
UNITARY SHIMURA VAREITY

HARUZO HIDA

We give an example S of smooth Shimura variety for which irreducibility of the full
Igusa tower is false but one can study the irreducible components explicitly. In other
words, we construct a partial tower I◦/S for which the axioms (A1–2) can be proved.
As before, we prove that S/W for sufficiently large discrete valuation ring W over Z(p)

is irreducible and smooth and that the Igusa tower I/F is étale over S/F. Then for each
point x ∈ I(W), we take a coordinate X1, . . . ,Xd of I and define a valuation vx of the
function field of I by vx(

∑
α c(α)Xα) = Infα ordp(c(α)) (Xα = Xα1

1 Xα2
2 · · ·X

αd
d ). For any

automorphism σ of I/W fixing x, plainly vx ◦ σ = vx. Then we conclude the irreducibility
by showing that the stabilizers {Dx}x∈I(W) inside Aut(I/W) of x ∈ I(W) covers sufficiently
many conjugacy classes of tori enough to prove (A1–2).

1. Shimura varieties of unitary groups

We recall briefly the construction of the Shimura variety for unitary groups. The main
source of the information is [PAF] Chapter 7. We fix an imaginary quadratic field field
F . Suppose for simplicity that the fixed prime p is split in F . Write O for the integer
ring of F .

1.1. Unitary groups. Write c for the generator of Gal(F/Q) (the complex conjugation
on F ). We fix a vector space V over F with c-Hermitian alternating form 〈 , 〉 : V ×V → Q.
We assume having an O-submodule L ⊂ V of finite type such that

(L1) L ⊗Z Q = V ;
(L2) 〈 , 〉 induces HomZp(Lp, Op) ∼= Lp, where Op = O ⊗Z Zp and Lp = L⊗Z Zp.

We fix an O-lattice L of V as above.
We identify V with the column vector space F r by fixing a base of V over F . Let

C = EndF (V ) = Mr(F ). There exists an invertible matrix s ∈Mr(F ) with tsc = −s such
that 〈v,w〉 = TrF/Q(tvs · wc), where TrF/Q is the trace map F → Q. On C, we have the
involution ι given by xι = s−1txcs. Define algebraic groups defined over Q as functors
from Q-algebras R to groups:

GU(R) =
{
x ∈ C ⊗Q R

∣∣xxι ∈ R×}

=
{
x ∈ C ⊗Q R

∣∣txcs · x = ν(x)s for ν(x) = xxι ∈ R×}
,

U(R) =
{
x ∈ GU(R)

∣∣xxι = 1
}

, SU(R) =
{
x ∈ U(R)

∣∣ det(x) = 1
}

,

(1.1)

where det(x) is the determinant of x as an F -linear automorphism of V . Then SU is
the derived group of GU and U . Let Z ⊂ GU be the center. Then Z(R) = (R ⊗Q F )×.
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Since FR = F ⊗Q R = C with bc = b for complex conjugation b 7→ b, S =
√
−1s ∈

Mr(FR) = Mr(C) is a Hermitian matrix. Thus U(R) is the unitary group of S. We
have Homfield(F, C) = {1, c} for the identity inclusion 1. Writing the signature of S at
σ ∈ Σ as (m1,mc), we find U(R) ∼= Um1 ,mc(R) =

{
x ∈ GLr(C)

∣∣txIm1,mcx = Im1,mc

}
for

Im1,mc =
(

1m1 0
0 −1mc

)
.

Exercise 1.1. Prove the following facts for any Q-algebra R:

(1) If s = ( 0 −1
1 0 ), then ( a b

c d )
ι
=

(
d −b
−c a

)
and SU(R) = SL2(R),

GL2(R) =
{
x ∈ GU(R)

∣∣ det(x) = ν(x)
}

;

(2) GU(Q) = GL2(Q)Z(Q)× and GU(R) = GL2(R)Z(R). (Hint: first show that
ζ = det(x)ν(x)−1 ∈ (F ⊗Q R)× satisfies ζζc = 1; so, by Hilbert’s theorem 90,
ζ = αα−c for α ∈ (F ⊗Q R)×.)

1.2. Abelian schemes of hermitian type. To equip a complex structure with the real
vector space V∞ = V ⊗Q R, we use an R-algebra homomorphism h : C ↪→ C∞ = C ⊗Q R
with h(z) = h(z)ι. We call such an algebra homomorphism ι-homomorphism. Then
h(i)ι = −h(i) for i =

√
−1 and hence xρ = h(i)−1xιh(i) is an involution of C∞.

Example 1.1. If s = ( 0 −1
1 0 ), h(a + bi) =

(
a −b
b a

)
∈M2(R) ⊂ C∞ is an ι-homomorphism.

We suppose

(pos) The symmetric real bilinear form (v,w) 7→ 〈v, h(i)w〉 on V∞ is positive-definite.

Exercise 1.2. Check h in Example 1.1 satisfies (pos).

By (pos), we have 0 < (xv, xv) = (v, (xxρ)v) for all 0 6= v ∈ V∞ and x ∈ C∞, and hence
xxρ only has positive eigenvalues; so, ρ is a positive involution of C (i.e., TrC/Q(xxρ) > 0
unless x = 0).

Fix one such h := h0 : C → C∞, and define X (resp. X+) by the collection of all
conjugates of h0 under GU(R) (resp. under SU(R)). Any two homomorphisms satisfying
(pos) are conjugates under SU(R) (see [PAF] Lemma 7.3). Thus X+ = SU(R)/C0 for
the stabilizer C0 of h0 in SU(R) is connected and is a connected component of X. On
X, GU(R) acts by conjugation (from the left), and the stabilizer C0 ⊂ GU(R) of h0 is a
maximal compact subgroup of GU(R) modulo center by (pos).

Example 1.2. Assume that s = ( 0 −1
1 0 ) and take h0(a + bi) =

(
a −b
b a

)
. Since h0(C×) gives

the stabilizer of i ∈ H = {z ∈ C| Im(z) > 0}, we have X+ ∼= H by sending gh0g
−1 to g(i).

Since h : C → C∞ is an R-algebra homomorphism, we can split VC = V ⊗Q C into
the direct sum of eigenspaces VC = V1 ⊕ V2 so that h(z) acts on V1 (resp. V2) through
multiplication by z (resp. z); thereby, we get a complex vector space structure on V∞ by
the projection V∞ ∼= V1. Since h(C) ⊂ C∞, h(z) commutes with the action of F ; so, Vj is
stable under the action of FC = F ⊗Q C. We get the representation ρ1 : F ↪→ EndC(V1).
We define E for the subfield of C fixed by

{
σ ∈ Aut(C)

∣∣ρσ
1
∼= ρ1

}
. If h′(z) = g · h(z)g−1

for g ∈ GU(R), h′ induces a similar decomposition VC = V ′
1 ⊕ V ′

2 , and g induces a F -
linear isomorphism between V1 and V ′

1 ; so, E is independent of the choice of h′ in the
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GU(R)-conjugacy class of h. This field E is called the reflex field of (GU,X) (and is a
canonical field of definition of our canonical models of the Shimura variety).

Exercise 1.3. Prove E = F or Q and that E = Q if and only if m1 = mc.

By the positivity (pos), the quotient complex torus V∞/L = V1/L has a Riemann form
induced by 〈·, ·〉. The theta functions with respect to the Hermitian form 〈·, ·〉 gives global
sections of an ample line bundle (e.g., [ABV] Chapter I) on V1/L and hence embed V1/L
into a projective space over C. The embedded image is the analytic space associated
with an abelian variety Ah/C by Chow’s theorem (see [ABV] page 33). Multiplication by

b ∈ O on V1/L induces an embedding i : O ↪→ End(Ah/C) and i : F ↪→ EndQ(Ah/C) =
End(Ah/C)⊗Z Q.

The representation ρ1 is given by the action of F on the tangent space Lie(Ah) = V1

at the origin of Ah. Since Ah is projective, the field of definition of the abelian variety Ah

is a field of finite type over Q.
The reflex field E is the field of rationality of the representation of F on Lie(Ah); so,

the field of definition of (Ah, ι) always contains this field E. It would then be natural to
expect that the moduli variety of triples (A,λ, ι) for an abelian variety A with F -linear
isomorphism Lie(A) ∼= V1 is defined over E.

Since the isomorphism class of ρ1 is determined by Tr(ρ1) (see [MFG] Proposition 2.9),
E is generated over Q by Tr(ρ1(b)) for all b ∈ F . We write OE for the integer ring of E.
Let Z(p) = Zp ∩ Q and put O(p) = O ⊗Z Z(p), OE,(p) = OE ⊗Z Z(p), and fix a valuation
ring V ⊃ OE,(p). The ring V has residue field Fp since p is split in E because E ⊂ F .

1.3. Shimura variety for GU . We study the classification problem of the following
quadruples (A,λ, i, η(p))/R: A is a (projective) abelian scheme over a base R, tA =

Pic0
A/R(A) is the dual abelian scheme of A, λ : A→ tA is an isogeny with degree prime to

p (prime-to-p isogeny) fiber-by-fiber geometrically induced from an ample divisor (polar-

ization), i : O(p) ↪→ End
Z(p)

R (A) = EndR(A) ⊗Z Z(p) is a Z(p)-algebra embedding (taking 1

to the identity of A) with λ ◦ i(αc) = ti(α) ◦ λ for all α ∈ O, and η(p) is a level structure.
Regarding tA as a left O-module by O 3 b 7→ ti(bc) ∈ End(tA), λ is F -linear. Hereafter we
call λ F -linear in this sense. The base scheme R is assumed to be a scheme over Spec(V).

We clarify the meaning of the level structure η(p). Fix a base (geometric) point
s ∈ R and write As for the fiber of A at s. We consider the Tate module T (As) =
lim←−N

A[N ](k(s)) and V (p)(As) = T (As)⊗Z A(p∞), where N runs over all positive integers

ordered by divisibility. The prime-to-p level structure η(p) : V (A(p∞)) = V ⊗Q A(p∞) ∼=
V (p)(As) is an O-linear isomorphism. The duality pairing eN : A[N ] × tA[N ] → µN

composed with λ gives, after taking the limit with respect to N , an alternating form
(·, ·)λ : V (p)(As)× V (p)(As)→ A(p∞)(1) := limp-N µN satisfying the following conditions:

(P1) (α(x), y)λ = (x, αc(y))λ for α ∈ End(A/B);
(P2) The pairing induces the self-duality: A[pn] ∼= Hom(A[pn], µpn) if N = pn.

We require that η(p) send the alternating form 〈·, ·〉 to (·, ·)λ up to the scalar multiple
by (A(p∞))×. This is possible, because A(p∞)(1) ∼= A(p∞) up to scalar in (A(p∞))×. Then
η(p) is required to be an isomorphism of skew Hermitian F -modules with respect to the
pairing 〈·, ·〉λ on V (p)(As).
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The algebraic fundamental group π1(R, s) acts on V (p)(As) leaving the skew Hermitian
form 〈·, ·〉λ stable up to the scalar (because it keeps the Weil eN -pairing; see [ABV]
Section 20). Take a closed subgroup K(p) ⊂ GU(A(p∞)). We write η(p) for the orbit
η(p) ◦ K(p). If σ ◦ η(p) = η(p) for all σ ∈ π1(R, s), we say the level structure η(p) is
defined over R. Even if we change the point s ∈ R, everything will be conjugated by
an isomorphism; so, the definition does not depend on the choice of s as long as R
is connected. For nonconnected R, we choose one geometric point at each connected
component.

We call a quadruple A/R = (A,λ, i, η(p))/R isomorphic to A′
/R = (A′, λ′, i′, η′(p))/R if

we have an O-linear isogeny φ : A → A′ defined over R such that p - deg(φ), φ∗λ′ =
tφ ◦ λ′ ◦ φ = νλ with ν ∈ Z×

(p)+, φ ◦ i ◦ φ−1 = i′, and η′(p) = φ ◦ η(p). Here Z×
(p)+ is the

collection of all positive elements in Z×
(p). Thus φ brings the prime-to-p polarization class

λ
′
= {νλ′|ν ∈ Z×

(p)+} of λ′ to the class λ of λ: φ∗λ
′
= λ. In this case, we write A ≈ A′.

We write A ∼= A′ if the isogeny is an isomorphism of abelian schemes; that is, deg(φ) = 1.

We take the fibered category C = CF,V of the quadruples (A,λ, i, η(p))/R over the cate-
gory V-SCH of V-schemes and define

(1.2) HomC/R
((A,λ, i, η(p))/R, (A′, λ′, i′, η′(p)

)/R)

=

{
φ ∈ HomR(A,A′)⊗Z Z(p)

∣∣∣
tφ ◦ λ′ ◦ φ = νλ with 0 < ν ∈ Z×

(p)+,

φ ◦ i = i′ ◦ φ and η′(p) = φ ◦ η(p)

}
.

The representation ρ1 is well defined over V, since p splits in F ; so, it is well defined
over OR for any V-scheme R. We consider the functor E(p) : V-SCH → SETS given by

E(p)(R) =
{
A/R = (A,λ, i, η(p))/R

∣∣Lie(A) ∼= ρ1 over OR

}
/ ≈ .

Since A/R is a group scheme, its tangent space at the zero section has a Lie algebra
structure over OR. We write Lie(A) for this Lie algebra. Since A is smooth over R,
Lie(A) is a locally free OR-module of rank dimR A. In our case, for a given quadruple
A = (A,λ, i, η(p))/R, the Lie algebra Lie(A) of A over OR is an O(p)-module via i. Since
Lie(A) is locally free of rank dimR A overOR, we can think of an isomorphism Lie(A) ∼= ρ1

of OR-representations of O(p). One can find in [PAF] Chapter 7 a proof of the following
theorem due to Shimura, Delighne and Kottwitz.

Theorem 1.1. The functor E(p) is representable by a quasi-projective smooth pro-scheme
Sh(p) over V. Letting g ∈ GU(A(p)) act on Sh(p) by η(p) 7→ η(p) ◦ g, for any open compact

subgroup K ⊂ G(A(p∞)), the quotient scheme Sh
(p)
K = Sh(p)/K exists as a quasi-projective

scheme of finite type over V, and Sh(p) = lim←−K
Sh

(p)
K . The Shimura variety Sh

(p)
K is

projective over V if the Hermitian pairing 〈·, ·〉 is anisotropic.

For a finite set of primes Σ containing p and ∞, we can think of the Shimura variety
away from Σ as follows. Write Σ = {p,∞} t Σ′ and we assume that Σ′ 6= ∅. Let

KΣ = {g ∈ G(QΣ′)|gLΣ′ = LΣ′} and Sh(Σ) = Sh(p)/KΣ. It is known that Sh
(Σ)
/V is a

smooth (quasi-projective) pro-scheme.



UNITARY SHIMURA VARIETY 5

Fix an embedding ip : Q ↪→ Qp so that ip = 1 on F . LetW be the pull back by ip of the
p-adic integer ring of the maximal unramified extension of Qp; so, V ⊂ W. Write K be

the filed of fraction ofW. Let Sh
(Σ)
/W = Sh(Σ)×Spec(V)Spec(W). By the reduction map, we

have π0(Sh
(Σ)

/K ) ∼= π0(Sh
(Σ)

/F ) for Sh
(Σ)

/F = Sh
(Σ)

/W ×W F by Zariski’s connectedness theorem

and the existence of smooth toroidal compactification of Sh
(p)
K/W (W = lim←−n

W/pnW),

and SU(A(Σ)) fixes each element of π0(Sh
(Σ)

/K ) because X+ is a quotient of SU(R). Thus

Proposition 1.2. Geometrically irreducible components of Sh
(Σ)
/W are irreducible over W,

and the group SU(A(Σ)) leaves stable each irreducible component of Sh
(Σ)
/F = Sh

(Σ)
/W ×W F.

We can compute the stabilizer in GU(A(Σ)) of each point of π0(Sh
(Σ)
/F ) explicitly ([H06]

Lemma 1.1).
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