Math 245A Fall 2007 Midterm: Solutions

1. (a) Show that, for any set E with m*(E) < oo, there exists a measur-
able set A exists such that £ C A and m*(E) = m(A).
Proof We know that

(1) m*(E) = inf{m(O) : O is open and contains E}.

Hence for one can choose a sequence of open sets O,, containing E such that
m*(E) <m(0,) < m*(E) + <.

(The statement (1) is Observation 3 in p.13. Alternatively, one can use
a sequence of countable union of closed cubes whose measure is close to the
measure of £ by 1/n. Countable intersections of these sets will then be a
Borel set.)

Now O = N9,0,, is a Borel set (or Gg-set) and thus is measurable.
Moreover m(0) < m(0,) < m*(E) + % for any n and therefore m(0) <
m*(E). On the other hand m(O) > m*(E) since O contains E. Hence
m(O) = m*(E).

(b) Show that if A is measurable then there exists an increasing sequence
of compact sets K1 C Ky C ... C A such that

Proof There exists a sequence of closed sets F,, C A such that m(A —
F,) <+ Let K} = F, N {|z| < j}, so that K7 is compact. Now we know
that

1
m(A— U5 K}) <m(A—-U;KY) < —forn=1,2,...

’ n

Hence m(A — U;,,K7) = 0.
Now take
Kl = Uj,nglKj,n'

then Ky C Ky C ... C A. Furthermore U2, K; = U, K7, hence m(A —
UlKl) = 0.

Remark Since m(A) may be infinite, one cannot use limiting arguments
such as Corollary 3.3. (ii), Chapter 1.



2. Suppose fi, fa, ... are measurable functions defined in IR" and f; con-
verges to f almost everywhere in IR". Also assume g¢;,gs,... are nonnegative
functions in L'(IR") that | fx| < gr almost everywhere. Furthermore suppose
gr — g almost everywhere, g € L*(IR") and

/gdx: klim /gkdm.

/fdx = klim frdx.

Proof Consider the sequence gr — fx. By Fatou’s lemma

Prove that

/(g — fdz < limkinf/(gk — fr)dx = /gd:v — limksup/fkdx.

Hence [ fdx > limsup,, [ fydz. On the other hand, the same argument with

gk + fr yields
/ (9+ f)dx < / gz + lim inf / fdz.

Therefore f fdxr < liminfy f fdx. Therefore

/fdx:hmkinf/fda::limsup/fda::li]gn/f.
k

Remark Indeed one can argue with g + gx £ |fx — f| to deduce that
limy, [ |fx — f|dz = 0, which would be a stronger statement than what the
problem ask you to do.



3. Suppose f : IR" — IR is measurable. Show that the graph of f, defined
by
E={(x,y) € Ry = f(2)}

is measurable and has Lebesgue measure zero in IR"™. .
_ Proof: First of all E is measurable, since £ = {f(z,y) = 0}, where
f(z,y) =y — f(x) : R"" — IR is a measurable function. Therefore

{(z,y): f=0 = {(z,y) : —% <f< %} : measurable.

Hence yp is measurable function defined in R"™, and is nonnegative.
Thus Tonelli’s Theorem(Theorem 3.2, Chapter 2) applies to yield

m(E) = /xdedy = / n(/R xe(z,y)dy)de = / m(E,)dz.
But m(E,) = m({f(z)}) = 0. Hence m(E) = 0.



