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1. [10 points total]: Circle your answer to each of the following true/false or multiple-choice questions.
Y
(a) [3 points]: Which of the following formulas defines the
P R2 2 ;
vector field F : R — R® represented in the figure? \\\H&t_,__,.y » /
A. Flay) = (@.-y) N A
. \,‘ “ A |y f ;.‘ .
F(z,y) = (42) TREILLE
C. Fa,y) = (y.—2) J NN
/ o

(c) [4 points]: Recall that a torus can be parametrized by
®(0,¢) = (R+1rcosf)cos ¢, (R+rcosf)sing, rsinb)

for (0,¢) in D = [0,27] x [0,27] where r is the minor radius and R is the major radius. Which of the
following pictures shows S = ®(D) for

®(0,6) = ( (10+ (2 +sin10¢) cosB) cos¢p, (104 (2 + sin10¢) cosf)sinp, (2 + sin10¢)sind )?




2. [10 points total]: Consider the 157m-meter long storm drain pipe pictured

and parametrized by

O(y,0) = ((10 +siny)cos, y, (10+siny)sind)

for (y,#) in the domain D = [0, 157 x [0, 27].

(a) [4 points]: Calculate ||’fy x Tgl|.

cosycos —(10+siny)sing i
T, x Ty = 1 0 J
cosysinf (10 +siny)cosd K

= (10 + siny) cos 1 + cosy(10 + siny)(cos® 6 + sin?A)(— j ) + (10 + siny) sin 6 K

— || T, x Ty = \/(10 + sin y)2(cos? § + cos? y + sin? @) = (10 + siny)/1 + cos? y

where /(10 + siny)? = 10 + siny, because 10 + siny is always positive.

(b) [6 points]: Over the years, dirt accumulates on the surface S of the pipe. If the density of dirt at a

point (z,y,2) € S is given by f(x,y,2) = v/1 + cos?y kg/m?, what is the total mass of dirt on the

surface of the pipe in kilograms (kg)?

Total Mass ://fdsz//f@(y,e))ui“y x Tyl|dA
S D

2 157
= / V' 1+ cos?y(10 + siny)+/1 + cos? ydydé
o Jo
2 157
{/ dG] . [/ (10 + siny 4 10 cos? y + sin y cos? y)dy]
0 0

)

cos2y +1

Next using cos2y = 2cos’y — 1 = cos’y =
2

=27

157

157
/ (10 + siny 4 5cos 2y + 5 + sin y cos? y)dy}
0
5 . -1 4
15y — cosy + 3 sin 2y + ——cos” y

L]
o] -[gin]

=27

-1
I
* 3
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=27

[15-15#— (1) +

|

2
=27 |(15)*7 + 2+ =

3




3. [10 points total]: Let D be the shaded portion of the baseball field pictured, which consists of square
of side length g inside one quarter of the disc 2 + y? < 4. Let P(z,y) = 22 — y and Q(z,y) = .

(a) [1 point]: Use geometric formulas to calculate
the area of D.

(V2. 42) W2.42)

(b) [4 points]: The outer arc ¢y of the field is parametrized by cq1(t) = (2cost,2sint) for T <t < 3.
Evaluate [, Pdr + Qdy.

i (t) = (—2sint,2cost) = (—y, x).

3m/4
/ Pdx + Qdy = / [((2cos t)?> — 2sint,2cost) - (—2sint,2cos t)] dt

c1 w/4
3m/4 3m/4
:/ [—SCOSQtSint+4Sin2t+40082t] dt:/ [—SCOSQtSint+4] dt
w/4 m/4
N (= R R ER
= |=cos =|=-|—-——— T — |z | —= ™
3 x/4 3 V2 3\ V2

2 81(1>+2 8 + 2
=—2--=-|—F ™= ——- s
32 \V/2 3v2

(c) [5 points]: Use Green’s Theorem and your answers for parts (a) and (b) to evaluate | ey Pdz + Qdy
where cg is the part of 0D not covered by ¢y, oriented as shown.
[If you did not solve (a) and/or (b), you may use constants a and b in place of those answers|

By Green’s Theorem,

// [8@6]3} dA:/aDPdJ:Jery: [/Cldenthy} + [/@Pdm+@dy}

/Pdm+Qdy—// [GQ_‘”’} a4 - [/Clde+Qdy]
:é/[l—(—l)]dA—[—sji—i—%T}:24/1-d14+3\8@—27r

=2Area(D) + — — 21 =2 T3 +— 2= — —

and so




4. [10 points total]: Let S be the surface
parametrized by

®(z,0) = (x,0(1 — 2°),sin )

for (x,0) in the domain D = [-1,1] x [0, 67].

(a) [3 points]: Find T, x Ty.

1 0 i
T, xTop=|-220 (1—2?) j
0 cosf k

= —220cosf1 +cosf(—j)+ (1 —2?)k = —2z0cosfi —cosfj + (1 —ax?) Kk

(b) [7 points]: Let F(xz,y,2) = (z, 22, 2). Evaluate fff‘ - dS.
)

//f‘ LdS = // [F((2.0)) - (T, x Ty)] da
[} D

= // [(x,w2,sin 0) - (—2x6 cosf, —cosf,1 — w2)} dA
D

B // [—2220 cos O — 2? cos O + (1 — 2%) sin 6] dA

D
6m  pl
= / [—12(2«9 cosf + cosf + sin §) + sin 0] dzdf
o J-1
67

- 5 1
:/ —%(290086+c089+sin9)+xsin9] do
0 —1

6m 1 —1 3
:/ [—5(2900s0+c059+sin9) +sin9] - [—( ) (20 cos 0 + cos  + sin 0) + (—1)sin9” do
0

3
6m
-
6

(now integrating 6 cos 0df by parts)
0

) 67 2) 4 4 (e
—— costl 4+ cost +sinb) + 2sin = ——cost + —sin — = Ccos
329 0 0 in6 2sinf| df 3 03'9d93 0 0do
0 0

2 4 Ty 6 o
= |—2sinf+ -(—cosf)| — - |[@sind])" — / sin 6df
3 3 . 3 0

3 3
[0} +[1-1]]=0

= [0+ 30 -0- 30| =5 [i6m-0 - 01+ feosti

—0—

QO | >~




5. [10 points total]:

(a) [3 points]: Recall that a torus can be parametrized by
®(0,¢) = (R+1cosf)cos ¢, (R+rcosf)sing, rsinf)

for (0,¢) in D = [0, 27] x [0, 27| where r is the minor radius and R is the major radius.

The pictured tray S consists of the half of a torus below the

x-y plane for r = 1 and R = 5. Find a domain D C R? and a
parametrization ® : D — R? such that S = ®(D).

We need only restrict the domain D for the torus parametrization. Since 6 is the angle going around
the small circles, we can restrict 7 < 0 < 27 (or —7 < 0 <0, or —4771 < § < —467...), so plugging in
R=5and r =1, we get

®(6,¢p) = ((5+ cosh) cos ¢, (5 + cosb)sin ¢, sin h)

for (0,¢) in D = [r,27] x [0, 27].




(b) [7 points|: Let S be the surface of the pictured birdbath for 0 < z < 4. Horizontal cross-sections of the
S are circles, the base of the birdbath being a circle of radius 1 in the z-y plane. At a distance d from the
base of the birdbath, the birdbath has height V/d as shown below.

Find a domain D C R? and a parametrization ® : D — R3 such that S = ®(D).

Just like on the review guide, we can use modified cylindrical coordinates where the radius changes
with z, so we just need to find the radius r at each height z. The radius is » = 1 + d, so that
2=vVd=+r—1 = r=22+1. So our parametrization is

®(2,0) = (22 +1)cosh, (2> +1)sinb, 2)

for (z,0) in D = [0,4] x [0, 27].

It is of course possible to parametrize in many other ways, for example using d as a parameter:
®(d,0) = ((1+ d)cosb, (14 d)sin b, Vd)
for (d,0) in D = [0, 16] x [0, 27|, or using r as a parameter:

O(r,0) = (rcosf,rsinf,/r — 1)

for (r,6) in D = [1,17] x [0, 2~].




(c) [Extra Credit, 5 points]: The pictured slide S consists
of a chute whose vertical cross-sections have the shape of the

function —2cost for —§ <t < 7.
(5+71/2, 0, 15)

-2cos t

- (5+17/2, 0, 0)
=4

The bottom of the chute is always a distant R = 5 from the
z-axis, and the slide spirals around the z-axis at a constant

incline, making 3 full revolutions as shown. Find a domain % y
D C R? and a parametrization ® : D — R3 such that § =
o(D).

One idea here is to adapt the parametrization of a torus with R = 5. We keep the parameter ¢ to
revolve the slide around the vertical axis, but since the vertical cross sections are not circular, we
replace 6. The role of R+ rcosf (the distance from the z-axis in the torus parametrization) is instead
played by R + ¢, so that our parametrization takes the form

O(t,¢) =((R+t)coso, (R+t)sing, )

for (t,¢) € [-5, 5] x [0,67], where we use 67 since three full revolutions are made. To figure out

the z-coordinate, we add the contribution from the —2 cost shape to the contribution from the slide
spiraling upward. Since the rate of incline is constant and a total vertical change of 15 is achieved
over 67 radians of revolution, the latter is given by %cf) = %QS. Hence our answer is:

5}
D(t,¢) = ((R+1t)cosp, (R+1t)sing, —2cost + 2—@5)
T
for (t7 d)) € [_g7 g] X [O, 67T] Plugglng in R= 57 this is

O(t,¢) = ((5+1t) cos b, (5+t) sin g, —2cost + %@




