Exercises from week 7

In all of the problems, suppose that U is a bounded domain in JR? with smooth boundary,
and v = v, denotes the outward normal vector of U at x € 9U.

(a) Show that there exists a minimizer u of E(w) = [;; 3|Dw|* + [;; 3|z|*w?dx in
M={weH'U): [w=1}.

(b) Show that w is the unique minimizer in M.

(c) Show that there is A > 0 such that u is a weak solution of

—Au+|z[Pu =X inU;
Du-v=0 on OU,
2. Let f € HY(U : RY) and let (7, p) € H}(U : RY) x L(U) solve
/(DU:D%—f—$+pV~$)dx:0 forany&éH&(U:Rd),
with V - 4, = 0.

(a) Show that @, minimizes E(7) = [(5|Dv]* — f - ¥)dx over divergence-free vector fields
7€ H}(U : RY).

(b) Show that @), is unique a.e. regardless of the choice of p.

(c) Show that p can be uniquely chosen up to a constant.

3. Given 1 < p < 0o and f € LP(U), show that one can find ¥ € LP(U; IR?) such that
f =V -4 in the distribution sense and ||¥|| o7y < C|| fl|r(r), With C = C(p,U).

Hint: Use energy method. This is a much easier exercise than the one by Dacorogna-Moser
discussed in class, since we do not impose a boundary condition on .



