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Abstract

In this paper we consider a free boundary problem which describes
contact angle dynamics on inhomogeneous surface. We obtain an es-
timate on convergence rate of the free boundaries to the homogeniza-
tion limit in periodic media. The method presented here also applies to
more general class of free boundary problems with oscillating boundary
velocities.

1 Introduction

Consider a bounded domain 2 in IR" containing K = B1(0). Let Qo = Q—K
and I'g = 092, and let ug satisfy

—Aug=01in Qy, wug=1on K, and ug=0 on I'.

(See Figure 1)
Let us define e; € IR",i = 1, ...,n such that

er = (1,0,..0),e2 = (0,1,0,..,0),..., and e, = (0,..,0,1),
and consider a Lipschitz continuous function
g:R" — [m,M], g(xz+e)=gx)fori=1,...,n

with Lipschitz constant L. For simplicity in the analysis we will work with
m =1, M =2 and L = 10, but the method in this paper applies to general
m,M >0 and L.



Figure 1: Initial setting of the problem

In this paper we consider the behavior, as € — 0, of the viscosity solutions
u€ > 0 of the following problem

—Auf =0 in {u® > 0},
(P)e
up = [Duc|(|Duf| = g(z/€))  on d{u > 0}

in @ = (R" — K) x (0,00) with initial data up and smooth boundary data
f(z,t) >0 on 0K x [0,00). Here Du denotes the spatial derivative of w.

We refer to T'y(u€) := 9{u(-,t) > 0} — OK as the free boundary of u*
and to Q(u®) := {u(-,t) > 0} as the positive phase of u¢ at time t. Note
that if «€ is smooth up to the free boundary, then the free boundary moves
with outward normal velocity V = ‘Du—fﬁ', and therefore the second equation
in (P) implies that
x

o)

where v = v(, ;) denotes the outward normal vector at = € I';(u) with respect
to Qt (U)

V= [Du| — g(7) = Dut - (~v) — g

A weak notion of solution is necessary since, due to the collision, neck-
pinching or shrinking of free boundary parts, smooth solutions cease to exist
in finite time even with smooth initial data and smooth velocity (see Remark
2). For the definition of viscosity solutions we refer to section 2.

(P)¢ is a simplified model to describe contact line dynamics of liquid
droplets on an irregular surface (see [G].) Here u(z,t) denotes the height



€

of the droplet. Heterogeneities on the surface, represented by g(Z) in (P)¢,
result in contact lines with a fine scale structure that may lead to pinning
of the interface and hysteresis of the overall fluid shape.

For literature on homogenization of nonlinear PDEs and free boundary
problems, we refer to [CSW] and [K3].

Below we recall the main result obtained in [K3].

Theorem 1.1. (Theorem 0.1, [K3]) Let u¢ be a viscosity solution of (P)e
with initial data ug and boundary data f. Then there exists a continuous
function

r(q) = R" — {0} — [-2,00), 7 increases in |q|

such that the following holds:

(a) If uc, locally uniformly converges to u as € — 0, then u is a viscosity
solution of

—Au=0 in {u > 0},
(P)
ug = |Du|r(Du)  on O{u > 0}

in Q with initial data ug and boundary data f on OK.
(b) If u is the unique viscosity solution of (P) in Q with initial data ug and

boundary data f on OK, then the whole sequence {u¢} locally uniformly
converges to u.

Uniqueness of u holds if the initial data satisfies one of the following (see
Theorem 2.8 and the remark below ):

(A) Q=QpU K is star-shaped with respect to a small ball B,(0);
(B) Ty is locally Lipschitz and |Dug| > 2 on I'p;

(C) Tg is locally Lipschitz and |Dug| < 1 on T'y.

(In case of (A), (u) stays star-shaped with respect to B,.(0) for ¢ > 0. In
case of (B) w strictly increases in time, and in case of (C') u strictly decreases
in time for all times.)

The goal of this paper is to refine the analysis performed in [K3] to
provide a quantitative estimate on the distance between Q:(u€) and Q¢ (u)
at each time. The main result (Corollary 4.2) can be summarized as below:



(1.1) For sufficiently small € > 0, Q;(u€) stays in O(¢'/7)-neighborhood of
Qi(u) for 0 < t < ¢ 1/3% if one of conditions (A)-(C) holds for the
initial data.

Such estimate is, to the best of author’s knowledge, new for homogeniza-
tion of free boundary problems. Below we sketch an outline of the paper.
In section 2 we recall the notion of viscosity solutions and their properties.
In particular comparison principle (Theorem 2.6) is used frequently in the
paper. In section 3 we improve existing results obtained in [K3] to derive
Proposition 3.5 and Corollary 3.6. In section 4 we state the main result
(Theorem 4.1) and prove it with the help of Corollary 3.6 and Proposi-
tion 4.3. In section 5 we prove Proposition 4.3, and thus finishing the proof
of Theorem 4.1. We finish with section 6, the corresponding result are stated
for expanding free boundary problem (P2)¢: for this problem (1.1) holds for
general initial data.

Remark 1. The analysis presented here and in [K2]-[K3] can be generalized
to free boundary problems of the type

(ug) —Au=0 in {u>0},

V =G(Du,Z) on 0{u>0}

where G(p,y) : IR"™ x R" — IR is (i) Lipschitz continuous, (ii) strictly
increasing with respect to |p| and (iii) satisfies

oG oG
blp| =— — aG > | —
o =1y
for some constants a and b > 0. For example, in (P)¢ we have
_ _, _ Lipyg
G(p,y) = Ipl —g(y) and a = b= iy’
In (P2)¢ given in section 6 we have
Lipg
G = da=0,b= .
() = 9(y)lp| and a =0, ot g

2 Notations and viscosity solutions

We begin by recalling existence and uniqueness of viscosity solutions ob-
tained in [K3| for a general class of free boundary problem, including both
(P) and (P)“.



Let us consider a continuous function
F(q,y): (IR" —{0}) x R" — [-2,00)
such that

(a) F increases in |q|, |[¢| —2 < F(q,y,v) < |q| — 1.
(b) F(q,y+ex) = F(q,y) for k=1,...,n

(¢) |F(g,y1) — F(q,y2)| < Lly1 — ya| for y1,y2 € R".

Let ¥ C IR" x [0,00) be a space-time domain with smooth boundary,
and onsider the free boundary problem
—Auc =0 in {u® > 0},
(P)e
ug — |Duf|F(Duf,£) =0 on 0{u® > 0}

in ¥ with appropriate boundary data.

Let X(s) := ¥ N {t = s}. For a nonnegative real valued function u(z,t)
defined for (x,t) € X, define

Qu) ={(z,t) € X :u(z,t) >0}, Q(u) ={z: (z,t) € ¥ :u(x,t) >0}
[(u) = 0Qu) — 0%, Ti(u) =0 (u) — 0%(t).

Below we define viscosity solutions of (P)..

Definition 2.1. A nonnegative, upper semi-continuous function u defined
in ¥ is a viscosity subsolution of (P). if

(a) for each a < T < b the set Qu) N{t <T} N3 is bounded; and

(b) for every ¢ € C*1(X) such that u — ¢ has a local mazimum in Q(u) N
{t <to} NX at (z0,t0),

(1) if u(zo,to) > 0, then — Ag(wo,t9) < 0.

(i) if (zo,t0) € I'(u), [Dol(x0,t0) # 0 and
—Agb(xo,to) > 0,

then



(é1 — |DY|F (Do, =2)) w0, t0) < 0.

Note that, because u is only upper semi-continuous, there may be points
of T'(u) at which u is positive.

Definition 2.2. A nonnegative, lower semi-continuous function v defined
in Y is a viscosity supersolution of (P). if for every ¢ € C*1(X) such that
v — ¢ has a local minimum in ¥ N{t <t} at (zo,to), then

(i) if v(zo,to) > 0, then — Ad(xo,to) > 0.

(i) if (zo,t0) € T'(v),|Do|(z0,t0) # 0 and
_A¢(x0)t0) < 0)

Zo
(¢r — |Do|F (Do, ?))(%,to) > 0.
Let K,Qq,To, f,uo and @ be as given in the introduction.

Definition 2.3. u is a viscosity subsolution of (P). in Q with initial data
ug and fized boundary data f > 0 if

(a) u is a viscosity subsolution of (P) in Q,

(b) u is upper semicontinuous in Q, u=1ug at t =0 and u < f on OK.

(c) )  {t = 0} = Ouo).
Definition 2.4. u is a viscosity supersolution of (P). in Q with initial

data uy and boundary data f if u is a viscosity supersolution in Q, lower
semicontinuous in Q with w =wug att =0 and u > f on OK.

For a nonnegative real valued function u(x,t) in ¥ C IR" x [0,00) we
define

u(z,t) ;== limsup u(§,s).
(&,5)eX—(z,t)

and

wilwt) = liminf u(6,s)

Note that u* is upper semicontinuous and u, is lower semicontinuous.



Definition 2.5. u is a viscosity solution of (P). (in Q with initial data ug
and boundary data f ) if w is a viscosity supersolution and u* is a viscosity
subsolution of (P)¢ (in Q with initial data uy and boundary data f.)

We say that a pair of functions ug, vo : D — [0, 00) are (strictly) separated
(denoted by up < vg) in D C IR™ if
(i) the support of ug, supp(ug) = {ug > 0} restricted in D is compact and
(ii) B
up(x) < vo(x) in supp(ug) N D.
Theorem 2.6. (Comparison principle, Theorem 1.7, [K3]) Let hy,hy be

respectively viscosity sub- and supersolutions of (]5)6 i 3. If hy < hg on
the parabolic boundary of ¥, then hy(-,t) < ha(-,t) in X.

Theorem 2.7. (Theorem 1.8, [K3]) Suppose one of the conditions (A)-(C)
holds for wy. Then there exists a unique solution of (P) in Q with initial
data ug and boundary data 1.

Lemma 2.8. (Lemma 1.9, [K3])

(a) Letu be a supersolution of (P) or (P)¢ in Q with fized boundary data 1.
Then T'(u) does not “jump inward” in time: for any point x¢ € 'y, (u)
with tg > 0 there exists a sequence of points (Tp,t,) € {u = 0} such
that t, < to and (zp,t,) — (x0,10).

(b) Let u is a subsolution of (P) or (P)¢ in Q with fized boundary data 1.
Then I'(u) does not “jump outward” in time: for any point xo € 'y, (u)
with ty > 0 there exists a sequence of points (xy,t,) € Qt(u) such that
tn, < to and (zy,t,) — (z0,t0).

Proof. 1. To prove (a), suppose that zo € I'y (u). If (a) fails for xg, then
By (z9) C Q(u) for tg —r < t < to for some r > 0. On the other hand
there exists yo € B, /2(z0) such that u(yo,to) > 2co > 0 for some ¢y > 0.
Since u is lower semicontinuous, u > ¢g > 0 in Bj(yg) X [tg — 9, o] for some
0 < ¢ < r/2. Consider a barrier function ¢(x,t) in

¥ == (IR" — Bs(y0)) X [to — 6/2,t0]
such that
—A¢(,t) =0 in B, _ou_445/2)(z0) — Bs(wo),

¢(,t) =0 on aBr—Q(t—t0+6/2) (o),
(1) = co on 0Bj(xz).
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Note that

bt

Dl = V =-2<|D¢| -2 <r(D¢) onT(¢).

Hence ¢ is a subsolution of both (P) and (P)¢ in X. It follows from The-
orem 2.6 that ¢ < w in ¥, but this means that u(-,to) > 0 in B, 2(z0),
contradicting the fact that z¢ € I'y, (u).

2. The argument to prove (b) proceeds similarly. Suppose z¢ € I't,(u)
and B(zo) N Q(u) = 0 for tg — 0 < t < tg. We may choose r < §. Let

r(t) := 45t + /2. Consider a barrier function ¢(x,t) in

Y= BQT(:CO) X [to — 7“4,t0]

such that
—Ao(-, t) =0 in Bgr(xo) — Br(t) (1‘0),

o(-t) =0 on 9B, (o),

(ﬁ(',f) =1 on 6B2r(.%'0).

Note that in ¥ we have |D¢| < C/r with a dimensional constant C'. Hence
if r is chosen sufficiently small, then

bt

, 1
B =V =)= g3 > ID4] = r(Ds) on (o).

92

and thus ¢ is a supersolution of both (P) and (P) in ¥. Again Theo-
rem 2.6 yields that u < ¢ in X, but this means that u(-,t9) = 0 in B, j2(z0),
contradicting the fact that z¢ € I'y, (u).

O

Remark 2. Note that above lemma does not guarantee the continuity of the
free boundary in time. In fact free boundary parts may instantly disappear,
for example in n = 1 if we superpose two radially symmetric functions (see
the introduction in [K1] ). For n > 1 discontinuity of the free boundary
also happens when the free boundary contains a slit in the middle of its
positive phase: in this case the slit instantly disappears and at this time the
discontinuity of the solution occurs as well. The discontinuity of the free
boundary also happens if a portion of the positive phase gets disconnected
by a neck pinching and instantly disappears. Hence the definition of the
viscosity solution with semi-continuous sub and supersolutions are indeed
necessary for (15)6



For (z,t) € IR" x IR, let us denote the space and space-time balls by
Br(z) :={y e R": |y —xz[ <r}
and
B{"(z,t) = {(y,s) € R" x R [(y,5) — (x,1)] <7},

The following lemma will be used frequently in our analysis. The proof
is parallel to that of Lemma 3.5 in [GK].

Lemma 2.9. (a) If u is a viscosity subsolution of (P). in Q, then the sup-
convolution

i, t) = s u(yt)
yEBmefét (1‘)

is a viscosity subsolution of (P)¢ in
Qes = Ugo<t<me/sy (IR" — (1 4+ me — 61)K) x t)
with F(Du, Z) replaced by F(Du, <) + Lm — .
(b) If u is a supersolution of (P). in Q then the inf-convolution

u t) = inf t
Wot) = pinf v

is a viscosity supersolution of (P)c in Qs with F(Du, 2) replaced by F(Du, Z)—
Lm +9.

(a)-(b) also holds with By,_s:(x) replaced with space-time balls Bﬁ::l(s)t (x).
3 Properties of free boundaries in obstacle prob-
lems

3.1 Introduction of the obstacle problem and statement of
previous results

First we recall some of the results obtained in [K3]. These results address so-
lutions of ”obstacle problems” which we introduce below. For given nonzero
vector ¢ € IR™ and r € [—2,00), we denote v = I?TI and define

Py o(z,t) = lq|(rt —z-v)y, lgr(t)={z€R":rt=xa-v}

Note that the free boundary of P, ,, I't(P,,) := l;,(t), propagates with
normal velocity r with its outward normal direction v.



D(q)

>/ W(ey)
]

Figure 2: The spatial domain for test functions

Next we construct a domain with which the obstacle problems will be
defined. In e; — e, plane, consider a vector p = e, + v/3ey. Let [ to be the
line which is parallel to u and passes through 3e;. Rotate [ with respect to
ep-axis and define D to be the region bounded by the rotated image and
{r:—-1<=xz-e, <r} (see Figure 2). For any nonzero vector g € IR", let us
define D(q) := ¥(D), where V¥ is a rotation in IR" which maps e, to ¢/|q|.
Let us define

0= |J ((1+3)D(q) x {t}).

0<t<1

Let us define the space-time domain Q; := D(q) x [0,1] for » > 0, and
Q1 :=0 forr <0.

Next we define the maximal subsolution below F,, and minimal super-
solution above P, , in Q:

Ueqr := (sup{u : a subsolution of (P)¢ in ¢ with u < P, ,})*
Ue,qr := (inf{v : a supersolution of (P)° in Q1 with u > P, })s.

Remark 3. Note that then teq.(-,t) and u., . (-,t) are both harmonic in
their positive phases. The main reason for defining a rather complicated
domain Q1 1s to guarantee that the free boundary of u.., . and Ueq, does not
detach too fast from P, as it gets away from the lateral boundary of Q1
(see Lemma 2.4 in [K3]).

Below we recall properties of #e.q, and Uegr which we need later in the
paper.

Lemma 3.1. (Lemma 2.5, [K3])
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(a) TUeqr is a subsolution of (P)e in Q1 with Ueq, < Py, in Q1 and
Ueqr = Pyr on the parabolic boundary of Q1. Moreover (tegqr)s is
a solution of (P)c away from I'(Geqr) Nl

(b) u is a supersolution of (P). in Q1 with u

=64,

eqr = Pyr in Q1 and

= Pyr on the parabolic boundary of Q1. Moreover u..,, is a

Leq,r ar

solution of (P) away from T'(uc, ) Nl

(¢c) Ueqr decreases in time if r < 0. u increases in time if v > 0.

6;q7r
Lemma 3.2. (Corollary 2.6, [K3]) For any given nonzero vector q € IR",
v = \_Z\ and for any a € [0,1], there is n € IR™ such that av +n € €Z",
n-v > %l and € < |n| < 3e. For this n the following holds:

(a) Forr >0

af?QvT(:C +av + 77,t + T) S ﬂe;q,r(fx’ t) (31)
for0<t<rYa+n-v)and
Uegr(T+av +n,t +7) > e, (2,1) in Q1. (3.2)

forr>r"Ya+n-v).
(b) For r < 0 the above inequalities are true with v,n and r replaced by

—v,—n and |r|, and the range of T for teq, and Ue.qr interchanged.

For a nonzero vector ¢ € IR" we set v = ﬁ and define the contact sets

Ae;q,r = (F(ﬂe;q,r) N lq,r) N (Bl/Z(%TV) X [1/2’ 1])

and )
Acqr = (T(Beq,r) Nlgr) N (Bl/2(§7"’/) x [1/2,1]).

As the speed r of the obstacle P, , increases, the contact set from above

(A ) increases, and the contact set from below (Ae,q,r) decreases. The free
boundary speed 7(g) in the homogenization limit turns out to be the unique

speed with which both contact sets are (in the limiting sense) nonempty:
Lemma 3.3. (Lemma 3.12 , [K3])
r(q) = inf{r:A.,, #0 for e <e with some ¢y > 0}

€4,

= sup{r: Acq, # 0 for e < ey with some €y > 0}.

Moreover A, (g and fle;q,r(q) are both nonempty for any 0 < € < 1/10.
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Remark 4. From scaling arguments it follows that if A, .., (Acyqr) is
nonempty, then so is A, , (Aciq.r) for € > €.

3.2 Improved estimates

In [K3] we showed that I'(tc,q,) and T'(u, ), with 7 = 7(g) given in (2.1),
are at most Me-away from I, ,(t) where M depends on several parameters,
including the size of ¢. (See Proposition 2.8 and 2.9, [K3|). This flatness
constant M is then used in the main proposition (Proposition 3.8 and 3.11
in [K3]) to measure the free boundary detachment from the obstacle, when
the speed of the obstacle is not the correct one for the homogenization limit.
For the purpose of our investigation, it is necessary to refine the estimate on
M such that the size of M it only depends on one perturbation parameter
~ . This is what we will carry out below:

Lemma 3.4. Let ¢ € R™ — {0} and r = r(q). Then there exist dimensional
constants 0 < y(n) < 1 < C(n) such that for 0 < v < y(n) the following is
true:

(a) If ri=(1—7)r and ¢ = (1 — 7)q, then

C(n)e
S

d(r(ﬂe;ql,n)a lgyr) <

(b) If ro = (1 +~)r and g2 = (1 + 7)q, then

C(n)e
.

A(T (Tesga,ra )5 lga,ra) <

Proof. The general idea for the proof of, for example (a), is the follow-
ing: since A, is nonempty and the free boundary velocity of I'(u,,,) is
increasing with respect to |Du,, .|, the size of u.,, . near [,, should stay
small: otherwise I'(u,.,,) will completely detach from [,,. Now suppose
part of I'(u,,,) is trying to get away from [,,. Since u is already small
near I, and is harmonic in its positive set, |Du,., .| is very small near the
far away part of I'(u., ). This and the free boundary motion law forces
F(ge;w) recede, putting it closer to l;,. This heuristic argument suggests
that T'(u,., ) cannot be too far away from [, to begin with. Unfortunately

12



the rigorous proof of above reasoning is rather complicated, and we will
divide the proof into several steps. Observe that by scaling law

(1 =7v)g) < (1 —7)r(q) and r((1 +7)g) > (1 +7)r(q),

and thus both A and Aeg, -, are nonempty for 0 < € < 1/2. Also

—€;q1,71
observe that it is enough to prove the lemma for r—te < ¢ < 1.

1. Let v := ‘—g‘. We first prove (a) in the case r < 0. We begin by
claiming that

u (wt)<Ceon D:={x:0<z-v>rt—2}. (3.3)

—€q1,71

Suppose our claim fails with » < 0. Then w.,, , (70,) > Ce for some
rg € D. By lower semicontinuity, we then have u., .. (-,t) > Ce in a small
ball Bs(zg), > 0.

Choose a lattice vector & € eZ™ such that [ — & -v| < 2¢, £-v = —10e.
Due to Lemma 3.2, we have

(II,' +§7t) > Qe;q,T(xvtO) in B1/2(0) X [tovto + 56]

QCCILH
Hence
u > Ce in Bs(yo) x [to,to + 5e,y0 = 20 + &

Leq1,m1
Next let r(t) := 4(t—to)+5/2 , C1 := ¢(n)C where c¢(n) is a small dimensional
constant to be determined, and construct a barrier function ¢(z,t) solving

_A¢('7 t) =0 in B2r(t) (yO) - Br(t) (yO);
¢ = Che in - By (yo) X [to, to + el

o(-,t) =0 in  IR" — By (¥0)-

If C is sufficiently large such that |[D¢| > 6 on I'(¢) for tog < ¢t < to + be,
then

¢t /
=7r(t)=4<|D¢|— 2.
Hence ¢ is a subsolution of (P) in
Si= | (B Byl <t
to<t<to+5¢

2. In the following paragraph we show that
o <u in 3. (3.4)

€341,71
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Proof of (3.4): By construction ¢ < ., ., in ¥N{t = to}. Next observe
that, if ug, ., (-,t) is positive in By, ;) (yo), by interior Harnack inequality

2

for harmonic functions applied to uc, (-, t) in Bz, (yo) yields that
bl 5 2

Qe;ql,rl('at) > Cie=¢in Br(t) (yO) (35)

where C1 = ¢(n)C with ¢(n) a dimensional constant.

On the other hand, suppose that (3.5) holds for tg < t < s for some
to <s
leqtg 4+ 5e. Then we claim that

Uergy .y > 0in U Bor(1)(yo) x {t}.

to<t<s
To see this, begin by applying Theorem 2.6 to ¢ and ., ., in X to yield
¢ < Uergyry 0 BN {to <t < s} As a consequence By, y)(yo) C Qi(Ueg, 1)

for t < s. Now Lemma 2.8 and the continuity of r(¢) yields that
B%r(t)(yo) C V(Uegy ) for s <t <t +0g for some 5y > 0.

Thus (3.5) holds for tyg <t < s+ dp. This argument states that (3.5) holds
for all times tp <t < g+ 5¢, and as a consequence ¢ < Ueq, r, D 2. O

(3.4) states, in particular,

U, (x,to + 56) >0 in Bgos(yo) D Bge(.%'()).

—€91,71

Observe that, by definition of u

—€;q1,71°

1 1
§Q6;Q1,7’1 (2:6’ Qt) < Ue/2:q1,m1 (:C /e T) m §Q1 + (77’ _T) (36)

when 7 > 0 and 7 € eZ" satisfies |n| < 3 and - v > |ri|7. In particular it
follows that

Acppiqm =0,
contradicting the fact that r; > r(¢q1). We have shown (3.3).

3. So far we have shown that u is small near [, ,. The next step is to
show that |Du| is small on free boundary parts far away from I,,. To do
this we need to regularize the free boundary in some sense: this is done via
sup-convolution as follows. Define

o€

2, (=)

v(z,t) = sup  (1—=9) Upeg (v +
YEBe/80 (%)
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We claim that
0(@,1) < 2y (2/2,1/2) (3.7)

Thanks to Lemma 2.9, v is a subsolution of (P)¢ away from [, , with v < P, ,.
From these facts (3.7) seem plausible. However we need to go around the
technical difficulty arising at I, ,, so a slightly different route is taken.

Let us choose y € B./50(0) and let £ =y — g5v. Then

(z+§) (-9t
2 72

w(‘r’ t) = 2(1 - V)Qe;q,r( )
is a supersolution of (P)g.. This is because w is harmonic in its positive set
and w satisfies the free boundary motion law

Wy

— (z+§) (A=)t z+
Vm,t_m(x7t) > (1_7)(’Dﬂe;q,r‘( 2 2’Y )_g( 5))

> |Dwl(z,t) = (1 =)(g(5) + §7)
> |[Dw|(z,t) — g(5)-

(Here the second inequality is due to the fact that Lip ¢ < 10 and g > 1.)
Moreover

(z +¢)

w(z,t) > 2(1 — ’V)Pq,r( 9

’(1 - ’7)(1;)) > Pf]lﬂ"l in Q1~

Since Uy, ,, is the smallest supersolution of (P)a. which stays above Py, .,
it follows that u < w and thus (3.7) is proved.

Yesqr,m
4. Pick tg > 0. Let zg be the furthest point of I'y;(v) from Iy, ,, (to) in
Q1 N{t=1tp}. We may assume that

do := d(:t?o,lq,r(to)) > @,

where C'(n) is a large dimensional constant, to be determined. Due to the
barrier argument in the proof of Lemma 2.4 in [K3], if v < (10C(n))~!, then
(xo,to) is more than 10e away from the lateral boundary of Q;.

Due to (3.7), (3.6) and due to the fact that A, . # 0 for 0 < e < 1/2,
for any e neighborhood of a point in

S = {.%' : do — 20e < d(x,lq”«(to - 106)) < d()}
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there exists zo in the zero set of u.,,.(-,f0), and therefore in the zero set of
v(+,tg). Choose zy such that d(zp,xz¢) € (4e, 6¢).
By definition of v,

Ug gy, (5 (L =) (to — 10€)) = 0 in B, /80(%0), (3.8)

where Zy := 29 — 35

On the other hand, recall that uf, , is a subsolution of (P)¢, and in
particular a subharmonic function in z-variable, away from [, ,, (t). More-
over U, (-, to) vanishes in {z : z-v > do+r1to}, and u,, ., (-,t0) < Ceon

lg, . (t) by (3.3). Consequently in the domain Q1N {z : x-v > rt}N{t = to}

_ Ce
E6?‘11,7‘1 (TI,', (1 - FY) ltO) S d_()(do - d(x7lql,7‘1 (tO)))—l—

Thanks to Lemma 3.2, in the domain Q1 N{x : - v > rit 4+ 3e} N {t < tp}.

g (1= 2)710) < 5o+ 36 = sy )0

—€;41,71

In particular
24Cy

Uesgym (1) < Ty

n) €in S x [t() — 2€,t0]. (3.9)

Note that Bioe(Zp) is a subset of S. Now let us consider a barrier ¢(z,t)
defined in X := Bioc(0) X [t1,t0],t1 := (1 — )" (tg — 10¢) such that

*Agb(', t) =0 in 3106(270 - Br(t) (50), ’I“(t) = % + (t - tl)

(1) = Hie on dBioc(2),

¢(,t) =0 on 9B, (%)

If C'(n) is chosen sufficiently large, then ¢ is a subsolution of (P), in 3.
Equations (3.8) and (3.9) would then yield that .., . (,t0) =0 in Bsc(Z).
But this is a contradiction to the fact that z¢ € I';(v), since from our choice
of Zy it follows that v(-,t9) = 0 in Ba.(xg). We have thus shown that (a)
holds for r < 0.

6. Next we prove (a) for » > 0. If 0 < r < 2 then parallel argument as
above applies to yield (a), thus let us consider the case r > 2. Here arguing
as in the proof of (3.3) yields that

16



u (,t) < Creon {z:0 < d(z,lg » (1) < 2¢}, (3.10)

Yesqr,m
where C' is the same dimensional constant as in (3.3).

Let xg be the furthest point in I'(u,,, ) from I, , (to), with

dO = d(xo, lqm"l (to)) >

2

Equipped with (3.10), we can argue as in step 5 to yield

C
ey o (,1) < %(do 43¢ — d(x, g o, ()4 in {z 2 v > 11} x {t < to}.

—€;41,71
0

We are now ready to yield a contradiction. Our barrier this time is

10e 10e
h(z,t) := Crvy(do + 3¢ — d(x, lg, r, ) (to — T) +C(r+2)y(t —to+ 7))+

h(z,t) is then a planar supersolution of (P)¢ in
10e
Y=QiN{z:z-v>ritfn{to— — <t <tp}.
r
Hence Theorem 2.6 applied to u,, ,, and h yields that u.., , <hin 2.
If v < (4C)~%, then the positive set of h does not reach zy by time tg:

precisely
Qi (h) CH{z d(x,lg ) (o) < do — 2€}.

Hence we reach a contradiction.

7. As for the proof of (b), the case for r < 0 is shown in the proof of
Proposition 2.9 (a) in [K3]: the argument is indeed similar to the proof of (a)
for r < 0, with simplifications due to the fact that the corresponding sub-
convolution v is also a subsolution of (P)¢ in Q. For 0 < r < 2 a stronger
version of (b) is Proposition 2.8 (b) in [K3]. Thus it remains to consider the
case r > 2. First observe that, if g € I't(U2e;go,r,) With d(xo,lg, ro(t)) > €
then for a dimensional constant C

Use;qs,r> (1) < Cre in Bac(zg — 3ev). (3.11)

If not a barrier argument as in step 2 using Lemma 3.2 (a) yields that
xo € Q4 (U2e;g0,70 ), & contradiction.

Pick ty > 0. Suppose yo is the furthest point of 'y (G2e;gy.r,) from Ig »(to)
in Q1 with

do = d(x0,lgy o (to) >

20 e

17



As in (3.6) we have

1

1
§a2€;f127T2 (2:6’ 2t) > ﬂﬁ;fhﬂ"Q (:C +n,t+ T) m 5@1 + (77’ _T) (3'12)

when 7 > 0 and 7 € €Z" satisfies |n| < % and n-v > r7. It then follows from
(3.11) and (3.12) that

Ue,gy,rs (+t0) < Cre on Bgy(tor) N (Igr(to) — (do + 3€)v). (3.13)
(3.13) and the fact that teg,r, (-, to) is subharmonic yields that
Ue,go,r (5 t0) < Crye in Byss(tov) N{x 1 x - v > rato — Se}.
Above equation and Lemma 3.2 says that for ¢ > tg
Ueqr(,t0) < Cryein Byr(tov) N{z : x - v > rot — 3e}. (3.14)

Now a barrier argument similar to that in step.6 would yield that

_ 1 1
Ue,qr(+ to + ;e) =0 on lg, r,(to + 56)7

contradicting the fact that A.,, # 0 for 0 < e < %
O

Replacing the flatness constant M in Proposition 2.8 and Proposition

C
2.9 in [K3] with (n) in Lemma 3.4, Proposition 3.8 and 3.11 in [K3] now
Y

reads as below.

Proposition 3.5. (Proposition 3.8 and 3.11 in [K3]) There exists dimen-
stonal constant Cy1 > 0 such that for any nonzero vector ¢ € IR"™ and for
r =r(q) # 0 the following is true:

Letus iz 0 <y <<1land 0 < e < e = "L

n_

11

(a) Forry > (1 —~)r and g1 < (1 —7)gq,

d(rt(ﬂﬁ;fIhh)a lqm"l (t) N Bl/4(0)) > T

Cie
> 1 .
Jort > 3

18



(b) Forry < (1+)r and g2 > (1 +7)gq,

d(rt(ﬂe;t&,rz)’ ZQQ,TQ (t) N Bl/4(0)) > —

Cie
or > 1 .
f t - ‘T‘VS

Remark 5. Note that by scaling argument it follows that (1 —a)r((1+a)q)
mncreases in a.

Proposition 3.5 states that if the obstacle speed 1 (72) is too fast (slow)
compared to the size of g1 (g2), then the maximal subsolution (minimal su-
persolution) of (P), stays away from the obstacle. We will use the following
variation of Proposition 3.5 in our analysis in section 4 (see Proposition 4.3).

Corollary 3.6. Let 0 < € < ¢(n) and C; be the constant given in Proposi-
tion 3.5. Let u® solve (P)¢ in ¥ := 2B.1,2(0) X [—a., 0], where

4/5
Qe = min[e— 3/9].

[
(a) If (uS)* < Py py in X and if
r0> (1= /P((L 4 P)gg) + 261/

then
d(To((u)*), lgg,ro(0) N Baaje4(0)) > 1.

(b) Ifu® > Py, in X and if
1o < (1 4+ /Br((1 - )gp) — 26/,

then
d(To(u), lgo,ro (0) N B€1/2/4(0)) > Oy 2/,
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Proof. We only prove (a), since parallel arguments hold for (b).

Choose £ € €Z™ such that | — rav| < 26, (€ —rae) v <0. v = ‘q—o.
Define
@ (x,t) == e V2u (P (@ — €), 2 (t — o).

Then (u€)* is a subsolution of (P)El/2 in ¥ := Bjo(0) x [0,(}66_1/2] with
(@)* < Pyyro- Note that ON {0 <t < «.} is contained in . Hence by
definition of % as the maximal subsolution above P, , in O we obtain

(@)* < Ue1/2.40 7, in 3.

Therefore if |r((1 4 €/?°)go)| > €'/?°, then (a) follows from Proposi-

tion 3.5 with e replaced by €/2 and v = €!/25.

If |r((1 4+ €/%)qo)| < €'/2%, then by our hypothesis in (a) it follows that
lro| > /%5 and one can apply Proposition 3.5 with ¢p replaced by ¢ = aqg
with which

ro = (1 o 61/25)7“((1 + 61/25)q~).

Since r(g) increases in |¢|, we have o > 1. It follows that u® < Pj,, in X.

Thus one can apply Proposition 3.2 with e replaced by €'/ and v = l/25
and use the fact that

(@) < Uz, in
to derive the conclusion. O

Below we sketch a formal argument to prove (1.1). Suppose u¢ and u
respectively solve (P)¢ and (P) with same initial data up. Suppose we can
perturb u to construct a new function w; which satisfies the following:

(i) d(Ts(wy),T(u)) < €/ for t >0

(ii) w; satisfies (P) with r(Du) replaced by

(1 — €/2)r((1 + €/2) Dwy) + €/, (3.15)

(iii) w(-,0) < wi(-,0) and u® < w; for x € K.
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Now assume that I'(u€) touches I'(wy) for the first time at Py = (xo, to).
Then tgp > 0 and v < w; in QN {t <tp}.

Let (wy)
w1 )t
= Dwq(F, = ——(F). 1
0 wi(FPy), 1o |Dw1|( 0) (3.16)
Note that, due to (3.15),
ro > (1 — €/2)r((1 + /2%)q) + €/, (3.17)

Let £ be a space-time translate of P, , such that [, ,+& touches Fy. If one can
show that u® < Py ;) +§ in ¢!/2- neighborhood of Py, then a contradiction
would follow due to Corollary 3.6, yielding u¢ < wy. A parallel argument
applies to constructing a perturbation function we which will bound u€ from
below. Once we obtain wy < u¢ < wy with

d(Ty(wy,), Ty (uf)) < €Y7 for t >0,k = 1,2,

(1.1) follows.

In section 4-5 we show a rigorous version of above formal argument to
prove (1.1). The challenge is to find correct perturbations wq,ws of u and
to find o and 7y for which (3.17) is satisfied and u¢ < Py, + ¢ in €'/2-
neighborhood of Fy. (Note that (3.16) would not apply to non-smooth w;.)

4 Statement of main result

Let u be a solution of (P) in @ with initial data wug, and fix ¢ty > €l/30 and
€ > 0. In the domain

Qc = (R" — K.) x [/3,1/300] | .= (14 /70 4 26130k
we define

wr(, 1) = u((1 4+ /) Mg, (14 M)A = MO ) (41
and the inf-convolutions

vi(z,t) == inf ui(y,t), (4.2)
YEB 1730 _ 1/27,(%)

and
wy(z,t) = inf v1(y, S). (4.3)

(.5)eBY g (@.0)
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Then wy is a viscosity supersolution of
—Aw; =0 in {w; > 0},
V = (1— €Y/ ((1 4 e/ Dwy) + €/2"  on T'(wy).

in Q..

The convoluted functions v; and wj is introduced to improve the free
boundary regularity of uj: any free boundary point (zg,t9) € I'(w;) has
both an exterior space-time ball and an exterior space ball, lying in the zero
set of w; and touching (xg, %) (or zg) on their boundaries.

Similarly in the domain

Qe == (IR" — K) x [¢"/%0, 7 M/300) - | = (14 26/ K

we define
up(x,t) == u*((1 — /70) e, (1 — /70) 711 4+ /50)t 4 1), (4.4)
and
UQ(‘T’t) = sup Uz(y,t),
yE€B 1730 __1/27,(%)
wa(z,t) = sup va(y, S).
(y,s)EBS/Jrst) (z,t)

Then ws is a viscosity subsolution of
—Aws =0 in Q(ws)
V = (14 /)y ((1 — /7)) Dwy) — /27 on T(wy).
in Q., with interior ball properties at the free boundary.

Suppose that there exist constants €!/30 < ¢, ¢ < oo, respectively given
in (4.1) and (4.4), and 7 > 0 such that the corresponding wy and w, satisfy

(H1) wa(z,0) < u(z,7) < wi(z,0).
and

(H2) u(z,t+71) < wi(z,t) for x € K., wa(z,t) < u(x,t+7) for z € K.
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Theorem 4.1. Suppose u and u¢ satisfies (H1)-(H2) with some to,t1 and
7. Then
wo(x,t) < u(x,t+71) <wi(x,t) in Q..

Suppose Q(ug) C Br(0). From a barrier argument with radially sym-
metric solutions of (P), using the fact that (|Du|) € [|[Du| — 2,|Du| — 1], it
follows that

Bpg,(0) € Q(u) C Bg,(0) for t >0, (4.5)

where R; depends on n and ug. In particular R is given as the maximum
of a dimensional constant and R.

Corollary 4.2. Suppose u solves (P) and u® solves (P)¢, with initial data
ug. Also suppose Q(ug) C Br(0) and one of the conditions (A)-(C) holds.
Then for any T > 0, there exist positive constants ey = €(n,ug,T) and
Co = C(n, R) such that for 0 < € < €

d((z,t),D(u)) < Coe'/™ for (x,t) € T(u) N [0,T]. (4.6)

Proof. 1. First suppose that (A) holds. Since 2 is star-shaped with respect
to B,(0), it follows that for 0 < € < ey = €o(r) and for tg =7 = t; = €'/

Qo(wz) C Qr(uf) C Qo(wn). (4.7)

Due to (4.5) and barrier arguments with radially symmetric harmonic
functions it follows that

|Du|(-,t) ~ C(n,ug) for z € K. (4.8)

Therefore, for sufficiently small ¢ depending on n and ug, (H2) holds. In
particular maximum principle for harmonic functions yield (H1) due to (4.7)
and (H2). Hence if € is chosen sufficiently small that T < e 1/390 then
Theorem 4.1 yields (4.6) with

Co=C(n) sup ||
(z,t)€Q(u)

Due (4.5), Co = C(n, R).
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2. Next suppose that (B) holds. Then the free boundary velocity is
strictly positive at t = 0. Since I'g is locally Lipschitz, by a barrier argument
one can check that there exists €'/30 =ty < 7,t; = O(e"/™) satisfying

Qo(’wg) C QT(U) C Qo(’wl)

if € > 0 is sufficiently small depending on ug. The rest of argument is
the same as in the case of (A). Parallel argument applies to the case (C),
for which the free boundary velocity is strictly negative at t = 0. U

Proof of Theorem 4.1
Suppose our theorem is false. Then either (u€)* crosses w; from below
or u€ crosses wy from above in finite time. Suppose the former, that is

0 < top=sup{t: %U((u)") < Q(w1)} < 0.

For simplicity we denote (u€)* by u€ in the rest of the proof.

Suppose Qy, (u€) is a compact subset of Q(w;) — K. Since u¢ < w; on
K¢ and (u® — wy)(+,tg) is subharmonic in 4, (u¢) — K, it follows from the
maximum principle for harmonic functions that u¢(-,t) < wq (-, t) in Qy, (uc),
and thus u(-,tg) < wi(+,t9). Due to the lower semicontinuity of w; — u€,
then for a small time period after ¢y the supports of u€ and w; stays strictly
ordered and thus uf(+,t) < wi(+,t), contradicting the definition of ¢y.

On the other hand suppose u(xg,tp) > 0 at some zg € I'y,(wy). By
construction, there exists a space-time ball B™*D of radius €'/30 such that

&= {(z,t) : |z — y| < /32 for some (y,t) € BT

lies in the zero set of w; and touches (xo,tp) on its boundary. (See Figure
3). A barrier argument based on this set, similar to the one given in the
proof of Lemma 2.8 (b), leads to a contradiction.

From above discussion we conclude that at ¢ = ¢y we have Q,(u®) C
Qo (w1), u¢ = 0 on I'y (wy), and there exists Py := (po, to) such that py =
Ty, (u) NTy, (wr). In particular due to (H2) u€ < w; for ¢ < tp.

Next we investigate the geometry of I'(w;) at the contact point Fy. By
definition of wy, the set Q(w;) lies outside

Bt .= 0D (py) (4.9)

€1/30
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Figure 3

with P, = (p1,t1) € I'(v1), touching I'(wy) at Py (see Figure 2). On the
other hand Q(u1) has an interior space ball By := B,i/30_.1/6;, (P1) touching
I'(u1) at Py = (p2,t1). We rotate the coordinates such that

PO — P1 = (dlel, —dz) € IR" x ]R, where d1 >0 and €1 = (1,0, ,0)

P, — P, is then also parallel to e;. Observe that, if I'(w;) were smooth, g—f
equals the (outward) normal velocity of I'(w; ) at Py. Barrier arguments with
radially symmetric barrier in QB?H) — B§n+1)

2.2 in [K1], yields that

, as in the proof of Theorem

dl#Oand@ > —2.
di
(Formally speaking d; # 0 since otherwise I'(w;) would have infinite normal
velocity at Py: but this is impossible because |Dw;| stays finite on I'(w;)
due to the exterior ball property.)
Let us define

o=~ € [-2,00) and gy = mey,
1
where
. u(z + p2, t1)
m = min —_ 27
rEW,x1=€1/10 61/10
and

W={z:z:=x-e >0,z —are)| < (1—€/)z|}

(See Figure 4).
We will prove, in the next section, the following proposition:
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Proposition 4.3. For 0 < e < c¢(n) let ¢ = (1 +¢/%)qo. Then
(ue)* < qu,To + PO + 629/3061 mn B€1/2 (II,'O) X (tO - a€7t0)7
where ae is as given in Corollary 3.6 and

ro > (1— 61/60)7“((1 + 61/60)q1) 1 261/25,

If above proposition is true, then due to Corollary 3.6 and Remark 5
d(TtO((UE)*),xO) > 01624/25 _ 629/30,
where C} is a dimensional constant. Hence for 0 < € < ¢(n),
C
AT, (u)"), 0) > e/,

which contradicts the fact that zg € Ty, ((u€)*).
Parallel argument holds for the case u€ crossing wsy from above.

5 Proof of Proposition 4.3

It remains to show Proposition 4.3. We begin with the following lemma.

Lemma 5.1.
ro > (1 _ 61/60)7“((1 + 61/65)(]0) + /27

for 0 < e <c(n).
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Figure 5

Proof. Recall that u; satisfies the free boundary motion law
V> (1= e/ ((1 + /™) Duy) on T(uy)

in the viscosity sense. As mentioned in the previous section, Qy, (u1) has an

interior space ball B,i/s0_ 127, (P1) touching pa € T'y, (u1). Therefore one

1/13

can also find a space ball B of radius e/*® in €y, (u1) touching ps. In fact

from (4.2)-(4.3)
O cC Q(ul),

where O is a "flat” space-time ball-like set given by
O = {(z,t) : |z —y| < /3 — /27t for some y € B£n+1)},

where BYLH) is as given in (4.9) (see Figure 5).
Let B
C(t) =a(t)B,

where a(t) = sup{s : sB x {t} ¢ O} and

s= J @0-5e0) x

t1—0<t<t;

where 0 is small and to be determined. We now construct ¢(z,t) in ¥ as
follows:

—A¢(-,t) =0 in  C(t)— (1 — /10,
(1) = (1 —e)me/1 >0 on (1—e/19C(t)
¢(-1) =0 on 9C(t)
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Then we have

|D|(Py) > (1 — Ce /10113y,

Note that 3
S={(x+p2t1) :x1= 61/10} N B.

1/10

is a set of width e in eq-direction and of width

Cet/20H1/26 < 6170 f61 0 < € < ¢(n)
in other directions, and S C W + po. Hence

o(- 1) = (1 — )me/ 10 < uy(-,t) on S x [ty — 6, 1],

if ¢ is chosen sufficiently small, first at ¢ = ¢1 by definition of m, and then for
other times by lower semi-continuity of u. Moreover ¥ is a subset of (uq)
by construction. Therefore by maximum principle of harmonic functions

¢ <wupin {z+pr:a <e/YNBx [ty — 6],

and in particular u; — ¢ has a local minimum zero at Ps.
Using the definition of viscosity supersolution, if € is sufficiently small,

ro = g (P2) + €21 > (1= /) ((1+€/T0)| Dg|(P)) + €'/,
> (1 _ 61/60)74((1 + 61/70)(1 _ 63/130)(]0) 4 l/27

> (1 — eV/0)r((1+ e/ q) + /27,
|

Our next goal is to construct a barrier which bounds w; from above and
lies below (a perturbation of) Py, ,, + Py. Such barrier will be constructed
by small increments, starting from investigation of u; at ps.

By definition of m, there exists yo € W N {z : z; = ¢"/19} + py such that
ur(yo, t1) = me'/10.
By definition of v; we then have

Ul(xatl) < mel/lO in Dy := B€1/30751/27t1 (yo) (5'1)
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t=t,

Figure 6

Recall that €, (v1) has an exterior ball B/so_1/27; (p2) touching p1 €
Iy, (v1). Thus Q, (v1) also has an exterior spatial ball D = Beyso4(2)
touching p;.

Since yg — 3 = €'/10¢; 4 p with pu-e; = 0, |u| < €9/70, a straightforward
calculation yields that

dDy is outside (1 4 4€'/15 — /15D, (5.2)

(See Figure 6.)
Let h(z) be the harmonic function in the ring domain

IT:= (1+4e/% —&/"™D - D
with boundary data
h=me/10 on (14415 — 2/'0D,  h =0 on dD.

Then |Dh| = m(1+ C€'/15) on dD: in fact from the explicit formula for
radially symmetric harmonic functions it follows that |Dh| < m(1 + Ce'/19)
in II.

Due to (5.1) and (5.2), for 0 < € < ¢(n)

v1(-,t1) < me*/1 < h on the outer boundary of II, and thus

v1(+,t1) < h on II. (5.3)

Next we construct a barrier for wq, using the information gathered from
above. Let us construct the space-time ring domain
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Figure 7

c= |J @+a®)e)x{t}

to—ae<t<tg
where
a(t) > 0,7 (t) := (a(t)er, t — t1) € OB (0)

In particular a(t) € C2, a(ty) = di and a/(tg) = —ro. (see Figure 7).

Now define ¢(z,t) = h(x — a(t)e,) in C. Then by definition of w; and
(5.3)

wi(z,t) <vi(x —a(t)en, t1) < ¢(x,t) in C. (5.4)

Finally we bound ¢ from above by Py, ., + Fy. Note that I';(¢) is a sphere of
radius €'/30 /4. This fact and the twice differentiability of a(t) yields that,in
B_1/2(x0) x [to — €72, tg], T¢(p) is in €'~1/30- neighborhood of its space-time
tangent plane at (o, to), which is Iy, », (t) + Po. Since |Dh| < m(1 + Ce'/%)
in II, so is |Dy| in C. Therefore

p < (1 + 61/5O)Pq0’r0 + Py + 629/3061 in B61/2 (1‘0) X [to — 61/2,t0]. (5.5)

Recall that we have (u®)* < wy for ¢t < t9. This and (5.4)-(5.5) proves
our proposition.

6 Remarks on an expanding free boundary prob-
lem

As stated in Corollary 3.6, for problem (P)¢ and (P) our error estimate
is only obtained for the class of initial data (A) — (C'). This is because
uniqueness does not hold for solutions of (P) with general initial data.
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Below we show that stronger result holds for problems with expanding
free boundaries.

Let ug, 2, K,g and I'y the same as in the introduction, and let u(zx,t)
solve

—Auf(-,t) =0 in Q(u) — K
(P2)¢ V=g(O)IDu on  T(u),
ut =1 on K,

in @ = (R" - K) x (0,00) with initial data ug. The following result was
recently shown in [K2] and [KM] :

Theorem 6.1. ([K2/,[KM]) Let u be a viscosity solution of (P2). with
initial data ug. In addition suppose that T'g is C1. Then u¢ locally uniformly
converges to the unique viscosity solution of

—Au(-,t) =0 in Q(u) — K,
(P2) V=(< é >)" 1 Du|l  on T(u)
u=1 on K

in @ with initial data ug. Here < h > denotes the average of h, i.e.,
f[o,l}n h(x)dz.

Parallel analysis as in section 3-5, yields the following:

Proposition 6.2. Proposition 3.5 holds for u and u€, respectively solving
(P2) and (P2)°.

Corollary 6.3. If Ty is C', then for sufficiently small € > 0 depending on

1)
d((x,1),T(u)) < €% for (x,t) € T(uf).

Proof. Since I'y is C! and wug is harmonic in €y with ug = 1 on K, one can
conclude that
u(—dep, 0)

7 e [d"/8,d=/8] for small d > 0.
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Hence by a barrier argument, one can check that for sufficiently small ¢ > 0
the set I';(u) lies outside t°/®-neighborhood and inside ¢"/8-neighborhood of

QO (u)

It follows that for sufficiently small € > 0, (H1) and (H2) in Proposi-
tion 3.5 is satisfied with to = €'/30, 7 = €1/80 and ¢; = 2¢1/80.
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