Math 251A Fall 2024: Homework 2. Due 10/30.

1. For a bounded, open domain U with C' boundary and with exterior ball condition,
let f € C(U) and g € C(9U). Show that if any two smooth ( in C?(U) N C(U)) solutions
exist for the Neumann problem

P) { —Aw = fin U;

dyw = g on OU,

where v denotes the outward normal vector on QU with respect to U, differs only by a
constant.

2. Let u € C2(U), U = R := {x : 14 > 0} solve (P). We aim to find a representation
formula for u using the corresponding Green’s function, assuming that « decays sufficiently
fast as |x| — oo. This content follows the argument given in section 2.2.4. Note that this
formula for the Dirichlet problem is given by (30) in section 2.2.4 of Evans.

(a) What should be the corresponding equation for the corrector ¢*(y) in U and on 90U,
for which the Green’s function will be given as G(z,y) := ®(y — ) — ¢*(y)? Explain.

(b) Can we explicitly find ¢*?

3. Show that if there exists w € A := C?(U) N C(U) minimizing
1 2
E(w)= [ (z|Dw|* — fw)dz
U 2
over all functions in w € A, then u solves (P) with g = 0.

4. Let U € IR? be open. Show that if u € L'(U x [0,T]) solves the heat equation in
distribution sense, namely

/ (¢t + Agp)udxdt =0 for any ¢ in C°(U x (0,7T)),
Ux(0,T)
then u € C>*(U x [0,T7).

5. Consider u € CZ(IR" x (0,00)) N C(IR? x [0,00)) solution of

up —Au=u(l—u) in IR" x (0,00).

with the property that u — 0 as |z| — co. Show that if u(x,0) € [0,1] in IR?, then u € [0, 1]
in IR? x [0, 00).



6. [Long-time behavior] Let U := {|z| < 1} and let g € C(9U), f € C(U). Suppose that
u is a sufficiently smooth solution of the problem

u—Au =0 in U x(0,00);
u(z,t) =g(x) on IU x [0,00);
u(z,0) = f(z) in U

(a) Show that v = (u;)? solves vy — Av < 0 in U x (0, 00).
(b) Show that v decays to zero exponentially fast as ¢ — oo.

(c) Does the limit u*(x) := limy_,oou(x,t) exist in U? Can we have a representation
formula for u*?

7. Evans (2nd edition) p88, Problem 15.



