
RECIPROCITY LAWS AND PRIME DECOMPOSITION

HARUZO HIDA

I would like to describe reciprocity laws appeared in the history of number theory in
terms of prime decomposition. Hereafter, p and q are always distinct odd primes.

1. QUADRATIC RECIPROCITY LAW

For an integer n (p
�

n) the Legendre symbol � n
p � is defined by�

n
p ����� 1 if x2 	 n mod p has solution,
 1 otherwise.

Since x2 	 n mod p has a solution if and only if n �
�����p � 2 for � p ����� p � , n �� � n
p �

gives an identification of � �p � ��� �p � 2 with ��� 1 � ; in particular, n �� � n
p � is a character of

the finite multiplicative group � ��� p � � � .The quadratic reciprocity law guessed by Euler and proven by Gauss is:�
q
p � � � 
 1 ��� p  1 ! � q  1 !#" 4 � p

q � (Legendre, 1785) $ �
q
p � � �

p %
q � � Euler, 1744 ��&

where p % � � 
 1 � � p  1 !'" 2p. Thus n ��(� p )
n � is equal to the character: n ��(� n

p � .

This character determines how a prime decomposes in *,+.- p %0/ . We look into the ring
R �1� + - p %2/ �1� + X / � � X2 
 p % � . In R, a prime ideal � q � of � could remain prime or become
a product of two prime ideals, that is, � q � �4353�6 or � q � �43 for prime ideals 3 & 376 in R. Note
that R � � q � � � q + X / � � X2 
 p % � . The polynomial X2 
 p % is reducible in � q + X / if and only
if it has solution in � p :

R � � q �98� � q : � q ;=< �
p %
q �>� 1 ;=< � q � �4353 6 &

where 3 is the kernel of the projection of R onto the first factor � q in R � � q � 8� � q : � q .
The non-trivial automorphism σ of *,+ - p % / interchanges the roots of X 2 
 p % , it inter-

changes 3 and 376 ; so, 3?65� σ � 3 � . Thus if � p )
q � � 1, the subgroup of Gal �@*,+A- p %0/ � * � fixing

a prime factor of � q � is trivial and is given by the image of � p )
q � � 1 identifying �5� 1 �

with Gal �@*,+ - p % / � * � ).If � q � �B3 remains prime, + R � � q � : � q / � 2, and σ � 3 � �B3 . Thus the stabilizer of 3 is

the entire Galois group, and C7� p )
q �ED � �5� 1 � 8� Gal �F*,+ - p %0/ � * � gives the stabilizer. In

summary, identifying Gal �@*,+ - p %0/ � * � with �5� 1 � , the subgroup generated by � p )
q � gives

the stabilizer of a prime ideal 3HG q in R. The stabilizer is called the decomposition subgroup
of q or the monodromy group of q. The information of monodromy group of q is equivalent
to knowing how the prime � q � splits in R.
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2. CYCLOTOMIC VERSION

Let µp be the group of all p–th roots of unity, and consider the extension * + µp / generated

by p–th roots of unity. Fixing one primitive root of unity, say, ζ � ζp � exp � 2π
�  1
p � ,

µp is a cyclic group of order p generated by ζp. Each automorphism σ of µp takes ζ
to another primitive root of unity ζm. Since ζm is primitive, p

�
m and hence, we have an

identification Aut � µp � 8� � �p by χp : σ �� m. Since σ � Gal �@*,+ µp / � * � induces Aut � µp � (and+ * + µp / : * / � G � �p G ), we see that Gal �F*�+ µp / � * � 8� � �p by χp. We write φq � Gal �@*�+ µp / � * �
with χp � φq � � q; so, φq � ζ � � ζq.

Again we ask how a prime � q � decomposes in the ring R �
� + µp/ . Pick a prime ideal 3 G qin R, we find that R � 3 is a finite extension of � q ; so, it is of the form � q f for f � dim � q R � 3 .
Thus Gal ��� q f � � q � is a cyclic group of order f generated by a canonical generator F taking
x � � q f to xq � � q f ; thus, the automorphism F of � q f is induced by φq; in other words,
� The monodromy group of 3HG q is given by C φq D 8� C q D�� � �p ,
� q is of order f in � �p ; < � q � �43 σ � 3 ������� σd � 3 � in R for d � + * + µp / : * / � f ,

where σ is the generator of Gal �F*,+ µp / � * � � C φq D .
Thus one feature of the reciprocity law is the determination of the monodromy group of

a given prime q in a given Galois extension K � * .

3. GEOMETRIC INTERPRETATION

To further generalize the law, we need to ponder a philosophical reason why we have
such an arithmetic way of describing the monodromy group. One feature of the cyclo-
tomic version is the existence of a canonical generator φq of the monodromy group, and
another is the appearance of the exponential function: e � z � � exp � 2π - 
 1z � because of the
fundamental identity:

e

�
1
p � φq � φq � ζ � � ζq � e

�
q
p �
	

So, roughly, the complex analytic function e : �B��� � contains all information of the

reciprocity law, and e � 1
p � gives a canonical generator ζ of the field *�+ µp / and behaves

nicely under its Galois automorphism.
The function e gives rise to the following exact sequence:

0 
 � � 
 �
� e
 ��� � � 1 &
and thus we evaluated the function e at the fraction 1

p � 1
p � �7� .

Hilbert asked in his twelfth problem (of his famous Paris ICM lecture in 1900), for a
given Galois extension (actually an abelian extension in his original setting),
Is there any complex analytic function which describes fully the reciprocity law of the
extension?

4. KRONECKER’S RECIPROCITY LAW

In the language of Poincaré, the fundamental group of � � is given by � , and the uni-
versal covering of � � is given by � e
 ��� � . We can create such a situation starting with
an imaginary quadratic field *�+ - 
 D / with discriminant 
 D � 0 in place of * . Thus for
any given ideal � � R (for the integer ring R � K), we can think of the following exact
sequence:

0 
 ��� 
 �
� 
 � E ��� � 
 � 0 	
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For the moment E ��� � is just a quotient space � � � , which is a Riemann surface of genus 1.
Actually, for any

�
–base � w1 & w2 � of � , we can think of EL � � � � � � L for L � � w1 � � w2

replacing � by L.
Weierstrass studied analysis and geometry of E ��� � and created the following function

well defined over E ��� � :
x � u � � P � u � � 1

u2 � ∑���
L  �� 0 � � 1� u 
	� � 2 
 1

� 2 � (an average over L).

This function converges absolutely over � 
 L and gives a meromorphic function on E ��� � .
The Taylor expansion of P and its derivative can be easily computed, and we have

x � u � � P � u � � 1
u2 � g2

20
u2 � g3

28
u4 � ����� & y � u � � P 6 � u � � 
 2

u3 � ∑
n 
 1

anun &
where g2 � g2 � L � � 60∑ ���
 0

�  4 and g3 � g3 � L � � 140∑ ���
 0
�  6. The constant g2 and g3

are actually a complex analytic function of w � � w1 & w2 � .
Canceling the pole and the constant term, we consider ϕ � y2 
 4x3 � g2x � g3 which

is holomorphic everywhere on a compact Riemann surface E ��� � ; so, it has to be con-
stant. The function ϕ has to be 0, because ϕ has no constant term. Thus u �� E � u � �� u3x � u ��& u3y � u � & u3 � � P2 embeds the Riemann surface into the projective space of dimen-
sion 2, whose image is an algebraic curve (called an elliptic curve) defined by the ho-
mogeneous equation: Y 2Z � 4X3 
 g2XZ2 
 g3Z3 (x � X � Z and y � Y � Z). We write
∆ � g2

3

 27g3

2 for the discriminant of 4x3 
 g2x 
 g3.
If we pick λ � � � , we have an isomorphism of Riemann surface: u �� λu of EL � � � 8�EλL ��� � . By definition, gi � λL � � λ  2igi � L � and ∆ � λL � � λ  12∆ � L � . The following facts are

known from general theory of algebraic curves:
� If φ : EL � EL � is a holomorphic (group) homomorphism with φ � 0 � � 0, then there

exists λ � � � such that L 6 � λL and φ � u � � � λu mod L 6 � ;� Write any morphism φ : EL � EL � as φ � u � � � φx � u � & φy � u ��& 1 � using the coordinates
of the projective space P2. Then φx and φy are rational functions of xL and yL, that

is, φx � A � x � y � g2 � g3 !
B � x � y � g2 � g3 ! and φy � α � x � y � g2 � g3 !

β � x � y � g2 � g3 ! for polynomials A & B & α & β with coefficients in* independent of L;
� Every genus 1 Riemann surface can be obtained as EL for some L.
� Let j � w � � j � L � � g3

2
∆ . Then EL 8� EL � ;=< j � L � � j � L 6 � .

The function j is an example of modular functions and g2 and g3 are examples of modular
forms. What Kronecker found is

Theorem (Kronecker-Weber). Let H � K be the Hilbert class field of K. Then for each prime
ideal � of R, write φ � for the canonical generator of the monodromy group of Gal � H � K � .
Then H � K + j � � � / for any ideal 0 �� � � R and j � � � φ � � j ���  1 � � . In particular, Gal � H � K �is isomorphic to the ideal class group of K.

We do not prove this, instead we explain why j � � � is an algebraic number. If End � EL �
contains the integer ring R of an imaginary quadratic field K, then RL � L; so, L � ΩK for
0 �� Ω � L. Thus we may assume that L is an ideal � of K. Since the isomorphism class
of E � only depends on � up to scalar multiplication, there are only countably many iso-
morphism classes of EL with End � EL � � R. Regard E � as a curve defined by the equation:
y2 � 4x3 
 g2x 
 g3, and consider its conjugate Eσ� defined by y2 � 4x3 
 σ � g2 � x 
 σ � g3 �
for any field automorphism σ of � . Then End � Eσ� � contains R because all endomorphisms
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are rational functions of � x & y & g2 & g3 � ; so, applying σ to their coefficients, we get an endo-
morphism φσ � End � Eσ� � from φ � End � E � � . The morphism φ �� φσ is an isomorphism of
rings. Thus Eσ� � E � for an ideal

�
in K and j � � � σ � j � � � ; so, j � � � has only countably

many conjugates. This implies that they are finitely many, because if x � � is transcen-
dental over * , one can embed *�� x � into � by continuously many different ways ( � has
continuously many transcendental numbers). Thus the number of conjugates of j � � � is fi-
nite. Since j � λ � � � j � � � , the fractional ideals of K modulo scalar multiplication are finitely
many: finiteness of the class group, and

Gal � H � K �E8� fractional ideals of K
principal ideals � the class group of K 	

This is the explicit class field theory for the imaginary quadratic field K. This type of result
is generalized by Shimura-Taniyama and Weil to totally imaginary quadratic extensions
(CM fields) of a totally real field, using a quotient � d � L for a lattice L of higher rank
(Theory of abelian varieties with complex multiplication).

5. RECIPROCITY LAW FOR ELLIPTIC CURVES

We can slightly generalize the above construction. Let

EL + p / � � u � EL ��� � G pu � 0 � � 1
p

L � L 8� � 2
p 	

Note that E � 0 � � � 0 & 
 2 & 0 � � P2 �@* � . Thus the point 0 of EL does not move after ap-
plying σ � Aut ��� � . Then since σ � Aut � � � brings p : EL � EL to p : Eσ

L � Eσ
L be-

cause they are rational functions of � x & y & g2 & g3 � ; so, if EL is defined over a number field
M � *,+ g2 � L ��& g3 � L � / , σ � Aut ��� � M � induces a linear automorphism of EL + p / . Taking a
base W � � w1

p & w2
p � of EL + p / , we find σ � W � � Wρ � σ � for a 2 � 2 matrix ρ � σ � � GL2 ��� p � ,

and so, we can identify Gal � M � E + p / � � M � with a subgroup Im � ρ � of GL2 ��� p � . Here
M � E + p / � is the field generated by x � wi

p � and y � wi
p � (i � 1 & 2) over M. Thus we have, identi-

fying E + p / with the column vector space � 2
p by t � a & b � �� W t � a & b � � E + p / , we have

x � ρ � σ � v � σ � x � v � σ and y � ρ � σ � v � σ � y � v � σ 	
This reciprocity law is still half baked, because we have not made explicit the form of ρ � φ � �
for the canonical generator φ � of the monodromy group of a prime 3 of M. This can be
done when L is a fractional ideal of an imaginary quadratic field, and the refined version is
an example of Shimura’s reciprocity laws (although this one is basically due to Kronecker).
When L is not in an imaginary quadratic field, Im � ρ � is almost always full (by a result of
Serre), and we can make explicit Tr � ρ � φ � �2� and det � ρ � φ � �0� . However this information is
still short of determining the splitting of a prime 3 in M � E + p / � , and the analysis of the
Galois representation ρ : Gal � M � E + p / � � M ��� � GL2 ��� p � is still a central subject today.

From what I said, it is clear that the study of modular functions and modular forms
is natural and crutial in algebraic number theory, although they are rather analytic and
geometric objects.


