THE PINNING EFFECT OF DILUTE DEFECTS

WILLIAM M FELDMAN AND INWON C KIM

ABSTRACT. We consider the Bernoulli free boundary problem with “defects”,
inhomogeneities in the coefficients of compact support. When the defects are
small and arrayed periodically there exist plane-like solutions with a range
of large-scale slopes slightly different from the background field value. This
is known as pinning. By studying the capacity-like pinning effect of a single
defect in the Bernoulli free boundary problem, we can compute the asymptotic
expansion of the interval of pinned slopes as the defect size goes to zero for
lattice aligned normal directions. Our work is motivated by the issue of contact
angle hysteresis in capillary contact lines.
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One of the main issues in the study of capillary droplets on rough surfaces is the
phenomenon of contact angle hysteresis [20]. On an idealized smooth surface the
balance of surface tension between the liquid, air and the surface yields a constant
contact angle between the drop and the surface along the contact line. In this
model stationary droplets on on a flat surface will be axisymmetric. However, in
practice, even on surfaces which are quite flat at the droplet length scale, there are
smaller scale inhomogeneities on the surface. This small scale heterogeneity affects
the energy landscape even at the macro scale, the result is a range of metastable
large-scale contact angles and resulting non-axisymmetric stationary droplet shapes
[5,8,11,15,20,24,25,37]. Dynamically, a slowly evaporating or spreading drop will
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get pinned along some directions of propagation, leading to the aforementioned
non-round geometries [31]. The interval of pinned slopes has been introduced and
studied via a homogenization approach in [6,22,31]. However it has only been
computed analytically in the setting of laminar media. In this singular case, pinning
occurs only in the laminar direction.

Our aim here is thus to establish a more informative description of the pinning
interval in a general class of media. We will study the setting of “dilute defects”
where small localized defects are arrayed on a periodic lattice in a homogeneous
background medium. This setting forms the basis of the most influential model
of contact angle hysteresis in the physics literature, originally introduced in the
pioneering work of Joanny and de Gennes [30]. Indeed our work can be viewed as
a rigorous justification of the Joanny-de Gennes asymptotics.

In this paper we will work in the setting of the Bernoulli free boundary model,
which is a partially linearized version of the capillary problem (see Remark 1.10
below):

(1.1) [Vu| = Q(z) on o{u > 0}.

{Au =0 in {u >0}

Here u : R? — [0,00) denotes the height of the liquid, and the free boundary
O{u > 0} corresponds to the liquid-surface contact line. While we will work in
all d > 2, the case d = 2 is most important since it is the physical dimension
for the capillary problem. The slope condition |Vu| = Q(z) at the free boundary
corresponds to Young’s contact angle condition in capillarity. To model the dilute
defect regime we will take

Qx) = Qs(x) =1+ Y a(*5),

2€74

where ¢ is small. The function ¢ : RY — (—1,00) represents a single chemical defect
on the surface. We will assume g € Cy(B1(0)).

To state our results, we briefly recall the definition of the pinning interval for
(1.1) from [22] (see Section 7.3 for a full discussion): we call a > 0 a pinned slope
at normal direction e € S9=1 if there is a solution v of

Av =0 in {v>0}
(1.2) Vo] = Qs(x) on d{v > 0};

SUP,e(yso0) [0(2) — ale - z)| < +o0.

The pinned slopes at direction e then form a non-empty, closed interval, which we
call the pinning interval: [Q%.(e), @24, (€)]. Here Q2. (e) is called the receding slope
and Q° . (e) is called the advancing slope. This terminology arises from the dynamic
manifestation of the pinning phenomenon. The slope is smaller than Q?._(e) where
the contact line recedes, and is larger than Q% (e) where the contact line advances:
see for example [2,31].

Our aim in this paper is to obtain the asymptotic expansion for the endpoints
of this pinning interval as 6 — 0. We will focus on rational directions e = £/|¢]| for

some ¢ € Z? (see Remark 1.9 for a discussion on irrational directions).
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Theorem 1.1 (Main result, see Propositions 8.1 and 9.1). Let ¢ € Z% irreducible
and e := % Then as § — 0

Qaav(€:0) = 1+ 70" €] kaav(e;9) + 0(697"), and

QPec(€;0) = 1+ 7a8" €] hrec (€3 ¢) + 0(3"71).

Here o = and vq = 3d(d — 2)|By| for d > 3.

(1.3)

Here kaqv and ke are a nonlinear analogue of the electrostatic capacity, measur-
ing the pinning effect of a single defect site via a far-field expansion. See Theorems
1.3, 1.4, and 1.5 for the definitions. The quantity |£|~! is the density of Z¢ lattice
sites on the hyperplane {z - e = 0}.

Our analysis will have consequences that are of independent interest, to be dis-
cussed below. In particular it leads to the proof that the pinning phenomena is
generic (see Theorem 1.7).

1.1. Statement of main results and ideas. We are now ready to present the
main results obtained in our analysis arriving at (1.3). Let us introduce the single
defect problem in R%:

(1.4) Au=0 in {u >0}
|[Vu| =1+ ¢g(x) on d{u > 0}.

The pinning coefficients k,qy and k.. will arise from the far field asymptotic ex-
pansion of solutions of (1.4). While this is reminiscent of capacities from the study
of elliptic PDEs exterior domains, there is a significant difference: since we have
a free boundary problem, there is not just one but instead a family of capacitory
potentials and capacities associated with a given q.

Our analysis will be focused on proper solutions of (1.4):

Definition 1.2. u € C(R?) is proper with direction e if the sequence u,.(x) :=

r~Yu(rz) converges to (z - €), as r — 0 in the following sense:

(1.5) (ur(z) — 2 - €)1gy, 0y = 0 locally uniformly in R? as » — 0.

This rather strong definition is introduced so that we can rule out solutions that
blow down to singular solutions. We will show that it is enough to consider proper
solutions to obtain (1.3). The main concern is the two-plane solution |x - e|, a well-
known singular profile in the Bernoulli problem [9,29,33]. Ruling out this scenario
is most challenging in d = 2 due to the far-field logarithmic growth of u away
from the planar profile. An important step in achieving this is Proposition 5.10,
which rules out the occurrence of two-plane blow-downs for advancing solutions in
dimension d = 2.

In all theorems presented in this section, we will fix q. We begin with d = 2.

Theorem 1.3 (Theorem 4.1 and Theorem 5.4). Let d = 2. For any e € S471,
there exists —00 < kyec(€) < 0 < kaav(e) < 400 such that for any proper solution u
of (1.4), there is k € [krec, kadv] such that

(1.6) u(z) =xz-e+klog|z|+O(1) as {u>0} 3z — 0.

Conversely, for any k € [kyec, kadv) there is a proper solution of (1.4) with (1.6).



4 WILLIAM M FELDMAN AND INWON C KIM

It is unclear whether k,q, < +00 in general, with the exception of small max g,
where we can show that k.qv(e) < C'maxq < co. It is also open whether there exist
proper solutions with the endpoint capacity k = k.qv. These challenges, specific to
the advancing capacity in d = 2, are again tied to the logarithmic tail of solutions.

Next we turn to d > 3. Here the behavior of proper solutions is a bit different
due to the thin tail of the fundamental solution: there is a monotone family of
solutions that goes through the defect and varying capacities can be achieved at
varying heights.

Theorem 1.4 (Theorem 4.1 and Theorem 6.1). Let d > 3. For any s € R there
exist finite numbers Krec(s;€) < 0 < Kaav(s;e) so that for any proper solution u of
(1.4) there is s € R and k € [Krec(S), Kaav(s)] such that

(1.7) u(x)=z-e+s—kz[* 1+ 0(z|'*"%) as {u>0}3z— 0.

Moreover, for each s € R there is a mazimal subsolution uyec(s) achieving (1.7)
with k = Kree(8) and a minimal supersolution uaay(s) with k = Kaav(s).

We refer to Section 6 for further properties of ko and k.qy. For example we
show that s + Kadqy/rec(s) are compactly supported. We also show that Kaqy/rec
are, in a certain sense, continuous with respect to the normal direction e € S 1.

Now we are ready to characterize the capacities in Theorem 1.1. In dimension
d = 2 we have already defined kuqy/rec(e) in Theorem 1.3. In dimension d > 3 we
define, in terms of Kady/rec(s) from Theorem 1.4,

kaav(e) := r?gﬂé( Kadv(s;e) and kpec(€) := rsnelﬂrg Krec(s;€).

Theorem 1.5 (Completing the statement of Theorem 1.1). Let e € S?~! be a
rational direction, and let kaqy(e) and krec(€) be as defined above, depending on
d =2 ord>2. Then the expansions (1.3) hold.

Below we describe the main ideas leading to Theorem 1.5, as well as two conse-
quences of our analysis that are of independent interest.

It has been proved in previous work that Q°, (e) and Q.. (e) are achieved by
strong Birkhoff solutions u° of the periodic problem (1.1), see Section 7.3.

When § is small, we show that the free boundary of u® does not deviate much
from a fixed plane H with normal e. This means that u® only feels the effect of the
defects Z? N H, and near these defects we expect u’ to look like a solution of the

single site problem. Namely we expect, for each z € Z¢ N H,
1
(1.8) gu‘s (z+ 6x) = ujn(x) which is a solution of (1.4).

We will show (more or less) that w;, is proper: then Theorem 1.3 or 1.4 applies to
conclude that u, has a far field capacity k € [krec, Kadv]-

To complete the asymptotic expansion of u® we must describe the behavior of u°
in the outer region away from the holes. We will show that, away from the defects,

(1.9) u®(z) = (14 vq|€| " ko Vg + 09 kw(z)
Here the “corrector” w(x) is the solution of an auxiliary cell problem

(1.10) Aw=0 in {x-e> 0}, Op,w=1— Z |€]6, on H :={x-e=0}.
2€ZINH
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Recall that we have written e = £/[¢| for an irreducible vector ¢ € Z4, so || is the
area of the fundamental domain of the lattice Z¢ N H. This means that the average
of Jyw is 0 on H and so the slope of w at infinity is zero as well. The appearance
of fundamental solution type singularities at the lattice sites arises from matching
the far-field behavior of the inner solution ;.

The above heuristic expansions, in (1.8) and (1.9), are used in two ways to deliver
Theorem 1.5. First to construct barriers to obtain a lower bound on the pinning
interval (Section 8 And second to study the asymptotics of arbitrary plane-like
solutions %, in order to obtain a matching upper bound on the pinning interval
(Section 9). As a byproduct we obtain a decomposition of linear and nonlinear part
of u® as § — 0, which appears to be new in the analysis of free-boundary problems:

Theorem 1.6. (see Section 9.5) For a rational e € ST, suppose kaqy(e) € (0,00).
If u® are strong Birkhoff plane-like solutions with the mazimal slope div(e), then,
modulo a period translation of the u®, there are ss — 0 so that

1
;ir% F[di"(e) z-e+ 55 —u ()] = kaav(e)w(x) locally uniformly in {x-e > 0},
>

where w solves (1.10). A parallel result holds for strong Birkhoff plane-like solutions
with the minimal slope with Q% .. and kaqy replaced by QO.. and krec.

adv rec

Lastly, using (1.3) and our results on single site problem, we can show that the
pinning interval is nontrivial for all rational directions, for a generic family of ¢. In
particular it will follows that k.qy and ke are generically non-zero (see Section 10).
Here, by the word generic, we mean that it occurs at least on an open set of defect
coefficients ¢ € C.(By).

Theorem 1.7 (Theorem 10.1, Corollary 10.2 ). The pinning interval [Q2,.(e), Q%4 (€)]
is non-trivial for all rational e € S4=1 if (a) q from (1.1) is nontrivial and has sign,

or if (b) q changes sign with [ qdz # 0 and with a small Lipschitz constant.

Remark 1.8. We will reduce the problem to the case e = ¢4 for the rest of the
paper. For the single site problem this normalization can be achieved by rotating
q accordingly. Even in Sections 7-9 where we consider the full periodic setting, we
reduce to the case e = e4 by rotation, at the cost of considering a rotated periodicity
lattice.

Remark 1.9. It is natural to ask what happens for irrational e € S¥ 1. In this
case there is no longer a (d — 1) dimensional periodic structure on the hyperplane
{z : z-e = 0}: instead the hyperplane goes through the periodic structure of the
entire Z?. Due to this averaging, in d > 3, the extremal solutions will not be able
to pass by each lattice site at value of the height s making k.qy/rec(s) extremal, and
we expect to instead see the coefficients [ kaav(s)ds and [ kec(s)ds appear in the
asymptotic expansion. Also due to the sparsity of lattice sites near the irrational
hyperplane we expect the leading order in (1.3) to be order 6 instead of §¢~1. We
expect that the analysis in this case would still build on the single site problem,
but would need to also understand the asymptotic distribution of the lattice sites
in an O(0) neighborhood of an irrational hyperplane.

Remark 1.10. The Bernoulli free boundary problem (1.1) arises from the capillary
free boundary problem in the limit as the contact angle approaches 0 or 7 capillary
energy. In that limit u represents a normalized droplet height. For more details see
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[10] which also contains the first rigorous application of this limit procedure, there is
also some discussion in [23]. In this partially linearized model various computations
are simpler, but many of the serious nonlinear issues are still present. We expect
parallel results to hold for the capillary free boundary problem, but leave this as
an open problem for further study.

1.2. Comparison with previous literature. Earlier we discussed the novelty
of our results in the context of contact line pinning phenomena. Here we discuss
the contribution and relevance of our work in the context of perforated domain
homogenization and free boundary regularity theory.

An interesting feature of our work is the new connection it provides the pinning
phenomena with cell problems in perforated domain, as well as with the exterior
problem for Bernoulli free boundaries. Let us discuss the relevant literature below
and our contribution.

Viewing the periodic structure of defects in the context of perforated domains,
our analysis establishes, for the first time, a homogenization result when the perfo-
rations are also localized in the height variable. In the scenario of capillary drops,
the finite height of “perforation” means that the drop is allowed to sit on the de-
fects, a new feature even compared to a few other papers addressing free boundary
problems in perforated domain, see [1,27]. As a result, the single-site problem is
driven by a family of pinned solutions, not by a single unique capacitory poten-
tial as would be the case in classical perforated domain homogenization problems,
for example see [7,12-14, 28], but this is just a small sample of a huge literature.
This scenario generates interesting challenges in contrast to all previous works on
perforated domains. In Sections 5 and 6 we describe the full family of capacitory
potentials. The content of Section 9 where we analyze the asymptotic expansion of
a general plane-like solution is another new aspect caused by the pinning phenom-
enon.

The study of far field behavior of solutions of the single site problem (1.4) is
related to the “exterior problem” for Bernoulli free boundaries. Our usage of hodo-
graph transform in order to study foliating families of solutions indexed via far-field
expansions are reminiscent of some works on solutions near singular cones [17-19],
see [18] for more discussion of the literature including related literature in the min-
imal surface theory. There are significant differences with our work. Most works
on exterior problems consider variational solutions and have access to monotonicity
formulae, whereas we work with viscosity solutions. We also need uniform, quanti-
tative estimates, achieved with explicit barriers, which we carry out in Sections 3
and 4. In addition our two-dimensional results address logarithmic tail behavior,
which appear to be new in the study of Bernoulli free boundaries.

Lastly, let us mention that while we are able to describe the pinning interval only
in terms of “flat” (or proper) solutions, there could also be singular global solutions
of (1.4) that are pinned on the defect. The challenge of understanding two-plane
solutions is a serious issue in general for non-minimizing Bernoulli solutions [29,33].
It also is an issue in the minimal surface capillary model, posing an obstacle for the
description of hydrophilic advancing angles as well as hydrophobic receding angles:
see e.g. [16].

1.3. Acknowledgments. We thank Norbert Pozar for providing the code used for
the simulations shown in Figure 3. W.F.’s research is partially supported by NSF
DMS-2407235. Part of this work was completed during W.F.’s visit at the ESI,
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he thanks the ESI for hosting him. I.K.’s research is partially supported by NSF
DMS 2452649. Part of this work was completed during I.K’s visit at KIAS, and
she thanks KIAS’s hospitality.

2. SETTING AND PRELIMINARY RESULTS

In this section we introduce the settings we will work in through the paper, and
we will recall several results from the literature which will be useful later.

2.1. Bernoulli free boundary problems and solution notions. We will con-
sider continuous viscosity solutions u € C'(U), u > 0, of the Bernoulli free boundary
problem in a domain U C R¢ with a continuous and positive coefficient field Q(z)

2.1) {AuzO in{u>0}NU

[Vu| = Q(z) on d{u>0}NU.
In many cases we will be able to reduce to studying a homogeneous problem

(2.2) {Au =0 in{u>0}NnU

[Vu| =1 ond{u>0}NU.
Background on the definition and basic theory of viscosity solutions can be found
in Section A. We will also sometimes consider classical solutions of (2.1), u is a
classical solution if u € C*({u >0} NU) N C?*({u > 0} NU). Of course both
viscosity and classical solutions are smooth {u > 0} NU since they are harmonic in
that open set.

2.2. Sliding comparison. Note that standard comparison principle in bounded
domain does not hold for solutions of (2.2). We will often use the following sliding
comparison principle, where we compare a supersolution v with a continuously
varying family of regular subsolutions v; from below. We can also do similar if u is
a subsolution and v; is a continuously varying family of supersolutions. Note that
u does not need to be regular, only the sliding family.

Lemma 2.1 (Sliding comparison [9, Theorem 2.2]). Let u € C(U) be a viscosity

supersolution of (2.1). Let vg € C(U) satisfy the following:

(i) ve(x) :=vo(x + teq) are classical subsolutions of (2.1) for all t € [0,T];
(i) vo <uinU;
(11i) ve < u on OU and vy < u in {v(x +teq) >0t NOU for0 <t <T.
Thenvi <uinU for0<t<T.

We will often apply the sliding comparison in the whole space by ensuring the
boundary ordering property holds “at co”, that is on the boundary of all sufficiently
large radius balls.

2.3. Blow-downs of exterior solutions under one-sided flatness. Much of
our analysis is focused on the single-site defect problem (1.4) where u solves (2.2) in
the exterior domain U = R%\ B;. The initial stage in the analysis of the asymptotics
at oo is a blow-down limit.

One cannot expect arbitrary exterior solutions to have a simple blow-down, how-
ever we will work in a nicer class. Since we are working with viscosity solutions
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and sliding comparisons we will typically arrive at a one-sided flatness condition:
namely either

(2.3) u(z) < (xq+1t)y for some t€R
or
(2.4) u(z) > (x4 +t)4 for some t € R.

We will show that in these situations the blow-down profile of an exterior solution u
is a half-plane solution, modulo some additional hypotheses described below. While
the proofs are mostly parallel to the full Bernoulli problem, we need to deal with the
presence of the defect in By, and we need to rule out the occurrence of two-plane
solutions which can appear as blow-downs in the case of (2.4).

Proposition 2.2. Suppose that u solves (2.2) in U = R%\ By, then the following
hold:

(i) If u also satisfies (2.3) and is not identically zero then

1
lim ~u(rz) = (xq)y locally uniformly on RY.
r—o00 T

(i) If u also satisfies (2.4) then

1
lim —u(rz) = (zq4)+ locally uniformly on {xq > 0}.
r—oo 1

We provide a proof in Appendix B.1.

2.4. O regularity for flat solutions. General viscosity solutions of (2.2) may
not be regular. However, sufficiently flat solutions are indeed classical in a slightly
smaller domain.

Theorem 2.3 (Caffarelli). For any o € (0,1) there is no(a,d) > 0 and C(d) > 1
so that the following holds. If u is a viscosity solution of (2.2) in By and

(za)+ Sul@) < (xa+n)s in By with 1<
then u € CY*({u > 0} N By 2) and

sup  |Vu—eq| < Cn.
{u>0}NBy /2

For exterior solutions which blow down to a half-planar solution we can apply
this regularity theory sufficiently large annuli.

Lemma 2.4. Suppose that u solves (2.2) in R\ By and blows down to (v4): as
in (1.5). Then there is Rg > 0 depending on u so that for any o € (0,1)

u € CH*({u>0}\ Bg,)
and for all r > Ry

sup  |Vu—e| <C sup |rtu(re) — (z-e)y].
{u>0}NoB, B2\Bi /2
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2.5. Partial hodograph transform. Now we recall the partial hodograph trans-
form. This transformation was first introduced as a tool to prove higher regularity
of free boundaries by [32]. While requiring a C*, planar-like solution as a starting
point, this transformation has served as one of the main tools to obtain higher
regularity of the free boundary. For us the transformation puts us in a PDE setting
where we can apply classical higher regularity, Harnack, and Kelvin transform tech-
niques to study the exterior asymptotics. It is also convenient for the construction
of barriers, especially for d = 2 case, where the logarithmic far-field growth of the
free boundary makes it challenging to construct barriers in original coordinates.

Let u € C?({u > 0}) N C'({u > 0}) be a classical solution of (2.2) in an open
neighborhood U of z¢ € 9{u > 0}. We assume that 9,,u > 0 in {u >0} NU. We
now define the new coordinates y = (v, ya) by

(2.5) y =2, yg=u(r), and v(y) =4 — ya-
Under our hypotheses on w the coordinate transform defines a diffeomorphism of

{u >0} NU onto its image, a set N’ N {yq > 0}.
We now derive the y-cordinate PDE in the domain {y4 > 0} N A. Observe that

Vy/yd =0= Vy/u + Bduvy/xd,
and so
Vyv=Vyzs=(—Vpu)(Oqu)* and 9,,v = dy,xq — 1 = (Oqu) ' — 1.

We also compute

1+ [VLol? = [Du|(0qu) ™" = |Du|(1 + dy,v) and (Vv)'/(1+ (Vv)q) = —Vgru.
Thus, the PDE in the Hodograph coordinates is:

06 tr(A(Vyv)Dzv) =0 in {ya>0}NN;
(2:6) Oy,v = N(Viw):= /1+|Viv[2 =1 on d{ys >0} NN,
where
Ig1 (1+pa)~'p
2.7 Alp) = B )2
( ) (p) (1 + pd) 1(p/)T (11-fJ—r|Z;!;d|)2

Remark 2.5. Note that A(p) is elliptic if |p| < 1 and satisfies

(2.8) |A(p) — I|| < Clp| for [p| < 1/2
and
(2.9) IN(p)| < Clp'|? for [p'| < 1.

These are the main properties of A and N that we will use later.

2.6. Regularity and Harnack for nonlinear oblique boundary value prob-
lems. We use a Harnack inequality and higher regularity estimates for the non-
linear Neumann problem (2.6). In the contexts where we use these results, our
solutions v of (2.6) will be at least C1® with |[Vv| < < 1. Therefore we can view
(2.6) as a linear uniformly elliptic PDE with a linear uniformly oblique boundary
condition with measurable coefficients.

Applying Lieberman’s Harnack inequality [34, Theorem 3.3] for linear uniformly
elliptic PDE with uniformly oblique boundary condition and measurable coeffi-
cients, we arrive at the following Harnack inequality for the Hodograph PDE (2.6).
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Theorem 2.6 (Corollary of Lieberman’s Harnack inequality [34, Theorem 3.3]).
For any n < 1 there is a constant C(d,n) > 1 such that for any non-negative C*
solution of (2.6) in By = By N {ya > 0} called v with |Vv| <n <1,

supv < C irif V.

Bj'/z B1/2

We also need elliptic regularity type estimates up to second order with the correct
scaling in large balls. The qualitative C*° regularity of C1'* solutions of (2.6) was
proved in the original paper applying hodograph techniques by Kinderlehrer and
Nirenberg [32, p. 386]. Then we can apply Lieberman and Trudinger’s [35] a-priori
estimates for C? solutions of nonlinear uniformly elliptic problems with nonlinear
oblique boundary conditions.

Theorem 2.7 (See [35, Theorem 1.1]). If v is a C? solution of (2.6) in B, with
Vo] <np <1 then
k| VEu(0)] < Coscv for k=1,2.
B;

Note that the nonlinear problem (2.6) is invariant under hyperbolic rescaling
v — rv(-/r), which is how we are applying [35, Theorem 1.1].

2.7. Harnack inequality for the Bernoulli problem. Sometimes it is conve-
nient to have the Harnack inequality Theorem 2.6 directly available in the original
coordinates. By combining Theorem 2.3 with the hodograph transform and Theo-
rem 2.6 one can derive the following Harnack inequality for flat solutions of (2.2).

Corollary 2.8. Let u solve (2.2) in By. Then there is g > 0 and C > 1 depending
on dimension so that the following holds. If

(2a)1 < (@) < (wa+mo)s in By
then

sup  (u(z) —zq) <C  inf  (u(z) — x4)-
{u>0}NB1 /2 {u>0}NBy /2

Similarly if
(Ta —1m0)+ S u(z) < (za)s in By
then
sup  (xg—u(z) <C inf  (zqg—u(x)).
{u>0}NBy /2 {u>0}NBy /2

3. CLOSE TO PLANAR EXTERIOR SOLUTIONS

In this section we analyze the asymptotic expansion of one-sided flat exterior
solutions, i.e. of solutions to (2.2) in U := R?\ By with the property |Vu —eq| < 1
in {u > 0}.

The following result will be applied in Section 4 to our original solutions in the
region that are away from the defects.

Theorem 3.1. Let u be a classical C* solution of (2.2) in R4\ By such that u(x)—z4
is bounded from above or from below in {u > 0} \ By. If in addition

sup  |[Vu—eq| <m  for 0<ni(d) <1/2,
{u>0}\B1

then the following holds.
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(i) For d > 3, there is C(d) > 1 and s,k € R so that

w(z) — (zg + s + klz|>~| < Clx| ¢ 0sc u(z) —x
[u(e) = a5+ ko] < Clal' ™ | osc  (u(a) —aa)
and

k| < C (u(z) — xq).

0OSC
(B2\B1)N{u>0}

(ii) For d =2, there is C > 1 and k € R so that

w(x) — (xg + kloglz)| < C max u(xr) —x
u(e) = (@a+ Klogla)| <C | max Ju(e) ]
and
k| < C sup lu(z) — 24].
(B2\B1)N{u>0}

Due to the small gradient condition, we can perform our analysis entirely in
the hodograph coordinates (see Section 2.5), which transforms our free boundary
problem to a nonlinear elliptic problem in a half-space with a nonlinear Neumann
condition.

3.1. One-sided flat solutions in hodograph variables. Now we state a version
of Theorem 3.1 in the hodograph variable.

Theorem 3.2. Let v be a smooth and one-sided bounded solution of (2.6) with
N = R4\ By. There is no(d) € (0,1/2) such that if SUDR \ B, |Vu| < ng then the
following holds.

(1) For d >3, there is C(d) > 1 and s,k € R so that

v(y) — s —kly>~ < Cly*~* osc v
|v(y) P < Ol jose

and

|s|§][ v+C osc v and |k|<C osc w.
dB1NRY (B2\B1)* (B2\B1)*

(2) For d =2, there is C > 1 and k € R so that

v(y) — klo, <C max v
v(y) glyll < € max [o]

and

k| <C max |u|.
(B2\B1)*

The remainder of Section 3 will be occupied with the proof of Theorem 3.2.

Remark 3.3. Our analysis can be applied to any nonlinear Neumann problem of
the type (2.6) with operators A(p) and N(p') satisfying the estimates (2.8) and
(2.9).
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3.2. Initial barriers. First we establish the existence of smooth homogeneous
super and subsolution barriers, to be used in this section.

In dimension d = 2 it is very convenient to have barriers with the correct log-
arithmic behavior at highest order. We show the existence of such barriers in the
next result.

Lemma 3.4. Assume that A and N satisfy (2.8) and (2.9) and d = 2. Define the

barriers
Xd

There is g9 > 0 sufficiently small so that if 0 < ¢ < ¢ then sy is a subsolution
and si_ is a supersolution of (2.6) in R \ By.

Note that, although the actual hodograph PDE is not invariant under negation
v +— —v, the properties (2.8) and (2.9) are. So, for example, we can also conclude
under the hypotheses of Lemma 3.4 that —gt4 is a supersolution of (2.6) in Ri \Bj.

Proof. We check the solution properties by direct computation. Note that log ||
is harmonic and its derivatives D* log|z| are homogeneous of order k. Also IZ%’
which is 94(log |x|), is harmonic, and its kth derivatives are homogeneous of order
k+1.

We record the derivative of log(1 + log |z|)

1 T
log(1 +1 =
Vlog(1 + log |z[) 1+ log |z| |z|?
and
1 TR 1 TQx
D?log(1 + log |z|) = (I- )+ .
|z[2(1 + log |z]) |z|? |z[2(1 + log |z])? |z|?

Since the trace of (I — 2“"® ) vanishes in dimension d = 2 we find that
tr(A(cV4) D*r) = tr(D*hy) + tr((A(cVipe) — I)D*¢s)
—— + tr((4 —I)D?
1 1
P g el )
For the last equality we used (2.8) and the homogeneous upper bounds, which hold
in RY\ By, V4| < Clz|™! and |D%y4| < C|z|~2. Thus, for || < ¢ sufficiently
small
+tr(A(sVipy)D?*py) > 0 for |z| > 1.
Next we check the subsolution properties on 5‘R‘j_. Noting the formula

T 1 1
(3.1) Vipi(x) = EE <1 + 1+10g|x|> +— EL (eq|z* — 224z)

and so .
Oz W+ () = W on x4 =0.

On the other hand, using again the homogeneous upper bound |V/¢4| < Clz|~! in
|z] > 1 and (2.9)

1
N(Cvlwﬂ:) < §2W.
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So, again for ¢ > 0 sufficiently small,
Oz, (x) > N(sV'y) and <0y, 1h—(z) < N(<V'yo).
O

The barriers for d > 3 are given below. We omit the proof, since it is standard
(and easier than the case d = 2), based on the fact that A(p) has ellipticity ratio
close to 1 when |p| is sufficiently small.

Lemma 3.5. For d > 3 and any 0 < § < d— 1 there is ¢c5 = c5(d) > 0 so that,
calling o = sgn(d — 2 — 9),

_ 1 _
0+ (y) = ocsly~" and ¢_(y) = —ocsly + Sea” "

are respectively a supersolution and subsolution of (2.6).

3.3. A growth bound via the homogeneous barriers. Next we show a barrier
argument which, in a certain sense, controls the growth of v on a large annulus
(B, \ B1)" in terms of its growth on (B \ B1)™.

Lemma 3.6. Suppose that d > 3, r > 2, and v solves (2.6) in (B, \ B1)*. There
is no(d) > 0 sufficiently small so that if SUDR4\ B, |Vo| < no(d) then

maxv > maxv — C(maxv — maxv)

dB, 0B, 9B, 9B
and

minv < minv + C(minv — minv) 4
BBT 831 832 6B1

for a universal C > 1.

Similar estimates are true of harmonic functions in annuli. Note that if v
were a harmonic polynomial the conclusions would be trivial, maxsp,. v > 0 and
mingg, v < 0.

The proof follows a similar idea to [3, Lemma 5.7].

Proof. We will just argue for the lower bound on maxsp, v. The upper bound on
the minimum is similar. Define
m(r) := maxv — maxwv.
OB, dB,

The goal is to show that m(r) < Cm(2).

If m(r) < 0 we are done. If m(r) > 0 then maximum principle in (B, \ B;) NR%.
implies that

v(z) < mAX v in (B, \ B;)NRL.
1

Implying that m(2) > 0 as well. So we have reduced to the case that m(r) > 0 and
m(2) > 0.

By Lemma 3.5 the function ¢(y) = aly|~1/2 is a supersolution of (10.2) in R%\ By
whenever 0 < « < ¢.(d). Define a barrier, with the non-negative (since m(r) > 0)
constant o = min{m(r), c. },

Y(y) = max v+ a(jy|~/* - 1).
8B

1
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By Lemma 3.5 we have that ¢ is a supersolution of (10.2) in R \ By since 0 < o <
c.. Also

¥(z) = maxv > v(z) on 0Bj.
oBf

Note that, since a < m(r), on y € OB, we have

= B ) = —a> .
vl =g el D) 2 g —a = gk

Thus ¥ > v on B;". By comparison principle ¢ > v on (B, \ By)™".
Evaluating 1 on 9B with the fact ¢ > v, we conclude that

(1 —2"Y2)min{m(r), .} < mMaxv — v(y) for any y € OBy
1
and so

1
. < (1 —9-1/2y-1 _ < (1 —9-1/2y-1 < Z
min{m(r),c.} < (1 —27%) (rggf(v Iér)lg;w) <(1=27)"eano < 5Cx

as long as we choose 7 sufficiently small. Since ¢, > %c* so we must have
min{m(r), c.} = m(r), and so,
m(r) < (1-27Y2)"1m(2).
O

By a very similar argument we can derive a growth bound in dimension d = 2.

Lemma 3.7. Suppose that d =2, r > 2, and v solves (2.6) in (B, \ B1)T. There
is o > 0 sufficiently small so that if SUDR \ B, |Vo| < g then

maxv > maxv — C(1 + logr)(maxv — maxv
8B, 0B (1+log )(881 0B, )+

and

minv < minv + C(1 4 logr)(min v — minv) 4
dB, 9B, 982 0B,

for some C > 1 universal.

Proof. We will just argue for the lower bound on maxsp, v. The upper bound on
the minimum is similar. Define
m(r) := maxv — maxv.
9B, 9B,

The goal is to show that m(r) < Crm(2),.

If m(r) < 0 we are done. If m(r) > 0 then maximum principle in (B, \ B1) NR%.
implies that

v(z) < maxv in (B,\ B;)NRL.
1

Implying that m(2) > 0 as well. So we have reduced to the case that m(r) > 0 and
m(2) > 0.

By Lemma 3.5 the function ¢(y) = —aly|® is a supersolution of (10.2) in R% \ By
whenever 0 < a < ¢s. Define a barrier, with the non-negative (since m(r) > 0)
constant o = min{r—°m(r), cs},

$(y) = maxv — a(lyl® ~ 1).
oB

1
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By Lemma 3.5 we have that ¢ is a supersolution of (10.2) in R \ By since 0 < o <
cs. Also
Y(x) = maxv > v(x) on OBj.
oBT
Note that, since a < r~°m(r), on y € B we have

5
= —a(r® — > - r) > .
1/}(3;) maf(v a( ) mafcv m( ) maxv

Thus % > v on B;". By comparison principle ¢ > v on (B, \ By)™".
Evaluating ¢ on BB;' with the fact ¥ > v, we conclude that
(2° — 1) min{r m(r), cs} < MAXV — v(y) for any y € OB
1
and so

1
- < (95 _ 1)1 _ < (95 _ 1)l < -
min{r~’m(r),cs} < (2° — 1) (Iggfw rgg;(v) <(2°=1)""mo < 5Co

as long as we choose 0 < 19 < ccs(d) sufficiently small. Since ¢5 > %q so we must
have min{r=°m(r), cs} = r~Om(r), and so,

m(r) < (2° — 1) m(2).
(]

3.4. Bounds and limit at infinity. First we consider bounded solutions, and
show that bounded solutions have a limit at oo.

Lemma 3.8. Suppose that d > 2 and v solves (2.6) in Ri\Bl, SUDR4\ B, V| < %,

and either iminf);) oo v or M sSup ;o v is finite. Then lim,| oo v(z) exists.

Note that if v is bounded then the limit hypothesis is satisfied. On the other
hand, Lemma 3.8 shows that if either lim inf ;| ,, v > —00 or imsup,|_,o, v < +00
then v is bounded.

Also note that in the bound [Vuv| < 1/2 above the 1/2 is not critical, it can be
replaced with any 0 < ¢ < 1 for uniform ellipticity of the hodograph PDE.

Proof. Similar to [3, Lemma 5.8]. Let’s consider the case lim inf ;. v(z) > —oo,
the other case is similar.

We may assume that liminf ;o v(z) = 0. Let € > 0. There is R > 1 suf-
ficiently large so that v(xz) > —e for |z| > R. Also is a sequence z — oo with
|zk| > R so that v(zy) < ¢, and call 7, = |zg|. Since v+e¢ is a non-negative solution
of (2.6) in R% \ Bg, by Harnack inequality Theorem 2.6,

sup (v+¢e)<C inf (v+4e)<2Ce
dBr, NRE By, NRY
or
sup v < (2C + 1)e.
9B, NRE.
By maximum principle in each (B, \ By,) NR% also

sup v = sup sup v<(2C+1)e
R4\B,, k' (Br i \Br )NRE
and so
limsupwv(z) < (2C + 1)e.

|z|— 00



16 WILLIAM M FELDMAN AND INWON C KIM

Since € > 0 was arbitrary the limit supremum is 0 agreeing with the limit infimum.
O

Next we consider bounded solutions, which have a limit at co due to Lemma 3.8,
and make the upper and lower bounds explicit depending on the limit at co. Since
we will refer to the limit often we define

(3.2) Voo := lim w(x).

|z| =00

Lemma 3.9. Suppose that d > 2 and v solves (2.6) in R% \ By, SUDR \ B, Vol <
and v is bounded, and so v exists. Then

1
2

min{min v, v} < v(z) < max{maxv,vs} in R%\ By.
aBt oBf

In fact the stated bounds on v(z) are exactly the range of v on RY \ By.

Proof. Call M = max{max(pp,)+ v, Voo }, then the constant function M + ¢ is a
solution of (2.6) which is above v on 9By and on all sufficiently large spheres OBg.
Comparison principle in (Bg \ B1)" implies that v(z) < M + 6 in R% \ B;. Since
0 is arbitrary v(z) < M. The lower bound is proved in a symmetric way. [

3.4.1. One-sided bounded solutions in d > 3. Now we consider solutions which are
bounded only from one side. First, in dimension d > 3, we show that such solutions
are bounded and control the limit vo, = lim;|—o v in terms of the values in an
annulus By \ Bj.

Lemma 3.10. Suppose thatd > 3 and v solves (2.6). There is no(d) > 0 sufficiently
small so that if SUPRd \ B, |[Vo| < no(d) and v is bounded either from above or from

below, then v is bounded and

max v — C(maxv — maxv) 4 < voo < minv + C(minwv — minv) 4
9B, 9B, 9B; 4B, dBs 9B,

where C > 1 is universal.

Proof. First we show that v is bounded. Assume that v is bounded from below, the
other case can be argued similarly. Without loss assume that v > 0. By Harnack
inequality, Theorem 2.6, for all r > 2,

maxv < C'minw.
B, aB;+
By Lemma 3.6
minv < minv + C(minv — minv) 4,
aB:r 831 832 831
and so max, g+ v is bounded independent of r. Thus v is bounded.
Now we show that v bounded implies the quantitative bounds in the statement.
Since v is bounded Lemma 3.8 implies that vo, = lim ;| v exists and Lemma 3.9
implies that

min{min v, v} < v(r) < max{maxv,ve} in RL\ By.
OBy oBf

In the case v € [ming g+ v, max, g+ v] the result is immediate.
ap} U, MaXy g
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Let’s consider the case vo < min(gp,)+ v. In this case the claimed upper bound
inequality is trivial, so we aim for the lower bound. Note that v(z) — v is non-
negative. Applying Lemma 3.6 to v(z) — ve we find

= lim maic(v(x) — Vso) > rggf((v(x) — Vo) — C(rggfw — max V) 4.

T—>00 BBT

Rearranging this gives the desired lower bound on v.
The case voo > maxpp, v is argued symmetrically.
O

Next we show a quantitative convergence rate to the exterior limit. This will
follow from a barrier argument using the explicit barriers from Lemma 3.5, we will
make use of the qualitative limit information established before to deal with the
“boundary at infinity” in the comparison argument.

Lemma 3.11. Suppose d > 3. For any § > 0 there is no(d,d) > 0 small so that: if
v solves (2.6) is bounded either from below or from above and SUDR \ B, Vol < ng
then
d—2-6 : d
— <C R\ Bj.
|l [v(y) = v S C Jose voin RT\ By
Proof. By Lemma 3.10 and Lemma 3.8 the limit vo := lim;| o v(x) exists. Then
Lemma 3.10 implies that
SUp [v — V| < C 0sc v < Crp.
oB;} (B2\B1)*
Let 7o sufficiently small so that Crng < ¢s from Lemma 3.5. Then, by Lemma 3.5,
(@) := (sup |v — voo|)|y|*~4*°
aBT
is a supersolution of (10.2) in RZ \ By. Let ¢ > 0 arbitrary and R; > 1 sufficiently
large so that
v(y) <e on 9BRrNRYL forall R> R;.

Then by maximum principle in Bg \ By, for every R > Ry,
v(y) < e+ (sup [o)lyl*~ " in R\ By
aBY
Since € > 0 was arbitrary
v(y) < (sup [o])[y[>~° in RY\ Bi.
aBy

The lower bound argument is similar using the subsolution barriers from Lemma

3.5. (]

3.4.2. One-sided bounded solutions in d = 2. The situation in d = 2 is slightly
different. First we show a maximum principle. In d = 2 bounded from below
(resp. above) solutions of (2.6) in the exterior of B} attain their minimum (resp.
maximum) value on 0B

Lemma 3.12. Suppose that d = 2, v solves (2.6), and v is bounded from below
then

inf v(y) = minwv
R3\ By aBy ’
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similarly, if v is bounded from above then

sup v(y) = maxwv.
R3\B1 oBf

Remark 3.13. This is where we need the logarithmic barriers from Lemma 3.4.
In particular we need a supersolution barrier ¢(y) with ¢(y) — +oo as |y| — +oo.
Homogeneous supersolution barriers with a downward pointing singularity only
exist with homogeneity @« < d — 2 = 0, see [3]. Thus we cannot achieve both
the supersolution property and the property lim,|_, o ¢(y) = +oo with a non-zero
homogeneity as in Lemma 3.5, and we need to work with logarithmic barriers.

Proof. We just consider the bounded from above case, the bounded from below
case is similar. By Lemma 3.4 we have the radially symmetric barriers

or(|yl) == L™ (log |y| — log(log L + log |y|))

which are supersolutions of (2.6) in R% \ By as long as L > Ry. Here Ry > e is just
some universal parameter determined in the proof of Lemma 3.4.
Since v is bounded from above M := SUPRd \ g, U < ~+00. Suppose that

o := min{M — maxv, 1} >0,
oBT
otherwise we are done. Let 7 > 1, and define L(r) := a~!logr. Since logr — 400
as r — 400, for r > 1 sufficiently large L(r) > Ry and also

log(log L(r) + log r) <

(3.3) L(r) > Ry and also log 7 < %

<

N

For such large r > 1 define
@
wr(y) =M - 5 + ¢L(T)(|y|)7

which is a supersolution of (2.6) in R% \ B;. On y € 9B, using (3.3),

_ log(log L(r) +logr)
log r

a
wr(y)=M—§+a(1 )= M >v(y).
On y € OB;", using r > 1 from using (3.3) again,

U (y) = M — % — L(r)"tloglog L(r) > M — a > max v > v(y).

So, by comparison, v(y) < 1,(y) in (B, \ B1)". Evaluating at a fixed y, and using
that ¢r(y) — 0 as L — oo for fixed y,

. «
v(y) < lim ¥, (y) =M -,
which contradicts the definition of M. O

Next we use the previous maximum principle with Lemma 3.7 and Harnack
inequality to establish quantitative growth bounds on exterior solutions in d = 2.

Lemma 3.14. Suppose that d = 2 and v solves (2.6). There is no(d) > 0 sufficiently
small so that if SUDR \ 5, |Vou| < no(d) and v is bounded from below, then

0 <w(y) —minv < C(1 4+ logl|y|)(minv — minw) for |y| > 2.
aB B aBt

1
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Similarly if v is bounded from above then

0> v(y) —maxv > —C(1 + log |y|)(max v — maxv) for |yl > 2.
oBf By oBS

Proof. We just do the bounded from below case. The inequality v(z) > min, BHY
is the content of Lemma 3.12.
Now w(y) = v(y) — min, z+ v is a non-negative solution of (2.6). We can apply
Lemma 3.7 to find, for all r > 2,
minw < Csr®(minv — minv).
oB;+ 0B+ B
Since w is non-negative Harnack inequality, Theorem 2.6, implies that, for all » > 2,
maxw < C minw.
oB;+ oB;+

Combining with the previous inequality completes the proof. (I

3.5. Quantitative linearization of the hodograph PDE. Next we combine
the growth (Lemma 3.14 in d = 2) or decay (Lemma 3.11 in d > 3) estimates with
elliptic regularity to establish decay estimates on first and second order derivatives.
Then, plugging these derivative estimates into the hodograph PDE, we obtain that
v (almost) solves the Laplace equation with Neumann boundary conditions up to
an even more quickly decaying error.

Lemma 3.15. Suppose d > 2. For any § > 0 there is 1n9(0,d) > 0 small so that: if
v solves (2.6) is bounded either from below or from above and SUDR\ B, [Vl < ng

then for k=1,2

4 d=2h=0 7k < 5 in R\ Bs.
(3.4) vl Vi)l < C(0,k) jose v in RT\ By

In particular, by applying these derivative estimates in (2.6), it follows that

Av(w) < CO)(ose o)y in R\ B,

0 < dqv(y) < C((S)<(BRSBC])+ v)*[yPP 7 on ORY\ B,

For the purposes of Theorem 3.2 it will suffice to use this result with § = %, but
we keep d > 0 as a parameter here because we believe it clarifies the important
growth/decay rates in the present statement.

Proof. First we apply the elliptic regularity estimates of Theorem 2.7 to estimate
the derivatives. For y € Ri \ By we have v solving

tr(A(V,v) Djv) = 0 in Byy/2(y)*
Oyav = [T+ Vel =1 on d{ya > 0} 11 By 2(y)*

so Theorem 2.7 yields

kyok
V*u < C(0,k osc .
[*[VFo(y)| < C( )sz(y)*

In d > 3 Lemma 3.11 gives

osc v <Cly*T¢ osc v,
By 2(y)*t (B2\B1)*
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while in d = 2 Lemma 3.14 gives

osc v <C(l+logly osc .
By 2(y)t ( | |)(15’2\Bl)+

Plugging these into the right hand side of the elliptic estimate gives the result.
Next we plug in the elliptic estimates into the hodograph PDE (2.6) and put the
error terms on the right hand side for estimates on the Laplacian. More specifically

Av = tr((I — A(Vv))D*v) in RL\ By.
By (2.7) and direct estimation
[A(p) =1 < C(d)lp| for |p| <1
and so
|Av| < C|Vv||D?0| in R%\ By.
So applying (3.4) with k =1 and k£ = 2 and 6/2 we find

Av| < C( osc 02y dy92=d < C( osc  v)y|' T2 in R\ B.
Bul < C( o WPl <O o 0Pl 4\ By
The argument for the Neumann condition is similar. We use (2.9) and (3.4) with
k=1 and ¢/2 to find

9y, v < C( osc v)(ly"* N2 =C( osc )|yl
ya¥ < (<32\31)+ )= (lyl ) ((32\31)+ )2yl

O

3.6. Precise asymptotics via Kelvin Transform. We can now establish the
asymptotic expansion at co and, in particular, the existence of the capacity. The
idea is to perform a Kelvin transform and then use estimate the difference with the
harmonic replacement. The proofs model the case of harmonic functions in exterior
domains, using the quantitative linearization result Lemma 3.15 to show that the
errors are sufficiently small.

Proof of Theorem 3.2. For this proof denote m := osc(p,\p,)+ v < 1, we are short-
ening the notation since this number will appear repeatedly in the estimates below.

(Case d > 3.) By Lemma 3.8 5 := lim|y|_, v(y) exists, assume without loss that
s = 0. Take the Kelvin transform of v

() = 2"~ (%) on =€ (B UB)\{0}.

[2]?
Let us make a note that, since v(y) — 0 as |y| — oo, then
(3.5) |2|197%5(2) = 0 as z — 0.

Which we will use to show that v has a removable singularity at z = 0.
We compute

Vi(e) = (2 - d) () + @u - 22 S V().

Evaluating on z4 = 0, and using that ed%?f = 0 for such z,

8d’l~)(2’) =€q- Vﬁ(z) = ﬁadv(ﬁ) on z¢€ Bi \ {O}
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Combining this with the estimates in Lemma 3.15 we find the following estimate

on z € By , \ {0}

(3.6) 1049(2)| = |217%|0av(1Z2)| < Cm?|2|~¢|2* 7270 = Cm?|2|727°.

Also recall the following formula for the Laplacian under the Kelvin transform
Av(z) = |z\_d_2Av(ﬁ).

Combining this formula with Lemma 3.15 we have the following PDE in Bf/Q

(3.7) AG(2)] = [2] 2 Av(Zp) < CmP |2~ T2[[2] 722|720 = Om?|2|T270.

We summarize the two previous estimates, (3.6) and (3.7), in the following PDE

58) {Af/(z) = f(z) in B},
9av(z) = g(2) on By, \ {0}
where
(3.9)  |f(2)] < Cm?z|*37 on Bf'/2 and |§(z2)] < Cm?|2|7"27° on B, \ {0}.

Now we need to argue that v has a removable singularity at z = 0. We subtract
off the Neumann kernel of the right hand side of (3.8)

v = [ e-wiw) dos [ 8w

1/2 1/2

where )
P — 2—d I 2—d
is the standard Neumann kernel for Ri. The bounds (3.9) imply that
(3.10) [9(2) —(0)] < Cm?|z| in By,
Next let v be the solution of
A =0 in BY,
8d5 =0 on 3Ri N B1/2

9(z) = 0(2) —¥(2) on (0By2)".
We claim that
(3.11) 0(2) =0(2) +9(2) in By,
The reasoning is that (with even reflection)

w(z) = 0(z) — (0(2) + ¥(2))

is harmonic in By, \ {0}, zero on the boundary 0B/, and, by (3.5) and (3.10),
grows more slowly than |22~ at the origin so it is zero.
By even reflection and interior Lipschitz estimates of harmonic functions for

zerr/4

[0(z) = v(0)| < Clz| © OSC)+(17 — ) < Cmlz|

1/2

using that, by (3.10) and m < 1, osc(gp, )+ ¥ < Cm? < Cm, and that

osc =224 osc w < 22=d,
(0B1/2)* (0B2)*
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So now we conclude that
[9(2) = 0(0)| < [1h(2) = 9(0)| + [0(2) — B(0)| < Cml2| in By,
Calling & := 9(0) we also find

k[ = [6(0)] = [0(0) + 4(0) = I]éB+ (0 = ¥)(2)dS(2) + $(0)] < Cm.
1/2

Undoing the Kelvin transform we arrive at

[o(y) — Kly[>~ = llyl*~ oIyl ~*y) — 2(0)|y|*~|
—di~ _ ~
= ly[>~o(lyl~*y) — 9(0)]
< [yl Omly| ™t = Cmly|' .
(Case d = 2) In the case d = 2 we argue similarly, with inversion, and use
a typical complex analysis trick. Again this is following a classical argument for
harmonic functions in exterior domains, with an additional error term controlled

via Lemma 3.15. We will now use z = x + ¢y for the complex variable.

Define
o(z) :=wv(L) for 2z € By \ {0}

z

Define, as before,

U(z) = (2 —w)f(w) dw + (2 — w)j(w)dS(w)
i, L.,
where

—1
b(z) = E(log |z| +log|(2, —24)])

and v solving

Av =0 in B,
ad@ =0 on E)Ri n Bl/2

9(z) = 0(2) —¥(2) on (0By2)".
Then call
w(z) = 0(2) = (0(2) +¥(2)).
The even reflection of w, not relabeled, is harmonic in the punctured disk By \ {0}.
Thus we can write, for some k € R,
w(z) = klog2|z| + Re(h(z))

where h is holomorphic in the punctured disk. Since w is o(|z|~1) at the origin
and so is log |z|, then so is [Re(h(z))|. Thus 0 is a removable singularity and h is
holomorphic in the entire B;. Since Re(h(z)) = w(z) — klog(2- %) = 0 on 9By 5
then h = 0. Thus

0(z) = 9(2) + ¢¥(2) + klog2 + klog ||
and so
0(z) = klog|z| + v(2) + ¥(2)

and now we conclude since v and v are continuous at z = 0. (]
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4. GENERAL SOLUTIONS WITH A SINGLE-SITE DEFECT

In this section we consider solutions of the single-site defect problem in the entire
space, namely

Au=0 in {u >0}
(4.1) {|Vu =1+gq(z) on d{u > 0},

where the defect g(z) : R? — (—1,00) is smooth and supported in B;(0). For
applications in the rest of the paper, we focus primarily on “proper” solutions.

Our main result in this section regards the far-field asymptotic expansion of
proper solutions to (4.1). In later sections we will need to establish that the single-
site solutions of interest are indeed proper.

Theorem 4.1. Let u be a proper solution of (4.1).
(i) In the case d = 2. There is k(u) € R so that:

sup |u(x) — (x4 + klog|z|)| < +o00
ze{u>0}

and there are universal constants og € (0,1/2] and C' > 1 so that
if lq| < o¢ then Cming < k(u) < Cmaxgq.

Furthermore, for general g € C¢(By;(—1,00)), there is C(mingq) universal
so that k(u) > —C.
(ii) In the case d > 3. There are s(u),k(u) € R so that:

lu(x) — (xq + s — k|lz[>~%)| < Co(1 + |2])*= for =€ {u>0}
and if k # 0 then
|8|7 |k| < C’0 = CO(dv min q»man)‘
Furthermore, if max |q| < o¢(d), then Cy < C(d) max|q|.
Note that we lack universal control on the higher order error terms in the as-
ymptotic expansion in d = 2, it remains open whether it can be achieved.
We present the proof of this theorem below in Section 4.1. First, since w is proper,
at some large (non-quantitative) scale it is sufficiently flat to employ Theorem 3.1.
Still, we need quantified information on k, s (and R for d > 3) for applications
for the rest of the paper. This is a significant new challenge, for which we need
barriers with the correct asymptotic expansion. Although the barrier constructions
are quite concrete, they play an essential role in the theory later.
Let o € (—1,+00). Call B} = {2/ € R¥!: |2/| < 1} and Bj x R is the cylinder
above Bj with axis in the e; direction. The goal is to construct subsolutions, in
case o > 0, and supersolutions, in case o < 0, of the problem

{A¢ =0 in {¢ > 0}

Vol =1+ 0lp/ g on d{¢ > 0},

with the asymptotic bounds, for some Ci(o,d) > 0, in d > 3

(4.3) 0 < sgn(o)(zq — ¢(z)) < C1(0,d) min{1, [z|>~9} in {4 > 0}.
and in d = 2,

(4.4) sgn(o)(zqg — ¢(z)) < —=C1(o) max{1,log|z|} in {¢ > 0}.

(4.2)
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Note that (4.2) is invariant with respect translations in the x4 variable, this allows
the barriers to be used in sliding comparison arguments.

We will construct three different types of barriers in this section. In the nearly
linearized regime when maxgq and/or ming are small we can construct barriers
via patching a linear function, in By, with a slightly tilted fundamental solution
outside of B;. This is a little bit more difficult in dimension d = 2 where we were
unable to successfully construct the barrier directly in original coordinates, and
instead use hodograph coordinates again. In this almost linear regime the sub and
supersolution constructions are basically symmetrical. See Section 4.2.1 and Section
4.2.2 for these constructions. In the nonlinear regime, when min ¢ and/or max ¢ are
large, we have two quite distinct barrier constructions for sub and supersolutions.
This asymmetry reflects an important asymmetry between advancing and receding
regimes in the truly nonlinear problem. The supersolution constructions works in all
d > 2, but the subsolution construction only works in d > 3. We are very interested
whether analogous subsolutions exist in the nonlinear regime in dimension d = 2.
See Section 4.2.3 and Section 4.2.4 for the sub and supersolution constructions
respectively.

We state the results of the barrier constructions, first in the nearly linear regime
and then in the nonlinear regime.

Proposition 4.2. (i) There is a universal constant 0 < oo < 1 such that,
for o] < o9 and o > 0 (resp. o < 0) there is a smooth subsolution
(resp. supersolution) ¢, of (4.2) satisfying (4.3) (or (4.4)) with C1(d, o) =
C(d)|o].
(i) In all d > 2 and for any —oo < o < 0 there is a smooth supersolution of
(4.2) 6o satisfying (4.3) (or (4.4).
(iii) In d > 3 and for any 0 < o < oo there is a smooth subsolution of (4.2) ¢4

satisfying (4.3).

4.1. Asymptotics of general solutions. Before proceeding to the barrier con-
structions in Section 4.2 we show how to derive Theorem 4.1 using the barriers
from Proposition 4.2.

Proof of Theorem 4.1. Note that if 9{u > 0} N B1(0) = 0 then u globally solves the
homogeneous Bernoulli problem (2.2) and is proper and therefore u(z) = (x4+ s)+
for some s. Thus for the remainder of the proof we can assume that

(4.5) a{u > 0} N B1(0) # 0.

Step 1. By hypothesis, for all € > 0 there is R(e) sufficiently large so that for
all > R(e)
(xg— )y <rtu(rz) < (zq+e)y in By(0).
Let m1(d) > 0 be from Theorem 3.1. Then Lemma 2.4 implies that there is Ry > 1
sufficiently large so that u € C?({u > 0} \ Bg, (0)) and

[Vu(z) —eq| <m1 in {u >0} \ Bg,(0).
Theorem 3.1 in turn implies that, in d > 3,
(4.6) u(z) = xg+s—k|z|* "+ E(z) in {u>0}\Bg, with |E(z)] <C(1+|z[)'~?
while in d = 2
(4.7) wu(z) =zq+ klog|z|+ E(z) in {u>0}\ Bg, with sup|E(z)| < +oo.



THE PINNING EFFECT OF DILUTE DEFECTS 25

Note that so far s, k, and the error term E(x) depend on Ry, and R; depends on
the solution u in a non-universal way.

Step 2. Next we use s in a sliding barrier argument to control Ry quantitatively.
We present separate arguments for d > 3 and d = 2.

(Case: d > 3). Let ¢ = ¢, be the outer regular supersolution barrier from
Proposition 4.2 with o = ming € (—1,0). By (4.3) we have

(@a)+ < ¢() < (xq + Crmin{l, [2[*~}) .
Now we apply a sliding argument with the family ¢(z+teq). Note that ¢(z+teq) >
(g +t)+ > u(x) in {u > 0} for sufficiently large ¢ > 0. Also for every t > s, by
(4.6) we have ¢(x + teq) > (x4 +t)4 > u(z) in {u > 0} for x € R\ Bg. So by
Lemma 2.1 u(z) < ¢(x + tey) for all t > s and so we conclude
(4.8) u(x) < (zq4 4 s+ Crmin{l, |z + seq|> ")),

We can also bound s, using (4.5). So letting 2° € 8{u > 0}N By be a point realizing
(4.5), then

29 + s + Cy min{1, |z° + seq[*~} > 0
and therefore
s>—-C1— 1.
Similar arguments using the subsolutions ¢, with ¢ = maxq > 0 from Proposi-
tion 4.2 yields

(4.9) u(x) > (x4 + s — Comin{l, |z + seq|* %))y and s < Cy+1

with a Cy depending only on d and on max ¢. The inequalities (4.9) and (4.8) also
imply that
—Cy <k < (.
Thus, by using the quantitative flatness (4.8) and(4.9) in Theorem 2.3, there is
a radius Ry = Ro(C1, Ca,m) = Ro(d, min ¢, max q) so that

(4.10) IVu —eq| <m on {u>0}\ Bg,(0).

As before, but now with quantified Ry, Theorem 3.1 implies that, for z € {u >
O} \ BR07
2| u(z) = (za + s + klz]>~)| < C

(u(z) = z4)

0sc
(BzRO \BRO)ﬂ{u>O}
< C(d, min ¢, max q)

where the last inequality again uses (4.10).

(Case: d = 2). Here we assume that max |g| < o to use the barriers given in
Proposition 4.2. Let ¢, be as given in Proposition 4.2 with ¢ = ming € (—1,0]
satisfying (4.2) and (4.3). We claim that k& > —C;. Suppose otherwise, k < —C}.
Since u is proper it is one-sided flat, since k < —Cj in (4.6) it must be flat from
above, u(x) < (zq + T)4 for some T € R. We perform a sliding comparison with
d(x + teq). For t > T then ¢(x + teq) > u(x) in {u > 0}. Let k < k' < —Cy. For
any t € R there is R sufficiently large so that, for € {u > 0} \ Bg,

d(x + teq) > (zqg +t — Cymax{1,log |z + teq|})+ > (za + k' log|z])+ > u(z).

Then Lemma 2.1 implies ¢(x + teg) > u(z) for all ¢, yielding a contradiction.
Arguing similarly with the subsolution barriers from Proposition 4.2 shows that
k<.
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d

4.2. Barriers. In this section we construct the barriers presented in Proposition 4.2.
The construction of the barriers are given in the order of increasing difficulty. We
begin with the simplest construction, which is for small o, i.e. small ||g| pe, in
d=3.

For small o, our barrier construction is relatively simple, by patching of inner
and outer parts that are O(co)-perturbations of the planar profile, based on the
Laplace fundamental solution and its derivative. The barrier construction in d =
2 is in hodograph coordinates, since we can only construct the two dimensional
fundamental solution type barrier in that coordinate system. This approach only
works when o is sufficiently small, below a universal threshold. This is, perhaps,
natural since the construction views subsolutions and supersolutions more or less
symmetrically.

Both the nonlinearity and the asymmetry between advancing and receding be-
come more severe for large 0. Our perturbations are more nonlinear in this case,
and involve planting a sizable sink and source term, respectively, to pull or push
the planar profile. Furthermore the construction of subsolution and supersolution
barriers are no longer symmetrical and have a slightly different geometry.

4.2.1. Barriers for small defects: d > 3. Let C' > 1 to be chosen sufficiently large
depending on dimension and |o| < gy, o > 0 in the subsolution case and ¢ < 0 in
the supersolution case. We define the inner solution

din(x) =1+ 0)xg—Co
and the outer solution

Ld

Gout(x) == 24 — Colz|>~@ + O'W.

Note that x4/|z|? is a constant multiple of 9,,®(z), and thus is harmonic away
from the origin. Therefore ¢, is harmonic away from the origin and ¢;,, being
linear, is harmonic everywhere. Define the patching

— d)zn(m) |l‘| <1
o) = {«éout(x) 2] > 1.
Note that on |z| =1
Gout(®) =g — Co 4+ 024 = Pin(x).

Thus ¢ is continuous across the patch on 9B;. The proposed subsolution / super-
solution of the Bernoulli problem will be ¢(x)..

Lemma 4.3. For |o| < og(d) the function ¢(z)4 is a subsolution of (4.2), in the
case o > 0, and is a supersolution of (4.2), in the case o < 0.

Proof. We claim that, in the subsolution case o > 0, ¢(x) = max{¢in (), dout(z)}
in a neighborhood of 0B;. It suffices to show that

2 Voin(r) <x-Voou(zr) on z € IBy.
We will check this by direct computation. First we record

X €q Tqx
4.11 Voout = Cld—2)— + — — .
(4.11) Gout = €qa + 0 |C( )md + 2] 2|4+
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So on x € 9B;

T Voour(z) =24 +0[C(d—2)+ (1 —d)zg] and z- Vi, (x) = (14 0)zg4.
So fixing C' = fg + 1 then, on z € dB; using that 1 > x4 on that set,
-Voout () > xgto[d+(1—d)zg) > vgto[deg+(1—d)zq] = (140)xs = 2-Vin(x).

By a symmetrical argument, in the supersolution case o < 0, ¢(x) = min{¢;,, (), pout ()}
in a neighborhood of 0B;.
Next we check the free boundary condition. The free boundary condition inside
B, is immediate since the solution is linear, so we only need to check for the outer
solution. Then, using (4.11) and expanding the quadratic,
T4

Voot = 1+ 20| —— + C(d—2 P Y G
IVour|” =14 20 W+ (d — )W‘ |z[d+2 + |2[2@D)

Let us use that

|2—d

on 8{¢ >0} \ By.

= O _—
Zq olx =

So then, for 0 <1 and |z| > 1,

9 1 o?
|v¢out‘ =1+ QUW + 0 <.’E|2(d1)) .
Note that 2(d — 1) > d in dimensions d > 3. Then |V¢,y|> > 1 for |z| > 1 as long
as we choose 0 < o < 0¢(d) with sufficiently small oy depending on dimension. The
supersolution case —oy < o < 0 is symmetrical.
Finally note that

(24— (C +1)o)s < 6(@)s < (2a+ (C +1)o)s.
O

4.2.2. Barriers for small defects: d = 2. Here we will utilize the exterior barrier
from Lemma 3.4 in hodograph coordinates, to construct barriers. While our con-
struction is similar to the patched barrier in higher dimensions from Section 4.2.1,
we face additional technical challenges here since we need to smooth out the so-
lution at the patching in order to invert the hodograph transform. We go around
this with standard mollifier and keep the computations to minimum.

Let us first point out the issue in original coordinates via a Lemma, which we
will use later for other purposes.

Lemma 4.4. The function
B(x) = (za + o log |o] +5)4
is a supersolution of (2.2) in R?\ Bz as long as 05 > 0.
Proof. Note that ¢ is harmonic in its positivity set away from 0. The zero set is on
0=¢(x) =xq+cloglz|+s
and the slope is
1

2 Ld 2
=14+20——~ —_
‘V(b({l?” + O—|$‘2 +o |I‘2



28 WILLIAM M FELDMAN AND INWON C KIM
Evaluating the slope on the zero set, by plugging in z4 = —o log ||,

1
|Vo(z)]> =1— 2W [0%log |z| + os — 1] .

So, since log 3 > 1 and os > 0, we conclude that |[Vé(z)|? < 1 on d{¢ > 0}\ Bz. O

This is actually fine for the purposes of Theorem 4.1 in the case 0 < 0, but,
unfortunately, this is the wrong direction in the case ¢ > 0. We have not discovered
any elementary way to fix this in the original coordinates.

We will work in the same hodograph coordinate system which was introduced
in Section 2.5. We will denote y the variable in hodograph coordinates and x the
variable in standard coordinates as we did before. Note that our conventions for
the hodograph transform does switch the role of sub and supersolutions.

Let |o| < o¢ a sufficiently small constant to be specified via the computation.
We will define an inner solution, to be used inside B2(0)T, and an outer solution,
to be used outside B2(0)". In the case o > 0 we will construct a supersolution,
and in the case 0 < 0 we will construct a subsolution of the hodograph equation

(412) {tr(A(vyv)D%) =0 in {yq > 0},

y
(1+01p,,,)(1+09y,v) =/1+|Viv[?  on d{ys > 0}.

This is analogous to (4.2) on the hodograph side. The choice of putting the defect
in By/y is for convenience, so we can patch on dB; with a little room. We will
need to construct smooth, at least C!, sub/supersolutions in order to invert the
hodograph transform. But we begin with a non-smooth construction.

First define, using |o| < 1,

s(o) :=— sothat (14+0)(1+5¢)=1.

Define the inner solution
Yin(y) 1= Sya

and the outer solution
= Yd
Yout(y) = 2¢(log |y| +log(1 +log [y])) + NI

Then define the patched solution

) = Yin(y) vy € B1(0)
(4.13) (z): {wout(y) y & B1(0).

Notice that v, thus defined, is continuous on R?.

As in the previous section, we will need to check interior and boundary sub and
supersolution conditions (see Lemma 3.4) as well as the correct gradient discon-
tinuity at the patching on 0B;. Finally we will need to do an inverse hodograph
transform to get a sub/supersolution in the original coordinates. Implementing this
idea is technically tricky, since the hodograph and inverse hodograph transform re-
quire C?! regularity. We achieve this regularity by using a standard mollifier. We
do provide full details for this procedure, since this barrier construction plays a key
role in our main results in dimension d = 2.
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Lemma 4.5. Let o] < 09 < 1, ¢ := —0/(1+0), and 0 < ¢ < %, and let

ne(x) := e~ (ex), where n is the standard radially symmetric mollifier supported
in B1(0). If o9 > 0 is sufficiently small, then for ¢ >0 (resp. ¢ <0) ¥(x) given in
(4.13) and ne 9 are subsolutions (resp. supersolutions) of (4.12).

Then, to conclude the proof of the relevant piece of Proposition 4.2 we can just
apply an inverse hodograph transform.
Corollary 4.6. Let 1[)0 =12 * Yo and let ¢, be the inverse hodograph transform
of ¥,. Then, up to a hyperbolic rescaling, ¢, is a supersolution (case o < 0) or
subsolution (case o > 0) of (4.2) satisfying the bound (4.4) with C1(d, o) = C(d)|o]|.

Now we turn to the proof.
Proof of Lemma 4.5. We will only present the subsolution proof for ¢ > 0, since
the other case can be proved symmetrically.

First we verify the subsolution condition for ¢. Note that ., is exactly the
barrier in Lemma 3.4, where it is shown that 1),y solves (4.12) in the complement

of B;. The inner function 1)y, is linear and thus solves the interior PDE in (4.12).
Note that, by definition of ¢,

(1+0)(1 +0y,4in(y)) = 1+ 0)(1+¢) = 1.
Thus t;,, solves (4.12). Thus ¢ is a subsolution if we can show that
¥(z) = max{yin (), Yout()} in a neighborhood of 9Bs.
This follows if we can show that
(4.14) [y - Vllos, ==y Vour(y) =y - Vibin(y) >0 on y € IB;.
To check this, recalling (3.1),
Y Vibour =< [4 —yal -
Since 2 > yq on 9B1(0), we can verify (4.14) by
Y Viout > < [2ya — Ya] = sya =y Vbi, on 9B1(0).
We have shown that ¢ is a subsolution of (4.12). Next we consider the subsolu-
tion properties of the mollified barriers 1. := 7. * 9.
First note that v is linear in By(0) so ¥ = ¢ in B;_(0). Thus it remains to
check the properties in {|Jy| > 1 —€}.
To check the interior PDE, note that the Hessian of ¢ has a singular compo-
nent due to the jump of normal derivative. Below we will show that the singular

component will have the correct sign due to the order in (4.14).
By writing

D). (y) / D*n.(y — 2)(z) dz
and then integrating by parts twice in B;(0) and R¢\ B;(0) we obtain
Dzwe — [res + Hsing’

where, using that 1;, is linear and has vanishing Hessian,

H™5(y / Dy — 2)(D*in(2)1, (2) + D*ous (=) Ly, (2)) dz

— [ =D (e) ds
Rd\B1
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and

Hsing(y) = / na(y — Z)[[I/z . VW]E)Bl (l/z ® l/z)dZ > 07 with Vv, = |27‘
9B,

where the sign follows from (4.14). Since A(p) > 0 for all pg > —1, we have
tr(A(Dy.)D*.) > tr(A(V. ) H™®).

So it suffices to just analyze the regular part of the Hessian.
We first decompose, as usual,

(4.15) tr(A(Vepo) H8) = tr(H™®) + tr((A(Ve.) — 1) H™®).

The goal is to control the second term by positivity of the first. Noting that all
terms in 1., are harmonic except for log(1 + log |y|), we obtain

1
4.16) tr(H™® y:2§/ Ny —2)———— dz > cs————=p(y
(416) wtRW) =26 5, 10 P og @ 2 “TyPGog 2"
where
ply) == / ne(y — 2) dz.
R4\ B,
Note that
r 1 . 1
[H™2(y)| < p(y) sup [D*Yous(2)| < Cs—3ply) in |yl >1—e> .
B (y) |yl 2

Also in |y| > 3,

Ve (y)] < (1= p(y)) sup [Vin(2)| + p(y) sup [Vibour(2))
Bi(y) Bi(y)

1 1
< Cs(1—p(y)) + Ccmp(y) < Ogm.

Combining the previous two upper bounds and using (2.8)

1
(4.17) [tr((A(Vepe) = H™®)]| < C<2wﬂ(y)~
Combining the lower bound (4.16) and the above upper bound (4.17) into (4.15),
1 1
tr(A(Vy.)H™®) > cs {—Cg >0
VTP = o) | iog yl2 ~ TP

as long as ¢ is sufficiently small, and thus we conclude that 1. is a subsolution of
the interior PDE.

Lastly to check the Neumann subsolution condition, let y € OR% with |y| > 1—e.
Note that

1
/ Ne(y = 2)0y,Pout(2) dz = </ ey — 2) 7 (|2° = 223) dz.
R4\ By R4\ By |2

Here we used symmetry considerations to eliminate the other terms in Oy, %You:-
Then since |z| > 1 and |z4| < e < ¢|z| on the domain of integration,

1 1 1
ne(y — 2)—=(|2]* — 223 dzz/ Ne(y — 2)—= (1 = 26?) dz > c——=pl(y
Jo 0= A =258 02 [ty 2750 2% > o)
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since we chose € < % < % Therefore

1
Byuthe = (1— p(w))s + 5 / Dy — 2) e (22 — 223) dz
R4\ By |2

1
><[(1=p(y)) + ch(y)]
1
> cgw in aRi \ B1/s.
Yy

On the other hand it is straightforward to check that

1 1

|v/¢e‘ chm and so 1+‘V/¢a|2_1§0§2w-

Thus for ¢ sufficiently small we have 1 + 9,,%. > /1 + |V'¢.|?, and we can now
conclude.

O

4.2.3. Barriers for large defects: subsolutions in d > 3. To achieve a subsolution,
we will perturb the half-plane solution (z4)+ by putting a large sink term along a
line segment

Lp:={reR?:|2/|=0,—-R <24 < R}.

Namely we consider, for d > 3,

(1.18) onla)i= (w0~ [ o= yz-ddH1<y>)+.

It is straightforward to check that
or(x) = xq — 2R|z|>" 4+ O(jz|'"%) as {pr >0} 3>z — oo.

Lemma 4.7. For any o > 0 and d > 3, there are R, a, and z depending on o and
d such that ¢(x) := a " ¢r(ax + zeq) is a supersolution of (4.2).

Note that, although we can define a similar barrier in dimension d = 2 it does not
seem to satisfy the subsolution condition at the free boundary. The following proof
relies on the fact that the free boundary of ¢ is contained in x4 > 0, this cannot
be the case any longer in d = 2 since for any solution with nontrivial capacity the
free boundary will need to grow logarithmically into x4 < 0.

Proof. By construction the positive set does not contain Lg, and so ¢ is harmonic
in its positive set. Now we need to measure D¢ g on the free boundary I' := 9{¢r >
0} to conclude that this is a subsolution. Also note that, since ¢pr(z) < x4, the
closure of the positive set of ¢ is contained in {x4 > 0}, in particular 4 > 0 on
r.

Computing the derivative we find the formula

R
(4.19) Von(x) = eq+ (d— 2) [ ) |9;”;%@(1.

We claim that the e component of the integral above is positive on I'. This is clear
if x4 > R, while if 0 < 4 < R we use symmetry to cancel parts of the integral, as
in Figure 1, and thus we end up with

R 2£Ed7R
Td — Yd Td — Yd
/ yddyd = / yddyd > 0.
_rlr—yl -R lz =y
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¢pr >0

FiGure 1. Diagram showing the free boundary I' of the barrier
&R, the line Lr where the sources are placed, and the geometry of
the integral cancellation which leads to the subsolution property.

It follows that |[V¢r| > |0adr| > 1 on T.

We explain the remainder of the proof heuristically, and then proceed with the
rigorous details. We will look at the point zp = zeq € T' N {]z/| = 0}, which
is the highest point on the free boundary and where we expect that the slope is
most steep. We will use the implicit formula for the location of z to show that
z — Reyq as R — oo. Using the integral formula for Vg r(z) this will show that
|[Vér(z0)] = +o00 as R — +o0o. Then we can use continuity of the gradient and
hyperbolic rescaling to achieve a barrier with large gradient in a unit neighborhood
of the origin.

Now we make this precise. Let zg := ze4 € I'. There is a unique such point
since the previous arguments show that z — ¢r(zeq) has derivative at least 1 on
R < z < 400 and approaches —oo as z N\, R. Writing out the equation ¢ (zp) =0

R
z= / (2 = ya)* “dya-

-R
By computing the integral in the previous equation we arrive at the implicit formula

(4.20) L Jlog(1+:25) d=3
) (z—R)?*4—(2+R)*>? d>3.

We claim that z \y R as R — co. From (4.20) it follows that

—R _
(= R) < R? d=3
~1Ra3 d>3.

Now note the formula, following from (4.19)
" 1
(421) 8d¢R(ZO) =eq+ C(d — 2) /;R m dyd

Then it follows from (4.21) and 2z \, R that |Vér(20)| — +oc since f(a) = |a|t7¢
is not integrable near zero for d > 2.
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“elreg

FIGURE 2. Supersolution barrier construction. Zero level set of
¥, (x) for an r > ®(1) plotted with solid line, the level set passing
through —rey is also plotted with a dotted line.

Lastly, by choosing R sufficiently large and performing hyperbolic rescaling by

() := a ' pr(ax + zeq)
we can generate a subsolution with slope exceeding any particular desired threshold
on I' N B41(0).
O

4.2.4. Barriers for large defects: supersolutions. To create a supersolution barrier
we instead pull the half-plane solution outward via a positive source term in the
complement of the positivity set. Unlike the subsolution case before, this con-
struction does work in all dimensions d > 2. Let r > 0 be a free parameter and
define

UP(x) = xq + ®(x + (r + 1)eq)
where @ is the normalized Laplace fundamental solution in dimension d

—loglz| d=2 . x
d(x) := with V&(z) = ———.
(@) {digf d>3 M V@ ="rg
Notice that
0,0y (—rea) =0
The heuristic idea is to choose 7 so that —rey is (almost) on the free boundary and
so the gradient will be very small near —rey, then we can perform a hyperbolic
rescaling centered at —rey to get small gradient in B;. Note that in that case the
zero level set of ¢, has a saddle-type singularity at —re; so we want to perturb
slightly away from this scenario so that the free boundary is smooth.
We choose 7 > ®(1) so that

YO(—req) = —r + ®(1) < 0.
For this range of r, along x4-axis there are three free boundary points z% = s;eq,
1=0,1,2 with
sa< —(r+1)<s <-—-r<sy<0.
See Figure 2. The positive set {¢)? > 0} then has two connected components, §;

that contains the half space {z4 > 0} and has 2° on its boundary, and a bounded
component )y containing z' and z? on its boundary. Define

(4.22) br(x) = ¢)(2)1q, .

Lemma 4.8. For any o > 0 and d > 3, there are a > 0 and r > ®(1) such that
P(x) == a 1. (ax + speq) is a supersolution of (4.1).
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Proof. Let sg € (—r,0) as above and speq be the point on the intersection of
Q1 = 9{w, > 0} with the z4-axis. We claim that sgeq is the lowest point on the
free boundary, more precisely that

(4.23) xq > so for all x € 09Q;.

This is clear from Figure 2, and follows from the fact that ¥¥ (2, 24) is strictly
monotonically decreasing as |z’| increases for fixed z4.

Now let us show the supersolution property |Di,| < 1 on 9Q;. Let z € 99;.
Denote M (x) := |z + (r + 1)eq| and A(x) := x4+ r + 1. Note that (4.23) implies
that

A=zg+7r+1>sg+r+1>1 and also M:(A2+|m’|2)1/22142 1.
Now we can compute the slope
2
Dy (@)? = |ea — 5T,
=1-24AM~ % 4 M—2d=D
<1—2M~ @D 4 p2d=1
— (1 _ Ml*d)Q
<1.

This verifies the supersolution condition along the free boundary.

Note that as r \, (1) then | D, |(soeq) — 0. By continuity of the gradient and
hyperbolic rescaling 1 () := a~ !4, (ax+ soeq) we can ensure that supp, |Vo|* < 0.
Note that, following from the definition of 1?2, in d > 3

1-d 1

L7+O(|x|1_d) as {¢ >0} 3z — o0,

V(o) =t oot g

and in d = 2
Y(x) =g —a tloglx| +O(1) as {1 >0} 3>z — occ.

5. PINNED SOLUTIONS ON A SINGLE SITE IN d = 2

In this section we will analyze the pinning force of a single-site defect in d = 2
via a limit of finite domain approximations and we will prove Theorem 1.3.

More specifically, for R large to be sent to oo, we consider the pinning problem
in BR

Au=0 in {u>0}NBg(0)
(5.1) [Vu| =1+ gq(x) on 0{u > 0} N Br(0)
u(z) = (x4 + klogR); on dBr(0).

Intuitively speaking we think of pulling the free boundary through the defect by
slowly moving the boundary data via increasing (advancing case) or decreasing
(receding case) the parameter k. For a certain range of k there will exist solutions
that are pinned on the defect, i.e. their free boundary intersects the support of g,
and then past a certain critical value the free boundary jumps and the solution is
half-planar and does not see the defect. See Figure 3 for a simulation.
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FicUrE 3. Advancing free boundaries pinned on the defect, until
the critical value nfdv where there is a jump discontinuity in the k
parameter.

Our plan in this section is to first make a precise definition of this critical pinning
force k2, and k%, in B, and then prove a limit theorem as R — oo which includes
a classification of the R — oo limit in terms of the capacities of global proper

solutions.

Definition 5.1. Define uié}j’ to be the minimal supersolution of (5.1) above (x4 —
1)+. Define

(5.2) kB = sup{k: {u"f =0} N B (0) £ 0} > 0.

adv

Definition 5.2. Define u%;f to be the maximal subsolution of (5.1) below (z4+1).
Define

(5.3) kEi=inf{k: {uB >0} N B(0) # 0} <0.

Definition 5.3. Define

kadav :=sup {k : 3 a proper solution u of (4.1) with capacity k}
and

Erec := inf {k : 3 a proper solution u of (4.1) with capacity k}.

Naturally kaqv = 0 > ke since half-plane solutions whose free boundary avoids
the defect do exist.
Now we are ready to state our main convergence result.

Theorem 5.4. (i) The limits hold

: R : R
Rh_r}gO Kady = Kadv and Rh_{r;o Kroe = Krec-

(i) For everyk € [kyec, kadv) there exists a proper solution of (1.4) with capacity
k

This result immediately implies Theorem 1.3 and also has some additional, and
very useful information, about the behavior of the finite radius pinning problem
(5.1) as R — oo.
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Remark 5.5. Note that we have proved in Theorem 4.1 that k... > —oo. However,
we only know that k,q, < 400 under the assumption that max g is sufficiently small.
We do not know whether k,q, = 400 is actually possible, but the limit theorem
above holds regardless.

Also notice that we do not show existence of a proper solution of (1.4) with the
extremal capacity k,qy even when k,qy < 4+o0o. This has to do with the issue of
understanding when one-sided flat (from below) solutions are proper. The proof
shows that, when k,q, < +00, there is a solution of (1.4) with a growth lower bound
u(x) > (kaay log |x| — C)4 but it is not clear if this solution is proper.

5.1. Exterior solutions with a prescribed capacity. We first prove the follow-
ing Lemma, which we will use for a sliding barrier argument.

Lemma 5.6. There are kg > 0 and Cy > 1 universal so that for all |k| < kg there
exists ¢p, with ¢, = (x4)+ in By and solving the homogeneous Bernoulli problem
(2.2) in U = R?\ By, with the property

(5.4) |pr(x) — (g + klog|z|)| < Co for z € {¢p>0}NU.
Remark 5.7. Note that for |k1| > ko if we define Ry (k) := k/ko then
Or(z) == Ridy, (x/R1)
has the expansion
or(z) = xq + kloglz| + O(Ry) as {¢ >0} 52 — 0.

Sketch. The solutions can be constructed by solving the approximate problems

AR =0 in {6F > 0} N By \ B,
Vorl=1 on 0{¢}’ > 0} N Br\ B
o = (za)+ on 9B,

¢f = (x4 + klog|z|)+ on OBg

and sending R — oo. The barriers from Lemma 3.4 can be used via a comparison
argument to guarantee that the limit is nontrivial and has the desired capacity k.
The argument is similar to what we do below in the proof of Theorem 5.4. (|

5.2. Bounds on the finite radius pinned solutions. Preliminary to the proof of
Theorem 5.4 we establish several bounds on the solutions and extremal solutions of
the finite radius pinning problem (5.1). We will need upper and lower bounds on the
capacitory growth. The lower bounds use one-sided flatness and the barriers from
Lemma 5.6 along with a sliding argument. The upper bound is much more subtle,
and it is especially essential for the advancing case where it is quite challenging to
establish that solutions are proper from one-sided flatness from below due to the
possibility of two-plane-like solutions.

First we record some (almost) trivial maximum principle upper and lower bounds
on u and ukE. At the same time we show, closely related, one sided bounds on
proper global solutions of (1.4).

Lemma 5.8 (Maximum principle bounds). Let log R > 1.
(a) Assume that k% > 0. For any 0 < k < sl there is t, € [-1,1] so that

adv
(xq+t.)1 <ulF(2) < (za+klogR)y in Bg
]j’d}j from below at a point in d{u": > 0} N By.

and (xq + t«)+ touches u adv
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(b) Assume that ki, < 0. For any 0 > k > k& _ there is t. € [~1,1] so that
(xa + klog R)y <ul(2) < (za+t.)y in Br

and (xq +t.)y touches u%E from above at a point in O{u:F >0} N By.

(c) If u is a proper solution of (1.4) with capacity k > 0 (resp. k < 0) there is
t. € [—1,1] so that

(za+t.) ¢ <u(z) in R, (resp. u(z) < (v4+t.)1)

and (x4 + t)+ touches u from below (resp. above) at a point in O{u >
0} N By. In particular 8{u > 0} N By # 0.

Proof. The arguments in advancing and receding cases are almost symmetrical, so
we just consider the advancing case. The upper bound of part (a) follows since
(xq+ klog R) solves (5.1) and u:(’fj
of (5.1).

The touching from below in parts (b) and (c¢) both follow from a very similar
sliding comparison. We just present the global case (c). Slide (x4 +t)4+ from below
until it touches u from below:

is the Perron’s method minimal supersolution

te i=sup{t: (xq+t)+ < u(z)}.

Since u is proper and k > 0 the above supremum is on a nonempty set, and there
is a point 2* € O{u > 0} with z + ¢, = 0. If 2* ¢ By then Lemma B.2 part (ii)
then u(x) = x4 + t. in x4 + t. > 0 which contradicts u being proper with capacity
k> 0. Thus t, € [-1,1] and 2* € B;. O

Next we use a sliding argument with the exterior capacitory barriers from Lemma
5.6 to establish that ui’fj and uf;® have the expected capacitory behavior from

“below”, i.e. a lower bound on the growth away from zg4.

Lemma 5.9 (Capacitory “lower” bound). For k >0

(5.5) ufdlj(x) > xq+ klog|x| — C(k) in {ug(’fj > 0},
and for k <0
(5.6) ub B () < zg+ Ekloglz| + C(k) in {ufF > 0}.

Proof. The case k = 0 is already implied by Lemma 5.8. We just consider the case
k > 0 and prove (5.5), the argument to prove (5.6) in the case k < 0 is parallel.
Let k > 0 and let ¢, Ro(k), and Cy(k) be be from Lemma 5.6.

We perform a sliding comparison between v and 1 (z) := ¢p(z — (1 + t)eq)

adv

in Br(0), for R > 2max{ Ry, k} and for ¢t > 2Cy, to conclude that
(5.7) Py < u’;a}j in Bgr(0) for t=2Cj.
For all t > 0 we have, due to Lemma 5.8,
Up(@) > (ta— 1)+ > (va— 1= t)1 = Pu(x) on Br((1+t)ea).
Due to (5.4)
P(x) <zg— (1+1t)+klog|lr — (14 t)eq| +Co for x € {1p > 0} \ Br,((1+t)eq)
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Evaluating this on € dBg(0) N {¢y > 0}, for t > 2Cy, using the concavity of
logarithm and R > 2k > 0,

Yy(z) <zg+klog(R+1+1t)+Co— (1+1)
1
Sxd+klogR+kﬁ(1+t)+C’o—(1+t)

1
< wa+klog R+ Co— 5(1+1) < wa+ klog R = ufyi(a).

Hence sliding comparison in Bg(0) yields (5.7).
Now (5.5) follows by bounds of 12¢,. For |z| > 2(1 + 2C)), (5.4) yields

kR

Uady

(2) > a0y () > a + klog|z — (1+2Co)eq] — 1 — 2Co
> xq+ klog(Jz| — (1 4+ 2Cp)) — 1 —2Cy
> xq+ klog|z| — [klog2 + 1+ 2C))

Lastly recall that for 1 < |z| < 2(1 + 2C))

us(’fj(x) >xq—1>axq+ klog|z| — [1 4 klog2(1 + 2Cy)].

Hence we have shown (5.5). O

Last we show that the finite radius pinned solutions can be extended to global
supersolutions at the cost of a slight decrease in the capacitory growth. This is a
crucial step which allows us to show that the u’;é}j(x) behave like a proper solution
at all intermediate scales 1 < r < R.

Proposition 5.10. Let K > 1. For any § > 0 there is Ro(0, K) > 1 such that for
R > Ry and 0 < k < min{x% , K} then

k,R .
g B
(5.8) w:élj(a?) = Uade () z.n 5
(xqg+ (k—0)log|z| + dlog R); inR%\ Bg

is a supersolution of (1.4) in RY.
Proof. By Lemma 5.8 there is ¢, € [—1, 1] such that
Tg+te < ui&lj(x) <(xq+klogR); in Bg,

and x4 + t. touches u:dlj’ from below on its free boundary in Bj.

Let 79 from Lemma B.3 define r := n;*(klog R + 1). By Lemma B.3, applied
to i(x,t) = r~lu(r(z + t.)), we find that for any § > 0 there exists Ry(d, K)
sufficiently large so that for R > Ry

kR

Uady

() < (za+ gpor)y in B,
Then define a barrier
¥ (x) :=xq4+ (k—d)log|z| + dlog R — s.
By Lemma 4.4 ¢*(x), is a supersolution of (2.2) in R? \ B3 for 0 < s < §log R.
Note that
V¥ (x)y = (xg+ klogR —s)4 < uZ(’fj(x) on OBg.
On 0B,
V¥ (x) =xq+ (k—9)logr +dlog R — s.
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We compute, letting R larger if needed depending on K so that llggg; < 1 and

noT = 2,

logr
—0)1 1 > (1 — —=_)§1
(k—d)logr +dlog R > ( ogR)5 og R
1
1
= —8(nor — 1
2k5(7]07" )
"o
> 10
> 4K(5r
Souadv( ) < ¥*(x)4 on OB, for 0 <5 < ji&r.
Thus, for 0 < s < &7,
Ui (7) veB,
'ws(x) = mln{ws( )7 adv( )} xr e BR\B
s (@) r € R?\ Bg

is a supersolution of (1.4) in R?. By sending s — 0 and uniform stability Lemma
A 11 wo(z) is a supersolution of (1. 4) in R2.

Since ¢ > uadv on d(Br\B,), %Y is a supersolution of (2.2) in Bg\ B, and u:djf
is a minimal supersolution of (2.2) in Bg \ B;, we conclude that for 0 < s < clog R,

adv( )< ¢0( )+ in BR\BT.
Thus wad}j(x) = wo(z) in R? and so w:élj is a supersolution of (1.4) in R2. O

5.3. Limit of the finite radius pinning thresholds. Now we have the necessary
set-up to return to the proof of Theorem 5.4.

Proof of Theorem 5.4. We will establish the equation for the limit by proving an
upper bound for the limit supremum, and a lower bound for the limit infimum. We
will focus on the advancing case which has a major additional challenge since it
is trickier to establish that global solutions are proper in the flat from below case.
The differences in the receding case will be pointed out at the end of the proof.
Step 1. (liminfr_ KE > kaav) The case kagy = 0 is immediate so we can

adv =

assume that k.qv > 0. It will suffice to show that:

for any 0 < k < kaqy there is Ry (k) large so that for R > Ry,

59) {Uadv =0} N By #0 and therefore %, > k.

Notice that (5.9) implies that liminfr_ Hfdv >k for all 0 < k < kaqv and so
liminfg_ o Hfdv > Kadv-

Now we proceed to establish the claim (5.9). Let 0 < k < kagy. By Definition
5.3 there is k < ko < kaqy, and a proper solution u of (4.1) with capacity ko. By
Lemma 5.8 part (¢) we know the free boundary of u must touch the support of ¢,
ie. {u=0}NB; #0.

Now we compare v with uad Since u(z) > (zg—1)+, ¥(x) := mm{u,&dV (), u(x)}
is above (x4 — 1);. Moreover, since k < ko we can choose R; large such that for
R> Ry

u(z) > (xq + klog R)+ on 0Bg,
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and thus 1 is a supersolution of (5.1). Since u’;d}j (x) is the minimal supersolution
of (5.1) above (x4 — 1)+ so we conclude that uk R < ¢ < u. But this means that

{uadv—0}0313{u:0}ﬂ317é@.

Thus we proved (5.9) and therefore established liminfr_, ﬁfdv > kadv-
Step 2. (limsupg_,o 65, < kadv and existence of solutions with prescribed
capacity) Define ko := limsupp_, . k% . It will suffice to show that for every

0 < k < ks there is a proper solution of (1.4) with capacity k. We allow the
possibility that ks and/or k.qy are equal to +oco.

Let 0 < k < Koo. Let Rj — 00 along which k; := o

adv — £°°. Up to a further

subsequence we can assume that 0 < k < x; for all j. Then define u; := u:’dljj .
We will show that, up to taking a further subsequence, the u; converge to a global
proper solution u., with capacity k.

For compactness, note that, since 0 < k < Kadv there is at least one point
z; € {u; = 0} N B;. So the Lipschitz estimate Lemma A.9 implies that u;(z) <
Clz — zj| in R% By uniform Lipschitz continuity, Lemma A.9 again, along a
subsequence (not relabeled) the u; converge locally uniformly in R? to some wq,
and {us = 0} N By # (. Also recall that uj(x) > (4 — 1)+ 80 uso(z) > (¥g — 1)+
and SO U 1s one-sided flat and nontrivial.

By Lemma 5.9,

uj(z) > (zq + klog|z| — C)4+ in Bg.
Taking the limit of the lower bound
(5.10) Uoo () > (zq + klog|z| — C)4 in RY

Next we aim to establish a similar upper bound, in the advancing case — as
we currently consider — we need some kind of upper bound to obtain that u, is
proper. But, moreover, we want to show that us, has capacity exactly k£ so we need
a matching upper bound in any case. This is where we make use of Proposition
5.10. Let 6 := min{3 (ks — k),1}. Then the Proposition 5.10 and the definition
of Ko as the limit supremum imply that there is some R, > 1 sufficiently large,
depending on d > 0, k, and on the convergence rate to the limit supremum, so that
k+6< I{ddv and

8, Ry .
w(z) == u::{V * () in B,
(g + klog|z| +dlog Ry)+ in R?\ Bp,

is a supersolution of (1.4) in R%. Then for any j large enough that R; > R, we have
that w is a supersolution of (5.1) in Bg; and, since u; is the minimal supersolution
of that problem, we conclude that

uj(z) <w(x) in Bg, for all j large enough that R; > R..
Taking the limit we find

Uoo ()
Combined with the lower bound (5.
capacity exactly k.
Thus we have proved that limsupg_,. k5%, < kaay and also that, for every
k € (0,kaqyv), there exists a proper solution of (1.4) with capacity k, namely uq,
constructed above.

<w(z) in R
10)

this implies that u., is proper and has
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d

Remark 5.11. Note that when k,q, < -+o00 we could also construct a global
solution s of (1.4) with the same growth lower bound (5.10) exactly at k = kaqv,
but for the upper bound we do seem to need k < kaqv. If us were proper it
would indeed need to have capacity kaqv, by the lower bound of the growth and
the definition of k.q, as the maximal capacity, but we need the upper bound to
establish that us, is proper. In the receding case k& < 0 the upper bound, analogous
to (5.10)
Uoo () < (g + krec log |z| + C) 1

is sufficient to establish that the solution u, is proper with capacity koo < kpec, by
the extremal definition of k.. this implies that ko, = krec.

6. PINNED SOLUTIONS ON A SINGLE SITE IN d > 3

In this section we will analyzed the solution pinned on a single site in d > 3 and
prove Theorem 1.4. Namely we will show that there are a pair of laminations of
extremal solutions to (4.1). These two families will bound all the proper solutions
of (4.1) and will contain all the solutions with extremal values of the capacity.

In the two-dimensional case, since the capacity appears at higher order in the
asymptotic expansion, the solution with the extremal pinning force is the last one
visible as free boundary is pulled past the defect. The higher dimensional case is
a bit different, the oscillation of u(x) — x4 is bounded for all proper solutions and
different pinning forces may be viewed at different heights. At a technical level we
need to index the pinned solutions by the height s instead of the capacity k. This
leads us to use a different approximation procedure to construct the global pinned
solutions, based on solving half-space problems indexed by s instead of problems
in a large ball Bgr as in the two-dimensional case.

Below we use the notion of (weakly) extremal super/subsolutions in the sense of
Definition A.4 and Definition A.5.

Theorem 6.1. Let d > 3. There exist families of strongly maximal subsolutions
(Urec(; 8))ser and strongly minimal supersolutions (uaday(x;s))ser of (4.1) such
that the following holds:

(i) Both uadqy and ure. are monotone increasing with respect to s and satisfies

1 1
(61) uadv/rec(I; 5) = xd‘i’sfnadv/rec(s) |x\d—2 +O( |.’1?|d_1) as {u > 0} ST — o0.

Moreover, U 1S Tight continuous and u.gv(-;s) is left continuous with
respect to s. In particular, both maps have at most countably many jump
discontinuities.

(i) Let u be a proper solution of (4.1) with height s and capacity k. Then

Uadv (25 8) < u(x) < Upec(T;8) and Krec(s) < k < Kagy(s).
If, furthermore, u is minimal then
w(2) < Uaqv (x5 5+) and k > Kaqy(s+)
and if, instead, u is mazximal then

Upec(T;8—) < u(z) and k < Krec(s—).
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Note that by above theorem and Theorem 4.1, it follows that
Krec(8) = min{k : u is a proper solution of (4.1) with capacity k and height s},

and Kagy($) is the maximum of the same set. These quantities are important, as
they describe the profile of every plane-like pinning solution, pinned at location s.
The following theorem states the behavior of these profiles as the s varies.

Theorem 6.2. The capacity functions Kaqyrec(s) : R — R satisfy the following
properties:
(1) Kadv/rec are compactly supported.
(#1) Kady is left continuous and USC, and Kyec is right continuous and LSC.
(11) Kadv/rec have at most countably many jump discontinuities.

As usual we are just considering the proper solutions at direction ey, naturally
one can define the above laminations and capacities at every direction e € S9!
by rotating the defect. We discuss the continuity properties of Kady/rec(s;q) With
respect to ¢, and therefore also with respect to rotations, in Section 6.5.

6.1. Half-space approximation problem. In order to construct the laminations
of global solutions in Theorem 6.1 we need an approximation procedure by some
boundary value problems in subdomains of R%. It is convenient to use half-spaces of
the form {z4 < R} due to the good alignment with the expected planar asymptotic
xq+ s as |z'| = oco.

Fix s € R, let R > —s and consider the half-space problem

Aw =0 in {w > 0} N{zq < R}
(6.2) [Vw|=1+¢(z) ond{w >0}Nn{xg < R}
w=1xz4+ s on {z4 > R}
with the additional boundedness requirement
(6.3) sup |w(z) — (x4 + s)| < +o0.
{w>0}

Note that the condition w = x4+ s in {z4 > R} is essentially a Dirichlet condition
on {xq = R}, but we just find it convenient to extend the definition of w to all of
R? in a natural way.

We begin by pointing out a simple a-priori maximum principle bound. For any
w solving (6.2) and (6.3)

(6.4) (xg+sA (1)t <w(x) <(zg+sVI1)i.

This can be easily proved by sliding comparison, Lemma 2.1, similar to the proof
of Lemma 5.8.

In this section we show that solutions w of (6.2)-6.3 limit to (x4+s)4 as |2/| = oo
in a quantitative way which is uniform in R. This is preparation for taking the limit
R — o0 in the next section.

The proof of this quantitative asymptotics will be split into two lemmas. First,
in Lemma 6.3, we prove the qualitative limit as |2'| — oo via a compactness argu-
ment. Then, in Lemma 6.4 we can quantify the limit using barriers and using the
qualitative limiting behavior for the boundary ordering at tangential co.

Lemma 6.3. If w solves (6.2)- (6.3), then

lim sup |w(z) — (xq+ s)| = 0.
" {w>01\Br(0)
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Note that this qualitative result works in all dimensions d > 2.

Proof. Take s = 0, the general s € R case is the same. We will show that

liminf (w(z) —xz4) =0, limsup (w(x)—z4)=0.
{w>0}3z—00 {w>0}3z—00

Note that both limits are finite since w(x) — x4 is bounded. The two arguments
are similar, so we consider the limit infimum case. Suppose that

lim inf — = —e<0.
rominf  (w(z) = za) = —¢

Then there is a sequence zp € {w > 0} — oo so that w(zy) — (xx)g — —e. Let
x). be the projection of zj onto = - e = 0. Taking a further subsequence we can
assume that (zx)g — a € [¢, R], since w > 0 and so

a:= (xk)a = kli)ngo(w(mk) +e)>e

lim
k—o0
Define

wi(z) = w(z), + ).
Since the wy are uniformly Lipschitz, up to a subsequence, we can assume that
the wy converge locally uniformly to ws, which is also Lipschitz continuous. By
uniform stability of viscosity solutions, we, is a viscosity solution of the finite strip
problem without a defect

Aweo =0 in {w>0}N{zs < R}
(6.5) [Vwe| =1  on 0{w >0} N{zy < R}
Woo(z) =24 on {zq > R}.
Furthermore
Woo(0,a) —a+e=0 and woo(z) —24+e >0 in {we >0}

This is already a contradiction of strong maximum principle if (0,a) € {w > 0},
and if z4—¢€ touches we, from below at (0,a) € O{w > 0} then the strong maximum
principle Lemma B.2 also leads to a contradiction.

(I

Next we show a stronger, quantitative estimate for Lemma 6.3.

Lemma 6.4. Let d > 3. There exists C'(min g, maxq) > 1 such that, if w solves
(6.2) and (6.3) and R+ s > 0 then:

lw(z) — (xq+8)| < C(1+ |z + seq))> ¢ in {w >0}

Proof. We will use the sub and supersolution barriers constructed in Proposition
4.2. Let us just argue for the lower bound, since the upper bound is similar.
By Proposition 4.2 there exists ¢ a subsolution of (4.2) with ¢ = maxgq and
satisfying
() > g — C(d,maxq)(1 + |z|)>~¢ in {¢ > 0}.

By sliding comparison Lemma 2.1 ¢(z + tey) < w(zx) for t < s. Therefore
w(z) > d(x + seq) > (xq+s) — C(1 + |z + seq|)? %
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6.2. Construction of the lamination the whole space. Now we consider the
minimal supersolutions u%, (z;s) and maximal subsolutions uf_(z;s) of (6.2). Ex-
istence of these extremal solutions follows from Perron’s method, see Section A.4.

More precisely

ufdv(x; s) = inf  w(z) and uféc(x; s):= sup w(x)
weSH .. (s) weSE, (s)
where
sziper/sub(s) = {w € C(R?) : w satisfies (6.3) and is a super /subsolution of (6.2)}.

The plan is to take the limit R — oo for each s to construct a monotone family of
minimal supersolutions on the whole space with height indexed by s.

Lemma 6.5. For fived z, R the maps s — ull_ (x;s) and s — ully (z;s) are mono-

rec (
tone increasing.

Proof. Let —R < s < s’ then uf (z;s") Auf,, (x;s) is a supersolution of (6.2) and
so ult (x;8") Aully (z3s) > uly (x;s). Similar arguments show the monotonicity
of s+ ult (z;s). O

We will first fix s and send R — oo.

Ry,
Lemma 6.6. Let s € R and Ry — oo, there is a subsequence Ry, so that uu(fv’ (;9)

locally uniformly converges to a minimal supersolution w(-;s) of (4.1) in R? which
is proper and has height s.

Proof. By (6.4) and Lemma A.9, uf (-;s) are uniformly bounded and uniformly
Lipschitz continuous. Thus the subsequential convergence follows. Note that
w(z;s) = g+ s+ o0(1) in {w > 0} as ¢ — oo from Lemma 6.4. Moreover
(6.4)

(xg+sA (1) <w(x;s) < (zg+sV1).

Hence by Lemma A.11 and Lemma A.12, we conclude.

Now we define

(6.6) Uadv (23 8) := lim w(z;s’).

s' s
The limit exists due to monotonicity of v in s, the convergence is indeed uniform
in R™ due to Lemma 6.4.

Similarly we can define z := limg_,o uf (z; 5) and

(6.7) Urec (T3 8) 1= 1}{1 z(z; 8').

6.3. Properties of extremal solutions. Now we are ready to Theorem 6.1.

Proof. Part (i). We claim that u,q4y is a strongly minimal supersolution for each
s. If not, by Definition A.6, there is a global supersolution w < u,qy With w = Uaqy
outside of some ball B and w < u,qy somewhere.

By (6.6), there is s’ < s sufficiently close so that w.gv(zo;s") > w(xg) for some
Zo. On the other hand, uaqyv(x;8") = xg + 8" + 0(1) < waav(x;8) = xq + s+ 0(1) if
|z| > M for a sufficiently large M > |zg|. Since vg(:,s’) converges to v(, s) locally
uniformly, we conclude that vg(z, s") < vadav(z,s") = won || = M for a sufficiently
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large R and yet vg(xq,s’) > w(xzg). This contradicts the minimality of vz and thus
we can conclude. The left/right continuity is a direct consequence of (6.6)-(6.7).

Part (ii). Let u be a proper solution of (4.1) with height s and capacity k. First
we claim that

Uaav (7;8") < () if s <s.

Given s’ < s let r sufficiently large so that
U(JL‘) > uadv(z; Sl) on {uadv('; 5) > 0} \ B,.

Then minimality of u,gv(z; ") implies that uaay(z; ') < u(z) in B,.
Since uaqy(z;-) is left continuous in s we can conclude that

Uadv(2;8) < u(z) on R”
but this implies the ordering of the capacities since

Raae(s) = T [l 2[4 + 5) = taaw (zacas )

> lim |zg|*?[(va + 5) — u(zgeq)] = k.

Tq—r0o0

If, additionally, u(z) is weakly minimal, then arguing as above yields u(z) <
Uady (x5 8") for any s’ > s, and thus u(z) < uaqy(z; s+). Note that, due to uniform
convergence estimates from Lemma 6.4 and (6.4), uadv(z;s+) is itself a proper
solution of (4.1) with capacity Kagv(s+). Thus the same arguments as above show
that

k < Kadav(s+).

The arguments are similar for the bounds with respect to wyec-

6.4. Properties of the capacities. Here we prove Theorem 6.2.

Proof of Theorem 6.2. Part (i) follows immediately from the universal bound on
|s|] < Co(d, max|q|) for any proper solution with k # 0 which was proved already
in in Theorem 4.1.

Parts (ii) and (iii). By Theorem 4.1

Kadv/rec(s) = w}lgnoo |xd‘n_2[(md + 5) - uadv/rec(mded; 8)}
and the limit is uniform over s € R. Therefore faqy/rec(s) share the right/left
continuity properties of wady/rec(2;5) respectively. In particular Kaqy/rec(s) can
only have a jump discontinuity at a jump discontinuity of %ady /rec(; 5)-

Finally, we mention that the semi-continuity properties of k.qy and ke fol-
lows from those of u,qy and uyec: let us present the argument for u,... Note that
Urec(+; §—) 1= limy/ 5 Urec(-; §) limit exists and solves (4.1) with height s. Let k be
the capacity of urec(+; s—) and, by the same arguments as in the previous paragraph,

k= lim Krec(S).
i Firec(s)
So, since urec(+; s—) is another proper solution of (4.1) with height s, Theorem 6.2

implies that k < kpec(s) and we conclude that ke is USC.
O
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6.5. Continuity with respect to q. We finish this section with the continuity of
the capacities with respect to perturbation of q. We do not technically need this
anywhere in the present paper, but it is an important property nonetheless.

Let us denote k.4 /mc(~,q) as the capacity functions kaqy/rec With given defect
function ¢, and define

krec(q> = rilea]é( Krec(s; q)7 kadv(q) = rsnel]lr{l Kfadv(s; q)
Proposition 6.7 (Continuity). If ¢, € C.(B1) and g, — q uniformly then
lim /‘Eadv(s; Qn) - [Kzadv(sf; Q), ’iadv(5+; Q)]
n—oo

and
nli)ngo Eadv (Qn) = kadv(‘])~
The same statements hold for Krec and kiec.

Proof. Let uly, (x;s) be the monotone family of minimal supersolutions guaranteed
by Theorem 6.1 for the defect function ¢y, and u,q4y(z; s) the corresponding family
for ¢. By Lemma A.9 the functions u]y (-,s) are uniformly Lipschitz continuous
in s and n. Fix s € R and choose a subsequence so that uly (-;s) and &7y, (s)
converge uniformly to u®(-; s) and k*(s).

By Lemma A.11, u®(+; s) solves (4.1) and is (weakly) minimal. By Theorem 4.1
the convergence rates in the asymptotic expansion at oo are uniform in n, and so

we can interchange limits and find
u®(x;8) = x4+ 5 — £°(8)|z)* 4+ Oz~ as {u>0} >z — 0.
Since Uy, is minimal, Theorem 6.1 part (ii) implies that
Uadv (T3 5—) < Uoo (2} 8) < Unav(w; 54)
and
Kadv(s+) < £7(8) < Kaav(s—).
In particular (u®(+;$), k() = (Uaav(*;$), Kadv(s)) at every continuity point of

the latter. Now Theorem 6.2 yields that

kaav(q) = Kadv(sx) = 5,1% HadV(S/) = 5,1% “00(5/7)

where the first and last equality is due to the left continuity of k.4, and the fact
that Kaqv(s') = k> (s") except at countably many values. O

7. PINNED SLOPES IN A PERIODIC MEDIUM

In this section we outline the proof of Theorem 1.1, and provide necessary in-
gredients to prepare for Section 8 and Section 9, where the proof will be carried
out.

7.1. Outline of the proof of Theorem 1.1. The proof of Theorem 1.1 is divided
into two parts, the lower bound away from 1 and the upper bound away from 1,
respectively: the lower bounds

. S —1 _ 1= _
(7.1) 11gr1_)1(r)1f%‘2+12|§| Yeadvs h(rsn_}(r)lfﬁZ—m Yeree
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and the upper bounds

4 5

1 1
7.2 limsup 22— < €| kaqy, limsup ——2¢ < —|€|"  epee.
( ) 5 Op 5d71 —|£| ad 5 Op 5d71 — |§| eC

Both of these bounds rely on a certain cell problem (7.7), to be introduced in
Section 7.4.

In Section 8, we establish (7.1). For this it suffices to construct a plane-like
supersolution with slope «. Such a barrier will be constructed in Lemma 8.3, by
patching together an outer solution, based on w from (7.7), with an inner solution
near the defect based on one of the single site profiles constructed in Section 6.

In Section 9 we proceed to (7.2): Here we show that the barrier constructed
above is essentially optimal. This is naturally a more difficult direction, and will
be the content of Section 9.2 - 9.5. Due to the characterization of the pinning in-
terval endpoints in Theorem 7.3 from [22], there is a plane-like solution us of (7.5)
achieving the maximal macroscopic slope Qa.qv and satisfying the strong Birkhoff
property (see Definition 7.2 below). We will show that us matches the profile of
our barrier away from the defects, which amounts to Theorem 1.5. An important
ingredient in achieving this is the asymptotic decomposition of us via the semiper-
meable membrane cell problem (7.9), based on refined compactness properties of u;
using its periodicity and near-defect behavior understood from earlier sections. The
uniqueness / rigidity properties of (7.9) then allow us to compute the asymptotic
upper bound.

7.2. Rotation to e = ¢4 case. As usual in this paper, we will normalize the
problem to reduce to the direction e = e4, paying attention to the fact that the
periodicity lattice is now rotated as well. We use the fact that e = /|| is rational
and ¢ € Z% is irreducible to explain the structure of the rotated lattice, especially
the intersection of the lattice with the plane aRi.

For v € R?, denote v+ to be the linear subspace orthogonal to v. For ¢ € Z%,
irreducible, the lattice Z¢ N ¢+ is (d — 1)-dimensional. The area of the unit period
cell of this lattice is |{]. We will now perform a rotation O sending e to e4. This
also rotates the underlying periodicity lattice to OZ? We define

Z2:=0(2'n¢) C {zg =0} = ORY.

Note that Z is a (d — 1)-dimensional integer lattice. Take a basis of successive
minima for Z, i.e.

¢; € argmin{|¢| : ¢ € Z\span(q,...,{j—1)}

Let Oz C {x4g = 0} be the fundamental domain / parallelopiped of the lattice Z
centered at 0 € Z corresponding to the basis of successive minima. The volume of
the fundamental domain is (independent of the choice of basis actually)

(7.3) IDz| = ¢].
We also denote
(7.4) 2% =0z x [-1,1] and @7 :=ra@”.

These fattened cells are convenient since the lattice translations (almost) disjointly
cover the channel region {|z4| < 1}. Finally we note that there is some po(¢) > 0
so that B,,(0) C @Jz. In d = 2 the lattice Z is generated by ¢+ = (&2, —&1) so we
can take po = [£]|/2 > 1/2 in that case.
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7.3. Pinning interval in periodic homogenization. In this section we collect
some known results on pinning interval and plane-like solutions for the Bernoulli
free boundary problem in periodic media:

{AuzO in {u >0}

(7.5) |Vu| = Q(x) on o{u > 0},

where Q(z) > 0 is Z?-periodic and continuous.
Definition 7.1. Given e € S?~! we define the mazimal pinned slope
Q*(e) := sup{a : 3 a supersolution u € C(R%R,) of (7.5) with u(z) > a(e-x),}
and the minimal pinned slope
Q«(e) := inf{a : 3 a nontrivial subsolution u € C(R%; Ry) of (7.5) with u(z) < a(e-2),}.
The pinning interval is the interval
1(¢) = [Q+(e), Q° ().
Note that Q.(e; @), Q*(e; @), and I(e; Q) depend implicitly on the periodic field
Q(z), but we usually hide the dependence.
It is straightforward to check that
0 <min@ < Qu(e) < Q" (e) < maxQ < +oo.

Next we define the Birkhoff property which is an analogue of periodicity in this
context.

Definition 7.2. u satisfies the Birkhoff property in direction e if
u(z + k) >u(z) forall keZst. k-e>0.
u satisfies the strong Birkhoff property if the same holds for all k € Z¢ with k-e > 0.

In particular any uw with the strong Birkhoff property are periodic with respect
to tangential lattice translations (if there are any such).

We quote a result now summarizing several of the results in [22] on the pinning
interval and the existence of corresponding plane-like solutions of (7.5).

Theorem 7.3 ([22]). The following hold:

(a) (Energy minimizing slope) For all e € S*1 we have (Q?)'/? € I(e).

(b) (Ezistence of plane-like solutions in the pinning interval) For any o € I(e)
there exists a solution u of (7.5) satisfying the strong Birkhoff property in
direction e, and satisfying the flatness condition

(7.6) afz-e—C)p <ulz)<afzr-e+C)y

and C' > 0 depends only on d, min Q) and max Q. Such solutions are called
plane-like solutions. Furthermore if a« = Q*(e) then u can be taken to
be a minimal supersolution, if & = Q«(e) then u can be taken to be a
mazimal subsolution, and if a = <Q2>1/2 then w can be taken to be an
energy minimaizer.
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7.4. A cell problem of semi-permeable boundaries. In this section we de-
scribe a certain cell problem, related to the homogenization theory of perforated
domains, for example see [36] and many others. The solutions of this problem de-
scribe the asymptotic behavior of (1.1) between the defects. The main issue we
want to clarify is the relation between integral solutions and pointwise solutions.
The former characterization is preferable for computing the asymptotic slope, while
the latter is easier to relate to the viscosity solutions of (1.1).

Recall that we will work in a normalized setting, with the inward normal vector
e = eq and a (d — 1)-dimensional integer lattice Z C 8Ri. Consider the semiper-
meable boundary cell problem

— o TRd
(7.7) { Aw=0 in R+,d
Oggw=1—3 zc:d, onJdRY,
with
(7.8) (Op,w(-yq)) =0 for all z4 > 0.
Here ¢, denotes the Dirac mass at z. For now this PDE boundary value problem
should be interpreted in the weak divergence form sense. Note that ¢, := |Jz| is a

unique constant for which (7.7)-(7.8) are solvable: since (9,,w(-,24))" is indepen-
dent of z4 by Lemma C.1, formally the existence of a solution to (7.7)-(7.8) requires
that )
0={(1- 6,y =1— ——¢, ie. ¢, =0z = €]
The formal argument can be made rigorous for variational weak solutions of (7.7)
using a standard test function choice. Note that w is also just a modified Green’s
function for a periodic problem for the half-Laplacian.
The pointwise formulation of (7.7) and (7.8) is

Aw=0 in Ri,
79 Op,w =1 on ORY \ Z
(7.9) lim, ., ®(z — 2) " tw(z) = ,Yidc* for z € Z,
(Op w(y2q)) =0 for z4 > 0.

where ® denotes the, un-normalized, upward pointing fundamental solution

—log|z| d=2
7.10 (0] =

and the normalizing constant 4 is
(7.11) Y2 =7 and g = £(d — 2)|0B1] in d > 3.

The following lemma explains the relation between distributional and pointwise
notions and has some useful information about removing singularities.

Lemma 7.4. Suppose that w € C’(Bif'\ {0}) solves, for some A < B,

Aw=0 in By
Op,w=0 on (ORY N By)\ {0}
limsup w(z)/®(z) < B

z—0

liminf w(z)/®(x) > A.
z—0
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Then, calling h to be the harmonic function in By which is equal to w on 0B
(extended to the lower half sphere by even reflection),

(7.12) w(z) = c(P(x) — P(eq)) + h(x) for some A < ¢ < B.
Furthermore w solves, in the standard distributional weak sense,

Aw =0 in B
Oz, w = —7y4cdy 0N 8Ri N Bj.

Proof. We give a quick sketch of this classical result. By even reflection we can
suppose that w is harmonic in By \ {0} with the same bounds. Then there is
A < k < B such that lim,_,ow(x)/®(z) = k. This can be proved via a Kelvin
transform argument similar to the proof of Theorem 3.2. Then let h(z) := w(z) —
k(®(z)—®(eq)). Then h(x) = w(x) on dB;. Note that lim|, o h(x)/®(x) = 0, thus
standard removable singularity arguments show that h is harmonic in B;. Then
we conclude by using the distributional derivatives of ®, noting that A® = —2~,4d
and the factor of % arises from integrating over an upper half sphere instead of the
full sphere.

(I

One useful consequence of the previous Lemma is the local decomposition /
extension for solutions of (7.9) and (7.8):
(7.13) w(z) = 7140*@(96) + x4+ h(x) in @32/2 NRE
with A a bounded harmonic function in @SZ , which is even symmetric with respect

to g — —x4. Since the right hand side naturally extends to the lower half cube
622 NR?% we can also view that as an extension of the left hand side.

Theorem 7.5. There exists a Z-periodic solution w of (7.9) if and only if ¢, =
|Oz|. Furthermore any two solutions of (7.9) which are bounded on {xq > 1} differ
by a constant.

Proof. We omit the proof of existence: the existence of modified Green’s functions
for elliptic problems on compact manifolds is classical, see for example [4, Section
2.3]. Alternatively we direct to the constructions in Theorem 1.6 and Corollary
10.2, which provide an existence proof.

If w solves (7.9) then Lemma 7.4 implies that w is a variational weak solution of
(7.7)-(7.8) and then Lemma C.1 implies that ¢, = |[Oz| = |].

Finally we discuss uniqueness, suppose that wp and w; both solve (7.9) and (7.8).
Let h(y) := w1 (y) — wo(y). Since h is harmonic in RY with zero Neumann data on
aRi \ Z we can extend h by even reflection to be harmonic on R\ Z.

Due to the asymptotic condition at the holes

lim 7h(y)

P p =0 for each z € Z,

a standard removable singularity result for harmonic functions implies that h is an
entire harmonic function. Since h is Z-periodic and bounded on |z4| > 1, it is also
bounded on |z4| < 1 by maximum principle, and so by Liouville it is constant. O
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8. ASYMPTOTIC LOWER BOUND

In this section we create periodic sub and supersolution barriers for the full
problem (1.1), by taking a solutions of the single-site problem and patching them
with a solution of (7.7) As a corollary we will obtain the asymptotic lower bounds:

Proposition 8.1. Let & € Z4¢ irreducible and e = £/|¢| then

. g e) — 1 _ _ . 1— Qfec e - -
gl—%% > kaav(€)|€] 710971 and %1_%5(1771() > reo(e) €] 1691

To construct our patched barrier, first we discuss the outer solution, namely the
part of the barrier away from the defects, based on (7.7). This will be based on a
translation of the profile

(8.1) Wout () := (1 4+ 0a)xq + 7407 |€]  k[2g — w(z)].
Here 0 € {—1,+1}, a > 0, and k € R are parameters to be adjusted, and w is the
unique Z-periodic solution of (7.9) normalized by ming: w = 0, see Theorem 7.5.
Lemma 8.2. Let Wyyt be given by (8.1) with 0 < a < 1/2, and suppose that for
some r € [0,1/2] and for a sufficiently large Co = Cy(d, Z) we have
(8.2) Cok?(8/r)24=Dpd=20 (1) < q.
(i) If 0 = —1 then Woy is a supersolution of (2.2) in R4\ U.czB,.(2), i.e.,
\V@Dout(x)F <1 on H{Wour > 0} \ UsezBr(2).
(ii) If 0 = 1 then Woys is a subsolution of (2.2) in R4\ U.czB,(z), i.e.,
|Vbou:(2)|> > 1 on 0{ous > 0} \ UsezBr(2).

Proof. By periodicity it suffices to show the result in £2°. First we estimate the
location of the free boundary. Denoting 3 := (1 + ca), For € 0{wW,y: > 0} N B2
we have

0= wout(x) = ﬂxd + 6d71|£|71k[zd - w(x)]
(7.9) and Lemma 7.4 yields that
0= Baq + 671 E| " k[ €)@ (2) + O(1)].

Since we are in the unit cell we can bound the O(1) term by |z|>~% up to a constant
multiple depending on the unit cell diameter. Rearranging the previous displayed
equation, and using that || > 1/2, then gives

(8.3) |za| < C6 k®(2) for xq € I{Wour > 0} N (27 \ B,(0)).

On the same set we can use the expansion from (7.13) to write

Vibu () = feq — 6k [V® - xq + Vh(z)] in &®.

Here h is a harmonic function in @32/2 which is even with respect to x4 and so
(8.4) |Vh(z) - eq] < Clzg| in D%
Now we compute the gradient along 9{wWu,: > 0} via
(8.5)  |Vibou ()| = B2 — 28091k [VB(2) + Vh(z)] - e + O (k26241 p2(1=d)y,
Using (8.4) we can bound

1 Ta| .
| [V®(x) + Vh(z)] - eq| < C’|xd|(w +1)< C’:Idcl' in 69°.
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Due to (8.3), on x € d{Wyys > 0} NEBZ \ B,.(0),
128697k [V®(2) + Vh(z)] - eq| < CE26* D=0 (r).

This is of the same order as the quadratic term in (8.5), except in d = 2 where it
is larger by a factor of logr.
So, in the case ¢ = —1 and thus 8 = (1 — ), using that 82 < 8 for a < 1/2,

(Vi ()2 < 1—a4Ck2624= D=0 (1) <1 for z € 8o > 0}N (7 \ B,(0))

where the right-most inequality is from (8.2). By Z-periodicity we derive the super-
solution property on the entire R? \ U,czB,(z). The argument in the case o = +1
is even easier since the quadratic error term is positive and (1 + a)? > 1 + 2« for
all « > 0.

O

Next we show that any proper solution of (1.4) in R%\ B; with capacity k can
be patched together with an appropriate outer solution to create a global periodic
sub- or supersolution with the desired asymptotic slope.

Lemma 8.3. Suppose that wy, is a solution of (1.4) in RY, for example as con-
structed in Sections 5 or 6, satisfying the expansion, in d > 3,

Win(z) = x4+ 5 — k|lz[>" T+ O(|z|*™ %) as {wi, > 0} >z — oo,
orind=2
Win(x) = zq + klog|z| +O(1) as {wi >0} 3>z — .

Then for any € > 0 and 6 > 0 sufficiently small depending on € there is a super-
solution (resp. subsolution) wpe,(x) of (1.1) which is Z-periodic with asymptotic
slope at least 1+ yq|€| 7 (k — €)697 Y (resp. at most 1+ ~v4|¢|7H(k + £)541).

Proof. We will only present the construction of the supersolution wye,, the subso-
lution construction is parallel.

Let 0 < ¢ < 1. For the outer solution, we use a translated version of w,,; from
(8.1) with o = —1:

Wout () :=(1 — a)(xzq + I(s + sa))
+ 746|716 (ke — ) [zq + 6(5 + sa) — w(z + 5(s + sa)eq)].

Here the constants 0 < a < 1, sa € R, and also s (only free in d = 2), are to be
chosen later in the proof.
Next for A > 2, another constant to be chosen later, define

(8.6)

Swin (67 (z — 2)) |z — 2| < %7 for some z € Z,
Wper () := { min{0w;, (671 (z — 2)), woue(z)}  §7 < |z — 2| < Ar for some z € Z,
Wout (7) dist(z, Z) > Ar.

Here » = 7(A) is chosen sufficiently small so that § < r/A and Ar < 1 so that
B, C @13/2. ‘We now choose

o = A2 (§/p)Hd=Dpd=25 (1)

to enable Lemma 8.2 in the region dist(z, Z) > A~ 1r.
To show wp., is a supersolution, the goal is to obtain

(8.7) Wout () < Swin (67 1z) on x € dBA,(0),
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and

(8.8) Wout () > dwin (67 '2) on x € 8B%T(O).

(8.7)-(8.8) yields that wpe, is a supersolution in Oz x R, and we can conclude using
the Z-periodicity of weqs-

For d = 2, for patching purposes, we compare the expansions of inner and outer
solutions on |z| = p:

Swin (07 x) = 24 + kd log g +0(9)
and

Wout () = (1 — ) [xa + 0(s + sa)] + 0(k — )[log p + O(1)].
So, choosing s := —kd 1og% for the second equation,

1
Wout () — 6win (6 1x) =6 | —clog p+ sa + s + ké log 5 + O(ap +9)
=0 [—elogp+sal+ O(ap +9)
=: A(p) + E(p).
So if we can choose parameters so that
(8.9) A(Ar) <0, A(r/A) > 0, and |E(p)| < |A(p)| for pe {r/A,Ar},

then we will achieve (8.7) and (8.8).
Let us now choose

(8.10) sa:=clogr and r:=cA™h
With these choices
A(p) = belog %, A(r/A) = 6clog A > 0 and A(Ar) = —éelog A < 0.

Moreover, o = C'A*5? log% and
[E(p)| < Clap+6) < C1(A%* +6).

So for any € > 0 we can choose A sufficiently large so that elog A > 2C; and then
for ¢ sufficiently small |E(p)| < |A(p)| for p € {R/A, Ar}.
Lastly, recall that from (7.13) the asymptotic slope of this supersolution will be

(8.11) Oy Wper () — 14 (yalé| 7 (k — &) — )d%™ ! as 24 — +oo,

and since &« — 0 as 6 — 0, by its choice in (8.10), we can choose & smaller if
necessary so that the asymptotic slope is at least 14 y4|¢| 1 (k — 2¢)d9~ 1,
For d > 3, we take A = 2, and as before compare the expansions on |z| = p:

Swin (67 2) = 24 + 85 + k61 p* 4 4+ O(5%p" )
and
Wout(7) = (1 — @) [2q + 6(s + 5a)] + 097 (k —&)[-p* "+ O(1 + 6p' ™).
So, still evaluating on |z| = p,
Wout () — Swin (57 12) = 6 [£(6/p)* % + 5a] + Oap + 61 + 6"
=: A(p) + E(p).
As in the d = 2 case it will suffice to show
(8.12) A(2r) <0, A(r/2) >0, and |E(p)| < |A(p)| for pe{r/2,2r},
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then we will achieve (8.7) and (8.8).
Let us now choose sa := —&(6/7)%~2 so that

Alp) = 6971 | s — 2]

and
A(r/2) = (2472 = 1)ed? 19274 > 0 and A(2r) = —(1 — 227 Desd 1274 < 0.

Indeed we have

min{|A(r/2)],|A(r)|} > c1e691r274
and the error term bound

|B| < C(6! + ar + 54! ~7)
(8.13) < O+ (8/r)2 U 4 5017

= Cod® M (1 4 64713720 4 g1,

Now choose r sufficiently small so that ¢,er?~% > 2C5, and then choose § sufficiently

small so that Cy(69~ 13724 4 §r1=d) < Cy. We then achieve (8.12) to conclude.
[

Proof of Proposition 8.1. By Theorem 5.4 (in d = 2) or Theorem 6.1 (in d > 3),
for any £ > 0 there is a proper solution w;, of (1.4) with capacity k > kaqv(e) — €.
Lemma 8.3 in turn delivers, for all sufficiently small 6 > 0, a Z-periodic supersolu-
tion wper(x) of (1.1) with asymptotic slope at least 1 + v4]¢| 71 (k — &)=L, Then,
by the definition of Q% (e) in Definition 7.1, we have

Qadv( ) > 1+’yd|£| 1( adv( )_ 25)5d71.

Rearranging, taking first the limit § — 0, and then € — 0 gives the desired bound
for Q°,.(e). The bound of Q2. (e) is proved symmetrically with the subsolution
counterpart of wpey. O

9. ASYMPTOTIC UPPER BOUND

Now we complete the proof of Theorem 1.1 by showing the upper bound part
(7.2) of the asymptotic expansion.

Proposition 9.1. Let & € Z¢ irreducible and e = £/|¢| then

. Qg v(e) -1 — S 1 - fec(e> -
lll(fsﬂj(lilpdtsdiil < €] haqv(e) and h?i)l(l)lfT < — €] ke (€).

Along the route to prove this Proposition we will also prove Theorem 1.6.

9.1. Set-up and normalization. Throughout this section us will denote a strong
Birkhoff plane-like solution of (1.1) with asymptotic slope @ = as = 1 4+ us €
(@2, Q%4.]. The existence of such solutions is guaranteed by Theorem 7.3 part
(b) with Q(z) = Qs(x) = 1+ > ..z q(*5%). In particular, due to (7.6), there a
constant C(d, q) independent of § and £ such that

(9-1) (14 ps)(za = C)y < us() < (1+ ps)(wa + CO)y-

We will denote
Qs = {U5 > 0}.
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Remark 9.2. For most of this section we do not need to assume that 1+ us is one
of the extremal slopes, however we will assume that ps # 0. As we will see, this is
sufficient to prove Proposition 9.1 and Theorem 1.6.

Define
sy i=1inf{s:us(x) < (1 + ps)(za+s)+} and
sy r=sup{s: (1+ ps)(za + s)4 < us(x)}.
Since us are plane-like in the sense of (7.6), s(si are well-defined finite values,
bounded independent of §. One can also check that (1 + ps)(zq + sF)4 must
touch us from above/below at the free boundary 9€2s: by maximum principle and

periodicity it remains to rule out infimum occurring only at x4 = oo, which would
contradict the definition of sfst by Harnack inequality.

(9.2)

Lemma 9.3. Let ug, s and 85i as given above. If us > 0 (resp. ps < 0) then, up
to a lattice translation,

(9.3) —0 < s5 (resp. sf <3) and 0Q5 N Bs(0) # 0.

Proof. We will prove for us > 0: the other is symmetric. Since ps > 0 we have
(g + 55 )+ < (1 + ps)(xqg + s5 )+, so (xq + sz )+ touches us from below at the
same free boundary point where (1 + ps5)(zq + s5 )4+ touches from below. By a
lattice translation we can assume that this touching point is in [—~1/2,1/2)4. If

the touching point is not in Bgs(0) then the strong maximum principle Lemma B.2
implies that us = (x4 + s3 )+ , contradicting (9.1). O

Remark 9.4. Since we have assumed that p5 # 0 the hypothesis of Lemma 9.3 is
satisfied. So, for the remainder of the section we will assume that wus is properly
translated so that (9.3) holds.

9.2. Initial o5(1)-flatness. Our first result constraints the defect sites intersecting
O{us > 0} to only those os(1)-close to {x4 = 0} — recalling that we have normalized
by a lattice translation so that (9.3) holds.

Lemma 9.5. Let us be a sequence of strong Birkhoff solutions satisfying the hy-
potheses described in Section 9.1. Then us — 0 and 35i —0asd —0.

Proof. Due to Lemma A.9, us are uniformly Lipschitz continuous. Every subse-
quence of § — 0 has a further subsequence (not re-labeled) so that us converges
locally uniformly to some Z-periodic w, ps — po as 6 — 0, and also us has a fixed
sign along this subsequence. To conclude, it is enough to show that s, sf;t — 0
along every such subsequence. To show this we claim:

(9.4) w solves the homogeneous Bernoulli problem (2.2).

Let us postpone the proof of (9.4) for now and complete the proof of the Lemma.
We will argue for the case ps > 0 and po > 0: the other case is similar. Taking
the limit of (9.1) and (9.3)

(9.5) (1+ po)(za)s < w(z) < (1 + po)(zq + C); and 0 € d{w > 0}.

If o > 0 then, by (9.5), the strict subsolution (1+ o) (xq)+ touches w from below at
0, contradicting (9.4). Thus uo = 0. Then applying the strong maximum principle
Lemma B.2 part (iii) we conclude that w(x) = (x4) 4. Since us > 0 we already know
that s; — 0, thus it remains to show that s{ — 0. Recall that (14 us)(za + s )+
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touches us from above at some x5 € 9Q5 N Bo(0). Then x5 is an outer-regular
point, so non-degeneracy at outer regular free boundary points (Lemma A.10 (v)),
and local uniform convergence of us(z) — (zq)+ implies that s — 0.

We conclude that ps — 0 and sf;t — 0 along the full sequence.

Now we proceed to prove (9.4): we only need to check the free boundary condi-
tion. We argue for the supersolution condition: the other case is parallel. Consider
a test function ¢ touching w strictly from below at zy € d{w > 0} with Ap(zo) > 0.
The only interesting case is when z¢ € Z¢, so we may assume that 2o = 0. Then
there is a sequence x5 — 0 and ¢5 — 0 so that ¢(x) + ¢s touches us from below at
xs. Since Ap(xs) > 0, x5 € 0Qs and ¢s = —p(x5). We can conclude now except
when x5 € Bs(0) for all § > 0. In this case consider the blow-up sequences

1 - 1
ws(y) = 5(o(as +0y) — plzs)) and ws(y) = sus(zs + 0y)
with ¢ touching ws from below at 0 € d{iws > 0}. As § — 0, since ¢ is C?,

es5(y) = V(0) - y.

Along a further subsequence, we may assume that zs/6 — 7 € B;(0) and ws
converges locally uniformly to w solving the single-site problem

Aw =0 in {w >0} with |Vo|=Q(T+y).
Finally, since @5 < s, we find that
Ws(y) = Ve(0) - y.
If [Vp(zg)] < 1 we are done, while if |[V(xg)| > 1 then @ is one-sided flat in the
sense of (2.4):

w(y) = (Vep(wo) - y)+ = (e-y)4 with e:= %'

Hence Proposition 2.2 applies and we know the blow-down is of the form

1
1Lm ;u?(ry) = (e-y)4+ locally uniformly in y-e > 0.
but )
(Ve(xo) - y)+ < lim —w(ry) =(e-y)+ in y-e>0

r—o00 T
and so |V(zg)| < 1.

Remark 9.6. From Theorem 7.3 part (b) we can derive at this point:

lim Q%y, = lim Q% = 1.

él_I)I(l) Qadv 51—% Qrec
9.3. Refined flatness and fundamental solution bounds in d = 2. Next we
improve the flatness in Lemma 9.5 to the optimal scale O(|us| + 0) and establish

the asymptotic behavior of us near the holes. The proof for d = 2 will be presented
here, and the next section will address d > 3.

Proposition 9.7. Let d = 2 and let us and ps be as given in Section 9.1. Then
there is s = O(|us| + 0) — 0 so that if we define

wa@) = 3[4 15) za + ) — us (@),
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then in the case ps > 0
0 < ws(x) §/€715 (logﬁ)Jr—i—C(l—&—“T‘s) for x € (Oz x R)NQy,

adv

and, in the case pus <0,

0> ws(z) Zméc(logﬁ)_,_fC(le%) forz € (Oz x R) N Qs.
Recall that K’fdv/rec satisfies, by Theorem 5.4, imp_, oo Hfdv/rec = Kadv/rec-

We start with a Lemma to establish O(|us| + 0) flatness away from the defects.

Lemma 9.8. Under the hypotheses of Proposition 9.7, if us > 0 then
(96) 0= (1+ps)(za+sy) —us(x) < CO+ps) on Qs\UsezBiya(2),
where C' > 1 is some constant. A symmetrical result holds if pus < 0 with s .
Proof. Let’s assume that us > 0, the case us < 0 is analogous. By Lemma 9.3,

(9.7) (1 + ps)(xa — 8) < us(z) < (1+ ps)(za+ s5),

which, in particular, yields the lower bound in (9.6). By the discussion from Section
9.1 (see the paragraph above Lemma 9.3) there is 2° € 95 N 62% (see notation
defined in (7.4)) with 24 + sf = 0. For the remainder of the proof we denote

S§ — S;:
Recall &7 := r@p?.
(9.8) S:= max (us(x) — zq).
ZNNs
Since 2° € 905 N &* and us(z°) =0,
(9.9) S > us(2?) — 2% = —29 = s5.

Note that (x4+S5) touches us from above in G2° N§2s at o', where the maximum
in (9.9) is achieved. Since u;s(z)—z,4 is harmonic in Q5NEZZ, either (i) 2! € EBZNINs
or (ii) zt € Qs N OG>

First suppose (i). Then (z4 + S)4+ touches us from above at x! in an open
neighborhood. If ! ¢ Bs(0) then Lemma B.2 implies us(x) = (24 + S)4 which
contradicts ps > 0. If 2 € Bs(0) N 9Qs then S < 4. Due to (9.9) s5 = —a9 < 4.
Since(9.7) yields (1 + ps)zg — us(x) < C§ in Q5, we conclude (9.6) in case of (i).

It remains now to consider the case (ii). We will aim to apply Harnack inequality,
Corollary 2.8, in an annular domain @32/2 \ By/s. Note

_max (us(z) —xq) < _max (us(x) — (1 + ps)rq) + ps_max x4 < ss + Cops,
@? ZOQ‘S ik NQs ik NQs

/ 3/2 3/2
So
(xg—0)+ <us(x) < (zg+ 85+ Cous)+ In Qs N @32/2.
Due to Lemma 9.5, ss + Cus — 0 as § — 0, and thus the Harnack inequality
Corollary 2.8 applies for sufficiently small §. Call A := g2% \ By /. Since @32/2 \
B4 2D A, Corollary 2.8 implies that

(9.10) ggl%)ﬁ(xd + 85 + Cops — us(z)) < C’&;&(xd + 85 + Copts — us(x)).

Utilizing (ii) to plug in 2! € OE3F C A on the right hand side yields

énrig‘(:vd + 55+ Cops — us(x)) < 55+ Cops — S < Cops,
S5
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using (9.9) for the last inequality. Plugging this back into (9.10) we get
. — < .
(9.11) &%ﬁ(xd + 55 —us(x)) < Cus

Lastly we look for the upper bound in {zy > 1}. Note that Lemma 9.5 ensures
{zg > 1} C Qs for § << 1. Since Oz x {1} C A, using Z-periodicity of us,

{gfg}((l + ps)(wa + 55) — us(x)) = Dglfﬁ}((l + ps)(wa + 55) — us(x))

< g;;gg((l + ps)(za + s5) — us(x))
< Cus,

where the last line is due to (9.11). Since (1 4 ps)(xq + ss5) — us(z) is bounded
harmonic function in {z4 > 1} , the maximum principle in this domain implies
that

max ((1+ ps)(za + ss) — us(x)) < Cps.
{raz1}

Combining this with (9.11) gives the upper bound in Qs \ U.cz B 2(2). O

Proof of Proposition 9.7. We prove the case ug > 0: the other case is symmetrical.
By Lemma 9.8, s; = s satisfies

us(w) > x4+ 55 — Co(ps +9) on 9By /2(0) N Q.

Define
(9.12) Rs := 1 and ks := ;[55 — Co(us +9)],
26 dlog 2—15
and
() 1= 0uy (5),

where u’;’fj is from Definition 5.1. Due to the definition of u’j;fz and ks,

o(2) = (x4 + Oks log ), = (wq + 55 — Colus +8))4 on By 2(0).
Since ¢ is the minimal supersolution of (7.5) in By ,5(0) with this boundary data,
@(x) < us(x) in Byjp(0). Since {us = 0} N Bs(0) # O and so, since ¢ < ugs, also
{¢ = 0} N B;(0) # 0. Therefore, by the definition of x1 in Definition 5.1,

(9.13) ks < k1

adv*

By Lemma 5.9
olr) > xq+ k:gélogl%‘ —C10 in {¢ > 0}.
So we obtain the desired upper bound in By /5(0) N {¢ > 0}:

1
ws(z) < g[(l + p5)(xa + s5) — ()]
1
< g[(l + ps)(xa+ ss) — (xq + ksdlog || + k§1og% — (C19)]
1 1
= 5[7%5103; ﬁ + (85 — ksdlog g) + C10 + ps(xa + 55)]

= ”fcfv log \?1| +(Co+C1) + 06 ps(zg + s5).

For the last equation we used (9.13) to bound ks in the first term, and the definition
of ks in (9.12) for the middle term in parenthesis.
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Combining this upper bound inside of By /5(0) with periodicity and the bounds
from Lemma 9.8 outside of U.cz B /2(2), we obtain the result. O

9.4. Refined flatness and fundamental solution bounds in d > 3.

Proposition 9.9. Let d > 3, and let us and us as given in Section 9.1. Then there
is ss — 0 so that if we call

1
ws(2) := 5=y [(L+ po)(wa + s5) = us ()],
then for x € (Oz x R) N Qy,
Froc|2|?~% — C(1+ )|t ~4 + by < ws(2) < kaavlz[24 + C(1 + 8|zt —¢ + Jial).

In particular, ss = O(6%1 + |us)).

We expect that the maximum and minimum heights 56jE defined in (9.2) are at
least O(4), since this level of oscillation can be achieved just within the defect.
However for d > 3 we expect the oscillations of us away from the defect to be of
lower order, 6%~!. This requires more precise choice of height ss, in contrast to the
d = 2 case where it was sufficient to choose the height as one of sgt.

Proof. The argument will proceed in three steps. First we obtain the bounds in
6% (defined in (7.4)), using the single-site barriers constructed in Theorem 6.1.
Next we extend these to global bounds by using the asymptotic growth of us(z) =
(14 us)xq+O(1) as x4 — 400 and using the Z-periodicity. Finally we use Harnack
inequality and Lemma 9.5 to conclude.

Let Uaqy/rec(2; 5) be from Theorem 6.1. By Theorem 6.1

(914) |uadv/rec(x; 8) - (xd +5— Hadv/rec(5)|x‘27d)| < Cl|x‘1id

with sup, |Kady/rec(s)| and Cp having universal bounds. Therefore we can choose a
large universal constant C so that

2 max [max{kadv, [krec| Hz[>~% + C18]z|' ™% < Co forall 0 <6< 1/2.
S

Define the candidates for ss as

th = m — + Cpod1, d
019 5 (@Z\Bla/);)ﬂﬂg{U(s (x) — x4} 0 an
. ts = i — — Cpod=1,
6 @z\%llg)mg{ué(x) va} 0

Now we focus on the bounds in G2°. We will argue only for the lower bound of
ws: the proof of the other bound is symmetric. Define the barrier

x tf T
Qﬁ(x) = (Surcc(g; %) and k§ = KFCC(%)n

Evaluating on Qs N 962% and using (9.14),

.
QO(SC) = (;urec(%; %) 2 Tq + t;_ - k55d71|x|27d - C’15d|l‘|17d
1
> - Cod?t — st
> xq+ 6%%X96{U5(x) zq} + Co 5 Co
> xq + a -
T4 85120)(95{“6(36) Za}

> us(x).
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Thus ¢ > us on Q5 N OEBZ. Since ¢ is a maximal subsolution of (1.1) in 0%, we
conclude that us < ¢ in &% or

(9.16) us(z) < wg+tf + 6 —kslz|* + Co + C18)2|' ™7 in 27,

Also by definition —ks < — ming Krec(S) = krec-
Now we proceed to obtain global bounds. By the Z-periodicity of us and Lemma,
C.1,

{gdlg}(w(w) = (1 + ps)za) = {gﬁ}(uzs(w) = (1 + ps)za)

= sup (us(®) — (14 ps)za) <t + (—ps)+,
Oz x{1}

Symmetrical arguments for the minimum imply that
(9.17) ty — (uo)+ <us(x) — (L+ ps)za < tF + (—ps)+ in { zg > 1}

Thus, combining (9.16) (in z4 < 1) and (9.17) (in z4 > 1) yields the global
bounds
(9.18)
us(z) < (14p5) (wa+t5) +67 H~Epec 2>~ T+ C+CO|z|* =Y +Clps| in QsN[Oz xR]

and
(9.19)
us(z) > (14ps) (xatty ) +6 (~kaav|z|* 1= C—C8|z|* = —C|us| in QsN[OzxR].

Finally, we aim to apply the Harnack inequality Corollary 2.8 to us in the “an-
nulus” domain A := @5/2 \ @f"/Q. Note that us solves the homogeneous Bernoulli

problem (2.2) in A and satisfies, from (9.19) above,
us(z) > xq+t; — C(67 1+ |us|) in Q5N A
By Lemma 9.5, Corollary 2.8 applies to us in A and we have

sup (us(w)—(zatty —C(6" " +|us]))) < C inf _(us(x)—(watty —C(6" " +|ps))))-
QsNoaH2 QsNocH2

Plugging in the point on 963% where us(z) — x4 + Cod?~! =t} is achieved on the
left, and the point where us(z) — x4 — Cpod—1 = ts is achieved on the right gives

ty —t5 <O + |ps))-

Taking, for example, ss = t5 we conclude by the above estimate, (9.18), and (9.19).
([

9.5. A rescaling limit leading to the perforated domain cell problem. We
are finally ready to prove Proposition 9.1 and Theorem 1.6 in this section.
Let ws and ss be given from Propositions 9.7 and 9.9. At the moment we do not
yet have an upper bound on js/81, thus we will first consider the limit of
54! 1
(9.20) ws(z) = ws(x) = —[(1 4 ps)(xq + s5) — us(x)].
Hs Hs
The main technical result of this section is on the precompactness of the w5 and
the limiting PDE boundary value problem.
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Lemma 9.10. Consider a sequence § — 0 such that us # 0 and 5531 — A\ €

[—00,00]\ {0}. Then the &s are locally uniformly bounded and C* in R4\ Z, and
any subsequential limit of Ws, w, is a Z-periodic solution of

Aw=0 mn Ri
(9.21) Dy =1 on OR \ Z,

(Oy,w(-,ya)) =0 foryq > 0.

Moreover when X > 0, with the notation (00)™! =0,

lim sup ﬂ < kpawAN"t forz e Z,

(9.22) ave B(z—2)
lim inf w(z) > koL forz e Z.

z—z O(x — 2)

When A < 0, the above holds with the upper bound kyec|A| ™t and the lower bound
kadv‘A|71'

For clarity of presentation, we postpone the proof of the Lemma until the end
of the section to finish the proofs of Proposition 9.1 and Theorem 1.6.

Proof of Proposition 9.1 and Theorem 1.6. We will only argue for div: the other
case is similar.
First we prove Proposition 9.1. Let us, be a sequence of strong Birkhoff solutions

with slopes 1+ s, such that (;fjl — X\ € [0,+00]. To prove Proposition 9.1 it is
enough to show that ’
(923) )\ é 7d|§|_1kadv~

If A = 0 we conclude since k,qy > 0. If k,qy = +00 the claim is also trivial, so we
can assume that A > 0 and k,q, < 400 apply Lemma 9.10. Let w be as given in as
in Lemma 9.10 and define

A=k and B = kagoA "L

By (9.22), Lemma 7.4, and Z-periodicity there is some ¢, € [y4A4,~v4B] such that
w solves (7.9) and (7.8) and then Theorem 7.5 implies that

¢ = |0z| = [¢].
Therefore
(9.24) €] < YaB = YakaavA ™"

yielding (9.23). We have now proved Proposition 9.1.

Note that, in particular, (9.24) implies that A is finite, which allows us to consider
the original error function ws. Since the solution of (7.9) is unique modulo constants,
it follows that the full sequence ws, converges locally uniformly in R_"f_ \ Z to w
(modulo constants). Thus

(925) ws; = (;;—67"1(1)57. — Aw locally uniformly (modulo constants) in R% \ Z.
J
We now take as assumption that 0 < k,qy < 4o00. Let us choose us to be
the minimal supersolutions with us = div — 1. Then, combining (9.23) with
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Proposition 8.1 for the limit infimum, we conclude that

. 127 _
}LH(I) 5d7—1 = 7d‘€| 1kadv~

(9.25) now yields that
ws — Yal€| ' kadavw locally uniformly (modulo constants) in R% \ Z,
which concludes the proof of Theorem 1.6. O

Remark 9.11. The above proof is given for general ;° to also show the convergence
of ws for other sequences of strong Birkhoff plane-like solutions (not just with
extremal slopes), which exist for every slope a; in the pinning interval [Q2,., Q° ]
by Theorem 7.3, as long as gg—j} converges to a nonzero value.

Finally we return to prove Lemma 9.10.

Proof of Lemma 9.10. First we show compactness and the asymptotic bounds near
the holes. By hypothesis \s := 55y — A # 0 (but possibly equal to +00), so we
may assume that us has a fixed sign and )\6_1 are bounded. We will continue in the
case ps > 0: the other case is similar.

By multiplying \; ' = 5;—;1 > 0 on the bounds from Proposition 9.7 (in d = 2)

or Proposition 9.9 (in d > 3), we have

@l S CAL+AFY) in Q5 \ UzezBiya(2),
and the bounds near the defects, in By /5(0) N Qs:
@5(x) < A5 koay (@) + C + CAFH (1 + 0| ™),
@s(x) > A5 kS, ®(x) — O — OAF (1 4 dl2'~9),

rec

(9.26)

where limg_,q kg dv/rec = kadv/rec- By Z-periodicity translated versions of the

bounds hold in By /3(z) for z € Z.

Let K be a compact subset of R?\ Z. The uniform bounds above imply that
the sequence @; is uniformly bounded on K N Qs, and Lemma 2.4 implies that ws
are uniformly C1® on K N ;. Note that, by Lemma 9.5,

(9.27) {24 +55; >0} C Q5 C {xg+sF >0} with s& =0

so Qs is converging to R% as ¢ — 0. Putting these together, (9.22) follows now
easily from (9.26) by first fixing z € Z, taking the limit § — 0 and then dividing
by ®(z — z) and taking the limit © — z.

Next we establish the PDE conditions for w. Combined with ws being harmonic
in Qs and the convergence of Q5 from (9.27), we conclude that w is harmonic in
R%.

+It remains to establish the Neumann condition away from the holes. The proof
follows arguments from De Silva [38, Lemma 4.1]. Consider a smooth test function
¢ touching w from above at some zy € ORYL \ Z with Ap(zg) < 0. Then there is
Qs > x5 — 20 and cs — 0 so that ¢ + ¢5 touches ws from above at 5. Since ws is
harmonic in g, it must be that x5 € 9Qs. Recalling the definition of wy,

1
o(@) +es — —((1+ ps)(xqg + s5)+ —us(z)) has a local maximum 0 at zs,
2%

and so if we define

P(a) = (14 ps)(xa + s1)4 = ps(p(2) + ¢5),
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then us — @ has a local minimum 0 at z5. Since zg € Z, x5 € U,czBs(z) for § << 1.
Since @ = 1 in a local neighborhood of z;, from the viscosity supersolution property
of ugs it follows that

1> |V@(as))* = |(1+ ps)eqd — usVeo(as)?
= (1+ ps)? — 2p5040(w5) + pg| Vo (zs)|?
=1+ 2us(1 — ap(xs)) + p3|Veo(as)|?.

Rearranging this gives

1
Oap(xs) > 1+ §M5|V<P(»T6)|2

and taking the limit as § — 0

8dcp(a;0) Z 1.
Thus w satisfies viscosity subsolution property for the Neumann condition dyw = 1
on aR‘j_ \ Z. The viscosity supersolution property is proved similarly.

Lastly, note that (1+us)zs—us(z) is a bounded harmonic function in s, which is
periodic with respect to Z translations. Thus, by Lemma C.1, (Ogus (-, ya)) = 14+us
for any y4 > 0 large enough that {x - eq > yq} C s, where (-)’ is the tangential
period cell average. Due to the Hausdorff convergence of Q5 — @7 this implies
that (O4w(-,ya))’ = 0 for all y4 > 0. O

10. EXAMPLE OF NONZERO PINNING FORCE VIA LINEARIZATION

In this section we will show that the capacities are nontrivial for a generic family
of Q. As usual we will work on the case e = ey, results for general normal direction
e € 8971 can be obtained by rotation. Our main tool is an asymptotic expansion
of the capacity for defects of the form Q = 1 + ¢ with small q.

Theorem 10.1. Let d > 2. Let Q of the form Q = 14 q with ¢ = 0@, § €
COY(B1(0)), and 0 < o < ¢ sufficiently small depending on ||G||co.r. For every
s € R there is a solution u of (1.4) such that

[u(z) — (g — 9)| < Co in {u >0}
with capacity
k:U/ G dS + O(d?).
{wa=s}

As a cons equence

S S

[krec, Kadv] D [0 min/ G dS + O(c?), amax/ G dS + O(c?)
{za=s} {zq=s}

Theorem 10.1 is for small q. However, we can still use this information for
large ¢ by exploiting monotonicity and locality. Note that, for 0 < a < 1, Kaqv($)
decreases if replace ¢(z) with ag(z)+ — ¢(x)—. Similarly kpec(s) increases if replace
q(z) with ¢(x);+ — ag(z)—. Combining this fact with Theorem 10.1 we can deduce
some information in the nonlinear regime:

Corollary 10.2. Suppose that Q = 1+ q with ¢ € C}(B1(0)).

e If there is some interval I C R such that q|(y,ery is non-negative and not
identically zero, then kaqy > 0.
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FIGURE 4. Defect ¢ so that for every direction e there exist two

planes Py = {x-e = s } such that ¢ > 0 on Py and are nontrivial
on Pi.

o If there is some interval I C R such that q|(y,cry is non-positive and not
identically zero, then kpec < 0.

We emphasize that the difference with Theorem 10.1 is that there is no re-
quirement here that the defect ¢ be small in magnitude. Based on the criteria in
Corollary 10.2 is not so hard to arrange scenarios where k,gy(e) > 0 > kpoc(e) for
all directions e € S%~1 see Figure 4.

We proceed to prove Theorem 10.1. The desired solution will be constructed in
hodograph coordinates (2.5), for linearization purposes. The corresponding PDE is

(10.1) {E r(A(Vy /)D>§v) in {ya > 0},

L+ 0q(y’,v))(1+ 0y,v) = /1 +|Vyv[?  on d{ys > 0}.

Proposition 10.3. Let 0 < 0 << 1. Then for every s € R there is a solution v
of (10.1) of the form

vs(y) = s + ows(y) + a?r(y),
where |r(y)| < C|®(2+ |y|)| and

wi)i= [ B= i) dS(E) for ye RS,

i.e. ws solves the linearized problem with decay as rq — oo:

= ; d
(10.2) Aws =0 - in ]R+d,
Oy, ws = —4(y',s) on ORY.

In particular the capacity ks of the solution vs, as in Theorem 3.2, satisfies
k=0 / i+, 5) dS(=') + O(c?).
oRd

Theorem 10.1 is an immediate corollary of Proposition 10.3 by taking the inverse
hodograph transform of the solution vs; which, as per the discussion in Section 2.5,
produces a solution ugs of (1.4) with the same capacity.

Proof. Take s =0 and we will omit the s subscripts, the argument is the same for
other values of s € R. We will write the nonlinear PDE solved by 7 = o= 2(v(y) —
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s — ow(y)), prove that it has a solution with the desired bounds, and then define
v(y) := s + ow(y) + o%r(y) to attain the desired solution of (10.1).
The nonlinear Neumann problem for r has the form

(10.3) tr((I + 0B, (y, Vr))D?r) + tr(By(y, Vr)D?w) =0 in {yg > 0}
' Oy,r = No(y,m,V'r) on 0{yq > 0}.

The coefficients are defined so that if r solves (10.3) then v(y) := s+ow(y)+02r(y)
solves (10.1). More specifically

By(y,p) := o Y(A(eVw + o%p) — I)

and

1 \/1 +[oV,w+ o?p'|?

—1404(y',0
o2 | 1+ oq(y,ow+ o2r) +od(y’,0)

No(y,r,p') =

From now on we drop the o subscript since that is fixed through the proof. Note
that B(y,r,p) and N(y,r,p’) satisfy the following bounds

|B] < C(2+ [y))' ="+ olpl)
IV,B| < Co
(10.4) IN| < C(2+ [y))>> + o*[p']),
IV NI < C(e2+ )~ + o*p')),
0-N| < C(1+ [p'|)o1s, (y)

We will do a fixed point argument to deal with the non-proper r dependence in
the nonlinear Neumann condition in (10.3). We define the functional space setting.
First define C'' norm weighted by the fundamental solution scaling

o — sup [ @) Vil ]
sors LR+ 1D T IV + [y

Then define
X:={reC'(RLURY):|lrllo < M}.

This is a complete metric space under the dg(r,7’) := ||r — 7’||¢ metric. For each
r € X we will show there exists a solution p =: ¥[r| of

(10.5) tr((I + oB(y,Vr))D?p) + tr(B(y,Vr)D?*w) =0 in {yq > 0}
' 0y, = N(y,,V'r) on 0{ya > 0}

given by the Neumann Green’s kernel for the elliptic operator tr((I +oB(y, Vr))-)
in R‘i. For M sufficiently large and ¢ > 0 sufficiently small we will show that
¥ : X — X and is a contraction. In particular assume that oM < 1. We do not
show all details from here, but just give a sketch.

To show that ¥(X) C X note that, applying the bounds (10.4), p = ¥[r] solves

10 {1 +oBl VMDY < O+ oM@+ ) in s> 0)
P 10uapl < C(1+ M) (24 [y on 0{yy > 0}.
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Recall that, given M, we will choose o small so that oM < 1. To show the
contraction property: let r, 7’ € X and define v = ¥[r] — ¥[r’]. Then v solves

o7y U+ 0B, VYD) < Co2+y)'=*lIr = r'llo in {ya >0}
|8de‘ <Co(2+ |y|)2_2d||T -7 on O{yq > 0}.

By standard Neumann kernel bounds applied in (10.6)
lpl < Cl@2+y))| and |[Vp| < CIVE(2+ |yl

so we choose M sufficiently large depending on the dimensional constants in the
previous line so that p = ¥U[r] € X. Then applying Neumann kernel bounds again
in (10.5)

vl < Collr = '[lo|®(2 + y)| and [Vv| < Collr — ||| V(2 + [y])].

So ||v|le < Collr —7’|l¢ and for o sufficiently small this makes ¥ a contraction
mapping of X.

Finally the computation of the expansion for the capacity just follows by comput-
ing k = limy| ;o0 ®(y) " 'v(y), using the bound |r(y)| < C|®(2+y|)|, and observing
that ®(y)"'®(y — 2’) — 1 as |y| — oo uniformly on 2’ in the support of §(2’,0).

[

APPENDIX A. VISCOSITY SOLUTION PROPERTIES

In this appendix we review the theory of viscosity solutions of the Bernoulli free
boundary problem

(A1) {AUO in{u>0}NU

[Vu| = Q(z) on d{u>0}NU.

Viscosity solutions and minimal supersolutions have been used and studied quite
a bit in the literature on Bernoulli free boundary problems, see for example [9].
On the other hand, the notion of maximal subsolution has some additional serious
challenges. In particular uniform non-degeneracy of maximal subsolutions is not
known in dimension d > 3. As a particular consequence, stability of the viscosity
subsolution property under uniform convergence is unknown without taking uni-
form non-degeneracy as an additional hypothesis. In this appendix we provide a
(seemingly) new argument, in Lemma A.12, to show uniform stability of subsolu-
tions under a very minor assumption.

A.1. Viscosity solutions. We define viscosity solutions of (A.1) in a, more or less,
standard way.

Definition A.1. Say that v € C(U) non-negative is a supersolution of (A.1) if
whenever ¢ € C*°(U) touches u from below at « € U either

o Ap(z) <0or

* p(x) =0 and [Vp(z)| < Q).
If E is a closed set say that u is a supersolution of (A.1) in E if u is a supersolution
in some open neighborhood of E.

Definition A.2. Say that u € C(U) non-negative is a subsolution of (A.1) when-
ever ¢ € C*°(U) and ¢4 touches u from above at x € {u > 0} N U either
o Ap(z) >0or
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* p(z) =0 and [Vp(z)| > Q(z).
If E is a closed set say that u is a subsolution of (A.1) in F if u is a subsolution in
some open neighborhood of E.

Remark A.3. Note that subsolutions of (A.1) in U are subharmonic in U. If
@ € C*°(U) touches u from above at € U, if u(z) > 0 then Ap(z) > 0, and if
u(z) = 0 then ¢ also touches the 0 function from above at = and so Agp(z) > 0.

Next we introduce notions of minimal supersolution and maximal subsolution.

Definition A.4. Say that v € C(U) non-negative is a minimal supersolution of
(A1) if
e 1 is a supersolution of (A.1) in U
e for all balls B CC U and v € C(B) a supersolution of (A.1) in B with
v>uwuon{u>0}NIB then v > uin B.

Definition A.5. Say that u € C(U) non-negative is a mazimal subsolution of (A.1)
if

e v is a subsolution of (A.1) in U
e for all balls B CC U and v € C(B) a subsolution of (A.1) in B with v < u
on {v >0} NIB then v <win B.

Note that these notions are somewhat weaker than the solutions which are typi-
cally obtained from Perron’s method, due to the strict boundary ordering required,
but the notions behave better under uniform limits. We also introduce the stronger
notion of minimality and maximality which typically arise for Perron’s method
solutions.

Definition A.6. Say that u € C(U) non-negative is a strongly minimal supersolu-
tion (resp. strongly mazimal subsolution) of (A.1) if

e u is a supersolution (resp. subsolution) of (A.1) in U
e for all balls B CC U and v € C(U) supersolutions (resp. subsolutions) of
(A1) in U with v =w on U \ B then v > u (resp. v < u).

Remark A.7. It is important, in the definition of strongly maximal subsolution,
that v be a subsolution in a neighborhood of B. Otherwise we could take v to
be the harmonic lift in B to find a larger subsolution in B, and the only strongly
maximal subsolutions would be harmonic in the entire U.

Lemma A.8. The following two notions of strongly minimal supersolution, with
respect to compact perturbation, of (A.1) on RY are equivalent:

(1) For every ball B CC R and w € C(B) a supersolution of (A.1) in B with
w=wuondB, w>u.

(2) For every w € C(RY) a supersolution of (A.1) in R with {w # u} CC U,
w > u.

Proof. Similar to classical Perron’s method extension is a supersolution. O

A.2. Basic regularity properties. Here we present the Lipschitz and non-degeneracy
estimates. First the Lipschitz estimate, which only requires the viscosity solution

property.



68 WILLIAM M FELDMAN AND INWON C KIM

Lemma A.9 (Lipschitz estimate). There is C(d) > 1 so that if u is a viscosity
solution of

Au=0 in {u>0}NBy and |Vul <A on 9{u>0}NB,

then
[Vullze(p,) < C(A+ osc u).

The situation with non-degeneracy is much more complicated, general viscosity
solutions may fail non-degeneracy due to, for example, the two-plane solutions
a(xq)+ + b(xg)— which are viscosity solutions as long as 0 < a,b < 1.

Here we summarize several known results, see [24, Lemma A.2] and [22, Lemma
2.13] for further details and citations on the origins of these results.

Lemma A.10. Let u € C(B;) non-negative with 0 € O{u > 0} and satisfying one
of the following:
(i) w is an inward energy minimizer of J in Bj.
(i) w is a minimal supersolution of (A.1) in By.
(#ii) d =2 and u is a mazimal subsolution in By of (A.1) in By.
(iv) O{u > 0} is an L-Lipschitz graph in By and u is a subsolution of (A.1) in
By
(v) w is a subsolution of (A.1) in By and {u > 0} has an exterior touching ball
of radius 1 at 0.
Then there is ¢y depending on n and ming, @ (and on L if in the case of (iv)) such
that
sup wu(x) > cor  for all0 <r < 1.
z€B,(0)
A.3. Stability of viscosity solution properties with respect to limits. The
essential useful property of the viscosity solution notion is its (typical) stability
property with respect to local uniform limits. This is actually a somewhat nontrivial
issue in the case of the one-phase Bernoulli problem, mainly due to the subsolution
notion which deals with touching from above in {u > 0} instead of in the entire
domain. Usually this issue is resolved using non-degeneracy. However, we do not
know whether uniform non-degeneracy estimates hold for all of the types of solutions
that we are interested to consider, in particular maximal subsolutions.
First we show that the supersolution property is stable with respect to uniform
limits, this is the relatively easy / standard direction.

Lemma A.11. Suppose that up, € C(U) is a sequence of supersolutions to (A.1)
so that ur, — u locally uniformly in U. Then wu is a supersolution of (A.1). Fur-
thermore, if u, are weakly minimal then u is weakly minimal.

Proof. The first part is standard and can be found, for example, in [21, Lemma 3.1].
Consider the case when uy are weakly minimal supersolutions. By uniform non-
degeneracy of weakly minimal supersolutions Lemma A.10 {u; > 0} — {u > 0}
is Hausdorff distance on compact subsets of U. Let B CC U and v € C(B) a
supersolution of (A.1) in B with v > u on {u > 0} N9B. By continuity v —u > 0 in
a neighborhood of {u > 0}N 9B, since {uy > 0}NIB — {u > 0} NIB in Hausdorff
distance v > uy on {uy > 0}NIB for k sufficiently large. Thus, by weak minimality
of ug, v > ug in B and therefore, passing to the limit, v > w in B. Thus v is weakly
minimal. O
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Next we prove a new result on the local uniform limit of subsolutions, without
assuming non-degeneracy. Instead we introduce a very weak hypothesis that the
limiting positivity set does not cover the entire domain, this seems much easier to
verify in practical situations, and we have made use of it in the paper above.

Lemma A.12. Suppose that u,, € C(U) is a sequence of subsolutions to (A.1) so
that ui, — u locally uniformly in U and

U\ (liirlsipw> # 0.

Then, in fact,

lim sup {ug > 0} C {u > 0}
k—o0

and w is a subsolution of (A.1). In particular, if xy, € O{ux >0} and ), >z € U
then x € 0{u > 0}. If ug are weakly maximal then u is weakly mazimal.

As far as we are aware previous analogous results in the literature have as-
sumed that the uy are uniformly non-degenerate in order to establish Hausdorff
convergence of the positivity sets. We provide a proof that works without uniform
non-degeneracy.

Proof. First let us first assume that

(A.2) E* :=limsup {ug > 0} C {u > 0}

k—o0

and show that u is a subsolution. The sub-harmonic property in {u > 0} is stan-
dard. Suppose that ¢ touches u from above at 2y € 9{u > 0} with Ap < 0. We
can assume, by adding a parabola, that ¢ —u has a strict local minimum in {u > 0}
at . By (A.2) and continuity of ¢ there exists ¢, — 0 so that (¢ +cg)4 touches uy
from above at {uy > 0} © xp — x(. Since ¢ is strictly superharmonic by the defini-
tion of subsolution of (A.1) we must have xy € d{ur > 0} and |Vo(zg)| > Q(zk).
Taking the limit in this inequality we get |V(zo)| > Q(xo).

Now we aim to show that (A.2) holds. Suppose that E* is a strict superset of
{u > 0}. By hypothesis U \ E* nonempty. It is also open since E* N U is relatively
closed in U. Thus there must exist g € U \ E* with

0 < d(zo, E*) < min{d(xo, {u > 0}),d(zo,0U)}.
Then B,(z9) CC U touches E* from the outside at some yo with r = d(xg, E*).
We can adjust xg inward along the ray from zg to yo, if necessary, and adjust r
accordingly so that the touching is strict B, (xg)NOE. = {yo}. By definition of E*
there exists a sequence of points y; — yo and radii 7, — 7 so that B,, (x,) touches
{ur, > 0} from the exterior at yr € {uyr > 0}. By non-degeneracy of viscosity
subsolutions at outer regular points Lemma A.10 part (v)
sup ug(z) >ecs forall 2y, —yo| < s <7
z€B;(yo)
By the uniform limit
sup wu(z)>ecs forall 0<s<r
z€Bs(yo)
implying that yo € {u > 0} which is a contradiction.
Finally consider the case when uj are weakly maximal. Let B CC U and v €
C(U) a subsolution of (A.1) in B with v < w on {v > 0} N 9B. By local uniform
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convergence and compactness of {v > 0} N9B we have v < wy, for sufficiently large
k. Thus, by weak maximality of ux, v < uy in B and therefore, passing to the limit,

v < w in B. Thus v is weakly maximal.
O

Next we show a scenario where we can establish (strong) minimality or maxi-
mality of the limit.

Lemma A.13. Suppose that ux, € C(U) is a sequence of minimal supersolutions
(resp. mazimal subsolutions) of (A.1) in U such that ux ,* u locally uniformly
in U (respectively ui \, u). Then w is a minimal supersolution (resp. mazximal
subsolution) of (A.1) in U.

Proof. We just do the maximal subsolution case to show how to establish the ad-
ditional hypothesis in Lemma A.12.

Let B CC U and v € C(B) a subsolution of (A.1) in B with v > u in B and
v = u on dB. The pointwise maximum wy(z) := max{ux(z),v(z)} is a maximum
of subsolutions so it is a subsolution in B. It is also continuous in B and, since
ug > u by hypothesis, also wy = ur on 0B. Thus the maximal subsolution property
of uy implies that wg < uyg and so, taking the limit on both sides, max{u,v} < u
and so v < u.

Next we aim to show the subsolution property of u. Call

E* = {ux > 0} D {u >0},

If E* were equal to {v > 0} we would be done by Lemma A.12. If E*NU =U
then {ux >0} NU = U for all k¥ and then Lemma A.14, see below, implies that
{ur > 0} = U in which case u is harmonic in U and therefore it is indeed a maximal
subsolution of (A.1). Otherwise U \ E* is nonempty and the hypothesis of Lemma

A .12 holds so u is a subsolution.
O

We conclude by showing a weak regularity property of the positivity set for
maximal subsolutions which we used in the previous proof.

Lemma A.14. Let u be a mazimal subsolution in U then int({u > 0}) = {u > 0}.

Proof. Suppose that 2o € int({u > 0}) so there is some ball B centered at xz¢ with
B C int({u > 0}). Let v be the harmonic lift of u in B, i.e.

Av=0 in B with v=wuin U\ B.

Since v > 0 somewhere on 0B, v > 0 in B. Since u is subharmonic in U, see
Remark A.3, v > u and also v is subharmonic in U, by the same proof as the
classical Perron’s method. Also notice that {v > 0} = {u > 0}, since they agree on
U\ B and B is contained in both sets.

We next check that v is a subsolution of (A.1) in U. Suppose ¢ smooth and ¢
touches v from above at © € {v >0} NU = {u >0} NU with Ap(z) < 0. Then
x ¢ B since v is harmonic and positive there. Thus « € {u > 0}\ B and ¢ touches
u from above at = and so the subsolution condition of w implies that ¢(z) = 0 and

Ve(z)| = Q).
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Thus the maximal subsolution property of v implies that v = u and so u(xo) =
v(zg) > 0. Since xg was arbitrary we showed that int({u > 0}) C {u > 0} complet-
ing the proof. [

A .4. Perron’s method for maximal subsolutions. In this section we recall the
Perron’s method for existence of maximal subsolutions. The existence of minimal
supersolutions via Perron’s method can be found in [9, Theorem 6.1].

Theorem A.15. Let U be an outer reqular domain and g be a non-negative contin-
uous function on OU. Suppose U is an outer regular, continuous, R-supersolution
in U with g <v on OU. Let S be the class of subsolutions

S = {w € C(U) is a subsolution of (A.1) in U, w < g on U, and w <7 in U}
then the mazimal subsolution
u(z) := sup{w(z) : w € S}

is a viscosity solution of the free boundary problem (A.1) in U with u € C(U) and
u=g on JU.

APPENDIX B. BLOW-DOWNS OF ONE-SIDED FLAT SOLUTIONS

In this appendix we will prove Proposition 2.2. Before proceeding to the proof,
which is in Section B.1, we present a few Lemmas, which are independently useful
and are applied in a few places in the paper.

The first result shows that certain isolated singularities of the Bernoulli problem
are removable.

Lemma B.1. If u € Lip(By) is a viscosity solution (2.2) in By \ {0}, then u is a
viscosity solution of (2.2) in Bj.

Proof. If 0 € {u > 0} then w is harmonic in a neighborhood of 0 by the stan-
dard removable singularity result for bounded harmonic functions. Suppose that ¢
smooth touches u from below at 0 € 9{u > 0} with Ap > 0. Write V(0) = ae
with |e| = 1. Then since w is Lipschitz we can choose a sequence 7, — 0 so that
the blow up limit

w(z) = lim u(riz)

locally uniformly in R9.
re—0 Tk

Furthermore, by [9, Lemma 11.17] using Lipschitz regularity to rule out the super-
linear blow-up, the limit is linear in {z - e > 0}
(rz)

. u
) = iy

=afz-e) in {z-e>0}.
Since w is a local uniform limit r,, 'u(r,x), which are viscosity solutions of (2.2) in
Bip, \ {0}, then w is a supersolution of (2.2) in R%\ {0} by Lemma A.11. Since
oz - €) is a smooth test function touching w from below at any point zg € {z-e =
0} \ {0} we find that o < 1.

For the subsolution case the argument is similar, using Lemma A.12. Note
that the test function touching from above guarantees the hypothesis of Lemma
A.12. ([l

Lemma B.2 (A strong maximum principle). Suppose that u € C(By) solves (2.2)
in By and 0 € 0{u > 0} then:
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(i) If u(z) < (zq)4+ then u(z) = (z4)+ in By
(i) If u(z) > (zq)4 then u(z) = x4 in {zqg >0} N By (0).
(i1i) There is 1/4 > no(d) > 0 sufficiently small so that if (zq)+ < u(z) <
(xqg+mn0)+ in B1(0) then u(xz) = (x4)4 in Bi/2(0).

Note that the result of part (ii) of the previous lemma cannot be extended to x4 <
0 without further hypothesis, problematic examples include the two-plane solution
u(x) = |x4| or families near the two-plane solution like u(x) = (z4)+ + (=8 — 4)+
for s > 0. These example are ruled out by the flatness hypothesis in part (iii).

Proof. In the case u(x) > (x4)4, note that w(x) = u(z) — x4 is non-negative and
harmonic in 24 > 0 with w(0) = 0. The argument of Hopf Lemma implies that
either u(z) = x4 in x4 > 0 or

Uoo(T) — g > cxy near x = 0.

In the second case (1 + c¢)zq touches us from below at 0 € d{u > 0} which
contradicts that u is a supersolution of (2.2). Thus u = x4 in x4 > 0.

In the case of part (iii), when wu is also flat from above, we can apply the Harnack
inequality Corollary 2.8 to derive that u(x) = (z4)+.

In the case u(z) < (z4)+. Suppose u # (x4)+ in By, so there is some 0 < r < 1
so that u(r) < (z4); somewhere on 0B,. Let 1 be the harmonic function in
B} = B,NR% with ¢(x) = (z4)+ —u(z) on 9(B;"). By the choice of r then 1) > 0
in B;f. By Hopf Lemma 9,,1(0) > 0. So x4 — ¢ touches u from above in {u > 0}
at 0 with slope < 1 contradicting the viscosity subsolution property of u. (I

Next we prove an approximate version of the previous strong maximum principle
in the case of a Bernoulli solution with a localized defect. This result plays an
important role in the proof of Proposition 5.10.

Lemma B.3 (Defect version of strong maximum principle). Let L > 1 and 1/4 >
1o(d) > 0 from Lemma B.2. For all§ > 0 there exists 1 > ro(d, 6, L) > 0 sufficiently
small so that if uw € Lip(By) is a viscosity solution (2.2) in By \ By, with

(B.1)  w(0) =0, (zq)+ <ulz) < (za+m0)y i Br, and [|[Vulpep,) <L,

then
u(z) < (zqa+0)y in Byjs.

Proof. The proof is by a compactness argument. Suppose that there exists sequence
of r, — 0, solutions wy, of (2.2) in By \ By, all satisfying (B.1), such that
(B.2) max _ (ug(z) —xzq) > do.
By /on{ur>0}

for some dg > 0. Up to a subsequence we can assume that the uj converge locally
uniformly in B; to some u € Lip(B;). Note that all properties in (B.1) are stable
with respect to the locally uniform limit so u satisfies (B.1) as well. By Lemma A.11
and Lemma A.12 u solves (2.2) in By \ {0}. Note that the hypothesis of Lemma
A.12 is satisfied since ug(x) < (xq + n0)4+ for all k. Then Lemma B.1 implies that
u solves (2.2) in the entire Bj.

Finally we want to establish (B.2) also holds for u. Note that Lemma A.12 also
implies that

(B.3) limsup {uy, > 0} C {u > 0}.
k—o0
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By (B.2) there exists ¥ € By /o N {uy > 0} such that uy(x) = (2*)4 + do, up to a
subsequence the z* converge to some > € By 5 and by (B.3) also 2 € {u > 0}.
So, also using uniform convergence, we conclude that u satisfies (B.2) as well.

Now to conclude the contradiction, we apply Lemma B.2 which implies that
u(x) = (zq)+ in By, but this contradicts that u satisfies (B.2). O

B.1. Proof of Proposition 2.2. The family of functions {2u(rz)},>0 is uniformly
Lipschitz due to Lemma A.9, and any sequence of r — +o00 has a subsequence 7y,
along which uy(z) := iu(rk:n) locally uniformly converges. Let us fix one such
convergent sequence and call its limit uq, ().

First assume that u was flat from above, (2.3), then

ugp(z) < (xg —t/rp)+ and so us(z) < (24)+-

Using the same upper bound again, the hypothesis of Lemma A.12 holds, and so

Uso 18 a Viscosity solution of (2.2) in R?\ {0}. Then Lemma B.1 implies that us, is

actually a viscosity solution of (2.2) in R%. Since u was not identically zero there is

xo € O{u > 0} and then zy := xo/rr € O{ur > 0} converge to 0 and Lemma A.12

again implies that 0 € O{u, > 0}. Finally Lemma B.2 implies that ue () = (24) 4.
We next suppose that u satisfies the lower bound (2.4). Then

Uoo () 2 (a)+

and 50 0 € {uo > 0}. Further uy(0) = lim,, 00 =~u(0) = 0. So 0 € d{uy > 0}.

Tk

By Lemma A.11 us is a supersolution of (2.2). Then Lemma B.2 implies that
Uoo(X) = x4 in {24 > 0}.
O

APPENDIX C. MORE TECHNICAL LEMMAS

Lemma C.1. Suppose that u solves
Au=0 in {xq>0}

and u is bounded, and Z-periodic for some integer lattice Z with span(Z) = R4~1 x
{0}. Then s :=limy, ,4o0 u(x) exists,

lu(x) — s| < Ce @ and |DFu| < Cpe %4,
Furthermore

(Op u(-,zq)) =0 forall z4>0

where (-)' denotes the average over the fundamental domain of the lattice Z.

Proof. The exponential convergence follows from periodicity, maximum principle
(here is where boundedness is used), and interior elliptic estimates. See, for exam-
ple, [26, Lemma 5.2] The formula for the average of the normal derivative follows
from the integration by parts identities:

d

df@de(',Id)Y = (02 u(-,q)) = —(A'u(:,zq)) =0.
Tq

The limit 0,,u(-,z4) — 0 as x4 — oo fixes the constant of integration.
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