Exercises from week 2:

1. Let u € CY(By) be a H'-solution to —V - (A(x)Vu) = f with f € L%(B;) and
continuous a;; with ellipticity constants A, A.

(a) Let u and f be as given in Problem 4. Then
IVullz2(s, ) < Clullezy + 1 fl22(81),
where C' = C(d, \, A).

(b) Show that for any 0 < o < 1 we have

[ullca(s, 5) < Clllullzeesy) + 1flLa,));

where C only depends on «, d, A\, A and the mode of continuity for a;;. Explain where
(a) is used.

2. [Measure theory exercise] For u € H'(Bj), show that u := max(u,0) € H(B;) with
D(uy) = Dux(y>0} a-e.
3. [Existence via regularity estimates]

We will assume the following (which can be checked by Green’s functions): For each
f € C%(By) with 0 < a < 1, there is a unique u € C%%(B;) that solves

—Au=f in By, u=0 on dB;.
Given the above existence, we will show that there exists at least one solution u € C?(By)
of the following problem
Au =sinu in By, wu =g in 0By,

with g € C3(By). Consider the map T': X — X with X = C*(B1), where T'(w) = u with
u being the unique C*%(B;) solution of

Au=sinw in By, wu =g in 0Bj.

(a) Show that 7'(X) is contained in a compact subset of X.

(b) Apply the Schauder fixed point theorem to show that T has a fixed point.



