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ABSTRACT. We formulate and solve a free target optimal Brownian stopping problem from
a given distribution while the target distribution is free and is conditioned to satisfy a given
density height constraint. The solutions to this optimization problem then generates solutions
to the Stefan problem for both supercooled fluid freezing (St:) and ice melting (Stz2), depend-
ing on the type of cost for optimality. The freezing (St1) case has not been well understood in
the literature beyond one dimension, while our result gives a well-posedness of weak solution
in general dimensions, with a naturally chosen initial data. The cost is a Lagrangian type in-
tegral along path, where the Lagrangian function satisfies strict time monotonicity, increasing
(Type (I) or decreasing (Type (II)). Type (I) case corresponds to the freezing fluid while type
(II) to the melting ice. The optimal stopping time is characterized by the hitting time to a
certain monotone barrier set in the space time, while the optimal target distribution saturates
the density constraint. The barrier sets are determined by the type of the cost and the initial
distribution, and give the space-time free boundaries of the flow for the Stefan problems (St1),
(St2). The free target optimization problem exhibits monotonicity, from which a remarkable
universality follows in the sense that the optimal target distribution is independent of the cost
or its type. This gives a new connection between the freezing and melting Stefan problems.
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1. INTRODUCTION

Given a configuration p of agents subject to a random motion, what would happen if they
try to stay under a given allowed population density height f, in particular, while trying to
optimize their collective dynamics? In the present paper we consider the Brownian motion W;
in R?, and the collective dynamics is controlled only by a stopping time 7, that is, when each
random particle stops. Precisely, we consider the following:

Problem 1.1. Consider a nonnegative function f € L*°(R™). Given an absolutely continuous,
compactly supported measure p on R™, find a stopping time 7 and its distribution We« ~ v*,
that solve

(1.1) Pr(p) == (inf){C(T) | Wo ~pu, We ~v, v <f, v iscompactly supported}.

Notice that here we do not assume that p, v are probability measures. So the expression
‘Wo ~ p and W, ~ v’ should be understood as for each measurable set F,

v[E] = /Prob[WT € E| Wy = zxldu(z).

The problem obviously requires some condition for f because if f is too small there will be
no admissible v. We consider those cases where there is at least one admissible v. Our model
case is f = 1 on R?, however a much more general f can be considered. We are particularly
interested in the cost C(7) of the ‘Lagrangian form’:

(1.2) C(r)=E [/ L(Bt,t)dt] for a continuous L : R? x Rsg — Rx.
0

This problem is in the spirit of what is studied in “constrained transport”, in particular, for
analyzing congested crowd motion (see e.g. [46, 31, [I]) and tumor growth (see e.g. [42, 34]),
which is subject to contact inhibition; the problem can be viewed as Brownian martingale
version of the optimal transport free target problem with upper bound of [31]. In those cases the
dynamics have less restricted to allow free drift, making the optimal dynamics deterministic.
Additional noise to their dynamics would generate stochastic aspects. In our problem the
dynamics is restricted only to the Brownian motion but with freedom for stopping time; such
dynamics is called Brownian martingale.

Throughout this paper we make assumptions on the cost C ([1.2)):
(1.3) 0 < L < D for some constant D and,
(1.4) tw L(-,t) is either strictly increasing (Type (I)), or strictly decreasing (Type (II)).

We obtain existence, uniqueness, and characterization of the optimal solution of Problem [I.T}
see Theorem Remarkably the problem exhibits universality (see Theorem , namely, the
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resulting optimal target v* does not depend on a particular choice of the function L, as long as
L satisfies either of the monotonicity assumptions. These are due to monotonicity properties
of the problem regarding the optimal stopping 7* and target v* (Theorem , which also give
L' contraction (Theorem and BV estimates for v* (Theorem . Such monotonicity is
a novel feature, resulting from not fixing the target distribution v but treating it as the solution
of the problem. Another important feature of Problem is that the optimal solution v*, also
the mass flow p; of W toward it, saturates the constraint f (Theorem [8.3)) wherever possible.

The free target feature of Problem distinguishes it from the more well studied so-called
optimal Skorokhod problem (see e.g. [10] 28], 27, [30, 29] as well as the 1 dimensional results
considered by [36] [16l, 25, [18]) where optimal stopping times are studied for given fized initial
and target measures u, v and without the density constraint f, that is,

(1.5) P, v) = inf{C(r) | Wo ~ p, Wy ~ v},

Solutions to Problem solve the Skorokhod problem [48], [43], [0, [44], 4], 23| [41], 40] for which
a connection to optimal transport was hinted in the work of [33], and established in [10] who
used optimal transport theory (see e.g. the books [50] 51, [45]) and randomized stopping times
to unify all the previous know solutions of the Skorokhod problem as the solutions of .
We also mention that optimal Skorokhod problem is a special case of the optimal martingale
problem (see e.g. [49] 8 22| O, B2, 26] [5, 27] and references therein) which has been recently
popularized in mathematical finance.

As a main application we combine the above mentioned results for Problem[I.1] with the PDE
methods developed in [28] for (1.5) to make progress in the supercooled Stefan problem, a free
boundary problem of the heat equation, which has been poorly understood in the literature.

The supercooled Stefan problem describes freezing of supercooled water into ice, and can
be written in divergence form as

(St1) (1 — Xm0yt — An = 0.

Here —n denotes the temperature of the supercooled water, and thus the set {n > 0} is the
region for the supercooled water. The solution of (St;) is famously known to exhibit irregular,
fractal-like interfaces that could jump discontinuously over time. This is in sharp contrast to
the Stefan problem for melting ice into water,

(St2) (1 + X{y>0y)t — An =0,

which can be viewed as a singular nonlinear parabolic equation of the form [3(n)]: — An =0
with an increasing function 3; see [2] where one proves comparison and contraction properties
of weak solutions based on this property.

While (St2) is known to generate stable and regularizing solutions (2}, 3, [I5]), solutions of
(Sty) are shown to develop discontinuity and non-uniqueness in finite time, even in one space
dimension and with smooth initial data ([47, [14]). For higher dimensions, the global existence
of weak solutions for (St;) has stayed largely open.
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It is natural to consider these problems as generated by a particle system, which diffuses
but stops its motion when it hits the interface between water and ice. In one space dimension,
there has been several works which construct solutions of (St;) as a continuum limit of such
particle systems, including [12} 13}, 85 19, 20]. In higher dimensions the global-time existence
of solutions for (St;) has remained open, due to the difficulty of obtaining a stable deterministic
limit [39]. Such an existence theorem is what we establish in this paper.

Similar to aforementioned works, we also consider solutions based on Brownian particles
with hitting times, but with optimization. Indeed a novelty of our approach lies in the op-
timization structure given by Problem , for the choice of stopping time 7" and the final
target distribution v*. The optimality gives a certain ‘regularizing effect’ to the solution of
Problem , and it generates a stable and physically meaningful solutions of both (St¢1) and
(St2). The method and results are valid for general dimensions. In particular, for (St;) we
obtain the following results:

(a) (Theorem and Corollary [9.11)) For p uniformly larger than 1 in its support, there
exists a unique weak solution of (St;) that vanishes in finite time.

(b) (Theorem and Corollary [9.12)) For compactly supported pu, there exists a unique
weak solution of (St;) that vanishes in finite time except in the support of .

Similar results hold for (St2) (Theorem [9.2). The weak solutions in the above results will
correspond to the distribution of active Brownian particles associated with the optimal stopping
times obtained from (L), with f =1 for (a) and f = Xgn\suppy for (b). These results rely on
a rigorous connection that we establish between the weak solution and the optimal Brownian
stopping (see Theorems and . Our results also explain the well-known non-uniqueness
for the freezing case; see the discussion in Section [6] especially, Proposition [6.3

In connection to the Stefan problem, we can understand our upper constraint problem
in the context of freezing and melting. For costs of type (I) the initial distribution p
can be viewed as the freezing energy of supercooled liquid, or in other words the negative
temperature distribution of the supercooled heat particles. For costs of type (II) we view p as
some distribution of energy that activates the ‘heat’ particles. The upper constraint f should
stand for the “latent supercooling or heat energy” corresponding to the available transition
energy that the flow from p needed to yield for the freezing or melting to occur. In other
words, f prescribes the maximal amount of stopped Brownian particles a given location can
accommodate.

The monotonicity types of the cost, (I), (II), correspond to (St1), (St2), respectively. While
(I) and (II) generate different optimal stopping times, we prove that their target measure v*
is independent of the cost, or even of its monotonicity type (Theorem . Using this rather
remarkable universality, we are able to characterize the initial trace of the solutions given in
(a) and (b) above: we refer to Section [J] for further discussions.

1.1. The connection between the Stefan problem and Problem [I.1} The present paper
relies on the previous works on the optimal Skorokhod problem ((1.5). Notice that after getting
the optimal target v* in Problem |1.1} finding the optimal stopping time 7* is reduced to
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solving with g and v*. It is shown [10] [28] that the solution to is the first hitting
time of (Wi, t) to a space-time barrier R, which enjoys time-monotonicity. Such a barrier
set can be defined by a barrier function s, such that R := {(z,t) | s(t) < t} for type (I)
and R := {(z,t) | s(t) > t} for type (II). Our results above imply that the free boundary of
the Stefan problem, at time ¢, corresponds to the boundary of the time t-slice of R, that is
{z | (z,t) € R}. In fact, to derive our well-posedness of the Stefan problem (St1), (St2), it
is crucial for us to verify that R is a closed set, so its complement R¢ is open. We are able
to handle this by showing Theorem which connects the barrier set of 7* to a closed set
generated by the potential function U,,, of the mass flow of W; under 7*. Interestingly its proof
essentially uses the Eulerian method in [28].

The PDE methods of [2§] is based on the correspondence between stopping time 7 and its
Eulerian flow (n, p) given on the space-time, that describes the distribution 1 of (Wi, t) before
stopping by 7, and the stopped distribution of mass p of (W, 7). This (1, p) solves weakly

1
= 54N =—p.

Moreover, under the assumptions — the (n, p) resulting from a solution of P(u,v) (|1.5))
yields that p is formally supported on the boundary of the active region {n > 0} [2§]. Assuming
sufficient regularity, p should be concentrated on the boundary of the barrier set, which is also
the boundary of the active region {n > 0}. Thus p = v(X{y>0})t or p = V(X{;>0})¢ depending
on the monotonicity of the set {n > 0} over time, and we end up with the weighted Stefan
problem,

1
(1.6) (n+ VX{n>0})t - §A77 =0,

where v is the target measure for the optimal stopping time. This equation has been formally
considered for a given fixed target measure v in [28], and our Theorem and provide a
rigorous justification.

The saturation result (Theorem is crucial for the connection between Problem and
the Stefan problem (St1), (St2). It gives v = 1 (when f = 1) in the active region, so it reduces
the above equation (1.6) to (St1), (Sta) for type (I), (II), respectively.

1.2. Further remarks. A novel element of our approach lies in combination of Lagrangian
and Eulerian point of view, as we use both probabilistic arguments using Brownian paths, and
PDE arguments using their Eulerian coordinates, to obtain basic topological properties. It
seems that the closedness of the barrier set R for type (I) is new, while understanding further
regularity of the free boundary for the corresponding supercooled Stefan problem (St), is a
wide open problem. In this direction, we prove a strict monotonicity result for the barrier
function s, a version of comparison principle, which may shed a light on the challenging ques-
tion; see Theorems and This is a novel feature of Problem [T.1] as it is a consequence
of the optimization of the free target distribution.

As a byproduct of our approach we define the notion of subharmonically generated sets in
Section [6] which connects the Brownian stopping time and existence of the solution to the
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supercooled Stefan problem (St;). It is a pair (X, F) of sets determined by a certain type of
Brownian stopping time from an initial measure p; Definition The solvability of (St1) with
the initial data (u, E) is determined by whether there is ¥ such that (X, F) is subharmonically
generated from p; Theorem This notion is used to describe unique solvability of (St1)
and also to characterize vanishing in finite time solution of it in Section [0} Theorem and

Corollaries [0.11] and 0.12

The main results in this paper appear rather surprising, given the lack of understanding in
the literature on multi-dimensional solutions of (St;). In a subsequent work, we will further
develop our method to extend well-posedness theory for (St;) to more general initial bound-
aries. Also, the connection (Remark between (St1) and (St2) that we find in this paper
seems to be unexpected, and understanding this connection at a more physical level, is an
interesting open problem. It would also be interesting to understand the physics behind why
type (I) corresponds to freezing and type (II) to melting.

In this paper our method for finding the optimal target v is solely based on optimizing with
probability measures. We do not consider duality which is a powerful tool for understanding
optimal Brownian stopping, though we heavily rely on the results from [28] that are obtained
via solving the dual problem of the fixed target case, to find the barrier set of the optimal
stoping time. Our free target problem gives a new aspect to the duality that we will discuss
in a subsequent work.

Acknowledgments: We thank Mathav Murugan for various help regarding probabilistic as-
pects.

2. PRELIMINARIES

Throughout this section we assume for simplicity, that the measures p and v are compactly
supported in R%. Much of the discussion (and notation) in this section is borrowed from [28]
which gives foundational results for the development given in this paper. Note that the purpose
of this section is to collect the precise definitions and results necessary for the discussion in
the subsequent sections. We try to include the least amount of information.

2.1. Notation.

W, denotes the Brownian motion, while W/ denotes the Brownian motion with Wy = y.
B, (z) denotes the ball of radius r centered at x.

a A b := min[a, b].

for each Borel measurable set S C R, | S| denotes its d-dimensional Lebesgue measure.
LSC = the set of lower semi-continuous functions on R¢.

H¢ = the Sobolev space on R%.

2.2. Randomized stopping times and optimal Skorokhod problem in R". Related
to Problem it is important to understand the notion of stopping times and randomized
stopping times.
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2.2.1. Stopping times and randomized stopping times. Consider the filtered probability space
(Q, F, {Fi }1er-,, P*) where Q = C(R>q; R?), P# the Wiener measure with initial distribution
p, and {F; }ter-, the natural filtration of the Brownian motion. Let M(Rx¢) denote the space
of Radon measures on R>o. A randomized stopping time o [7,[38] is a measure-valued random
variable a : Q 3 v = a, € M(R>() such that as a measure on R>g, oy > 0, ay(R>0) = 1,
and the map v — a4([0,t]) is Fi-measurable V¢. Along each Brownian path, mass is dropped
according to the distribution on R>o determined by the randomized stopping time. A stopping
time 7 : 8 = R, is a random variable such that for each t, 7 A ¢ is Fi-measurable; it can be
understood as a special case of randomized stopping time, where the measure a., on each path
7 is a Dirac mass at the value 7() in R>o. To distinguish the different between randomized
stopping time and stopping time, we often call the latter ‘nonrandomized’.
We will say that a subset Q C R x 2 is almost sure for a randomized stopping time if

E[/ 1{t € Q}da] =0
R+
where 1 is the indicator function of the set. Often this will appear instead as an abbreviated
form, i.e. 1{t < n} := 1{t € Q,} where 7 is a stopping time and @, = {(t,w); t < n(w)}. We
abbreviate a randomized stopping time by 7 ~ « in the sense that
E[f(T)] =E[ [ f®alan)].
R>o

The we say v is the distribution of the (randomized) stopping time 7, that is, W, ~ v, if

Elg(W;)] = /g(z)y(dz), V continuous g.

From now on we abuse notation and use 7 denote either stopping time or randomized stopping
time.

2.2.2. Subharmonic order and optimal Skorokhod problem. Subharmonic order relates two mea-
sures from the point of the Brownian motion. First, f is a subharmonic function on an open
set O in R? if it is upper-semicontinuous with values on R U {—o00}, and for every z € O and
every closed ball B in O with center at z, it satisfies

1
@) < o /B f()dy.

When f is C?, the latter condition is equivalent to Af > 0 on O, where A = 2?21 % is the

Laplacian. The reason why we specify the domain O is because subharmonic functions in O
may not necessarily be extended to the whole set R,

Two measures p, v on R? with |u| = |v| is said to be in subharmonic order yu <sg v, if for
each open set O containing supp(u + v),

/go(x)d,u(a?) < /cp(x)dy(a:) for every smooth subharmonic function on O.

See e.g. [27, Definition 1.2]. It is known (see e.g. [27, Theorem 1.5]) that for compactly
supported p and v as we assume throughout the paper, we have p <gp v if and only if there
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exists a randomized stopping time 7 for the Brownian motion with Wy ~ u and W, ~ v, with
E[r] < oo. For such p and v, for any lower semicontinuous cost functional C for the stopping
times, one can find an optimal randomized time between p and v using the compactness of the
space of randomized stopping times; this has been observed by Beiglebock, Cox, and Huesmann
[10]. In fact, it is a nontrivial problem to see that such optimal randomized stopping time is
indeed a stopping time (non-randomized) to solve the problem P(u,v) (1.5). This has been
proved under the assumptions on the cost and . (For other types of cost, for example
the one based on the distance, C(7) = E[|W, — W;|], similar results have been proved in [30];
see also [29].)

Theorem 2.1 (Existence/Uniqueness of Optimal Skorokhod Problem [10, 28]). Given com-
pactly supported measures p,v on R with p <sg v and p,v < Leb, the optimal Skorokhod

problem P(p,v) (L1.5) with the cost C in (1.2) under the assumption (1.3) and (1.4)), has a

unique optimal stopping time T*, which is not randomized in the type (I) case, and in the
type (II) case, randomized only at t = 0; in the latter case Wy = = and 7" = 0 occurs with
probability v(x)/u(x). Moreover, there exists a space-time barrier set R* € R% x Rq such that
7% is given by the hitting time to R*, that is,

7" =inf{t | (Wi, t) € R*} (in type (II) case, it holds for those paths with 7 > 0).

For our purpose it is important to understand the barrier set R*. It can be characterized
by using the dual solutions of P(u,v). In [28]) they used dynamic programming principle to
establish the duality: P(u,v) = D(p,v) where

D)= swp { [ wtds) - [ ot 0utdn)}.
peLsC \ JRrd R4

Here, the function (z,t) — Jy(x,t) is called the ‘value function’ which is the result of dynamic

programming:

Toly.1) = sup {E [w(wg) - /DU L(t +s, Wg)ds} }

where o are randomized stopping times. Then, it is shown [28] that under the assumptions
in Theorem [2.1] (in fact for more general p and v), there exists an optimal dual function
Y* € LSC N Hy. The barrier set R* then is given by

(21) R = {([B,t) ’ Jw*(t,[]}) = w*(.%')} C R™ x RZO'

The strict monotonicity assumption on L (1.4]) for type (I) and (II) implies (forward or back-
ward) time-monotonicity of the set R*, namely,

R = {(a,t) | ¢ > s(a)} for type (I), R* = {(2,t) | ¢ < s(a)} for type (1),
where the function s, called the barrier function, and the stopping time 7* is given by
s(z) = inf{t € RY; Jy«(t,z) =" (z)} & 7 =inf{t|t>s(W)} for type (I),
s(z) = sup{t € RT; Jyp(t,2) =¢*(x)} & 71" =inf{t |t <s(W)} for type (II).
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2.3. Eulerian formulation. It is important for us to relate the Brownian motion with stop-
ping time 7, with its corresponding mass flow, which we call Eulerian flow; considering such
Eulerian formulation and effectively using it to analyze optimal stopping times is one of the
main innovations of [28].

An Eulerian flow for us is a pair of measures (7, p) on R? x R>( such that in the weak sense,

(2.2) plt,2) + Dun(t, ) = S An(t, ),

/ dp=v,  n(x,0) = p(z).
R+

For a more precise description, let O C R? be a bounded open convex set that contains the
supports of p and v. Pick v < A the Poincaré constant of O. We consider

C_+(Rsg x O) :={w: C(R" x O) | e "w(t,z) — 0 as t — oo, uniformly in z}.

Its dual space M. (R* x O) is the finite Radon measures with y-exponential decay. We let
C’i’i(RJr x O) denote the functions whose first derivative in time and second derivatives in
space lie in C_,(R™ x O). Then, following [28] we shall say that (n, p) is an admissible pair,
provided n, p € M, (RT x O) and 7, p > 0, and they satisfy the following two equations:

(2.3) / v(dz) / /R _u(@)p(dt, dz) for all u € C(O).

(2.4) _/Ow(o,y)u(dy) = /O - [gtwu,x) - %Aw(t,x)]n(dt,da:)
_ //R+ w(t,z)p(dt,dx) for all w € Ci’i(R* x 0).

Let us translate the Brownian stopping into Eulerian flow:

Proposition 2.2 (see [28] Proposition 2.2). Given u and v compactly supported with p,v <
Leb. Suppose T is a stopping time with Wy ~ p, Wr ~ v. Then, there is an admissible pair
(n,p) of measures on R% x R, such that for every g € C(R% x Rx)

WHZA@MMW%M,
E| /0 Tg(t,Wt)dt} _ /O /R gl oyt ).

This gives equivalence between the optimization problem for the stopping time and the one
for the Eulerian flow [2§]:

Pp,v)=Pi(p,v) = mf/ / (t,z)n(dt, dz)
Rd JR+

where (7, p)’s are admissible pairs.

and
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We close this section with an essential lemma for us to consider the Eulerian flow in the
context of the barrier of the stopping time. It will be later used in Section

Lemma 2.3 ([28] Lemma 4.5). Suppose pu < Leb is a compactly supported measure and
R C R% x Rsg. Let (n,p) be admissible with the condition n(R) = 0 and p(R) = 1.

We suppose R is a measurable forward-barrier, namely, (r,z) € R whenever (t,z) € R with
t <r, and (t,x) € R if there is (t;,x) € R with t; — t. Then (n,p) is unique.

If instead R is a measurable backward-barrier, namely, (r,x) € R whenever (t,z) € R with
t>r, and (t,x) € R if there is (t;,x) € R with t; — t, then (n, p) is uniquely determined given
the value of p on the set (0,x) where s(xz) = 0.

Remark 2.4. Let us comment on why the additional condition n(R) = 0,p(R) = 1 to the
corresponding PDE is sufficient to determine the unique solution. Because p(R) = 1
for the probability measure p, we have p(R®) = 0. Therefore, the behaves like the heat
equation for m in R, with the Dirichlet condition which is due to n(R) = 0; therefore the
uniqueness is not surprising, especially if R is closed (so R® is open). In fact we will show that

we can take R as a closed set; see Section[f], Theorem [{.1]}

3. PROPERTIES OF STOPPING TIMES

In this section we prove several basic but important results for the properties of hitting times
as well as optimal stopping times. We handle the general case where the barriers are merely
measurable sets, say, not open or closed. This may be of its own interest. For the present
paper, because of Section 4| (see Thereom , it suffices to consider only the case where the
barrier set is closed, in which case some proofs of this section can possibly be simplified.

3.1. Properties of stopping times with respect to a barrier set. We first recall the
following result from potential theory:

Lemma 3.1. Let p, is the distribution of the stopped Brownian motion starting at z by the
first hitting time to the round sphere 0B, of radius r centered at 0. Let o be the surface measure
of OB,. Suppose |z| > 2r or |z| < %r. Then, there exists a universal constant C > 0 depending
only on the dimension, such that the Radom-Nikodym derivative satisfies

dis,
do

In particular, for the Brownian motion W starting from z, and for the first hitting time 7, to
the sphere 0B,., we have

<C.

olE]

o[0B,]

ProblW: e E]<C for any E C 0B,.

Proof. As the Brownian motion is scaling invariant, it is sufficient to consider the case r = 1.
Then, the desired upper bound should be a standard result of potential theory. This is a
consequence of Dahlberg’s Theorem [17]. O
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Using this lemma we now prove a key lemma, which takes care of a subtle possibility that
Brownian paths blocked by a barrier set may possibly drop mass in the set; the lemma says
it should not happen when the final distribution is absolutely continuous. Another equivalent
interpretation is that if it takes some time for Brownian particles from p to reach G, then the
particles should spread over GG before stopping or v should be singular.

We consider probability measures 4 and v satisfying

(3.1) 1< Leb and v < f for a bounded measurable function f in RY.

Lemma 3.2. For probability measures p and v satisfying (3.1)), let T be a randomized stopping
time with Wy ~ u and W, ~v. Let G be a measurable set, and let 7 be the first hitting time
to G. That is, 7¢ = inf{t |W; € G}. Suppose 7 < 7 and p A (v|g) = 0. Then v[G] = 0.

Remark 3.3. Notice that the condition v < f, especially v < Leb, is essential in Lemma[3.2
For example, consider the distribution v ~ W, of the Brownian motion of the hitting time T
to a sphere G, does not satisfy the result of this lemma.

Proof. Suppose v[G] > 0 for contradiction. Then there exists 6 > 0 such that the set
Gg::{zEG|Z—:Z5}
has |Gs| > 0. Consider a Lebesgue point x of G, where the Lebesgue density is 1. Then, for
each small € > 0, there exists 7 > 0 (depending on ¢€) such that the following holds:
v|B,(z)] > 0/2|B,(x)|, |Gs N B.(x)] > (1 —¢€)|By(x)| forall 0 <r < 7.
From the Fubini’s theorem, there are 0 < rqy < ro < 7 with 8r; < r9 < 10r such that
HIYGs N OBy, (x)] > (1 — 5e)HI OB, (x)], i=1,2.
From Lemma for a dimensional constant C' we have
Prob|W. & By, (z) |W; € By, (x) for some t < 7] < Cle,

since for the Brownian path from a point inside By, (x) to go outside B,,(x), it has to go
through 0B,,(z) but avoiding hitting G, thus Gs. Therefore,

Prob[W, € By,(z) |Wy € By, (x) for some t < 7] >1—Ce.
By a similar argument of using the same lemma, we get
Prob|W. € By, (z) | Wi € Byy,(x) \ Bar, (z) for some t < 7] < Ce.
Now let us consider
v|By, (z)] = Prob|W; € B, (z)]

< Prob[Wy € Bay, ()] + Prob[W; € By, (x) & Wy & Bay, ()]
=I+1I.

Notice that
I = p[Bay, (7)) < €| Bay, ()]
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from the assumption pu A (v|g) = 0 and the choice of . On the other hand, from continuity
of Brownian paths, for the Brownian path from a point outside Bs,, (z) to arrive in B, (), it
first needs to arrive in By, (z) \ Bay, (). Therefore,

IT < Prob|W, € By, (z) & Wy € By, () \ Bay,(x) for some t < 7]
= Prob[W; € By, (x) | Wy € Byy,(x) \ Bay,(z) for some t < 7]
x Prob| Wi € By, (z) \ Bay, () for some t <7].
Also, notice that
v[By,(z)] = Prob|W; € By,(z)] > Prob[W; € By,(x) | Wy € By, (x) for some t < 7]
x Prob[W; € Byy, (x) for some t < 7].

Combining all these with the previous probability estimates with €, we see that

Ce
R
II < 1_CGV[BT2(37)]
which implies
Ce
VB ()] < T+T1 < By, ()| + - vlBra(0)]

Recall that v[By, ()] > §|B,, (z)|, v is bounded, and that the volumes | B, (z)|, |B2r, (z)|, and
| B, (z)| are all comparable up to a constant factor depending only on the dimension. Then,
we get a contradiction by letting € — 0. This completes the proof. g

There are several important consequences of Lemma[3.2 An immediate consequence is this.

Corollary 3.4. Let p, v, T be as given in Lemmal[3.2. In addition suppose that T is given as the
first hitting time to the barrier function s, that is, a measurable function s : R% — R>o U {oo},
such that

T=1inf{t | t > s(Wy)} in (I) case, or
T =1nf{t | t < s(Wy)} in (II), respectively.

Let G = {z | s(x) =0} in (I) case, G = {z | s(x) = oo} in (II) case, respectively. Assume
fAu=0. Then, v|G] = 0.

Proof. Notice that 7 < 7¢ = inf{t |W; € G} from the definition of 7 and 7. Therefore, the
result follows from Lemma [3.2] O

Later in this section we will need another technical fact regarding stopping times.

Lemma 3.5. Let 7 be a stopping time. Suppose that G is a measurable set with positive
measure, and every point of G has Lebesque density larger than a > 0. Let D C (0,00) be a
countable dense subset such that

(3.2) for each fixed constant t € D, Prob[W,; € G & t < 7| = 0.
Let 7q :=inf{r >0 | W, € G}. Then, T < 7¢ almost surely.
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Proof. First note that
Prob[r > 1¢] = Prob[3t',t' < 1 & Wy € G]
and

Prob[3t" € D,t" < 1 & W € G]

> Prob[Ft" e D" <17 & Wy € G | I ¥ <17 & Wy € G]Prob|3t ¥/ <1 & Wy € G].
We now show the following;:
Claim: There exists a dimensional constant C' > 0 such that
Prob3t" e D" <17 & W € G |3t <7 & Wy € G] =C/2 > 0.

Proof of Claim. For each fixed " > t/, and for given x = Wy, the probability density o for
Wy is nothing but the heat kernel at around z with time ¢” — ¢/, that is,

_ Ca el
(t” _ t/)d/Q )

Also note that for fixed ' < ¢” and for given Wy = z, , the event ‘¢’ < 7’ is independent of the
event ‘Wi € G’, from the strong Markov property of the Brownian motion. Hence, for each
z € G and for sufficiently small » > 0 that depends on x we have

ProbWy € G |t <1 & Wy = 1]

= Prob|Wy € G | Wy = z

> Prob[Wy € GN By(x) | Wy = 1]
Ca

(" — t/)d/2

o(z) =

e /)G N B, (z)].

*TQ/(t”ft’) |Br (1;) |7

where the last line follows since GG has Lebesgue density larger than a > 0.
Now let 7 = (¢ — #/)!1/2. Then above computation yields
lim ProbWy € G|t <17 & Wy =2]>C > 0.

=+

Since D is dense, this implies that for each § > 0,
Prob[3t" e D& ¢/ <t"<t'+6 & W eG |t <7 & Wy €G] >C.
Notice that for fixed ¢/,
Problr >t +6 |t/ <7 & Wy € Gl - 1asd —0for§ > 0.
and thus
Prob[3t" e D" <7 & W e G |t <17 & Wy €G] >C/2>0.
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Since C' is uniform over ', we conclude that
Prob3t" e DA" <7 & W e G |t <7 &Wp €G] >C/2
as well, verifying the claim. O

The Claim yields that
C
Prob[3t" € D,t" <1 & Wy € G] > 5Prob[7’ > 76].

On the other hand, since D is countable, we have
Prob[3t" € D" <& Wy € G| <Y Prob[Wr € G & t < .
teD
Therefore, if Prob[t > 7] > 0, then there should exist ¢ € D such that
Prob|Wr; e G & t < 7] > 0.
This contradicts , thus completing the proof. O

Remark 3.6. In Lemmal[3.5 the assumption that G consists of its Lebesque point is essential.
For example, consider in R, and the interval G = [3,4] and let G = {0} U Gy. Let u be
the uniform distribution on the interval [—1/2,1/2]. One can find a stopping time T and its
distribution v, Wy ~ p, W, ~ v such that v is supported on [—3/2,3/2]. Then, because of
the support of v, we have that T < 7¢,. Therefore, for each t > 0, the probability Prob[W; €
G & t<71]=ProbWy =0 & t < 7] =0. However, on the other hand, T £ 7¢;, as Brownian
paths will pass through O before T, with positive probability.

Lemma together with Lemma [3.2| give the following useful result.

Corollary 3.7. Let u,v and 7 be as given in Lemma[3.2, and let G be a measurable subset of
R, Let D C (0,00) be a countable dense subset such that (3.2)) holds. Then either the support
of u overlaps with that of v|a, or v|G] = 0.

Remark 3.8. Notice that the condition v < f, especially v < Leb, is essential in Corol-
lary[3.7 In particular, if |G| = 0, then Prob[W; € G & t < 7] = 0 for each constant t > 0
when Wy ~ p < Leb. So, if a singular measure v supported on such zero Lebesque measure
set, for example the distribution v ~ W, of the Brownian motion of the hitting time T to a
sphere, does not satisfy the result of this Corollary.

Proof. The case |G| = 0 is obvious since v < Leb. Suppose |G| > 0 and gy Av = 0 in G, we
will show that v G] = 0. Let G be the set of Lebesgue points of G. Since (3.2) remains valid
for G, Lemma |3.5| yields 7 < 7 (almost surely), which then implies ©[G] = 0 by Lemma

as it Av|g = 0. Since v[G] = v[G] for v < Leb, this completes the proof. O

We now focus on stopping times given as the hitting time to a barrier function s : R — R>p.
Lemma[3.2 and its consequences give a useful characterization for such a stopping time, which
will play a key role later in the paper (see for instance Theorem and Section . Roughly
speaking the following proposition endows a certain regularity to the set {(z,t) | t = s(z)}
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from the condition (3.1)), by ensuring that the Brownian particles stop only at the set, nor
above or below (in t), for instance.

Proposition 3.9. Let s : R¢ — R>oU{+o0} be a measurable function, and let T be the hitting
time to the barrier s, that is, T := inf{t | t > s(W4)} in the type (I) case, T := inf{t | t < s(Wy)}
in the type (II) case, respectively. Assume Wy ~ pu, Wy ~ v where u,v satisfies . In the
(II) case further assume that u Av =0. Then,

(3.3) T = s(W:) almost surely.

Proof. First recall that, by |28, Corollary 3.6], the stopping time occurs only in the barrier set.
Thus, if (3.3)) is not true, then

Probt > s(W;)] > 0 in the (I) case,
Prob[r < s(W;)] > 0 in the (II) case, respectively,
then, there exists Q > ¢ > 0 such that
Prob[t >t > s(W;)] > 0 in the (I) case,
Problt <t < s(W;)] > 0 in the (II) case, respectively.
Let us separate the (I) and (II) cases.

1. (I) case. Consider the set S := {z | s(z) < ¢} and the distribution v; of W;,,. Note

that W; € S implies that 7 < t. Therefore, Wi,, € S is equivalent to “W, € S and 7 < 17,
which is then equivalent to “s(W,) < ¢ and 7 <t 7, whose probability is strictly < 1 due to
Prob[t >t > s(W;)] > 0. Therefore, ¢S] < 1, thus the measure u; := vy — v7|g has a positive
total mass |uz| > 0.
We then start the Brownian motion from the distribution p; and initial time ¢; we immediately
stop if 7 < ¢, otherwise we continue the Brownian motion until 7; we call this stopping time 7.
Let v denote that distribution of Wz, then, from the condition v < Leb, we also have v < Leb.
Moreover, from the definition of S and the fact Prob[r >t > s(W,)] > 0, we have

v[S] > 0.

On the other hand, let 75 be the first hitting time to the set S for Brownian motion starting
from the time ¢ with the initial distribution u;. Notice that if W; € S (with ¢ > ¢) then
t >t > s(W;) by the definition of S, therefore 7 < t, thus 7 < ¢ from the construction of the
stopping time 7. This implies that 7 < 7g. From the construction of u; we see that uz < Leb
and pz A 7|g = 0. Therefore from Lemma we see that 7[S] = 0, a contradiction. This
completes the proof in the (I) case.

2. (II) case. Let S = {x | s(z) > t}. Let 7 =t A7 and 75 := inf{t | W; € S}. Notice that
obviously if t > ¢, then ¢ > 7. On the other hand, if t <t and W} € S then s(W;) > tsot > 7.
These imply that 7 < 7g. Moreover, let  be the distribution of 7, that is, Wz ~ . Then from
Prob[r <t < s(W;)] > 0 and the assumption u A v = 0 in this (II) case, there exists S; C S
such that u[S1] = 0 and »[S1] > 0. Since u A (7|g,) = 0, and 7 < 79 < 7g,, we have from
Lemma that 7[S1] = 0, a contradiction. This completes the proof. O
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4. STOPPING TIMES AND POTENTIAL FLOWS.

For each stopping time 7 we can consider the time flow of distribution u; of Wips, 0 <t <
00. These distributions then define potential functions by solving the corresponding Poisson
equation. The potential functions can be used back to study the stopping times, which is
especially beneficial because they have regularity properties coming from the elliptic regularity
and Ito’s formula. Our main theorem (Theorem of this section utilizes this to show that
when 7 is given by the hitting time to a barrier of type (I) or (II), the barrier is a closed set.
This is a key fact that will be used in Section [5| where we establish the consistency of our
probabilistic formulation of the Stefan problem with the PDE formulation.

Using potential functions to study stopping times has been considered in the literature
starting from [6] for existence of Brownian stopping times (Skorokhod problem), and more
recently for analyzing optimal stopping problems (see [16] 25 18], for one space dimension,
and [28] for higher dimensions).

4.1. Potential flows, definition and regularity. In this subsection we define the potential
flow Uy, and establish its space-time continuity (Corollary [4.9)).

Let N(y) be the Newtonian potential function on R?, namely

31l d=1,
N(y) := < 2mlog |y| d=2,
a7 otherwise.

where wy is the volume of the unit ball in R? such that

Given a measure p, define the potential U, defined as

Up(z) := /N(w — y)du(y).
Since AU, = p, standard elliptic regularity theory yields the following:

Lemma 4.1 (Spatial continuity). Assume that there are constants M, R > 0 such that p < M
and p =0 outside Br. Then ||Uyllc1.amay < C for any 0 < a <1, with C = C(a, M, R).

Remark 4.2. Our main focus is on the stopping times T generating a compactly supported v,
Wr ~ v, with the upper density constraint v < f. For such 7, the measure g, the distribution
of Wrenr ~ pt, is uniformly bounded with respect to t, as pu is bounded by the greater of the
solution to the heat equation (with initial value ) and f. Also, the support of u; is contained
in the conver hull of the support of v since the subharmonic order pu; <gg v implies convex
order py <c v. In what follows we thus focus on the case where the result of Lemmal[4.1] holds.

We now recall a simple consequence of Ito’s formula. For each 0 < g € C}(R?), consider a
subharmonic function u € C? such that Au = ¢g. Note that one can find such v € C?® from
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elliptic regularity. Using Ito’s formula, for each stopping time ¢ > 0 we have

71 71
ELu(¥,) | Wo =]~ uly) = | [ gauwde | wo =] =2 [ Jatwar [ wo=y].
0 0
In particular, we can show

Lemma 4.3. Suppose that  is a probability measure on R® and Wy ~ p and Wi ~vy,i=1,2
and that the potentials U,,,U,, are measurable functions. Assume that 71 < 9. Then, for each
closed or open set E C R, we have for the characteristic function xg that

(@) [ W=ty s = 2| [ Sxnwiyar]

In general, for a measurable E, there exists a monotonically increasing sequence of compact
sets K, C E with lim,o |E \ K| = 0 and monotonically decreasing sequence of open sets
with E C Oy, and lim,,_,~ |0y, \ E| = 0 such that

. ! N
[ = v s = i | [ S| =] [7 ] i e, 0var].
E T T n—00

n—oo
1 1

T2 T2
[ -t an= i 2| [* So.ma] =5 | [7 ] i xo, v
E n—00 - 2 - 2 n—oo
Proof. 1. First let us consider the case where E is compact or open. For a compact set & = K,
there exists a monotonically decreasing sequence 0 < g, € CL(R?), point-wisely converging
to Xk, that is, xx = infg gx. Indeed, take a continuous function hy that equals d(z, E) if
d(z,E) <1/k, 1if d(xz, E) > 2/k, and the linear interpolation, (1 —1/k)(d(x,E) —1/k) +1/k,
for 1/k < d(z,E) < 2/k. After mollifying, this generates a monotone increasing sequence of
C! functions that converges to 1 — xz.
When E = O is open and bounded, we can modify the above construction for K = (R?\
O) N By for R > 1 to find corresponding {g }1 converging to xo.

Now, consider the subharmonic functions u; € C° such that Auy = gr. We have

/ Uy, = Uyy) (y)dy = lim [ (U,, —U,,) (y)gk(y)dy (by the monotone convergence theorem)
E

k—o0

= lim [ (2 — 1) (y)ur(y) dy (integration by parts)

k—o0

= klingo E[uk(Wm) — up(Wr)]

= lim E {/ 29k(Wt)dt] (by Ito’s formula)

k—o00 1

where by the monotone convergence theorem (applied to the Wiener measure on the path space
as the monotone convergence g — xg can be extended to the path space), the last line is the

same as
E [/ QXE(Wt)dt] .
T1
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2. Next for open or cloesd F, consider Er = E N Bg. Notice xg, — Xr monotonically as
R — oo. We can apply arguments in 1. for Er and apply the monotone convergence theorem
as R — oo.

3. Now for a measurable E, one can find a sequence of increasing compact sets K; C Ky C
K3 C .... contained in E such that lim,_,« |F\ K| = 0 and monotonically decreasing sequence
of open sets with £ C O,, O1 2 O3 2 O3 2 -+, and lim,_,+ |0y, \ E| = 0. Let {E,,} denote
either the sequence {K,} or {O,}. Then, from the monotone convergence theorem applied to
XE, , we have

/E (Usy — Up) ()dy = tim [ (U — Us) (9)d.

n—oo E

T1

Since for the sets fEn Uy, = Uy,) (y)dy =E [fﬁ %XEn(Wt)dt] from the previous cases, we get
. =1 21
[ W =) iy = i & | [ e v <] [ i, (Wit

where for the last equality we applied the monotone convergence theorem to the Wiener mea-
sure on the path space as the monotone sequence x g, can be extended to the path space. This
completes the proof. O

The following is a standard fact, but, we provide its proof for the sake of exposition.

Corollary 4.4. Suppose p is a bounded, compactly supported measure on R® and that 11,7
are stopping times with the given initial distribution p and let W, ~ v;, i =1,2. Then

71 < 1o implies Uy, < U,,.
Moreover the equality holds if and only if 71 = T almost surely.

Proof. The order immediately follows from Lemma [4.3} For equality, suppose U,, = U,,. We
Lemma [4.3 to E = RY to obtain

0— /Rd (U, — Upy) (y)dy = E [/ ;dt] _ %E[TQ A

1

Hence E[ry — 71] = 0. Since 73 > 71, we conclude that 7o = 71 almost surely. O

Remark 4.5. Note that there are many stopping times with the same final distribution. There-
fore, Uy, = U, without an assumption like i < T2 does not give much information.

Now we define our potential flow.

Definition 4.6. For compactly supported measures u,v < Leb, let T be a stopping time between
uoand v, that is Wy ~ o and W, ~ v. We define u; to be the distribution of the stopping time
T At, that is, Wene ~ . We then call {Uy, }+>0 as the potential flow associated with 7.

Note that p = pp and v = . From Corollary [£.4] we immediately have

Corollary 4.7. (a) Uy, is monotonically nondecreasing in t;
(b) U, < Uy, <U, forallt;
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(¢) U,, pointwise converges to U, and U, respectively ast — 07 and t — .
We now prove continuity of the potential flow in time.

Lemma 4.8 (Time continuity). Suppose C := |[tit]| oo (rax[0,00) < 00, and that the support of
e s bounded uniformly in t. Then U, is Lipschitz in time, more precisely, for each x,

C
OgUHt,(:L‘)—Uut(a:)Sg[t'—t] forall0 <t <t.

Proof. Recall from Lemma [.3] that for each open set E,

/ (Uut/ - Uut) (y)dy =E /T 1XE(Wt)dt] .
E T

At 2
The first inequality then follows from the spatial continuity of U,,. For the second inequality,
apply Fubini in above equality to obtain

1
(4.2) / (Upy — Uy,) (y)dy = 2/ Prob|W, € E & r < 7]dr.
E t
Notice that for each r > 0, by definition of i,
ProblW, € E & r < 7] < p,[E].
Since p, < C, this and (4.2)) implies
1
5 L U = V) iy < S0~ o).
Now set £ = B,(z) and let » — 0%, which completes the proof. O
From Lemma [£.T] Corollary .4 and Lemma the following holds:

¢
2

Corollary 4.9 (Space-time Lipschitzness of the potential). Assume that there exists a constant
C > 0 such that pu < C for all t > 0, and that the support of p; is bounded uniformly in t.
Then Uy, is uniformly CY® in space and Lipschitz in time in R? x [0,00). In particular, the
convergence in C’omllary (c) is uniform.

4.2. Hitting times to monotone barriers and potential functions. In this section we
investigate the relation between the stopping time 7 and the hitting time to a barrier set
generated by the potential Uy,.

Definition 4.10. For the potential flow {Uy,, }i>0 given in Deﬁnition we define the time
forward/backward stopping times

O = inf{t | U, (W) = U,(Wy)}, 700 :=inf{t > 0| U,,(W;) = U,(Wy)}.
We also define the corresponding barrier functions and the barrier sets as follows:
s" () == inf{t | Uy, (2) = Uy (@)}, RO = {(2,) | ¢ > s% (2)}

and

s (z) = sup{t | Uy, (2) = Uu(2)}, B :={(z,1) | t < s""(x)}.
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Note that because of the time-monotonicity of U,, as in Corollary we have
U =inf{t | YT W) <t}, VP =inf{t | sSY0(W;) >t > 0).

Notice that the condition ¢ > 0 for 7U? is necessary: otherwise 7V% = 0.

The potential flow U, can be defined for any stopping time, even for randomized stopping
time, so the hitting times 7V, 7V can be associated to any (randomized) stopping time 7.
On the other hand it is easy to see that 7 and either of 7%/ 7Y% do not coincide in general.
Even with a first hitting time 7, it will not be equal to 79/, 7Y% unless its barrier is monotone
in time. In case 7 is indeed a hitting time to a time-monotone barrier, we verify that it is
in fact equal to 7YF, 7V respectively, depending on its monotonicity type; this is proved in
Theorem [£.14] below.

To see why such equivalence is useful, observe the following consequence of the continuity
of potential flow.

Lemma 4.11. Assume j; and its support is uniformly bounded for all t > 0. Then sYf and
—sYb are lower semicontinuous. Thus, the sets RV and RV are closed in R? x [0, 00).

Proof. From Corollary [£.9] O

The closeness of the barrier sets is essential in Section [5| after we verify below that the
optimal stopping time 7 coincides with 7/ or 7V®, depending on type (I) or (II) of 7. It will
imply closedness of the barrier set for 7, which then allow us to apply maximum principle in
the PDE formulation in Section [l

Note that the equivalence between 7 and 7%/ or 7V, is hinted in the formula which is
a consequence of Ito’s formula. One sees there that more time spent for the Brownian motion
increases the potential function, which is precisely controlled but, only in integral/expected
value sense, thus, it is not obvious how to use such a control on average quantities to get
information for each Brownian path. We bypass this difficulty in two important steps. First,
we show that the barrier set R of 7 (for example, the set R* for the optimal stopping time 7*
as in Section [2) contains (in a measure theoretic sense) the barrier set RV for costs of type
(I) (respectively, RV for costs of type (II)). This is basically a result of the Ito’s formula via
Lemma 4.3

Proposition 4.12. Let p,v and 7 be as given in Definition [{.6, Suppose T is characterized
as T = inf{t | t > s(W,)} for costs of type (I), T = sup{t | 0 < t < s(Wy)} for costs of type
(II), for a measurable function s : R? x (R>o U {co0}). Then we have

vl{z | s(x) < sY (@)}] =0 for (1) and v[{z | s(z) > s"(x)}] = 0 for (II).

Proof. We will prove for costs of type (I), since the argument is parallel for the other case.
Suppose not, that is, v({s < s¥/}) > 0. We can then find a constant £ € [0, c0) such that

v[E] > 0 where E := {z | s(z) <t < s/ (2)}.
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Since v <« Leb, this also means |E| > 0. Let us define w(x,t) := U,(x) — Uy, (x). From
Lemma and definition of E we have w(-,t) > 0 on E, yielding

/ w(y,t)dy > 0.
E

At the moment we only know that F is a measurable set; for example, we do not know
continuity of s or s/, s¥*. But, from Lemma there exists monotonically increasing
sequence of compact sets K,, C E such that

= lim, oo % ft—oo Prob|W, € K, & r < 7]dr,
where the second equality is from Fubini’s theorem.

On the other hand, recall that 7 = inf{¢ : t > s(x)}. Hence if W, € E and r > ¢, then
s(W,) <t <r and thus 7 < r. Therefore

ProbW, € K,, & r < 7| < Prob|W, € E & r < 7] =0 for each n.

Back to the previous integrals and the limits, this then implies that

/ w(y,t)dy = 0,
E

a contradiction, completing the proof. O

Definition 4.13. We let 7V commonly denote 7UVf and 7Vt depending on whether p; is
generated from type (I) or (II) stopping time 7. Likewise we use RY as the corresponding
barrier sets RV and RUY. and sV corresponding to sY/ and sUP.

Proposition and together imply that 7 > 7U. It then implies that we may choose
the barrier R of 7 in such a way that R C RY. The opposite inclusion will show the equivalence
between 7 and 7Y. Unfortunately we fall short of proving this, due to unknown nature of
regularity for the distribution of 7V, in spite of the fact that most likely it is v. In particular
we are unable to use Lemma due to the unknown regularity for the corresponding Eulerian
variables. Still, it is possible to utilize the potential barrier to derive that the set {n > 0}
is open, which is important for the consistency results in Section [5] We employ the Eulerian
formulation that connects the Brownian motion with stopping time with a parabolic flow.

Theorem 4.14. Let p,v and 7 be as given in Proposition . In type (II), assume that
7 > 0 almost surely. Then the eulerian variable (n, p) that corresponds to T satisfies

(4.3) {n>0} = (RY)".

In addition, when 0 < a < v on its support for a constant a, we have

(4.4) s=s" v-a.e
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Remark 4.15. In type (II) the assumption T > 0 almost surely, is necessary. For example, if
A v 0 then the optimal stopping time T randomizes at the initial time to stop the common
mass 1 A v then proceed with the remaining mass p — pu A v for positive time; in this case TV
can still be > 0, making T # Y.

Proof of Theorem /.14 From Proposition the stopping time 7 induces its Eulerian flow
(n,p) which satisfies (2.2) with n[R] = 0 and p[R] = 1. Furthermore from [28 we have
n e L*(R*; Hy(R™M)).

Let us denote w := U, — Uy, for (I), and w := U, — U, for (II). For the rest of the proof we
focus on type (I), as (IT) follows a parallel proof.

Since Aw = v — u; at each t > 0, w satisfies
t
(4.5) Aw(z) =v(z) —n(t,z) — / p(ds,z) in RY, for type (I).
0
Now, for g € C(RT x R?) with g(t,-) € C.(R%) for each t > 0, consider ¢ solving —Ap(t,-) =

g(t,-) for each ¢ > 0, with decay at infinity. Using (2.2) for (n,p) and (4.5), we integrate by
parts to obtain

/ / (z, t dtdx—/ / -0 — pdtdm—/ / —7A77 )dtdx
Rd JR+ Rd JR+ Rd JR+
:// —fg(x,t)n(x,t)dtdm.
Rd JR+ 2

(4.6) dyw = —3n (in type (II), the sign is opposite.)

Therefore we have

Let us continue arguing with (I). Integrating (2.2]) for (1, p) in time from zero to infinity,
using the fact that n, a subsolution to heat equation with bounded initial data, vanishes as
t — 00, yields that

(4.7) ;A(/OOO n(x,s))ds = v — p=w(z,0).

From this and , it follows that w(z,t) = 3 ft (z,s)ds. Since n is nonnegative, it
follows that the set {w > 0} includes {n > O} namely {n > 0} ¢ (RY)“. On the other
hand, we already had 7 > 7Y, which follows from Proposition and . This means that
without loss of generality we can assume that R C RY, or in other words, the barrier R of 7
can be chosen to satisfy R € RY. In particular this implies that p((RY)¢) = 0, and thus 5
solves the heat equation in (RU)C. In particular it follows that 7 is positive in the connected
open component of (RY)% that contains {y > 0} x {t = 0}. Since (RY) decreases in time and
is open, so is any of its connected component. It follows that the set {n(-,¢) > 0} decreases in

time, and thus from (4.7) we conclude that {w > 0} = {n > 0} = (RY)® and thus (4.3).

Next we proceed to show (4.4). We will only show the case for type (I), since parallel
arguments hold for (/7). Note that by (#3) we have RV = {w = 0} = {n = 0}, and

(RY)¢ = {w > 0}. Hence, combining (4.6)) and (4.5 we have
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1 1
(4.8) wy — iAw = — VX {w>0} w(-,0) =U, — U,.

If 0 < a < v < b for some constants a,d in its support, then by standard arguments for
parabolic obstacle problem (see Lemma 5.2 and section 5.3 of [I1]), d{w > 0} = 9{n > 0} has
zero space-time Lebesgue measure. We will use this fact in the next paragraph.

Since R C RY, we have sV < 5. Due to Propositionp can only be supported in {t = s(z)}.
On the other hand p = 0 where {n > 0} as shown above and from the (7, p) equation p = 0 in
any open set where n = 0. Therefore, it follows that p = 0 outside of 9{n > 0}, that is, p is
concentrated in the set d{n > 0}. Since [ p(z, s)ds = v(z), Proposition implies that

{t = s(z)} C 9{n > 0} for v-a.e. x.

Since {n > 0} = (RY)¢ = {t < sY(x)}, it follows that both points (sV(z),x), (s(x), ) are
in 0{n > 0}. Since the set {n > 0} decreases in time, it follows that the whole segment
[sY(x),s(x)] x {x} are in d{n > 0}. Hence, if v(sV < 5) > 0 then it contradicts the fact that
the space-time measure of 9{n > 0} is zero. Now we can conclude (4.4)).

In the case of (II), w; = —3n with (4.8) changes to w; = i1 with

1 1 1
(4.9) wy — iAw = 5 VX{w>0) + o w(-,0) = 0.

Here we use the fact that 7 > 0. The rest of the argument is parallel to that of (I). O

Theorem [4.14] states that if 7 is the hitting time to a monotone-in-time barrier set, then
the barrier can be given by RV where the Brownian motion reaches. Note that the barrier
sets cannot be unique, as wherever the Brownian motion does not reach, one can modify the
barrier set without changing the hitting time 7 from g and the final distribution v. We however
can characterize the set RU is the largest barrier set for 7, as any barrier set of 7 should be
contained in RY by Proposition Because of this we regard RU as the canonical barrier
associated to 7,  and v. From now on we mean RV whenever we say a monotone barrier R
for such hitting times 7 as in Proposition [4.12

We can in fact show that RV (so R in our convention) is not dependent on 7 but only on s
and v as long as the stopping time is given by the hitting time to a monotone barrier; this is not
straightforward because RV is determined by the potential flow U,, which then is determined
by the distribution pu; ~ Wia:. In particular this yields the uniqueness of the hitting time
7 (hitting a forward or backward barrier set) for given p and v. When R is finely closed,
such uniqueness of the barrier is known (see e.g. [10, Remarks 2.3 and 6.19]). We remove
this restrictive assumption in the proof below, where we make use of the parabolic obstacle
problem that the w-variable solves.

Lemma 4.16. Let p,v and T be as given in Proposition with v uniformly positive in its
support. In type (II), assume that 7 > 0 almost surely. Then for given u and v, the barrier
set R (more precisely, the barrier function s of R) is unique v-a.e.
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Proof. Let (1, p) and w be as given in the proof of Theorem

Note that the above parabolic obstacle problem and (4.9) each has a unique solution
due to comparison principle. Indeed, suppose w; and ws solve the same parabolic obstacle
problem with the same initial data. Then (w; — wg)4 is a subsolution of the heat equation
with zero initial data, and thus it is zero. Hence w and {w > 0} = (RY)¢ is determined only
by © and v. Hence we conclude by . U

Definition 4.17. For p,v as given in Lemma[{.16, (R, s(z)) is each the barrier set and the
barrier function associated to (u,v) for the cost type (I) or the cost type (II) if R = RY is the
barrier set uniquely given (v-a.e.) in Lemmal4.16, in the form of R := {(x,t) : t > s(z)} for
cost (I), or R :={(z,t) : t < s(x)} for cost (II).

For the given barrier R, the corresponding Eulerian flow is uniquely determined, due to
Lemma [2.3] This justifies the following:

Definition 4.18. We say the pair (n,p) is the Eulerian variables associated with (u,v) for
the cost type (I) (or (II)) if it is the unique pair (n, p) solving in the weak sense with the
property n € L2([0,00); HY(Bgr)) with n(R) = 0 and p(R) = 1 for the v-a.e. unique barrier
R = RY determined by p,v.

4.3. Remarks on the potential approach and the parabolic obstacle problem. We
have verified in the proof of Lemma that the function w(x,t) := U, — U, (w:=U,, —U,
for (II)) solves the obstacle problem ([(.8)-(4.9). They are in the form of the parabolic obstacle
problem that has been actively studied in the literature. In fact, this connection between
the parabolic obstacle problem and the Stefan problem has been used in [21I] to introduce a
notion of weak solution solely based on for a regularized version of (St;). However, even
ignoring the regularization, such notion of weak solutions has its limitations due to lack of
sufficient regularity of w-variable to track the problem back to (St1). We refer to [I1I] and
[35] for available results on regularity and singularity for solutions of . We point out
that the low regularity of w is due to the fact that w; is non-positive in our setting. When
wy is nonnegative, which corresponds to the costs of type (II) and thus (St3), much stronger
regularity results holds for the parabolic obstacle problem: see e.g. [24].

5. CONSISTENCY WITH THE STEFAN PROBLEM

Let (n, p) be the Eulerian variables associated with (u, ), given in Definition In this
section we will show that n solves the Stefan problems, with initial distribution p and weight
v, and vice versa. This connection has been indicated in [28] with formal analysis.

Let us define weak solutions of the (weighted) Stefan problems (St1), and (St2), with initial
density 79 and initial domain E:

1 .
(51 Evxsoh —5An =0, n(,0) =m0 € LY(R"), E:=lim ggp{n(-,t) > 0}
t—

Definition 5.1. A nonnegative function n € L'(R™ x [0,00)) is a weak solution of (St1),
(or (St2),) with initial data (no, E) if
(a) the set {n(-,t)} > 0 decreases (or increases) in t;
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(b) E = limsup,_,o+{n(-,t) > 0};
(c) for any test function ¢ € C°(R™ x [O 0)),

(5.2) / /]Rd — (o +)vx{n>0})pt + nAgo]d:zdt /Rd[(ﬁo + (or —)vxg)el(z,0)dz
We say that 1 is a weak solutions of (St;) if it is for (St;), with v =1, fori=1,2.

Remark 5.2. One can check that n is a weak solution of (St1),, if vi = va in the set
{z : (x,t) € 0{n > 0} for somet > 0}. To see this, note that

/ / oy dudt = [ (o) | "t = [ i) ete (@) ~ xpeto.0)ded

where s(x) := sup{t : n(x,t) > 0}. So the only value of v that matters is at (z,s(x)), a.e. x.

Remark 5.3. Note that the weak solution for (St1), or (Sta), requires specifying not only
the initial data ng but the initial domain E to be solved as an initial-value problem. With
this information we can find a unique solution of (Sta) by comparison principle, for instance
see [2]. On the other hand, even with specified ny and E, (St1) can exhibit a high degree of
non-uniqueness, as we will see in Section (0. 1).

Theorem 5.4. Let p,v € L' (RY), and assume that v > a > 0 for some constant a in its
support. Let (n,p) be the associated Fulerian flow given in Definition for either (1) or
(11). If the optimal stopping time associated with (u,v) is strictly positive, the following holds:

(a) For (I), n is a weak solution (St1), with initial data (u, E), where E is a set containing
the support of v.

(b) For (II), n is a weak solution (Sta), with initial data (u, E) where E is the support of
L.
Proof. Let R be the barrier set associated with (i, v) for either the cost of type (I) and (II)
given in Definition Note that the following holds from Proposition [3.9]and Theorem
(i) p is supported on {t = s(z)};
(i) {n >0} ={t <s(x)} (v,dt)-a.e

For the next set of computations we focus on (I). Let ¢ € C*>°(R" x [0,00)) with compact
support in space. Recall that (7, p) then satisfies (2.2)), namely

o0 1 [e.e]
/ /77(%0t+Ag0)da:dt:/ /pgodxdt+/ug0(x,0)dx.

We would like to see that 7 satisfies the weak equation for (St;),. To this end observe that

/ /pgpdwdt // (z,t)p(x, t)dt) dac—// x))dx,

where the second equality comes from (i) and the fact that [~ p(z,t)dt = v(z) a.e. .
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Next, from (ii) we have {n > 0} = {t < s(x)} (v, dt)-a.e. Thus by Fubini’s theorem
[v(z)e(z,s(z))de = [v( fo o(z, t)dtde + [v(z)p(x,0)dx

[ Josoy v(@)ee(z, )dtde + [ v(z)p(z, 0)d.
Hence (2.2)) can be written as

| [ e+ 580t = [ v@eaate e - [ () - et 0)de

Hence 7 is a weak solution n € L'(R% x [0,00)) of (St;),, with initial data 79 = p and the
initial trace of the set {n > 0} equal to a set F containing the support of v.

For (II), since {n > 0} = {s(z) < t} (v,dt)-a.e., again by Fubini’s theorem

(5.3) / v()p(z, s(z))de = — / v(z) / :) iz, t)dtde = — / /{ -, V(@) gz, t)dtda,

Since 7 > 0, we have v = 0 in {n(-,04+) > 0}. Hence (2.2)) for case (II) can then be written
as

/Ooo/n(%Jr;Aw)dxdt: —/{M} V(x)got(x,t)dxdt—/u(;p)(p(x,o)d%

which is the weak expression for (Stq), with initial data p and the initial support the same
as [
O

Remark 5.5. In the case 7 = 0, the theorem will hold with the revised initial data p — pg and
revised target measure v — ug, where g is the portion of u with = = 0, namely

po(x) := Prob[r = 0| Wy = z| pu(x).
Next we consider the reverse direction.

Theorem 5.6. Let p,v > 0, L°(R™) with compact support. Suppose that there exists a weak
solution n € LY(R™ x (0,00)) of (St1), with initial data (u, E), where E is bounded. Let us
define s and p by

s(z) := sup{t : n(x,t) > 0} and

(5.4) // oz, t) dedt = / v(z)p(x,s(z))dx

for any test function ¢ € C°(R™ x [0,00)). Then p <sp V= VX{4(x)<cc}- Moreover (n,p) is
the Fulerian variables between ng = p and v, generated by the optimal stopping time with costs
of type (I).



THE STEFAN PROBLEM AND OPTIMAL BROWNIAN MARTINGALE TRANSPORT 27

Proof. By definition of s(x), {n > 0} = {t < s(x)}. This allows us to write, for instance in the
case of (Sty),

v(z)p(s(x),z)dz— [ v(x)p(0,z)de = [ v(z) oi(t, z)dtdr = v(x)p(t, x)dtdz.
OS(I) {n>0}

Arguing as in the proof of Theorem we can then verify that (7, p) satisfies the equation
(2.2]). Moreover, we have n(R) = 0 for the barrier set R := {(x,t) : t > s(x)} by the definition
of s(x). Observe also that

p(R) = /p(m,t)da:dt = /n(:];,O)da: =pR") =1

where the first equality holds since p is supported in R, and the second is due to the mass
preserving property of the heat equation.

Let us define £ := ftoo n(z,t)dt. Integrating in time the weak equation for (St;), we see that
& solves the parabolic obstacle problem

1 1
&t — §A§ = —§VX{§>0}'

On the other hand, since we have 1, — An = —p in the distribution sense, and since 7
vanishes as time tends to infinity, it follows that

p=nt0) = [“em = [Tanen = -al[ T+

Hence w—rv = —A{ (+,0). Thus, by uniqueness of the parabolic obstacle problem, {(z,t) =
j; (x,s)ds, where 7 is the Eulerian variable generated by the optimal stopping
tlme between w and . In particular {7 > 0} = {n > 0}.
To conclude, note that n € L%([0,00), Hi (R™)), due to the fact that 7 is a subsolution of the
heat equation with compactly supported initial data. Hence taking their zero set as R (where
clearly both p and pg are supported), we can apply Lemma to conclude that n = 7.

O

We finish this section with the corresponding statement for (St3),. The proof is parallel to
(St1),.

Theorem 5.7. Let pu,v > 0, L>°(R™) with compact support. Suppose that there exists a weak
solution n € LY*(R"™ x (0,00)) of (Sta), and initial data (u, E), where E is bounded. Let us
define s and p by

s(x) :=inf{t : n(z,t) > 0}
and . Then (n,p) is the Eulerian variables between 1 and v generated by the optimal
stopping time wzth costs of type (1I), where

w=mn and U = vxgc.

In the next section, we will discuss a specific class of the target measures, from which
solutions to the classical Stefan problems (St;) and (Sty) are generated.
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6. SUBHARMONICALLY GENERATED SETS

This section defines a central notion of the present paper which characterizes a pair of sets
by existence of a certain stopping time. This notion then is connected to solvability of the
supercooled Stefan problem (St;) the one without weight v.

Definition 6.1. We say the pair (X, E) is subharmonically generated by p, if there is a
stopping time T with the corresponding FEulerian flow (n,p) (2.2)), such that 7 > 0 almost
surely, Wo ~ u and Wy ~v = xx and E = {z | n(z,t) > 0 for some t > 0}.

This definition is motivated by the following equivalence result.

Theorem 6.2. Consider a compactly supporeted measure . < Leb on RE. Then for a given
set E, the following are equivalent.

(a) There exists a weak solution n of (St1) with initial data (u, E)
(b) There exists a measurable set ¥ such that (X, E) is subharmonically generated by p.

Moreover, ¥ = {z(x) < oo} with z(x) := sup{t : n(z,t) > 0}.

Proof. If (a) holds, then (b) follows from Theorem |5.6, with ¥ := {s(z) < oo} with s(z) :=
sup{t : n(z,t) > 0}. Let us remark that, since the set {n(-,t) > 0} decreases as ¢ increases, we
have

limsup{n(-,£) > 0} = Upso{n(-.2) > 0} = .

t—0t

Similarly, if (b) holds, then (a) follows from Theorem 5.4 O

We mention that obtaining v as a characteristic function ysy does not guarantee a corre-
sponding solution for (St;) unless the stopping time is strictly positive. Even with the stopping
time strictly positive, for a given p and E there can be many ¥ such that (3, E) is subharmon-
ically generated by p. Below we will discuss an example that illustrates these points. In the
next section we will introduce an optimization problem for the target measure v, that uniquely
generates a subharmonically generated pair (E, E) for each given p, with E explicitly given
in terms of p. More discussion on the Stefan problem is to follow in Section [9} in conjunction
with this optimal target problem. We will see therein that our optimal target scheme provides
a mechanism to construct solutions of (St;) in a stable, and physically reasonable manner.

6.1. Example for nonuniquenss for (St;). The weak solution of (St;) is known to have
non-uniqueness with given initial data. Here we give an example that yields infinitely many
weak solutions to (St1) with the same initial data (u, E): these are solutions that does not
vanish in finite time.

Proposition 6.3. Let y = @xge and E = {|z| < 1}. Then, there are infinitely many weak
solutions to (St1) with initial data (pu, E).

Proof. Consider the set ¥ := A; U Ay C R? consisting of the union of two annuli,

Ay ={2e<|z| <7}, As:={r<|z|<1}, where0<2e<r<r <1.
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Assume |X| = 1 by choosing appropriate €, r, and r'. Let v = y5. We will prove
Claim: there exists a randomized stopping time 7, with Wy ~ p and W, ~ v.

After verifying this claim, we can find the optimal stopping time 7* for the optimal Skorokhhod
problem P(y,v) (L.5). Then, the corresponding Eulearian flow (7, p) as given in Propositoin[2.2]
gives a solution to (St1), via Theorem with the initial set
E = limsup{n(-,t) > 0} = {|z| < 1}.
t—0+

This is because, to reach the outer annulus As, the Eulerian variable n should be active in
the whole set {|z| < 1}. From Remark the solution we constructed here for (St1),, for
v = X3, actually solves the original supercooled Stefan (St;). Hence, by choosing different
combinations of 7,7/, but still making [X| = 1, we can generate infinitely many solutions to
(St1) with the above (i, E). In this case, {s(z) = oo} = {|z| < 2¢} U {r < |z| < 7'}, the
outside part of the two annuli in £ = {|z| < 1}.

It remains to prove the claim. We first show that there exists a randomized stopping time
7/ with Wy ~ d(z=0}, such that Wy, ~ v. To construct such stoping time, let 7 be the first
hitting time to S(r) := {|z| = r}. Then its distribution v, is a uniform d — 1 dimensional
measure along the set S(r), that is, v, = Cydg(,) with some constant C; > 0. Thus we can
randomize at ¢t = 0 to find a stopping time 74 with Wy ~ d;,—¢1 whose distribution v, is given
by va = f:f vp f(r)dr for some weight f(r) that can be controlled by the randomization at
t = 0. In particular, we can find such a randomization at t = 0 so that v4 becomes a uniform
measure on the annulus A = {r; < |z| < ro}. Now, for such 74, and 74, we can consider the
randomized stopping time 7’ given as

2

i TA, W?th prObab%l?ty \A1||+|A2|’
TAs with probablhty m

Then it follows that W, ~ v. Moreover, by the Markov property of the Brownian motion, we
can change the randomization at © = 0 to a randomization at S(e), that is, when the Browinian
motion from the origin first hits S(e) we make a probabilistic choice how to move from there.

One can find a randomized stopping time 7" as in the above, with Wy ~ dz=0y and Wrr ~
|1T1\XBE for the ball B.. Note that 7 > 7. almost surely. Clearly 7/ < 7, so 7”7 < 7/. This

means that for the measure y = ﬁ X B, there exists a randomized stopping time 7 with Wy ~ p
and W, ~ v, verifying the claim. O

7. OPTIMAL TARGET PROBLEM

From this section on, we consider the optimal target problem proposed in our intro-
duction, namely solving for the optimal target 7 minimizing the cost function C(7), under the
upper density constraint v < f, for a given bounded and measurable function f. One can view
this as a projection problem in the space of probability measures. Given p € P(R™), what
is the closest measure v in the constraint set {v < f}, under the condition that we have the
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subharmonic order u <gp v. Here, the closeness between the two measures is measured by
the cost C'(7) for an optimal stopping time 7 between them. Once we have the optimal target
v then we can apply Theorem obtaining the optimal stopping time 7 that is given by the
hitting time to a barrier given by a barrier function s.

Let us point out that it is not easy to explicitly construct the optimal target even in simple
cases. For instance when f =1 and pu = 6,—¢, one may guess that the optimal stopping time
T is given by the constant time, when the heat kernel K(¢,y) becomes K < 1. This is not the
case as we see below, for the either cost type (I) or (II).

For the rest of the paper will see that the optimal target comes with many interesting
characteristics, based on the two main features: monotonicity and saturation property. These
two properties allow us to connect the optimal target problem with global solvability of
the Stefan problem; see Section [9}

We begin our discussion with the monotonicity property.

7.1. Monotonicity. The following theorem demonstrates an order between optimal targets
of Problem (|1.1)) and the corresponding optimal stopping times.

Theorem 7.1 (monotonicity). Consider (u;, v;, si,7i), i = 1,2 such that 1; are stopping times
given by the barrier function s;, with initial and target distribution u; and v;. Further assume
that v; < f and uy < po. Then the following holds:

(1) If v1 is a solution to for w1, while s1, 7 are the corresponding uniquely deter-
mined (uniquely vi-a.e. sense) barrier and the corresponding optimal stopping time,
then, as the stopping times from the initial distribution pi, we have 71 < 7o almost
surely. (Notice that from py < ug, the stopping time o from ps can be restricted to
the initial distribution py. ) Here, we do not necessarily assume that vy is a solution

to .

(2) If both v; is a solution to (1.1 for u;, while s;,7; are the corresponding uniquely de-
termined (uniquely v;-a.e. sense) barrier and the corresponding optimal stopping time,
respectively, then vy < vo. In particular there is at most one solution to (|1.1).

Remark 7.2. We point out that for (1) we only need 11 to be optimal, not 5. This in
particular characterizes 11 as the smallest stopping time that starts from py among eligible
target distributions with the constraint f.

Proof. To show (1), we first prove that 71 < 79, when 75 is restricted to the initial distribution
1. For this it only needs optimality of vy.
(I) case. In this case 74, i = 1,2, are the first hitting time to the set

Ri = {(a;,t) ’ t> si(:c)}; T = inf{t ’ (Wt,t) S Rz}

Let 7 := 71 A 7. Recall that from Proposition we have (W.,7;) € R; almost surely,
i = 1,2. Therefore 7 > min[s;(W3), s2(Ws)] almost surely. Now, for a Brownian path, if
Wz € {x | s1(x) < so(x)} then 7 > 71 so 7 = 1. Similarly, if Wz € {z | s2(x) < s1(x)} then
T = To.
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Therefore, 7 denoting the distribution of 7, we have

D‘{slgsﬂ < V1|{51§52} < f and 17|{52§31} < VQ’{SQSSl} < f;
so 7 < f and 7T is admissible.

Now recall that 7 is the minimizer for C, which implies 7 = 71 almost surely, as otherwise if
Prob[T < 1] > 0 then from the strict monotonicity of C, we see C(7) < C(11), a contradiction.

This immediately implies that 71 < 79, where we understand 7o as the stopping time re-
stricted to the initial distribution .

(II) case. In this case 74, i = 1,2, are randomized at the initial time to give the distribution
f A pi, i = 1,2, and the rest Brownian particles stops when they first hit to the set R; :=
{(z,t) | t < s;(z)}, which gives the corresponding final distribution v; — f A p; (from those
Brownian paths with 7; > 0), that satisfies < f — f A u;, i = 1,2. Notice that f — f A pg <
J—fAprdue to py < po.

From now on until the end of the proof of this case, we restrict 7o to the initial distribution
w1 and call it still 7o. Define a randomized stopping time 7 as follows: For the portion u; A f
stop immediately, and for the rest p; — uy A f, follow the Brownian motion until 7y A7o. Notice
that 7 < 7 from its construction. The rest of proof is similar to (I) case with additional
consideration for stopping at the initial time. Details follow.

We show that 7 is admissible, namely, if we let o be its distribution (with the initial distribu-
tion 1), Wr ~ , then o < f. To see this, first write 7 = py A f+7" where ! is the distribution
of the rest. For Brownian particles with positive time 7 > 0, that is, those accounting for !,
if Wz € {x | s1(x) > sa(z)} then 7 > 7 so 7 = 71. Similarly, if Wz € {x | sa(z) > s1(z)} then
T > 79 so T = 1o. Therefore,

171|{51252} < (l/l —f /\Ml)|{51232} < (f —f /\Ml)|{32281}
as well as
’71’{52251} < (V2 - f /\/"L2)’{82281} < (f - f /\[1,2)’{52251} < (f - f /\Ml)’{52251}'
From these, we have
D= Af+ <uANf+(f—FfAu)=f verifying admissibility of 7.

Now recall that 71 is the minimizer for C, which implies 7 = 71 almost surely, as otherwise if
Prob[t < 7] > 0 then from the strict monotonicity of C and from 7 < 71, we see C(7) < C(11)
for admissible 7, a contradiction. This immediately implies that 71 < 79 as desired.

We now show (2): this requires optimality of both 1 and vs.

Suppose not, i.e. f{r/1>r/2} f(z)dx > 0. For a small € > 0, define

Ec :={x | vi(x) > va(x) + 2ev(z)}.
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and p§ = po — ey > 0. Define an auxiliary randomized stopping time 7, from the initial
distribution uso as follows:

o from pu$ ,
T:=q1 if W, € E, from eu,

T it W, & E¢ from ep; .
Let us explain the meaning of this. Here the wording ‘from p5’ or ‘from ey’ should be
understood as that at the initial time the Brownian particles belong to the distribution p$ or
€1, respectively. Notice that such a decomposition in the initial distribution is allowed for the
randomized stopping time as it is like randomizing at the initial time. Notice that we already
proved that 71 < 7 for Brownian motion starting from g1, so the second and third lines in the
definition of 7 is well defined.

Now let us show that 7 is admissible. Define the distribution 7 of 7, that is, Wz ~ 0. From
the definition of 7 we see that

V| pe = the distribution of W7, from p§ and from epuq, restricted to the set E.

Therefore 0|ge < vs.
On the other hand,
v|p, = the distribution of W, from eu
+ the distribution of W, from po = p§ + €11, restricted to the set E
<ev] + vy on E,
< 11 on E. by the definition of F.
<f

We thus have verified that 7 < f, therefore, 7 is admissible as the stopping time from the
initial distribution ps.

Now notice that by the construction 7 < 79, where the latter is optimal . From the strict
monotonicity of the cost C, we see that 7 = 1.

To see why this leads to a contradiction, notice that it implies that for those Brownian
particles starting from ey with W, € E¢ we have 71 = 7 = 5. Since ev is the final distribution
for 71 starting from ep; we have

evi|p, < the distribution for 79 starting from epuy, restricted to E..

< the distribution for 7o starting from eus, restricted to E. (because puy < )

6V2’Ee'

Note that this is a contradiction to the definition of E,, thus proves the claim that 1 < wvy. O

Remark 7.3. Note that 71 < 1o should be understood to hold for those Brownian paths starting
from the initial points x distributed as the common mass 1 = 1 A po for u1 < ps. Because
of Markov property of the Brownian motion, the stopping time T can be applied to the initial
mass of o in the region where puy > 0. From the region py = 0, it should be understood that
the stopping time 11 = 0 because, from where p1 = 0 there is no motion for 71. In this sense,
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the inequality 71 < T can be applied to all Brownian paths from the initial distribution us not
only from ;.

The rest of the section discusses important consequences of the monotonicity property.

7.2. Existence. Here we show the well-posedness of the optimization problem (|1.1]).

Theorem 7.4. Let pu be bounded and compactly supported, and suppose the set
A:={v:pu<ggv, viscompactly supported and v < f}

is nonempty for f € L®(R™). Then, there exists unique optimal target measure v for the

problem ([1.1]).

Proof. Once existence is established, uniqueness is a direct consequence of Theorem

First let us consider the case where f is compactly supported. In this case, basically the
relevant domain for the measures v € 4 and Brownian motion between p and v is compact (in
particular, a subset of the convex hull of supp f), therefore existence of a minimizer v follows
easily from the weak-* compactness of the minimizing sequence, since that the condition v < f
is closed with the weak-* convergence.

Now, for the general case, let fgr = f Alp,, then for R > 1, the corresponding admissibility
set Ag with fgr is nonempty. Therefore, for the initial measure p, and for each 1 < R <
R, applying the compactly supported case, we find vg,vr be the optimal solutions with
the constraint fr and fr/, respectively. Let 7r,7r be the corresponding optimal stopping
times. Notice that v also satisfies the density constraint fr/ (> fr). We can then apply
the monotonicity, Theorem (1), and get 7pr < 7. It implies that the support of vps
is contained in the convex hull of the support of vg. Since in the support of vg we have
fr = frr, so, vg should be an optimal solution for the constraint fr, because for the cost
we have C(tr/) < C(7g). From uniqueness of optmal solution in the compactly supported
constraint case, we have vgp = vg. This implies that the optimal vg is independent of R
as long as R is sufficiently large. That vg, R > 1, is the optimal target for f. To see this
notice that for any compactly supported target measure v/ < f, there exists R > 0 such that
supp v’ C Bpg, so V' < fr and the cost for vy is less than or equal to that of /. ]

Remark 7.5. We note that those f with A # () are plenty. For exzample, f =1 on R%, or any
f > 0 which has a positive lower bound on a ball B, R > 1, will work. Or any f > 0 that
has a positive lower bound in the annulus {R; < |x| < Ra}, with 1 < Ry < Ry < 0o works. Of
course, here how large R, R1, Ro need to be depends on . These are some particular types of
[ we focus on in this paper, especially in Section[9

7.3. Universality of the optimal target. A remarkable consequence of this monotonicity is
that for a given initial measure p and upperbound constraint f, the optimal target v is unique
regardless of the cost function C as long as C satisfies either (I) or (II). We exploit the fact
that Theorem (1) requires optimality only for one target. This result will have interesting
consequences later in the context of Stefan problem (see Section E[)
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Theorem 7.6 (Universality). For a given p, assume that v;, i = 1,2, is an optimal solution
to (L.1)) with the same upperbound constraint f, but, for costs C;, i = 1,2 where C; satisfies (1)
or (II). Then vy = vs.

Proof. Notice tat v1,v0 < f. Let 74, ¢ = 1,2 are the corresponding optimal stopping times, for
Ci, i = 1,2, respectively.
For the cost C; consider the optimal stopping time 75 for the given target vo. Then, from
Theorem (1) and optimality of 71, we have 71 < 7. This implies that v; <gg vo.
Similarly, for the cost Ca, consider the optimal stopping time 77 for the given target v4. Then,
from Theorem (1) and optimality of 72, we have 79 < 7{. This implies that v <gg v1.
The two subharmonic orders imply o = v1, completing the proof. U

Remark 7.7. Above universality is rather surprising since, by putting different weights on
the location x for L, we may expect different optimal target distribution v. Qur result says
this is not the case, namely that the cost function C(7) depends only on the time spent by the
Brownian paths.

7.4. L' contraction and BV estimate. Next we show the L' contraction, which is a con-
sequence of the monotonicity and the fact that the total mass of u is the same as that of
v.

Theorem 7.8 (L!-Contraction). Assume either (I) or (II). Let (u1,v1), (u2,v2) be the pairs
of the initial distribution and optimal solution of the problem (1.1)). Then,

(1 —vo) 4|l < [[(p1 — p2)4 |l r

Proof. Let fi = puy A po; notice that (u1 — pe)+ = p1 — fi. Let 7 be an optimal solution of the
corresponding problem ([1.1)) with the initial distribution . As i < u;, i = 1,2, we have from
the monotonicity (Theorem that

b<u,i=1,2
Now, let B = {z | vi(z) — va(z) > 0}. Then,
(1 =)+ = (1 —v)xe, < (M —P)xE, Svi -7
Therefore,
11 —v2)allor < llvr =2l = llpe = Al = [1(p1 = p2)+ [l

as desired. Notice that the first equality follows from the fact that the problem preserves the
total mass, i.e. [lpl[rr = [lvallze s [|Alle = 1721 O

Remark 7.9. The monotonicity and L' contraction seem to hold if we add the constraint
7 <t in the problem (1.1)), namely, for a given t,

(7.1) argmin  {C(7) |7 <t, Wo~pu& Wr~v}
veP(R") & v<f

This will be useful for us when we try to use the Markov property of the problem, and do
iteration of the L' contraction and consequent BV estimate for 7.
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We prove the BV estimate as an immediate corollary of the L' contraction theorem. For
(IT), when f =1 and when pu = (1 4 uo)xg with o > 0, this was shown by Meirmanov [37].
Theorem 7.10 (BV estimate). Let v be the solution of (1.1) with a constant f. Then,

lvllsv < [[pllBv-

Proof. Let us first consider the case u € C'. Let us define 1° := v % n;, where 7 is a standard
nonnegative compactly supported mollifier with total mass one. Since v is L' and v is com-
pactly supported, © uniformly converges to v in L'. From lower semi-continuity of BV norm
under L' convergence it is enough to prove that

119\l Bv < ||l By for small § > 0.
Observe that for each y € By, € > 0, we have

/ |V (z + ey) — 10 (2)|da < / lv(w + ey) — v(w)|dw.

Notice that f =1 is translation invariant, therefore from the uniqueness result, v(- + ey) is
the optimal solution of (I.1]) for the initial measure p(-+€y). We apply then the L' contraction
(Theorem [7.8) and get for any ¢ > 0,

[Pt v, [l @) s,

Now for a fixed 6, v? and p are C' with compact supports, and so by sending € — 0 in above

expression we obtain
/|Dy y]d:p</]Du - y|dx.

We then integrate both sides in y € By,

/ /!DV y\dfcdy</ /!Du -yldy

and apply the Fubini’s theorem,

// | DV (2 y!dydx<// |Dp(z) - y|dydz
By

Observe that for any unit vector e;, we have

/B D) - yldy = DV ()] | e - yldy
1

By

and similarly for p, which leads to

[irwi( [ o i) de < [ 1Duta) ([ e yidy) dz

Therefore, we get the inequality

[10v@lds < [ 1Dp(o)las.
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Hence we showed that ||| gy < ||u| By as desired.

Let us now consider the general y in BV. We consider a sequence of measures u; € C! that
converges as k — 0o, to y in BV (also in L'); in particular ||ux||py — ||pllpv. Consider the
corresponding v, namely, the solution of ([1.1)) with initial ug. . Apply Step 1, and get

lvellBv < |lpxllBy-

Now notice that by the L! contraction v, converges, as k — 0o, to v in L', therefore, from the
lowe-semicontinuity of the BV-norm in L' convergence, we get

lvllBv < |lullBy.

This completes the proof. [l

Remark 7.11. The BV estimate is a rather well-known consequence of L' contraction, when
the problem is homogeneous with respect to spatial shift.

8. SATURATION PROPERTY OF THE OPTIMAL TARGET

Here we prove that the optimal target measure, when obtained with positive stopping time,
saturates up to the upper density limit f. We first show a converse to Corollary for optimal
solutions to (|1.1)), in the following sense.

Lemma 8.1. Let p be a probabillity measure, absolutely continuous with Lebesgue measure.
Let v be the corresponding optimal solution of the problem for (1) or (II) with bounded
and measurable f . Let T be the optimal stopping time with Wy ~ u and W, ~ v. Let G be a
measurable set such that f|g > 0. Suppose that there exists a constant t1 > 0 such that

Prob[Wy, € G & t1 < 7] > 0.
Then, v|G] > 0.

Proof. Suppose for contradiction, that v|g = 0. We define a randomized stopping time 7
(starting from the distribution p) as follows. For those Brownian trajectories with 7 < ¢, stop
at t. For those Brownian trajectories with 7 > ¢, if Wy, € G just proceed until 7, but, if
Wi, € G then drop a portion of mass at the time ¢;, such that the resulting mass is positive
but has density < f over the set G (note that here we are using the fact that v|g = 0), then
proceed until 7; note that this is possible because Prob[W;, € G & t; < 7] > 0 as well as
flag > 0 for f < Leb. To be more precise, notice that the density at = of the distribution of
W4, for those Brownian particles with ¢; < 7, is bounded from above by Ky, (x) of the solution
to the heat equation with initial data u, thus at each x € G when W}, = x € G, one can stop
the mass with the probability

min[f (z), Ki(z)]

Ki(z)

and we get the positive stopped density < f(x). Therefore this randomized stopping time
7 has distribution Wz ~ © with v < f. Moreover, notice that 7 < 7 for each random path
almost surely, and Prob[7 < 7] > 0. Then, the cost C(7) < C(7) from the strictness of the cost
functional C. This contradicts optimality of 7, thus completing the proof. 0

> 0,
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As an immediate corollary of this lemma and Lemma [3.5] we see that for the optimally
stopped Brownian motion for our problem (|1.1]), any set G with zero mass of the final distri-
bution blocks off the Brownian motion.

Corollary 8.2. Let u,v and 7 be as given in Lemma [81 Let G is a measurable set with
positive measure, and suppose that every point of G has positive Lebesgue density. Assume
that f|lg > 0 and v[G] = 0. Then, T < 7¢ almost surely.

Proof. This is a direct consequence of Lemma [8.1] and Lemma O

We can combine ideas used in the proof of Lemma and the result of Corollary 3.7] to
prove that the optimal solution v saturates the density upper bound.

Theorem 8.3 (saturation). Assume p < Leb and v be the optimal solution of the problem
(1.1) with cost of type (I) or (II) with the optimal stopping time 7. Suppose T > 0 almost
surely. Then the optimal solution v to Problem (1.1) is given in the form

v=fxg for some set E.

More generally, without assuming T > 0, we have the following results:
(a) For costs of type (I), we have

v=fxg+ulp for some set E and F with |[ENF|=0.

where in E the Brownian motion does not stop immediately, i.e. s(x) > 0 for a.e.
x € E, and in F the Brownian paths stop immediately, i.e. s(x) =0, for a.e. x € F.

(b) In the (II) case, the optimal target measure v is given in the following form.
v=v+fAp

where v the optimal solution from the initial measure i = p — f A p, while the upper
bound constraint is given by f = f — f A p; here U is given in the form

U= fxg for some set E
and the corresponding optimal stopping time T satisfies T > 0 almost surely.
Moreover (f A p)(x) = Prob[Wy =z, 7 = 0]u(z).
Before proceeding to the proof of above theorem, we state the following characterization of
the instantly stopped portion for each cost types using the potential flow.
Corollary 8.4. For cost (I) and E and F as given in Theorem we have
E ={w >0} and F = {w = 0},

where w > 0 is continuous solution of the obstacle problem

(8.1) — Aw+ (f ~ )Xoy =0
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Proof. Set w = U, —U, . Then E = {w > 0} and F = {w = 0}. To see this, for example
apply Lemma and continuity of U, and U,. Therefore, we see that

Aw=v —p = fX{ws0} T BX{w=0} — 1 = (f = )X {w>0}-
This completes the proof. O

One can variationally characterize the problem w solves. Noting that {w > 0} contains Q,

we can write (8.1) as
(f = N)X{w>0} = Aw.
If we let h solve Ah = f — p, then w minimizes

/ D — h)dx

among the functions ¢ > 0. Thus w can be viewed as Hl(Rd) projection of h onto the space
of nonnegative functions.

Remark 8.5. In type (II), notice that the set {x | v(x) < f(x)} belongs to the set where the
Brownian motion under the optimal T stops immediately.

Proof of Theorem We proceed in several steps.
1. When 7 > 0 almost surely. For arbitrary 1 > § > 0, let

Hg::{xlégcw;;)<f(x)—5}.

Our goal is to prove v[Hs] = 0. Suppose not for contradiction, that is, v[Hs| > 0. Then,
Corollary [3.7 implies either

(i) pA (V|Ey) #0, or )
(ii) there exists a constant ¢ > 0 such that

P?“Ob[WgEH(; &t < 7‘] > 0.

For (i), we define a randomized stopping time 7 (starting from the distribution u) as follows.
First, 7 is randomized at the initial time for for those Brownian particles from pA(v|q; ), in such
a way that the distribution of initially stopped particles from p A (v| ;) has positive mass with
density 6. For the remaining particles it follows 7. Then the resulting terminal distribution
by 7, say, 7 is < f by the definition of the set Hs. Moreover, from the construction of 7 and
strict monotonicity of C we have C(7) < C(7), which contradicts optimality of 7. Therefore,
the case (i) should not happen.

For (ii), we define 7 in such a way that for those Brownian trajectories with 7 < ¢, stop at
7. For those Brownian trajectories with 7 > ¢, if W; € Hj just proceed until 7, but, if W; € Hy
drop a portion of mass at time ¢, such that the resulting mass is positive but has density < ¢
over the set Hg, then proceed until 7; note that this is possible because the density at x of
the distribution of W7 is bounded from above by Kj(z) of the solution to the heat equation
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with initial data p, thus at each x € Hs when Wy = & € Hg, one can stop the mass with the
probability

min|§, Ki(x)]

Ki()

and we get the positive stopped density with the total mass < §. Therefore this randomized
stopping time 7 has distribution 7 with 7 < f. Moreover, notice that 7 < 7 for each random
path almost surely, and Prob[7 < 7] > 0. Then, the cost C(7) < C(7) from the strictness of
the cost functional C. This contradicts optimality of 7, thus completing the proof for the case
‘T > 0 almost surely’. We verified that v = fyp for some set E for (II).

2. (I) case. Recall that in this case 7 = inf{t | ¢ > s(WW%)}. Notice that the set F' :=
{z | s(x) = 0} gives a barrier set for W; , t < 7. That is, any Brownian path starting from a
point in F with the stopping time 7 stops immediately, equivalently, 7 < 7r. As a consequence
the resulting final distribution with 7 starting from p|p is u|p. On the other hand, denote
i := p|pe and apply the stopping time 7 for those Brownian particles starting from . We let
7 denote such a restriction of 7. Notice that 7 > 0 almost surely and it is the optimal stopping
time for i and f = f — u|p. Let U be the resulting final distribution from the stopping time
7. Then from Case 1, we have that

> 0,

U= fxg for some set E where f|g > 0.

Moreover, notice that iA (7|r) = 0 from the definition i = p|pe. Therefore, from 7 < 75( since
F is part of the barrier) and Lemma [3.2| we get 7[F] = 0. This also implies that |[E N F| = 0,
therefore, fxp = fxg. In summary, we have

v=v+plrp=fxg+ulr asdesired.
This completes the proof for (I).

3. (IT) case. In this case the stopping time 7, which is the optimal stopping time between p
and v, is randomized at ¢t = 0 to give f A pu and proceed with positive time starting from the
rest i = p— f Av, which gives the additional final distribution # = v — f Av. Let 7 denote the
stoping time 7 restricted to the initial distribution . Then its final distribution, say, v gives
an optimal solution to with the upper bound constraint f = f — f A u. Notice that 7 > 0
almost surely. Thus from Case 1, we have 7 = fxp for a set E. Notice that v = i+ f Ap. All
things combined we verified the result in Case 3.

This completes the proof for (II). O

8.1. Upper bound for the optimal stopping time in the (I) case. One of the applica-
tions of the saturation result is the following:

Theorem 8.6. Let p is a probability measure with compact support and p < Leb, and let f
be a bounded measurable function with f > § for a constant § > 0. Then the following holds
for costs of type (1):

Let 7 be the optimal stopping time for Problem . Then there exists a constant T =
T(6, ||\pllz1) such that

7 < T almost surely.
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Remark 8.7. This result yields in particular that the support of v ”closes off”, namely that
it includes the support of p. Also, interestingly the extinction time T does not depend on the
size of the support of L.

Proof. Recall that 7 has a barrier function s such that 7 = inf{¢| ¢t > s(W)}. Consider the
optimal target v and the set F and F' from Theorem (a) (so in the (I) case) which satisfies
that

‘7 > (0 implies ‘W, € E’ almost surely, and
‘7 =0’ implies ‘Wy € F” almost surely,
and that for any measurable set S,

Prob[W, € S & 7> 0 | Wo ~ ] = v[S N E] :/ if > 6lSNE|
SNE
where the last inequality is from the assumption that f > §. Since v < Leb, we may assume,
without loss of generality, that E° consists of its Lebesgue points, by adding the non-Lebesgue
density portion of E°, which has zero Lebesgue measure, to E. Then, from Corollary [8:2] we
see that

(8.2) if 7 > 0, then almost surely 7 < 7pe.
Now consider for each T > 0, the set
Zp:={z | s(x)>T}.
Notice that v[Zr] = v[Z7 N E]. It suffices to show that there exists T such that v[Zz] = 0.
First, recall that from Lemma we have 7 = s(7) almost surely. Therefore, almost surely,

W, € Zp if and only if 7 > T. Also note that 7 > T implies s(Wr) > T so W € Zp. Also,
(8.2) implies W € E when 7 > T. Therefore, almost surely,

W, € Zp implies Wp e ZrNE & 7> T.
In particular, we have
ProbW, € Zp | Wo ~ pu] < Prob|Wr € Zr NE & 7> T | Wy ~ pl.
On the other hand, let pr be the distribution of the heat flow in R? at time 7 with the

initial condition py = u. Notice that pr < Cp for some constant Cr, depending only on ||u| 71
and T, decaying exponentially to zero as 1" — oco. Consider

CTZTQE‘Z/ d,OT:PTOb[WTEZTﬂE| W()N,U/}
ZrNE

> ProbWpre ZrNE &17>T | Wy~ ]
> Prob[W. € Zp | Wy ~ p |

=v|Zr] = v[Zr N E]

> 0|Zr N E|.

By examining the limit T — oo we see that there exists T = T(d, ||u| 1) > 0 such that
|Zy N E| = 0. Thus we conclude that 7[Z5] = 0, completing the proof. O
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Notice that a similar result does not hold in the (II) case as easily seen in the following
example.

Example 8.8. Consider the case under the (II) assumption where By, By are the balls of
radius 1, 2, respectively, centered at the origin in .

p=2%p, f=1

Then, we get v = 1x, and the corresponding barrier function s is radially symmetric and can
be given by a function of the form

0 for|z| <1,
s(x) = {g(lzl) forl<|z| <2,
+oo  for|z| > 2.

where g : [1,2) — R is an increasing function with g(1) =0 and g(t) — oo ast — 2. Here the
optimal stopping time T which is the hitting time to such a barrier has not upper bound.

9. GLOBAL-TIME EXISTENCE OF SUPERCOOLED STEFAN PROBLEM

Translating the saturation result, Theorem into a PDE formulation via the consistency
result, Theorem we can derive global-time existence of the Stefan problem for both super-
cooled fluid (St;) (Theorems and and melting ice (St2) (Theorem [9.2)). Our emphasis
will be on the supercooled case which has not been well understood in the literature. We point
out that, due to Theorem [8.3] ¥ = 1 in the active region of the brownian particles. Thus
v satisfies the assumptions of Theorem (b). For (St;) we find the unique solution that
vanishes in finite time (Theorem[9.3)), for a certain class of initial data (u, E), and the unique
solution that vanishes outside of its support (Theorem . Remarkably, our choice of the
initial domain FE is necessary to have such solutions, and it is generated as the accumulated
active region of the melting (Sty) problem (Theorem . This connects the two problems
that have very different dynamics from each other.

Let us first translate positivity of the target in Lemma [8.1]in terms of the Eulerian flow 7.

Lemma 9.1. Let v be the optimal target measure generated by (L.1)) with p for type (I) or (1)
costs. Let n be the Eulerian variable associated with (u,v). Then we have

v >0 on the set {x : n(x,t) >0 for somet >0} N{f > 0}.
Proof. We can apply Lemmato the set G := {n(x,t1) > 0} for each ¢t; > 0. d

9.1. Stable Stefan problem. Let us first briefly discuss global well-posedness for the stable
Stefan problem (Sts).

Due to the saturation theorem, Theorem it follows that v(z) = 1 in the active region
{n > 0} if f =1 and pu is larger than one in its support, thus from the consistency theorem,
Theorem we have the following:
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Theorem 9.2 (Global-time existence for (St2)). Let u = (1 +n9)xs € L®(R?) with ny > 0
and a bounded Borel set ¥ with positive measure. Then for costs of type (II), the corresponding
n-variable for u and the optimal target v with f = 1 is the unique weak solution of the stable
Stefan problem (Sts),

1
(St2) (1 + X{n>01)t — §A77 =0
with initial data (Noxs,X).

In this case the initial set for the active region coincides with the support ¥ of the initial
distribution p. This is due to the nature for the type (II) costs whose barrier sets in the
space-time for the optimal stopping are time-backward monotone, in contrast to the type (I)
costs that gives time-forward barrier sets. For the supercooled (St;) case corresponding type
(I), not every initial set ¥ has a global-time solution. This will be apparent in the theorems
below for the supercooled case.

9.2. Supercooled Stefan Problem. From the same reasoning as for Theorem applied
to the type (I) case, we immediately get the following for the supercooled Stefan problem:

Theorem 9.3 (A global-time existence for (St1)). Suppose u = (1 +n9)xs € L>®(R?) with
no > 0 and a bounded Borel set Y with positive measure. Let f = 1 and let v = xg be the
corresponding optimal target for costs of type (I). Then the Eulerian variable n for (u,v) solves
the supercooled Stefan problem

1
(St1) (n— X{n>0})t - §A77 =0

with initial data (p, E). Moreover we have E = {w > 0}, where w > 0 solves the obstacle
problem

(9.1) X{w>0} — Aw = p.
In particular E contains . Lastly, the set {n > 0} vanishes in finite time.

Remark 9.4. In the next subsection we will show that n in above theorem is indeed the unique
solution with initial data p that vanishes in finite time.

From the point of view of Theorem [6.2)), we have this result as (E, E) is subharmonically
generated via Theorem for f = 1. Note that follows from since we know that
in this setting F includes the support of u. In general case no longer holds due to the
instantly frozen part of p in the region p < f. The finite time extinction of 1 is due to
Theorem [8.6] and the characterization of E via the obstacle problem is due to Corollary [8:4]

Remark 9.5 (Relation between (St;) and (St2)). Note that due to universality (Theorem|[7.6)
we have the same optimal target measure v for type (1) and (II), for given yu and f. Therefore
the solution of stable Stefan problem (Sts) in Theorem determines the initial set E that

gives global-time solution for (St1). This aspect can also be understood as the obstacle problem
(19.1) can be solved by the solution of (Sta) by taking t — oo.
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While our optimal target problem connects to the classical Stefan problem (St;) with a
restricted initial data of the form (u, ), one can generate the solution of (St;) for a wider
class of initial data by making use of Theorem and Theorem For instance, to ensure
that there is no instantly frozen set, one can choose f = yxx where K and the support of u
are disjoint. Then the optimal stopping time 7 must be 7 > 0 and, due to Theorem we
obtain a solution of (St;) whose positive set instantly expands out to a part of K and then
shrink over time, with its interface away from the support of u. More precisely we have the
following result which, like Theorem [0.3] is derived immediatly from Lemma 0.1} Theorem [8.3
and Theorem as well as Corollary

Theorem 9.6 (A global-time existence for (St1) for f Apu = 0). Let u be compactly supported,
nonnegative function in L>(R%). Let us set f = xke, where K is a compact set that includes
the support of u, and let v := fxg = Xenke be the corresponding optimal target for costs of
type (I). Then the Eulerian variable n for (u,v) solves (Sty) with initial data (u, E). Here
E = {w > 0}, where w > 0 solves the obstacle problem

Aw = (f = )X {w>0} = X{w>0}nKe — M-

From the point of view of Theorem [6.2, (E N K¢ FE) is subharmonically generated via
Theorem [8.3] for f = yxe.

As in the previous theorem, here again, v can be determined by solving the type (II) problem
with the same p and f, or equivalently solving the corresponding (St3) problem. In this case
7 does not vanish in finite time. It is because the Brownian motion will travel forever in the
region ¥, where no stopping happens there due to the assumption f|s; = 0.

Remark 9.7. Uniqueness is in general not true for (Sti) with initial data p and E (see the
example in Section @ Thus the optimal target problem with f yields a cost (and energy) -
oriented criteria for a unique solution of (St1) with initial distribution u.

o A discussion on the initial expansion

An interesting feature of our solutions of (St1) is the instantly expanded set E. It is well-
understood that the local-in-time solutions to (St;) develops jump discontinuity when the
solution is “overloaded”, namely when the average density goes beyond 1 (see for instance
[14]). When g > 1 in its support, as given in Theorem 1 is entirely overloaded and thus it
is natural that one must expand its support to activate the supercooling process. On the other
hand when g has small density as allowed in Theorem such expansion follows from our
choice of f, which describes the particular scenario where the freezing stimulus is only available
outside of the initial supercooled region. Our approach by optimization, as well as imposing
the “energy level” f, may provide an interesting interpretation to supercooling phenomena,
where little is understood.

Our characterization of the initial domain E via (8.1) is also reminiscent of the classical
paper by Dibenedetto and Friedman [21], which considers a time integrated version of (St).
See the discussion in section 4.3.
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Remark 9.8. The form of u in Theorems and and (u, f) in Theorem were made
to ensure the stopping time T > 0, that is, there is no instant stopping. With more general
W, an instant stopping may occur as given in the saturation theorem, Thereom [8.3. Those
general cases feature immediate phase transition, which is not present in the standard Stefan
problem. Namely, the drain of energy u occurs immediately on a certain part, say, the set F in
the case (I) part of Theorem[8.3, or f A w in the (II) part of Theorem[8.3, for which the heat
particles are not activated. In the freezing problem (I), this is where immediate freezing occurs
(or perhaps one should understand it as the previously frozen region). In the melting problem
(II) the energy f A u reduces the drain capacity f: only the remaining portion p — f A u of
energy is used for the melting for the reduced drain capacity f — f A u. The heat particles once
activated move, and in the melting problem (II), the region (time-dependent) where the heat
particles move is the region where melting occurs.

9.3. Existence of finite time vanishing solution characterizes the initial set. In this
section, we show that the choice of the initial set £ in Theorem [9.3] where in particular the
solution vanishes in finite time, is sharp. Namely, such a choice is necessary for a finite time
vanishing solution to exist. First, let us connect finite time vanishing solutions to the notion
of subharmonically generated sets as in Theorem [6.2]

Theorem 9.9. Let n be a weak solution of (St1) with the initial data (p, E). Then n vanishes
in finite time if and only if (E, E) is subharmonically generated by p and n is the corresponding
Eulerian variable to (u, xg). In particular, there is at most one solution of (St1) with the initial
data (p, E) that vanishes in finite time.

Proof. The ‘if’ direction is a direct consequence of Theorem and Theorem The ‘only
if” direction follows from Theorem [6.2] and the fact that

s(x) = sup{t : n(x,t) > 0} < T for some finite T,
the vanishing time of 1. Note that that ‘at most one solution’ follows from Theorem O

Theorem 9.10 (Necessary condition for finite time vanishing solution). Let p be a compactly
supported measure on R* with p < Leb. Suppose there is a vanishing in finite time solution
to (St1) with the initial data (u, E). Then, the set E is determined by the optimal free target
problem of type (1) cost, for p and f =1, that the optimal target is v* = xp.

Before proving theorem, we point out that to have such E we must have 7 > 0 almost surely.
This in particular shows that such a set F is determined by the obstacle problem ((9.1)). Hence
we arrive at the following conclusion:

Corollary 9.11 (Unique Characterization). Let v be as given above. Then there is a unique
solution n of (St1) with the initial data p that vanishes in finite time. In this case, the initial
domain E is given by , and n corresponds to the Fulerian variable given by p and the
optimal target v* = xg.

We now prove Theorem [9.10
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Proof. For this result, we apply Theorem [9.9| and Theorem

To have a vanishing in finite time solution to (St1), from Theorem it is necessary that
(E, E) has to be subharmonically generated by p. There is a corresponding type (I) optimal
stopping time, say, 7, solving the optimal Skorokhod problem P(u,v). Here, v = x g, moreover,
E = limsup,_,g+{z | n(z,t) > 0} is the initial set of the active region for the corresponding
Eulerian flow (7, p).

On the other hand, we have the optimal stopping time 7* for the free target problem ([1.1)
for type (I) cost, from the measure p, with f = 1, with the optimal target v* with its density
v* <1 everywhere.

We claim that v* < v. It suffices to show this claim, as it implies the desired equality v* = v
because they have the same mass.

To prove the claim, first note that the monotonicity result, Theorem part (1), does not
require optimality of one of the target, therefore, we have 7" < 7. Therefore, the Eulerian flow
n* for 7* is supported inside the support of the Eulerian flow n of 7. In particular the initial
domain for the Eulerian flow n* is a subset of the initial domain for n, that is, £. Moreover,
even when there is instant stopping 7* = 0 for a set .S, since 7 > 0 almost surely, we have
S C E. From these considerations and the fact that v* < 1 and v = xg, we have v* < v as
desired. This completes the proof. ([l

From parallel reasoning we can uniquely characterize 1 from Theorem as well:

Corollary 9.12 (Unique Characterization). Let pu, K,n and E be as given in Theorem .
Then n is the unique weak solution of (St1) such that Ny~py{n(:,t) > 0} = K. In other words,
E is the unique set for which (E N K¢ E) is subharmonically generated.

10. MONOTONICITY OF THE OPTIMAL BARRIER FUNCTIONS

We show in this section that the barrier function s(x) for the optimal stopping time T,
enjoys a monotonicity property in the spirit of Theorem Namely, the barrier functions
s; are ordered if the initial distributions p; are ordered (Theorem , and such order is
strict (Theorem . The strict monotonicity we obtain generates a comparison principle,
and we hope it may shed a light on understanding regularity of the barrier function s(z), like
comparison principles do for elliptic PDEs. Understanding regularity of s(z), so regularity
of the free boundaries of the Stefan problem, is a wide open problem in (St;) where even
well-posedness is poorly understood.

Our result in Theorem [4.14]shows that its corresponding space-time barrier set R is closed, so
s is lower semicontinuous for type (I) and upper semicontinuous for type (II). To our knowledge
even this very mild regularity result for s is new for (St;). However, for such semicontinuity
we only use the optimality of the stopping time for the optimal Skorokhod problem P(u,v).
Our monotonicity of s below, which is a result of optimality of the target measure, may lead
to a nicer regularity result.
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Theorem 10.1 (Monotonicity for optimal barrier functions). Assume pu; < us < Leb and let
f be a bounded measurable function on R%. Let v;, i = 1,2, be the optimal solutions of the
Problem (1.1) with u;, i = 1,2, respectively. Let s; be the barrier functions associated with

(i, v3) as in Definition . Then we have
s1 < sy wvi-a.e. for type (I) cost, and
s1 > sy vi-a.e. for type (II) cost.

Here, we are able to show only a.e inequality for (I) due to technical reasons, and we
conjecture it holds everywhere; for example, we immediately get everywhere inequality if s;’s
are continuous. To the best of our knowledge the continuity of the barrier function s is not
known in general.

Proof. We utilize the potential flow formulation in Section [4 as well as the monotonicity result
for the optimal target problem (Theorem|7.1)). Let us define 7/, RY and sV as in Definition
generated by the stopping time 7;. We aim to show the order between s{ and s, from which
and (4.4) we can conclude.

Let 75 denote the restriction of 75 from the initial distribution w1, which is the common mass
w1 A pg for pg < po. Then 7 < 72 due to Theorem [7.1] Let o5 denote its distribution, namely
W;, ~ 5. Recall that 7 and 75 are optimal stopping times between u; and v;, ¢ = 1,2. It is
also easy to see that 7o is an optimal stopping time between p; and s.

The monotonicity (Theorem [7.1)) gives 71 < 7. Let u} be the distribution of W, a¢, that is,
Wit ~ pi. Similarly, let Woae ~ pif, Wayne ~ fi2. Since 71 At < 7 At, from Corollary
we have the potentials satisfy

Uu% < Uﬂ?'
Also, restricting 75 to the initial distribution ps — g1 > 0 and applying Corollary we have
Upy—pn < qu—ﬁf S Upy—is-
Below we treat type (I) and (II) separately.
Type (I). For type (I), define the functions
Ui(z,t) := Uy, (x) = Uy (x), Ua(z,1) :=Up,(2) — Up2(2), and Uz(, 1) := Usy(2) — U2 (2).

Notice that they are all nonnegative, continuous, and monotone decreasing in time, due to
Corollary [4.9) and Corollary Since U+, = U, £ U, in general, we have

Uy = UQ + [Uy2_172 — qu—/lf] > Ug.
Recall that RY = {U; = 0}. Thus to show that s < s§ a.e. it suffices to prove that for each
t and for a.e x, Uy(x,t) = 0 implies U; (z,t) =0, or
(10.1) {U1(-,t) > 0} N {Us(-,t) = 0} = 0.

From now on let us fix ¢. Suppose for contradiction that [{Ui(-,¢) >0} N {Us(-,t) = 0}] > 0.
This implies that Ui(-,t) > 0 and Us(-,t) = 0 in E C R? for some positive measure set E
that only consists of Lebesgue density points (of density 1). Lemma then yields that for
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Brownian motions starting from pu; there exists a monotone decreasing sequence of open sets
O, 2 E, with lim,, o |0y, \ E| = 0, such that

T1
O0<E |:/ lim xo, (Wg)dt_:| .

1/\t n—o0
In particular, this implies
(10.2) 0 < Prob [ 3 such that Tim xo, (W) =1& t <T< Tl] .
n o0

Note the strict inequality ¢t < t < 71 in the above expression.

Now, if lim,,—,o0 X0, (Wz) = 1 for some ¢ for a Brownian path, then because E consists only
of its Lebesgue density point, we have that for each € > 0, there exists with positive probability,
t <t <t+ esuch that Wy € E; here we have used the fact that Brownian motion that visits
an open neighbourhood of E sufficiently close to E while F has Lebesgue density 1, has to visit
E with comparable probability. Since such ¢ exists with ¢ < £ < 7; with positive probability,
this means that

with positive probability there exists ¢ with ¢ < < 71 such that W;e L.

However, for those ¢ and corresponding Brownian paths we have Ug(Wg, t) = 0 due to the fact
W; € E C {Ua(-,t) = 0}. Since £ > t and Uy is monotonically decreasing in time we have
Us(W;, 1) = 0. Therefore, (W3, 1) belongs to the barrier {Us = 0} of 7, and thus £ > 7 for
those Brownian paths. On the other hand, since 71 < Ty almost surely, we can assume that
along such Brownian paths we have that  satisfies £ > 7, contradicting the fact ¢ < 7. This

proves ([10.1]), which yields s¥ < s a.e.
Type (II). For type (II), define the functions

Ui(z,t) :== Uy (x) = Uy (2), Us(x,t) := Uﬂ?(az) — U, (2), and Us(z,t) := UN?(.I) — Uy, ().

Notice that they are all nonnegative. From Theorem these give the barrier sets for 71, 7o,
and 79, respectively. Note that from the definition

sY(z) == sup{t | Uy(z,t) = 0}.

3
Observe that U; < Ug becasue U il < Uﬂg. Moreover, we have
Uy = UQ + [qu—ﬂ? — UM2—M1} > Ug.

So Uy < Us, which implies sﬁj > SQU. O

We now prove strict monotonicity for s, which is derived by combining the above theorem
with the monotonicity of the stopping time (Theorem and the saturation result (Theo-
rem .

As a preparation of the statement of the result, let us recall that the potential barrier sets
RY. i =1,2 for the stopping times in Theorem are closed, therefore their complements

10
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are open. Define for i = 1,2,

(10.3) in type (I), E; := limsup{z | n;(z,t) > 0},
t—0t

in type (II), E; :=limsup{z | n;(x,t) > 0}.
t—ro0

Note that due to the monotonicity of R;, F; = Ric = Ugo0{ni(-,t) > 0}, and thus they are
open. Note also that as F;’s are connected to the active regions, the Brownian paths that start
from E;’s have 7; > 0 almost surely, except those in type (II) that may immediately stop; see
Theorem where the mass that immediately stop in type (II) is characterized by the initial
data as pu A f. Thus by taking the initial data as g — p A f we may assume 7; > 0 in Els. The
complement ES is the set where there is immediate and complete stopping occurs for 72, so T2
is zero and so is 71 = 0 from monotonicity (Theorem . There the corresponding s;’s are 0
in type (I) case, oo in type (II) case. Moreover, in type (I) case, ES is exactly the set where
the immediate stopping occurs. This justifies that for comparison between s; we can without
loss of generality assume that 7; > 0 in both type (I) and (II), and compare s;’s only over Es.
Also assuming f > 0 everywhere does not cost much generality for our purpose of comparing
si’s, because in the region f = 0 no stopping to accumulate mass occurs, so the value s; can
only be either co or 0. With these considerations we see that the following theorem essentially
covers the general case and the whole domain for the strict monotonicity of s.

Theorem 10.2 (Strict monotonicity for optimal barrier functions). Let f, wp;, 7 and s; be
as given in Theorem [10.1], in particular, with p1 < ps and sy, sy satisfying the monotonicity.
Assume that f > 0 everywhere and that 7; > 0, ¢ = 1,2, almost surely. Let O be a path
connected component of Eo given in . Suppose pa > 1 on a subset G C O with |G| > 0.
Then s{ (x) # s¥(z) for a.e. z € O.

Proof. From the continuity of Brownian paths, almost surely any Brownian path starting from
O should stay inside the corresponding path-connected component of the active region, say
A C R? x R>p, that is connected to O, that is,

A={(z,t)|2€0, t<sy(x)}intype (I), A={(z,t) | x €O, t>s¥(x)}in type (II).

From this and the condition pu; < po, we can without loss of generality assume that O = Es,
that means, we consider only those mass, Brownian motion, and the barriers, associated to O;
for example, we assume ;| = pilo, vilg = vi|lo. Notice that A is a connected open set and
that the Eulerian flow 72 > 0 on A. From this we also see that

v9 >0 on O.

(To see this use for example, Lemma which uses optimality of v with respect to Prob-
lem ) Therefore, it suffices to show that s{(x) # s§ (z) for ve-a.e. x.

Recall that 1 < ™ and 1 < vy from Theorem Because of the Markov property
of Brownian motion, the inequality can be applied to all Brownian paths from the initial
distribution s not only from p; (see Remark [7.3)).
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If s1(Wr,) = s2(W5,), then from the hitting time characterization of 7;’s (Proposition [3.9))
we have that 7 = 7. Therefore,
(10.4) almost surely, “s;(W;,) = so(W,,)” implies “mo = 11".

Also, recall from the saturation result (Theorem [8.3) that v; # f only where the Brownian
paths (from p;) stop immediately. From our assumption 7; > 0 almost surely, so we have
v; = f on its support. Therefore to prove the theorem it suffices to show that

[S] =0,
where
S:i={x | s1(x) = sa(x) < o0} N{x | v1(z) = va(x) = f(x)} NO.
We have from Wy ~ u;lo, W, ~ vilo that
v;[S] = / Prob|W., € S|Wy = z|dui(z) fori=1,2.
o
Let G be as given in the theorem, and observe that ps[G] > 0. Then, for i = 1,2,
(10.5) Mﬂ:/Pmmmeﬂmmem@+/ ProbiW,, € S|Wo = 2)dpu(x).
G O\G
On the other hand, for us-a.e. x,
Prob|W,, € S | Wy = z]
= Prob[W,, € S& =1 | Wo=2x|+ ProbjW,, € S & 1o > 11| Wop =z |
> P?’Ob[WT2 eSS & T = T1 ‘ W() :.T]
= P?’Ob[WTl eS&n=mn ‘ Wy = x]

From it holds that for uo-a.e. x,
Prob|W,, € S& =71 | Wo =z] = Prob[W,, € S| Wy = z|.
Therefore, from the previous inequality we have for uq-a.e. x,
Prob|W., € S | Wo = x] > Prob[W,, € S| Wy = z|.
Apply this to the above integrals and get
wm—mmz/

G
> 0.

Prob[W,, € S|Wy = z]dus(x) — / Prob[W,, € S|Wy = z|du(x)
G

On the other hand, due to the definition of S, v1(S) = v5(S). This and the condition pe > p1
on G yields

(10.6) ProbW,, € S | Wy = x] = Prob[W,, € S| Wy =z] =0 for us a.e. zin G.

Let T2 be the restriction of 75 to the to the initial distribution us|g and consider its Eulerian
flow 7j2. Since the active set A is a connected open set, we have 7j > 0 everywhere in A. Recall
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from above that 5 > 0 on O and that 12 > 0 on A for the Eulerian flow 1y of 7 with us. In
other words, 72 > 0 wherever 75 > 0. Therefore, from the Markov property of the Brownian
motion, the resulting target distribution 5 of 7» has 5 > 0 on O, because it has to be > 0
wherever vy > 0. Now, implies that 75[S] = 0, so 1»[S] = 0 as desired. This completes
the proof.

1]
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