 4.4 in [5], we know that
1 can be given as the monotone limit of classical positive supersolutions, and hence the
same is true of LZ: I.e., there exsits 1. \ 1;, with 1. > 0 classical. But since u cannot
touch ¢, by the Strong Maximum Principle, we obtain in the limit that u < 1;, which is a
contradiction. O

2.4 Comparison Principle and Identification with Weak Solution

Here the outline of the proof closely follows that of the corresponding result for (PME)
(Theorem 2.1 in [6]): We will give an abridged version of the proof, pointing out main steps
and modifications for our problem.

Theorem 2.21. [Comparison Principle] If u is a viscosity subsolution and v is a viscosity
supersolution in the sense of Definition 2.4 with strictly separated initial data, ug < vg, then
u(z,t) <wv(z,t) for every (z,t) € Q.

Proof. 1) [Sup and Inf Functions| For given § > 0 and r > 0 small with  >> §, we introduce
the regularized functions
Wiz, t)= inf o(y,7)

B’V‘*éf,(mﬂe)

and
Z(z,t) = sup u(y,T)
By (z,t)

First note that W and Z preserve properties of v and u:

o W is a supersolution and Z is a subsolution;

11



o Z(-,r) < W(-,r) for r sufficiently small.

For a proof of the first item see [5], Lemma 7.1 or the proof of Lemma 2.14). The proof of
the second item relies on the fact that

o The support of a viscosity subsolutions and supersolutions evolve in a continuous way.
Here continuity is understood as continuity in the Hausdorff distance (in time) of the
positivity set.

The proof of this can be done by comparison with the supersolutions (respectively subso-
lutions) constructed in Lemma 2.14 (respectively Lemma 2.18). We omit the details since
with replacement of barriers it is no different from the proof of Proposition 6.2 in [5].

Thus if we can prove that W stays above Z for all choices of r and d(sufficiently small), then
we may take § — 0 and then r — 0 to recover the conclusion for v and v. First let us note
that due to the Strong Maximum Principle, W cannot touch Z from above, and therefore
we are reduced to the analysis of a first contact point of W and Z at some Py = (A, to).

The key usefulness of Z and W lies in the fact that they enjoy interior/exterior ball prop-
erties:

o The positivity set of Z has the interior ball property with radius r at every point of its
boundary and at the points of the boundary of the support of u where these balls are
centered we have an exterior ball;

o The positivity set of W has the exterior ball property with radius less than r —§t (since
in this case we really have an exterior ellipsoid in space—time) and at the points of the
boundary of the support of v where these balls are centered we have an interior ball.

For detailed proofs of these statements we again refer the reader to [5].

2) [The Contact Point] The first contact point Py = (xo, to) is located at the free boundary of
both functions. Therefore by the definitions of Z and W, there is a point P; = (z1,t1) on the
free boundary of u located at distance r from Py and there is another point P, = (z2,12)
on the free boundary of v at distance rg = r — §ty from F,. Let us also denote by Hy
(respectively Hyy) the tangent hyperplane to the free boundary of Z (respectively W) at
Py. (see Figure 1)

Lemma 2.22. Neither Hyz nor Hyy is horizontal. In particular, one can denote the space-
time normal vector to Hyz, in the direction of P1 — Py, as (en,m) € R™ X R where |e,| =1
and —oo < m < 00.

12



Cn

Figure 1: The geometry at the contact point

Proof. Tt is enough to show that ¢; > tg—r (i.e., I'(Z) cannot propagate with infinite speed)
and ta < tg+ r (i.e., I'(W) cannot propagate with negative infinite speed). The desired
conclusion then follows by the ordering of Z and W.

We first show that to < tg + r. Otherwise Hyy is horizontal and after translation we have
Py = (0,—r) and P, = (0,0). Moreover Q(v) has an interior ball at P, with horizontal
tangency with radius 0 < 7’ < r. Now in any parabolic cylinder

Cp={(z,t):|z| <m,—n® <t <0}

with bottom edge contained in the interior ball (which can be achieved by taking n < r’),
we have by continuity that v > M > 0 on that edge. (see Figure 2)

On the lateral boundary of (), it may be the case that v = 0, so we will have to compare
with a subsolution with support strictly contained in —n < |z| < 7 at time t = —n? and
still contains 0 in its support at time ¢ = 0, which rigorously implies that v cannot contract
sufficiently fast for (0,0) to be a free boundary point. The necessary subsolution can be
constructed as the one in Lemma 2.18, adjusted for the parabolic scaling.

The case t; > tg — r follows mutatis mutantis from the arguments in [6] and [5] (see [6],
Lemma 4.2 or [5], Lemma 8.2) with the barrier in Lemma 2.14 replacing the barriers used
therein. ]

3) [Non-tangential Estimate] The next lemma states that the normal velocity V' of I'(Z) at

13



Figure 2: Infinite, negative speed

(z0,to) satisfies, in the viscosity sense,

DZ
Vizo,to) < (IDZ]| + D®(x0) - M)(%JO)
Lemma 2.23. Let z, := x - e,, and consider a non-tangential cone K = {z : z, >

k|x| with k > 0}. Then we have

lim Zlwo +zt0) >m — D®(xp) - ep.

zeK, x—0 T
Proof. The argument is parallel to the proof of Lemma 4.3. in [6]; the only difference for
us is taking into account the change of reference frame introduced by the drift given by ®.
This is ensured by the local nature of the construction of our barrier in Lemma 2.14, which
replaces the corresponding barriers used in [6].

O

4) [Conclusion] Due to Lemma 2.23, we may place a small subsolution ¢ from Lemma 2.18
below Z at Py with speed close to m (again see Remark 2.19, which assures us that our
subsolutions are constructed so that this is possible) such that it crosses anything with
speed m’ < m. Since ¢ is also below W and hence v (after a small translation), v must
expand by at least m’, but then I'(W) has speed m’ + 6 > m at Py, yielding a contradiction
to the fact that Z touched W from below at Fy. O

We can now establish uniqueness of viscosity solutions:
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Theorem 2.24. The problem (PME-D) admits a unique solution in the class of viscosity
solutions as defined in Definition 2.4 for continuous and nonnegative initial data. This
solution coincides with the continuous weak solution.

Proof. The existence of a continuous weak solution can be provided as the uniform limit of
classical solutions with initial data up. = ug + €, and by Lemma 2.7, such a limit, which
we will denote by U, is also a continuous viscosity solution. Further, by comparison with
up, and taking a limit, it is clear that such a limit U is also a maximal viscosity solution.

Uniqueness would follow if we can show that any other viscosity solution u also cannot be
smaller than U. For this purpose, consider uy,(,t) with initial data u,(z,0) := (uo — )4
Now consider positive ug" such that [ug» —u,| < L in R™ x [0,7]. It follows from Lemma
2.10 that u$* uniformly converges to Us(z,t), which is then a continuous weak solution of
(PME-D). Therefore, by uniqueness of weak solutions, Us is equal to U. On the other hand
by Theorem 2.21 u,, < u and thus U = Uy < u. Hence we conclude. O

Using Theorem 2.21 and Theorem 2.24, we can in fact prove a stronger comparison theorem
for viscosity solutions (see [5], Theorem 10.2):

Theorem 2.25. Let u; and us be respectively a viscosity subsolution and a viscosity super-
solution of (PME-D) in some parabolic cylinder Q with initial data uo; and ug2 such that
uo,1(z) < upa. Then ui(x,t) < us(x,t) for all (z,t) € Q.

This comparison theorem in particular allows us to restrict attention to only the (classical
free boundary) supersolutions used to establish Theorem 2.21, and consequently, we can now
strength Lemma 2.20 to enable comparison with any classical free boundary supersolution:

Lemma 2.26. Let u be a viscosity subsolution of (PME-D), and let ¢ be a classical free
boundary supersolution which lies above u at some time tg. Then ¢ cannot cross u from
above at a later time t > tg.

Proof. Let us first replace ¢ by a viscosity solution of (PME-D) with the same initial data
which we denote v. Since ¢ is a viscosity supersolution by Lemma 2.6, we have that ¢ > v
by Theorem 2.25. Finally, u < v by Theorem 2.21. O

3 Convergence to Equilibrium

We begin by discussing the set of equilibrium solutions to (PME-D) and reviewing some
known results. Since by Theorem 2.24, the unique viscosity solution coincides with the
continuous weak solution, we may carry out our discussion in the context of weak solutions.
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The set of equilibrium solutions and uniform convergence of solutions to the equilibrium
are established in [4]. Below we state the corresponding result in the pressure variable.

Theorem 3.1. [Theorem 5.1, [4]] The set of equilibrium solutions for (PME-D) is given
by

S={WeCRY:W >0 inQ,and for every x € Q, either W(z) =0
or W+ ® = C for some constant C in a neighborhood of x}

Further, given ug, there exists a unique W(x) € S such that u(x,t) uniformly converges to
W ast — oo.

It is fairly immediate that S is contained in the set of equilibrium solutions; the converse
containment and the convergence statement are established based on a L! contraction result
in [4].

Under the assumption that ® is convex. Note that the density function p(-,t) given in
(1.2) preserves its L' norm over time. Therefore there is a unique equilibrium solution
Uoo = (Cop — @) 4 to which (-, t) uniformly converges as t — o0, i.e., the one with

/ (1) ™D () dr = / (o)™ ()

An explicit exponential rate of convergence is then derived in [8] by the entropy method:

Theorem 3.2. Suppose that ® is strictly convez, i.e., there exists a constant kg > 0 such
that 2T - [(Hess ®(x))x] > kolz|? for x € R™. Let uso = (Co — @)1 be the equilibrium
solution to which our solution u(x,t) converges as t — oo. Then there exist constants
K,a > 0 depending on m, ko and the L' norm of ug such that

/|u(m,t) — Upo(z)|dr < Ke ™,
Remark 3.3. In fact the estimate in [8] is given in terms of the pressure variable p. Due to
Corollary 2.16, for a convex (and in fact monotone) potential ® u is uniformly bounded with
its support contained in a compact set for all times. This allows us to derive the estimate

for w from that of p for 1 < m < oo. Further, due to the equivalence of all LP norms in our
setting, we will take some liberties in passing between u and p in our estimates.

3.1 Convex potential

As an application of the viscosity solutions theory, we will convert the L' estimate in
Theorem 3.2 into a pointwise estimate (see Lemmas 3.4 and 3.5); such an estimate in turn
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will yield a quantitative estimate on the rate of the free boundary convergence (see Theorem
3.6).

Rescaling u by cu(z, ct) if necessary, let us assume for the rest of this subsection that u <1
and max A® < 1 on our domain of consideration, which is bounded (see Corollary 2.16)
and we assume to be {|z| < R} for some R > 0.

Lemma 3.4. [Uniformly Bounded From Below] There exists a sufficiently small constant
k > 0, depending only on m and n, such that the following is true:

Suppose, for (zo,tg) € R" x (0,00) and for 0 < a <1,

a"/ u(-, to)dz > aF.
Ba(z0)

Then u(-,to + a) > a* in B,(xo).

Proof. 1. Let us define
a(z,t) == ula(z — o), a®(t — tg)).

Then % is a supersolution of
e = (m — DYAY + [DY* — Ca(|Dy| + ), (3.1)

where C'is a constant depending on the C?-norm of ® (near z(). Below we will construct
a subsolution of (3.1) to compare with @ in order to establish the lemma.

2. Let us consider w(zx,t) which satisfies
wy = (M — DwAw + |Dw|? — Ca (3.2)

in the weak sense (see e.g., [11]), with initial condition w(x,0) := (1—a)i(x,0)x|z <1, Where
m—1=1+a)(m-—1).

Then, say for t > 1/2, w(-,t) is Holder continuous due to [11]. Since u is bounded by 1,
so is w(x,0), by the Maximum Principle. Further, note that any solution of the (PME) is
now automatically a supersolution of (3.2) and therefore, using an appropriate Barenblatt
profile as a supersolution of (3.2), one can check that

Q(w) © {lo] < 2}. (3.3)

Moreover, integration by parts yields that
/w(x,t)dac = /w(x,O)dw — at,
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and in particular we deduce that e.g., [w(x,1/2)dz > a¥/2. Let z* be the point where
w(-,1/2) assumes its maximum, then from (3.3) we see that w(z*,1/2) > Cpa* for some
dimensional constant C),. Due to the Holder regularity of w,

w(-,1/2) > (Cp/2)a" in By, (x*).
where ky = v~ 'k where 0 < v < 1 depends only on m and n.

Let U(z,t) := B(x — a*,t;7,C), where B(x,t;7,C) = (C(HT)(ZF;)KMF)* is the Barenblatt

profile given in Lemma 2.17, with m as the permeability constant and the conditions

Ot = 4k /4 (height), and \/C/K71* < a*?/2 (the size of initial support).

Note that, in its positive set, U is concave. Therefore U(z,t) := (U(x,t) — Cat), satisfies,
in its positive set,

U, = U;—-Ca
= (m—1)(U — Cat)AU + (m — 1)atAU + |DU|? — Ca
< (m—-1)UAU + |DU? - Ca.
Therefore U(x,t) is a subsolution of (3.2) for positive t. Comparison with U(z,t) and

w(z,t+ 1) yields that
w(-,a™t) > in B (0),

if ¥’ is chosen sufficiently large.

3. Observe that v := (1 + a)w satisfies

= < (m—1)vAv+ (plra)\DvP —Ca(l+a)

< (m—1)vAv + |Dv]? — Ca(|Dv|* +1)
< (m —1)vAv + |Dv|? — Ca(|Dv| + 1)

Hence v is a subsolution of (3.1), and further v(x,0) = (1 — a?)a(z, 0)
by the comparison principle (for weak solutions, see [11]) we have v
discussions we obtain that @(-,a~') > ¥ in B;(0), and thus

u(xz,0). Therefore
%. From previous

IAIA

u(-,a) > a® in By(0),

as desired.

18



Next lemma establishes a uniform upper bound on u in terms of its L' norm. Here we would
address our equation in pressure form, i.e., (1.1), to invoke regularity theory for divergence
form operators studied in [14].

Lemma 3.5. Let K be a compact subset of R™ with u = 0 outside of K for all time. Then
there exists a constant C > 0 depending on m > 1, sup p and max A® := My such that the
following holds:

If
/ p( t)dx < cg forty <t <tg:=t1 + log(1/cp).
Bc(0)

then p(-,t2) < C’c(l)/nJrl in B1(0).

Proof. 1. We proceed by induction. Suppose that u < a = cé/n+12k in Bc(0) x [0, to] where
k > 0 is chosen such that
ace)"™ <a <1, (3.4)

with C' to be determined later. Our goal is to show that
u < a/2 in BC(lfa/Q)(O) X [1,t2].

Then the desired result is obtained by iteration, beginning with a = 1 and continuing until
a reaches the lower bound in (3.4). Note that the total number of iteration for this process,
therefore the total time we need for the desired result, is of order log(1/cp).

2. Let p1(z,t) solve our equation (1.1) with initial data pg + a/10 in X := B¢(0) x [0, 00)
with boundary data corresponding to u—+a/10. Observe that f(t) = %aet is a supersolution
of (1.1), since max A® = 1 due to our normalization. Thus by the comparison principle
p1 ranges from a/10 to 4a for 0 < t < 1. Therefore, treating the diffusion coefficients as a
priori given, p(z,t) := a ! p1(ax,t) solves a quasi-linear equation of divergence form with
diffusion coeflicient of unit size:

(P) pr =V - (b(z,t)Vp+ pV®), where b(z,t) = p € [1/10,4].

In particular, we can decompose p := p; + p2 where p; solves (P) (which is linear) with
initial data pg/a+1/10 and boundary data zero, and py solves (P) with initial data zero and
boundary data 4. We claim that both of them stays smaller than 1/4 in Be/,—1/4(0) x [0, 1].

For p; we have

/ p1(-,t)dr < / p1(-,0)dz = coa™ "V for all t > 0,
Bl/a(o) Bl/a(O)

Due to (3.4) and the Hélder regularity of p; (see [14]) we have
P1(1) < Cepa™ ™) < 1/4 0 By (0).
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if we choose C' > 0 sufficiently large in (3.4) corresponding to the Holder regularity for
solutions of (P) for ¢ > 1.

As for po, arguments with test functions in the weak formulation of (P) (not very different
from the case of the heat equation) in combination with the Holder regularity estimates
yield that, for sufficiently large C' > 0,

pa(z,t) < dte™/" in Boyy—cya(0)
with a dimensional constant C. In particular po(x,1) < 1/4 in Bo/q—c/4(0).

Hence we obtain p(x,1) < 1/2in Bg/,—c/4(0). Scaling back to our original density function
p(z,t), we conclude that

p(-1) < a/2in Bo—a/2)(0).

Due to our assumption on pg, one can go through the above argument starting at any time
t =7 € [0,ts] instead of ¢t = 0, obtaining that p(-,t) < a/2 in Bg(1-q/2)(0) x [1,t2].

5. Repeating the above argument with as := a/2 starting at t = 2, we get
p < az/2=a/4in Boa_a/a—ass)(0) x [3,t2].

If we iterate up to of order logcy times, then a reaches the lower bound in (3.4), and we
arrive at the desired result.

O

Next we use the uniform bounds obtained above to investigate the rate of free boundary
convergence.

Theorem 3.6. Let ® and ueo be as in Theorem 3.2. Then for T > 0 sufficiently large, T'(u)
is in the Ke~%t-neighborhood of T'(uso). Here 1/K,ag > 0 is a sufficiently small constant
depending on m, sup ug, ko, M1, A = ming(,)~c, |D®| and n.

Proof. 0. We first show that I';(u) is close to the equilibrium profile from the inside, i.e.,
{z:d(z,R" — Qus)) > Ce Y} € Qy(u). (3.5)
After t = T > C'lna, L'-average of u in B,(xg) is bigger than Ca* when the center g is in

Qq := {® < Cy — a*}. Hence Lemma 3.4 yields that u(zg, T) > Coa® with T = a*/2. As a
result we conclude that I'(u) lies outside of Q, after t = C'lna.

It remains to show that I';(u) is also close to the equilibrium profile from the outside. This
will be more involved.
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1. Let Dy := {® > Cp + a} and let b(t) := e~ *t. Due to Theorem 3.2, we have

/ p(z,t)de < Ke T fort > T.
Dy

Take any point xy such that BCb(T)(:Uo) C Dy if T' is chosen large. Hence one can apply
Lemma 3.5 to
(x,t) = u(b(T)(x — x0), b(T)*t + T)

with ¢; = 0 and ¢ = Ke T to obtain
i(-,aT + ) < K'e=oT/+1) iy By (0).
Since zg was arbitrarily chosen, repeatedly using Lemma 3.5 and scaling back we get

u(z,t) < Ke oT/(0H1) i Doyry % [T1,00), Ty := (1 4+ Ca)T. (3.6)

2. We claim that estimate (3.6) yields that

Ty(u) C R™ — Dy with a(t) := Ke™ 2" for t > Tj (3.7)

2C
where ap = 1/K3 and K > 70, where Cj is given in Corollary 2.14. We prove the claim

by induction. Due to Corollary 2.16 the claim is true up to a sufficiently large time t = T}
if K is sufficiently large (in particular as < ). Next let

T* :=sup{to : (3.7) holds for 0 <t <t} > Tp.

We want to show that 7% = co. Let us choose zg € 0D,, where a = Ke~*2T". Since ®
is convex with |[D®| > 0 in D,, there is an exterior ball By(z1) outside of D, such that
29 € OB1(x1). Due to (3.6) and due to the fact T* > T, we have for a := 1/K,

u < El/K inX:= [Bl—l—&(xl) N B4;l(x0)] X [T*,OO)

Let us first make a heuristic argument. Suppose that z¢ € I'r«(u) (by the definition of T
such an xg exists). Then at z¢p we have D®(z(,T*) pointing in the direction of z1 — xy,
which is the inward normal of I'(u) at (zo,T™), which is parallel to —“[D)—Zl(aro,T*). Hence

formally the normal velocity of I'(u) at (xo,T™*) should be
V = (|Du| = |D®|)(z0,T*) < O(a) — A< —A/2 (3.8)

if K > 2/A. This way one can conclude that the furthest point of I';(u) from Dy shrinks
away with the normal velocity less than —A/2 at t = T*. This would yield a contradiction
to the definition of T* since

—(Ke Y = Kaga < A/2.
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Figure 3: The construction of barriers

(see Figure 3)

The rest of the proof consists of a barrier argument to establish an appropriate version of
(3.8).

3. Consider H from Lemma 2.13 with w = 8/K, A = 4/K, B = 3/4, R = 1 and define
H as in Lemma 2.14 with o = @ and (zq,ty) = (w0, T*). Then H is bigger than u on the
parabolic boundary of XN {7T™ <t < T* + ¢} for sufficiently small € > 0. We then compare
H with w in X N [T*, T* 4+ ¢]. Observe that the spatial outward normal of I'(H) at (zg, T*),
which is —DH /|DH|, points toward z; — 9. Hence the outward normal velocity of I'(H)
satisfies (see Remark 2.15)

V=w-—|D®|(xg, T*)+ Ca < —AJ2.
if K >2C/A. Since u < Hin¥N [T*,T* + ¢), we conclude that
u(+,T" +¢€) =0 in Bacsa(2o).

Since xy € 0D, is chosen arbitrarily, we conclude that u(-,7* 4 ) vanishes in Ae/2-
neighborhood of D,, which includes D, 4. if K > 2/A for any ¢ > 0.

This contradicts the definition of 7.
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3.2 Monotone potential

Suppose ® is monotone, i.e.,
|D®| > 0 except at © = xy where ® obtains its minimum.

We are not able to yield quantitative estimates on the rate of free boundary convergence,
due to the lack of available L' -estimates. However we state the theorem below to illustrate
that if we neglect the rate of convergence, then considerably simpler arguments already
yield the free boundary convergence of u as t — oo,

Theorem 3.7. Suppose ®(z) satisfies |D®|(x) > 0 except at x = 0, where ¢ achieves
its minimum. Let uso(z) := (Cy — ®)4(x) where Cy is chosen such that ||usollj1/m-1 =
lluol| p1/m—-1. Then T¢(u) uniformly converges to I'(us) in the Hausdorff distance, ast — oo.

Proof. 0. We first verify that for any compact subset K of Q(us) there exists T > 0 such
that I'y(u) lies outside of K for ¢ > T'. This is immediate from the uniform convergence of
u t0 Uso. It remains to establish the statement from the outside of Q(u).

1.Since ¢ is monotone the sets {z : ®(z) < r} starts from a point (when r = min ®) and
extends all the way to R™. In particular, there is only one equilibrium solution us, to which
u converges as t — oo. Choose T' > 0. Recall that, by the comparison principle, the set
Q(u) N[0, T] is compact in R™ x [0, 00). Therefore there exists a largest C(T') > 0 such that
{z : ®(z) < C} contains Qr(u). We will show that Q(u), after a while, eventually shrinks
away so that after 71 > T" we have

Qr (u) C {x: &(x,t) < Cz} with Cy < C. (3.9)

Let us choose zg € 9{®(x) < C}. Due to the regularity of ® there is a ball B,(z1) C
{®(z) > C} such that 9 € 0B,(z1), where r > 0 is independent of the choice of zg. Due
to [4], u(x,t) uniformly converges to zero in {z : ®(x) > C} with C' > Cjy. Therefore there
exists Ty such that

u < T/szin]DCIDK:L") in ¥ x [Tp,00), where ¥ :={z:Cy < Cy < &(x) < C +1}.

(It is noted that the condition is to ensure that, formally, |[Du| < |[D®| at (xo,1p)). We now
argue as in step 3 of the proof of Theorem 3.6 to construct a radially symmetric barrier
supported in (Ba, (1) — By (1)) x [To, To + 1] with +/(t) < 0, boundary data zero on
0B, 1)(71) and 2r on OBy.(71), to demonstrate that at I'(u) stays out of B, 5(wo) after
t =Ty + 1. Since x; is an arbitrary point of 0{®(z) < C'}, we arrive at (3.9).

O]
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